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Projective extensions of bounded semilattices
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Dedicated to George Grätzer and E. Tamás Schmidt on their 70th birthdays

Abstract. Our aim is to characterize the projective extensions of bounded semilattices.
As a consequence we get a new description of projective extensions of semilattices.

1. Introduction

In [8] we characterized projective extensions of semilattices. The case of bounded

semilattices remained open. In this note we shall fill in the gap and describe the

projective extensions of bounded semilattices. Moreover, as a consequence, a new

description of projective extensions of semilattices is also obtained.

2. Preliminaries

We shall work with bounded semilattices. The basic terminology and notation

will mostly agree with the one in [8] (see also [1]–[3] or [5] for further references).

By a bounded semilattice we mean an algebra S = (S; ·, 0, 1) of type (2, 0, 0) such

that (S; ·) is a semilattice satisfying the following identities:

x1 = x and x0 = 0.

(If no confusion is likely to arise, we will also write xy instead of x · y.) It is well

known that S has an ordering defined by x ≤ y if and only if xy = x. In this

ordering, 0 is the smallest and 1 the largest element of S, respectively. A bounded

semilattice is called nontrivial, if 0 6= 1. The class of all bounded semilattices is

equational.

If S and T are bounded semilattices, the mapping f : S → T is called a {0,1}-

homomorphism whenever f is a semilattice homomorphism such that f(0) = 0 and

f(1) = 1.
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As has been shown in [9], the coproduct (free product) of algebras is crucial

for investigating projective extensions of algebras. In this paper we shall examine

coproducts of bounded semilattices (see also [1], [3], [5], or [8]).

We begin by recalling some definitions. Let S be a bounded semilattice and

let X ⊆ S. We denote by [X] the subalgebra of S generated by X. Note, that

[∅] = 2, where 2 means the two-element bounded semilattice. Let Si, i ∈ I, be

bounded semilattices. Then a bounded semilattice S together with a family of

{0,1}-homomorphisms ǫi : Si → S, for i ∈ I, is a coproduct of the Si, i ∈ I, if

(i) S = [
⋃

(ǫi(Si) | i ∈ I)],

(ii) if T is any bounded semilattice and ϕi : Si → T is a {0,1}-homomorphism for

every i ∈ I, then there exists a {0,1}-homomorphism ϕ : S → T satisfying

ϕi = ϕǫi (= ǫi ◦ ϕ) for every i ∈ I.

(Notice carefully that a composition αβ of mappings means first β, than α.) It is

well known, that by (i), the {0,1}-homomorphism ϕ : S → T of (ii) is necessarily

unique. Note that the coproducts of bounded semilattices exist and are unique

up to isomorphism. In addition, a coproduct S of the Si’s is called a free product

of Si, i ∈ I, if the {0,1}-homomorphisms ǫi : Si → S, i ∈ I, are embeddings, i.e.,

monomorphisms. It is easy to show that a free product of bounded semilattices

exists if and only if the semilattices Si’s are nontrivial.

We shall denote the coproduct of two bounded semilattices B and C by B ⊕C.

Before we describe B ⊕ C, we need some elementary ideas and definitions.

Lemma 2.1. Let S be a nontrivial bounded semilattice. Let ∅ 6= J ⊆ S be a down-

set of S, that is, x ≤ y in S and y ∈ J imply x ∈ J . Then there exists a congruence

relation θ on S defined as follows:

x ≡ y(θ) if and only if x, y ∈ J or x = y.

In addition, S/θ is a bounded semilattice, which is nontrivial, whenever J 6= S.

Proof. Straightforward. �

Let B and C be nontrivial bounded semilattices. Let (B − {0}) × (C − {0})

denote the Cartesian product of the sets B − {0} and C − {0}. Consider the set

B + C = ((B − {0})× (C − {0}) ∪ {(0, 0)}.

A multiplication can be introduced on B + C by the rule that

(a,m) · (b, n) =

{

(0, 0) if ab = 0 or mn = 0,

(ab,mn) otherwise.

Lemma 2.2. B + C with the given multiplication forms a bounded semilattice.
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Proof. Consider the direct product B ×C of bounded semilattices B and C. Then

the subset (B × {0}) ∪ ({0} × C) is a down-set of B × C. By Lemma 2.1, there

exists a congruence relation θ defined on B × C. Clearly, (B × C)/θ is a bounded

semilattice. It is easy to verify that ϕ : (B × C)/θ → B + C, where

ϕ : [(a,m)]θ 7→

{

(0, 0) if a = 0 or m = 0,

(a,m) otherwise.

is a bijection compatible with the multiplication on B + C. Thus, B + C is a

bounded semilattice and B + C ∼= (B × C)/θ. �

Proposition 2.3. Let B and C be nontrivial bounded semilattices. Then B + C is

a free product of B and C, i.e., B ⊕ C ∼= B + C.

Proof. It is easy to see that ǫB : B → B + C defined by

ǫB : a 7→

{

(0, 0) if a = 0,

(a, 1) otherwise,

is an embedding. The same is true for ǫC : C → B + C defined by

ǫC : m 7→

{

(0, 0) if m = 0,

(1,m) otherwise.

Since (a, 1)·(1,m) = (a,m) in B+C, we have [ǫB(B)∪ǫC(C)] = B+C. Eventually,

let T be an arbitrary bounded semilattice, and let ϕB : B → T and ϕC : C → T be

{0,1}-homomorphisms. Now, we can define ϕ : B + C → T by the rule

ϕ : (a,m)→ ϕB(a) · ϕC(m).

It is easy to check that ϕ is a {0,1}-homomorphism and ϕB = ϕǫB and ϕC = ϕǫC .

Thus, B + C is a free product of B and C. �

Definition 2.4. A nontrivial bounded semilattice S is called dense if it satisfies

the property: xy = 0 implies x = 0 or y = 0.

The structure of B + C simplifies considerably in the case of dense semilattices:

Corollary 2.5. B + C is a dense semilattice if and only if B and C are dense

semilattices as well.

In what follows we will assume that B and C are subalgebras of B⊕C and that

ǫB and ǫC are inclusion mappings.
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3. Projective extensions

Some preliminaries are necessary before we can describe projective extensions

of bounded semilattices. If F is a (bounded) semilattice and X ⊆ F , then F is

said to be a free (bounded) semilattice freely generated by X, if [X] = F and any

mapping f : X → S, where S is a (bounded) semilattice, can be extended to a

({0,1}-)homomorphism g : F → S. Notation: FS(X) (FS01(X)), or simply F .

We now immediately deduce: FS01(X) is obtained from FS(X) by adjoining to

it a zero element 0 and a unit one 1, even if such elements already exist in FS(X).

In addition, FS01(X) is a dense semilattice.

The next result describes free semilattices (see [4, Theorem 4.3]):

Proposition 3.1. Let X be a nonempty set. Then FS(X) is the set of all cofinite

subsets Y of X such that Y 6= X, ordered by set inclusion.

Let S and K be bounded semilattices and let K be a subalgebra of S, which

means S is an extension of K, or equivalently, K can be embedded by inclusion

mapping into S. (Notation: K ≤ S.)

Suppose again K ≤ S. Then S is called a projective extension of K, written

K ≤proj S, if there exist a free bounded semilattice F = FS01(Z) (freely generated

by Z) and {0,1}-homomorphisms

e : S → K ⊕ F, q : K ⊕ F → S,

such that qe = id(S) and the restrictions e ↾ K and q ↾ K are equal id(K). See the

following diagram:

K
ǫK−−−−→ K ⊕ F

ǫF←−−−− F

q





y

x





e

S

Recall that a bounded semilattice S is called projective if S is a retract of a free

bounded semilattice F . (Notice that a projective bounded semilattice is dense.)

We can express the same thing in other words: S is projective if and only if

FS01(∅) ≤proj S, or equivalently, 2 ≤proj S.

We remark finally that in [8] we succeeded in finding a construction of all dense

semilattices S that are a projective extensions of a given dense semilattice K.

We now have the first observation:

Lemma 3.2. Let K ≤proj S for bounded semilattices K and S. Assume u ∈ S−K.

Then c ≤ u in S for c ∈ K implies c = 0, i.e., K − {0} = [K − {0}) is an upper

subset of S.
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Proof. The statement follows from the fact that K − {0} is an upper-subset of

K ⊕ F . �

The following observations are either well known or easy to prove.

Lemma 3.3. Let K ≤proj S for bounded semilattices. Then S is dense if and only

if K is dense. Moreover, if K is dense, then K − {0} is a filter of S.

Lemma 3.4. Let K and M be bounded semilattices. Assume that M is dense.

Then there exists an epimorphism

πK : K ⊕M → K

satisfying πK ↾ K = id(K) and πK(c) = 1, whenever c ∈M − {0}.

For our final result we need the following concept: Let K and S be bounded

semilattices such that K ≤ S. Then K is said to be relatively complete in S, if for

each b ∈ S there exists a smallest a ∈ K such that b ≤ a. In notation:

a = Pr(b) = PrS
K(b) = min{x ∈ K | b ≤ x}.

Write K ≤rc S if K is relatively complete in S. (See also [7], or [9] for relatively

complete Boolean algebras.)

Lemma 3.5. Let K, M , and S be bounded semilattices. Assume that M is dense.

Then

(i) K ≤rc K ⊕M and PrK⊕M
K : K ⊕M → K is a {0, 1}-homomorphism;

(ii) If K ≤proj S, then K ≤rc S and PrS
K : S → K is a {0, 1}-homomorphism.

Proof. (i) By Lemma 3.4 and our convention about ǫK and ǫM , there exists a

homomorphism πK : K ⊕M → K such that πK ↾ K = id(K) and πK(u) = 1 for

every 0 6= u ∈ M , and πK(0) = 0. According to Proposition 2.3 every element

0 < u ∈ K ⊕M can be expressed as u = (c, v) = (c, 1) · (1, v) = c · v for some c ∈ K

and v ∈M . Therefore, u ≤ πK(u) = c for u 6= 0. On the other hand, let u ≤ d for

some d ∈ K. Hence, u ≤ πK(u) ≤ πK(d) = d. Thus πK = PrK⊕M
K , and the proof

of (i) is complete. The part (ii) follows from (i), as S is a retract of K⊕F for some

free bounded semilattice F . Clearly F is dense. All this is leading to

PrS
K = PrK⊕F

K e,

where e : S → K ⊕ F . �

4. Finite factorizations

We say that an element u of a bounded semilattice S is irreducible if, for all

x, y ∈ S,

u = xy implies u = x or u = y.
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Moreover, an element p ∈ S is called (weakly) prime if,

xy ≤ p (0 < xy ≤ p) implies x ≤ p or y ≤ p.

Proposition 4.1. Let K ≤proj S for bounded semilattices.

(i) Then u ∈ S −K is an irreducible element of S if and only if there exists an

irreducible element 0 < s ∈ FS01(X) such that

u = q(s) and e(u) ≤ s,

where e and q denote the homomorphisms from the definition of projective

extension.

(ii) u ∈ S −K is irreducible in S if and only if u is weakly prime in S.

Proof. (i) First recall that by our convention, K and F = FS01(X) are subalgebras

of K ⊕ F . Therefore, by Proposition 2.3, every element w ∈ K ⊕ F can be written

as w =
∏

(y : y ∈ T ), where T ⊆ K ∪ X is finite. Assume that u ∈ S − K is

irreducible. Then there exists a finite T ⊆ K ∪X, such that e(u) =
∏

(y : y ∈ T ),

e(u) /∈ K, and consequently, T ∩X 6= ∅. Therefore, u = (qe)(u) =
∏

(q(y) : y ∈ T ),

and u = q(s) for some s ∈ (T ∩ X), as u is irreducible. Since s ∈ (T ∩ X), we

deduce e(u) ≤ s = (1, s). It is easy to verify that X∪{0} is the set of all irreducible

elements of F (see Proposition 3.1).

Conversely, suppose that u = q(s) and e(u) ≤ s for some s ∈ X and u ∈ S −K.

By Proposition 2.3 we get (0, 0) < e(u) = (c, t) ≤ (1, s) = s in K ⊕ F . Assume

that u = vw in S. Then (0, 0) < e(u) = e(v) · e(w) ≤ (1, s) in K ⊕ F . Using

Proposition 2.3, we have e(v) = (a, v1) and e(w) = (b, w1). Hence, (0, 0) < e(u) =

(ab, v1w1) ≤ (1, s) in K ⊕ F and v1w1 ≤ s in F. But s ∈ X is prime in F by [4,

Theorem 4.3]. This yields v1 ≤ s or w1 ≤ s in F . Assume first v1 ≤ s. Then

e(v) = (a, v1) ≤ (1, s) = s in K ⊕F . Similarly we can establish e(w) ≤ (1, s) in the

second case. Now, v = (qe)(v) ≤ q(s) = u, which implies v = u in the first event,

and w = u in the second one. Thus, u is irreducible.

(ii) Consider 0 < xy ≤ u for x, y ∈ S and u ∈ S − K. Assume that u is

irreducible in S. Similarly as above we obtain 0 < e(x) · e(y) ≤ e(u) in K ⊕ F . By

virtue of Proposition 2.3, we can write e(u) = (a, u1), e(x) = (b, x1), e(y) = (c, y1)

in K ⊕ F . Rewriting our condition, we get

(0, 0) < (bc, x1y1) ≤ (a, u1) ≤ (1, s)

for some s ∈ X, as u is irreducible (see (i)). Therefore, x1y1 ≤ s in F , which

is a free bounded semilattice with the free generators X. From Proposition 3.1

we deduce that s is prime in F , hence x1 ≤ s or y1 ≤ s. Assume that x1 ≤ s.

Therefore, e(x) ≤ (1, s) = s in K ⊕ F , and consequently (qe)(x) = x ≤ q(s) = u,

by (ii). Similarly in the second case, we get y ≤ u. �
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Let MI(S) denote the set of all irreducible elements of S. Of more importance

is the following set MI([u)), which means [u)∩MI(S)∩ (S−K), or in other words,

the set of all irreducibles v ∈ S −K such that u ≤ v.

Lemma 4.2. Let K ≤proj S for bounded semilattices. Let u ∈ S−K be irreducible.

Then the set MI([u)) is finite.

Proof. Consider u, v ∈ S−K such that both elements are irreducible in S. Suppose

that u ≤ v in S. By Proposition 4.1 there exist irreducibles s, t ∈ F , i.e., s, t ∈ X,

such that

e(u) ≤ s = (1, s) and e(v) ≤ t = (1, t)

in K ⊕ F , and in addition, q(s) = u and q(t) = v. Since e(u) ≤ e(v), we have

e(u) ≤ s, t. As e(u) = (a, u1) in K ⊕ F , we deduce that u1 ≤ s, t in F , which

is free. But [u1) ∩ X is a finite subset of F (see Proposition 3.1). Thus, the set

MI([u)) is also finite, and the proof is complete. �

If u and v are elements of a bounded semilattice S, then we say that v is a factor

of u, if there exists an element w ∈ S such that u = vw. (Notation: v | u.) It

is easy to see that v | u is equivalent to u ≤ v. If, in addition, K is a subalgebra

of S, then elements u, v ∈ S are called K-associated, if 0 < c · u = c · v for some

0 < c ∈ K. In this case we write u ≈K v (see [8]).

Definition 4.3. Let K ≤ S be bounded semilattices and u, v ∈ S. If v | u and v is

neither an element from K nor a K-associate of u, then we say that v is a proper

factor of u.

The next result requires only routine verification, and the proof is omitted.

Lemma 4.4. Let K ≤proj S for bounded semilattices, u, v ∈ S and 0 < u. Let

e and q denote the homomorphisms from the definition of projective extensions.

Assume that e(u) = (a, u1) and e(v) = (b, v1) in K ⊕ F . Then v | u in S if and

only if b | a in K and v1 | u1, i.e., u1 ≤ v1, in F . In addition,

(i) v | u and v ∈ K if and only if b | a and v1 = 1;

(ii) v | u and u ≈K v if and only if b | a and u1 = v1;

(iii) v is a proper factor of u if and only if b | a and u1 < v1 < 1.

Definition 4.5. Let K ≤ S be bounded semilattices. We say that S satisfies

the (S,K)-ascending chain condition, if S contains no infinite sequences w1, w2, . . .

with the property that each wi+1 is a proper factor of wi.

The crucial property of projective extensions is given by the following lemma.

Lemma 4.6. Let K ≤proj S for bounded semilattices. Then S satisfies the (S,K)-

ascending chain condition.
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Proof. Suppose to the contrary that there exists an infinite sequence w1, w2, . . . in

S having the property that each wi+1 is a proper factor of wi. Since K ≤proj S,

there exist a free bounded semilattice F = FS01(X), and {0,1}-homomorphisms

e : S → K ⊕ F and q : K ⊕ F → S satisfying conditions required for a projective

extension. Now, we obtain a new infinite sequence e(w1), e(w2), . . . in K ⊕ F .

It can easily be verified that each e(wi+1) is a proper factor of e(wi). (Note that

K ≤ K⊕F .) Applying Proposition 3.1 we get e(w1) = (c1, v1), e(w2) = (c2, v2), . . .

in K ⊕ F . This is equivalent to the fact that each (ci+1, vi+1) is a proper factor of

(ci, vi). It follows from Lemma 4.4 that 0 < v1 < v2 < · · · in F , or equivalently,

v1, v2, . . . is an infinite properly ascending chain in F . But this is impossible by

Proposition 3.1. �

Lemma 4.7. Let K ≤proj S. Let u ∈ S −K have no proper factors in S. Then

there exist an irreducible element v ∈ S and a ∈ K such that u = av.

Proof. Consider u ∈ S−K having no proper factors. By the hypothesis there exist

a free bounded semilattice F = FS0,1(X), {0,1}-homomorphisms e : S → K ⊕ F ,

and q : K ⊕ F → S satisfying the conditions required by projective extensions.

Now, e(u) = (a, u1) =
∏

(y : y ∈ T ), where T ⊆ K∪X is finite. Since u ∈ S−K,

we have e(u) ∈ (K ⊕F )−K. Hence, T ∩X 6= ∅. The above representation of e(u)

implies that

u = (qe)(u) =
∏

(q(y) : y ∈ T )

in S. Evidently, y = q(y) ∈ K for every y ∈ K. This implies that there exists

s ∈ T ∩X such that v = q(s) ∈ S −K and e(u) ≤ s = (1, s) in K ⊕ F . Clearly v

is a factor of u. By our hypothesis on u, we get u ≈K v. Now, it is easy to show

from Lemma 4.4 that e(u) = a · e(v), and consequently, u = av in S.

It remains to show that v is irreducible. We can apply Proposition 4.1. Above

we have shown that v = q(s) and e(u) ≤ s for some s ∈ X. Using Proposition

3.1 we can write (0, 0) < e(v) = (b, v1) in K ⊕ F . Therefore, e(u) = a · e(v) =

(ab, v1) = (a, v1) ≤ (1, s) in K ⊕ F . Hence, v1 ≤ s in F , and consequently,

e(v) = (b, v1) ≤ (1, v1) ≤ (1, s) in K ⊕ F . Thus, e(v) ≤ s = (1, s) and the proof is

complete. �

Proposition 4.8. Let K ≤proj S for bounded semilattices. Then every element

u ∈ S −K has a finite factorization

u = cp1 · · · pk,

where c ∈ K and p1, · · · , pk ∈ S −K are irreducible elements of S.

Proof. Let u ∈ S−K be given. By hypothesis there exist a free bounded semilattice

F = FS0,1(X) and, {0,1}-homomorphisms e : S → K ⊕ F and q : K ⊕ F → S

satisfying the conditions required by projective extensions.
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Similarly as in the proof of Lemma 4.7, e(u) = (a, u1) =
∏

(y : y ∈ T ), where

T ⊆ K ∪ X is finite. Since u ∈ S − K, we have e(u) ∈ (K ⊕ F ) − K. Hence,

T ∩X 6= ∅. From the representation of e(u) we deduce that

u = (qe)(u) =
∏

(q(y) : y ∈ T )

in S. Let T1 be the set of all y ∈ T such that q(y) ∈ K. Since K is a subalgebra of

S, we get c =
∏

(q(y) : y ∈ T1) ∈ K and c | a. Moreover, let T2 = T −T1. Trivially,

T2 ⊆ T ∩X. Now, we have

u = c ·
∏

(q(y) : y ∈ T2).

Notice that q(y) ∈ S −K for y ∈ T2.

Clearly, the set M = {q(y) : y ∈ T2} is a finite subset of S. We can consider the

subset Mmin of all minimal elements from M . An alternatively description is given

by Mmin = {q(y) : y ∈ Tmin} for some Tmin ⊆ T2. It is easy to verify that

u = c ·
∏

(q(y) : y ∈ Tmin).

We shall show that this is the required factorization of u. By Proposition 4.1, we

have only to prove that each q(y) ∈Mmin is irreducible in S. Really, take s ∈ Tmin.

Since s ∈ X, we see that s is a prime element of F (see Proposition 3.1 and [4,

Theorem 4.3]). In addition,

e(u) = c ·
∏

(e(q(y)) : y ∈ Tmin) =
∏

(y : y ∈ T ) ≤ s = (1, s)

in K ⊕ F . By this and the argument in the proof of Proposition 4.1, we have

e(q(y)) ≤ s

for some y ∈ Tmin. Note, that c ≤ s is impossible, as K is an upper subset and

s ∈ X ⊆ F . Hence,

q(y) = q(e(q(y))) ≤ q(s)

in S. But q(s) is a minimal element of M , i.e., q(s) ∈Mmin. Therefore, q(y) = q(s)

and we have e(q(s)) ≤ s in K ⊕ F . By Proposition 4.1 each q(y) for y ∈ Tmin is an

irreducible element of S, and the required result follows. �

5. The main result

Proposition 4.8 provides a method for factorization of an element. More pre-

cisely, let K ≤ S for bounded semilattices. We say that u ∈ S has a finite fac-

torization (into irreducibles), if there exist c ∈ K and a finite set I ⊆ M , where

M = MI(S)∩ (S −K) such that u = c ·
∏

(x : x ∈ I). This factorization is irredun-

dant if u 6= c ·
∏

(x : x ∈ I1) for each I1 ⊆ I and I1 6= I. (If an element has a finite
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factorization, then it has an irredundant factorization; by deleting superfluous irre-

ducible elements, the original finite factorization can be refined to an irredundant

one.)

About uniqueness of a factorization we have the following simple results:

Lemma 5.1. Let K ≤ S be bounded semilattices. Let S satisfy the condition:

(i) K ≤rc S and PrS
K : S → K is a {0, 1}-homomorphism.

If u = c ·
∏

(x : x ∈ I) is a finite factorization of u ∈ S, then PrS
K(u)

∏

(x : x ∈ I)

is also a finite factorization of u.

Lemma 5.2. Let K ≤ S for bounded semilattices. Let S satisfy the condition (i)

from Lemma 5.1 and the following ones:

(ii) K − {0} is an upper subset of S,

(iii) [M ∪K] = S,

(iv) every u ∈M is weakly prime in S.

Then

(1) u = 0 if and only if PrS
K(u) = 0.

(2) If u = PrS
K(u)

∏

(x : x ∈ I) and v = PrS
K(v)

∏

(y : y ∈ J) are finite irredundant

factorizations, then u ≤ v in S if and only if PrS
K(u) ≤ PrS

K(v) in K and for

every y ∈ J there exists x ∈ I such that x ≤ y.

(3) If u, v ∈ S are expressed as in (2), u 6= 0 and v 6= 0, then u = v if and only if

PrS
K(u) = Pr(v) and I = J .

It is convenient now to state the theorem towards which we are working.

Theorem 5.3. Let K ≤ S for bounded semilattices. Then K ≤proj S if and only if

S satisfies the conditions (i)–(iv) from Lemmas 5.1 and 5.2, as well as the condition

(v) MI([u)) is a finite set, whenever u is an irreducible element from S −K.

Proof. The necessity follows from Lemmas 3.2, 3.5, 4.2 and Propositions 4.1 and

4.8.

To prove the converse, let us consider the bounded semilattices K ≤ S satisfying

the conditions (i) - (v). The case K = S is trivial, so we can assume K 6= S.

Denote by M the set MI(S) ∩ (S −K). Evidently, M is a partially ordered set of

irreducibles of S lying in S−K. Take a set X of the same cardinality as the set M .

There exists a bijective mapping f : X → M , i.e., f(x) is an irreducible element

from S − K. Now, we can construct F = FS0,1(X) and a {0, 1}-homomorphism

ϕF : F → S extending f . In addition, set ϕK : K → S by the rule ϕK = id(K).

Eventually, we have a {0, 1}-homomorphism q : K⊕F → S, extending ϕK and ϕF ,

and which is an epimorphism by (iii).

We have to show that there exists a {0, 1}-homomorphism e : S → K ⊕ F such

that qe = id(S) and e ↾ K = id(K). Since f is a bijection, there is f−1 : M → X,
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and consequently, we can consider the mapping f−1 : M → K ⊕ F , as F ⊆ K ⊕ F .

We now define a new mapping g0 : M → K ⊕ F by the rule

g0(u) = PrS
K(u)

∏

(

f−1(v) : v ∈ MI([u))
)

.

This is possible by (i) and (v). It is easy to verify that g0 is isotone, which means

u ≤ v implies g0(u) ≤ g0(v). In addition, qg0 = id(M). In the next step we extend

g0 to g1 : K ∪M → K ⊕ F by the rule

g1 : x 7→

{

x if x ∈ K,

g0(x) otherwise.

Since K ∩M = ∅, the definition of g1 is correct. We claim that g1 is again isotone.

Indeed, take u ≤ v in K ∪M . We have only to verify two cases: u ∈ K and v ∈M ,

or v ∈ K and u ∈M . The first is impossible by (ii). In the second case we see that

u ≤ PrS
K(u) ≤ v

by (i). Therefore,

g1(u) = g0(u) ≤ PrS
K(u) ≤ PrS

K(v) = v = g1(v)

in K ⊕ F . Again, it is routine to show that qg1 = id(K ∪M).

Eventually, we extend g1 to a {0, 1}-homomorphism e : S → K ⊕ F . By virtue

of (iii) we know that every element u ∈ S has a finite factorization. Therefore, by

Lemma 5.1, every element u ∈ S has a finite irredundant factorization

u = PrS
K(u)

∏

(x : x ∈ I),

for some finite I ⊆M . We deduce from Lemma 5.2 that this factorization is unique.

Now, we can define

e : u 7→ g1(PrS
K(u))

∏

(g1(x) : x ∈ I) = PrS
K(u)

∏

(g1(x) : x ∈ I).

We claim that e is a {0, 1}-homomorphism. Clearly, e(0) = 0 and e(1) = 1.

Consider a second element v ∈ S having the following irredundant factorization:

v = PrS
K(v)

∏

(y : y ∈ J), where J ⊆M is finite. Assume first uv = 0 in S. Lemma

5.1 yields

PrS
K(uv) = PrS

K(0) = 0 = PrS
K(u) · PrS

K(v).

Therefore, e(uv) = e(0) = e(u) · e(v). Suppose that uv 6= 0 in S. Hence,

e(uv) = PrS
K(uv)

∏

(g1(x) : x ∈ L) = PrS
K(uv)

∏

(g1(x) : x ∈ I ∪ J),

where L = {x ∈ I ∪ J : x is a minimal element of I ∪ J}. Now, it is easy to verify

that e(uv) = e(u) · e(v). The restriction e ↾ K = id(K) and qe = id(S) is routine,

and the proof is complete. �
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Remark. Theorem 5.3 simplifies in the case of dense semilattices. It is now not

hard to deduce that condition (ii) can be replaced in this case by

(ii’) K − {0} is a filter of S.

An alternative characterization of K ≤proj S for dense semilattices S is given in [8,

Theorem 3.8].

Definition 5.4. Let γ : S → S be a {0, 1}-endomorphism of a bounded semilattice

S. Then we shall say that γ is a closure morphism of S, if it satisfies

(i) u ≤ γ(u) for every u ∈ S and

(ii) γ(u) = γ(γ(u)) = γ2(u) for every u ∈ S.

A more striking characterization of K ≤proj S for dense semilattices is the fol-

lowing

Theorem 5.5. Let K ≤ S for dense semilattices. Then K ≤proj S if and only if

the following conditions are satisfied:

(a) K ≤rc S and PrS
K : S → K is a {0, 1}-homomorphism,

(b) K − {0} is a filter of S,

(c) there exists a closure morphism γ : S → S such that γ(S) is a projective

bounded semilattice and γ(S) ∩K = {0, 1},

(d) [MI(γ(S)) ∪K] = S.

Proof. Suppose that K ≤proj S. Part (a) follows from Theorem 5.3. For part (b)

see Lemma 3.3. To prove (c) we have to define a closure morphism γ : S → S. First

notice that there exists a {0,1}-homomorphism

πF : K ⊕ F → F

defined by πF ↾ F = id(F ) and πF (c) = 1, whenever c ∈ K − {0} and πF (0) = 0

(see [8, Lemma 3.4]). Now, we can define γ = qǫF πF e : S → S (see again [8]).

In the proof of [8, Lemma 3.7(ii)] we have shown that γ is a closure morphism.

Moreover, γqǫF : F → γ(S) is a {0,1}-homomorphism. Consider the restriction

e0 = e ↾ γ(S). Obviously, e0 : γ(S)→ K ⊕ F is a {0,1}-homomorphism. Similarly,

πF e0 : γ(S)→ F is a {0,1}-homomorphism. Eventually, we get

(γqǫF )(πF e0) = id(γ(S)),

as γ = γ2. Thus, γ(S) is projective and γ(u) = 1 for 0 < u ∈ K. To prove part

(d) of the theorem, we recall that irreducible elements of a projective semilattice

generate this semilattice (see [4, Theorem 5.3]). Hence, γ(S) = [MI(γ(S))]. Again,

by [8, Lemma 3.4] we know that every u ∈ S can be written as u = c ·γ(u) for some

c ∈ K, and (d) is established.
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Conversely, suppose that (a)–(d) are satisfied. Since the case K = S is trivial,

we may assume that K 6= S. We shall show that conditions (i)–(v) of Theorem

5.3 are satisfied. Clearly, (i) and (ii) follow from (a) and (b). To prove (iii) and

(iv), notice first that every weakly prime element of S is prime, as S is dense. We

start with claim that p ∈ MI(γ(S)) is prime in S. Really, the case p = 0 is trivial,

because S is dense. It remains to assume that 0 < p ∈ MI(γ(S)). Consider uv ≤ p

in S. Therefore,

γ(uv) = γ(u) · γ(v) ≤ γ(p) = p,

since γ is a closure morphism and p ∈ γ(S). By virtue of [4, Theorem 5.3] and (c),

p is a prime element of γ(S). Hence u ≤ γ(u) ≤ p or v ≤ γ(v) ≤ p in S, as claimed.

Notice, that we have shown more, namely that

MI(γ(S))− {0, 1} ⊆M = MI(S) ∩ (S −K)).

It follows by (d) that each u ∈ S has a finite (irredundant) factorization into

irreducibles. More precisely,

u = PrS
K(u)

∏

(x : x ∈ I),

where I ⊆ MI(γ(S)) is finite. Since x ∈ MI(γ(S)) are also prime in S, we get by

Lemma 5.2 that the given factorization is unique. Suppose now, that u ∈ M . By

the above finite factorization of u we get u = PrS
K(u) or u = x for some x ∈ I

and I ⊆ MI(γ(S)), as u is irreducible in S. But u = PrS
K(u) is impossible. Hence,

u = x, and u ∈ MI(γ(S)). Eventually, we have proven

M = MI(γ(S))− {0, 1} and M ∪K = MI(γ(S)) ∪K.

Consequently, (c) and (d) imply (iii) and (iv) from Theorem 5.3. It remains to

verify (v). But this follows from [4, Theorem 5.3], as γ(S) is a projective bounded

semilattice (see (c)). Thus, we have K ≤proj S by Theorem 5.3, and the proof is

complete. �
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