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A CN, Na(z)= > 1, r>1

a; €A
a; <x
e asymptotic density:
d(A) = lim inf NAT(SC) , d(A) = lim sup NAT(SU)
e logarithmic density:
L(A) = limn_1>ioréf loém > an ((A) = liin_ilip IO;,E Z a%
azgx az<x

‘e Schnirelmann density: |
h(A) = inf, { N4l |
L

Common features:

a. density is a non—negative real number

b. finite sets have zero density

c. if A C B C N then density of A does not exceed
density of B



Arithmetical semigroups

e (G,.) free commutative semigroup with identity ele-
ment 1g
e P < oo the set of generators (the so—called primes)
e norm |-|:G—R:
*x |1g| =1,]a| > 1 for all a € G,
* |ab|l = |a|.|b| for all a,n € G,

*x Ng(x) = ) jaj<z 1 < 00 for each real .
acG

Axiom A: There exists positive constants A and
0 and a constant n with 0 < n < 0, such that
Ng(z) = Az + O(2")

¢—function of G: (g(s) = > :

acG ‘a’|8

Lemma. Let G be an arithmetical semigroup satis-
fying Aziom A. Then ) .. |a|™* is absolutely con-
vergent for R(z) > 9, and divergent for R(z) < 9.
Moreover

S |a|7° = 6Alogx + vg + O(z"7°).
|a]<z



Example 1. G = N, the set of positive integers where

NN<Z’) = x + O(l)
Example 2. G = Gk, the semigroup of all non—zero
integral ideals in a given algebraic number field K of
degree n = [K : Q| over rationals Q with the usual
norm function |a| = card(Og/a). Then

Nk (z) = Axz + O (xﬁ—ﬂ) :

where A can be explicitly given.

Example 3. G = A the category of all finite Abelian
groups with the usual direct product operation and the
norm |H| = card(H). Fundamental Theorem on finite
Abelian groups shows that A is free and that the gen-
erators are the cyclic groups of prime—power order. The
fact that this arithmetical semigroup satisfies Axiom A
follows from an older result of Erdos and Szekeres that

Na(z) = az + O (v/a),

where oo = [ (n(js) with {y = ¢ denoting the classi-
j=1
cal Riemann zeta function.



d € (—o0,+00)

d—regularly varying function function F'(x) defined
and measurable on (0, c0):

F(\x)

W = )\5 If for every A > 0

lim, o

If F(x) = 2°L(x), then L(x) is slowly oscillating (i.e.
d=0).

Arithmetical semigroup G will be called d—regular if
the counting function Ng(x) is d—regularly varying
function.

Lemma. Let G be a d-reqular semigroup. Then
D ace 0|77 is convergent for all R(z) > & and di-
vergent for all R(z) < 6.

X

Wegmann (1966): If Ng(z) ~ (i,e. G is 1-

log® x
regular), then > ¢ |a| ™! < oc.



m: G— R, C C G: xc indicator of C
Ne(m,z) = Z|a|§x m(a)xc(a)
Ne(m, ) = 34— m(a)xc(a)

Z|a|§x m(a)xc(a)  Ng(m,z)

o.(C,m) = —

Z|a|§x m(a) NG(m> :C)
lower m—density: o(C,m) = liminf o,(C, m)
upper m—density: a(C,m) = limsupo,(C, m)

A. m is non—negative, i.e. m(a) > 0 for every a € G
B. > m(a) diverges

acG
A implies a
B implies b

B implies the summation method is regular



Knopp's theorem on convergence kernel:

Theorem. Let m and s be two positive functions de-
fined on an arithmetical semigroup G such that

(i) the series ) s(a) diverges

acG
2. m(a)
i) lim e o le=e
R No(mr) o 3w
lim Ne(s,z) _ lim |a|22x5(a) =0
r— 00 NG(57 ) ac—>oo|% ( )

(iii) if a1,a2 € G be such that |a1| < |ag| then

Then
o(C,m) <g(C,s) <a(C,s) <a(C,m)

for every C' C G.



If Ng(m,x) is d—regular, (ii) is superfluous:

Z|a|§$ m(n) = 2°L(z), and 0 < a < 1 arbitrary
Z|a|:m m(n) Zam<|a|§x m(n)
- 2 jaj<z ™) = D jaj<a (1)
- 2°L(z) — a’2° L(ax)
B O L(x)

—~1-a°

M. to every a € G there exists a positive real number
m(a), m < 1 such that for every subset C C G
having the m—density o(C, m) the set aC = {ac :

c € G} has also the m—density and

o(aC,m) =m(a)o(C,m).

e if m(a) =1 for every a € G then m(a) = —
a
e if m is completely multiplicative and Ng(m,z) =
r2L(x), where L(x) is slowly oscillating, then

m(a) = m(a)|a| 2.



Question:

Under which conditions does m fulfil the conditions A
and B?

Theorem. Let G be an arithmetical semigroup. Let
m satisfy conditions A, B, and M. Let in the case,
when

>, m(p) < oo, (*)

peEFG

we have uniformly in x and p € Pg

ope(m, z) = O(m(p)) ()

Then m fulfils conditions A and B.

Note: (xx) cannot be omitted if (x) holds!

Take Wegmann's G with asymptotic density. Then (x)
holds (m(p) = |p|~'), while it can be shown that the
finite set

G(Pg) ={a€G : pfaforeverype P} ={lg}
has non—zero density

[Ter. (I —1IpI7):



Lemma. If the arithmetical semigroup G satisfies
Axiom A then the series

> Ip|™°

peFg
diverges.
We have

e m is completely multiplicative (abG = a(bG)),
e lim m(a) =0 (if lim),_ m(p) = 0).

la|— o0
Therefore
1
® 04— — Is a norm on GG
m(a)
~ 1 —F R
o (g(z) = (,\ ) = m(a)?
W= \Gw) —&™

B says that ZG(z) has a pole at z =1

if m(a) =1 for every a € G and G is d—regular, then

E@(z) = (g(s9), and therefore B holds if G satisfies
Axiom A.
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slowly oscillating function L( |s caIIed good if
lim Z(z) = oo, where Z(z) = [, L(y)y~'dy.

if liminf L(x) > 0, then L is good

r— 00

Theorem. Let m be a completely multiplicative func-
tion defined on an arithmetical semigroup G. Let

Ng(m,z) = 3 m(a) = 2°L(z),

la|<wz
with L(x) a good slowly oscillating function. Then
0<g(C,m)<gC,m) <7(C,m)<7(C,m) <1
for every C C G.

Corollary. Let m be a positive completely multiplica-
tive function defined on the arithmetical semigroup

G such that
a| <=z
where L is a good slowly oscillating function, then
o(C,m)=0c(C,m), and T(C,m)=7c(C,m)

for every C C G.
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Corollary. Let m be a completely multiplicative func-
tion defined on an arithmetical semigroup G. Let
No(m,z) = ¥ m(a) = 29L(x),

a<z

with L(x) a good slowly oscillating function. Then

AN
AN AN

m =1m.

Corollary. Let the arithmetical semigroup G satisfies
Aziom A. Let m be a positive function defined on G
such that

o the series > m(a) diverges,

acG
N () 2. m(a)

. . la|=x
o lim = lim = 0,
e No(mz) oo 5 m(a)
la|<z

° \a,ll < |CL2| = m(al) < m(ag)

then the lower and upper m—density coincides with
the lower and upper logarithmic density.
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Theorem. Let m : G — R be a completely multi-
plicative function such that

Ng(m, ) = Bz® + 0(z%), 0<6O <A
as r — 00, then
Ng(m,z) = ABlogx + ¢, + O(z®~2)

with a suitable 1,,.

lower m—density:

Y. m(a)
oc(C,m) = lim inf Ne(m, z) — Liminf a€C,la|<z
ZG\M7 T— 00 N@(m, Z’) T — 00 BZE‘A
upper m—density:
Y. m(a)

_ (C m) lim su N, (m,x) lim su a€cC,la|<z
o _ _

G\ x—>oop NG(m, 37) $—>oop BxA
lower m—density:

Ne(f, ) 2 @l
L a€C,a|<z
d C :1 . f C A) :1 . f , <
_G< ) lmII_lig N@(m, ZC) lmII_li)Ig ABIOgaj
upper m—density: )
= > m(a)la]™®

dg(C) = limsu Ne(m, z) = lim su acC,la|<z
’ x_)oop G({ﬁ’ z) xﬁoop ABlog x



if Axiom A holds for G then 3" |a|™% ~ JAlogz, and

|a| <z

N@(a:) ~/ A$5
lower logarithmic density:
l:(C) = lim inf S a]™?

r— 00 (SA log:I;' la|<z

upper logarithmic density:

{c(C) = limsup 5Alog:r: | S al 70

al<z

lower asymptotic density:

(1, 2) T
L. NC 1,2 .. aclC,la|<z
dg(C) = lim inf No(s) lim inf P
upper asymptotic density:

> o1
— . Ne(1,) a€C,|a|<z

dc(C) =1 — i
S i i A R S P
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Corollary. Let m : G — R™ be a completely multi-
plicative function such that

Ng(m,z) = Ba® +0(z®), 0<O <A

as r — 00, then

AN

0 < og(C,m) < og(C,m) <Fg(C,m) <7g(C,m) <1

for every C C G.

Corollary. If the arithmetical semigroup G satisfies
Axiom A, then

0 < dg(C) < £5(C) < Ls(C) < ds(C) <1

for every C C G.

Thank you!



