ON SOME PROPERTIES OF Z-CONVERGENCE
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ABSTRACT. In the paper [5] the concept of Z-convergence is introduced. This
concept is a generalization of the statistical convergence. In this paper some
notions and results from the statistical convergence are extended to the Z-
convergence.

INTRODUCTION

The notion of a statistical convergence was introduced by Fast [1] and Schoenberg
[6] independently. Later on it was further investigated from a sequence space point
of view and linked with the Summability Theory by Fridy [3], Salat [7], Tripathy
[9, 10] and many others.

The notion of an Z-convergence is a generalization of the statistical convergence.
It was introduced by Kostyrko, Salat and Wilczyniski [5]. Some further results
connected with the notion of the Z-convergence can be found in [4] and [8].

In this papers we extend some notions and results known for the statistical
convergence to the Z-convergence.

1. DEFINITIONS AND PRELIMINARIES

Throughout the article w, ¢, ¢y, s denote the spaces of all, convergent, null
and bounded complex valued sequences, respectively.

Definition 1.1. A non-void class Z C 2N is called an ideal if Z is additive (i.e.,
A, BeZT=AUB €1) and hereditary (ie., A€cZT&B C A=Be1I).

An ideal 7 is said to be non-trivial if T # 2N,

A non-trivial ideal Z is said to be admissible if 7 contains every finite subset of
N.

All ideals in this paper are assumed to be admissible.
For any ideal there is a filter F(Z) corresponding with Z, given by

F(I)={KCN:N\NKeT}

Definition 1.2. A sequence x = (z,,) € w is said to be Z-convergent if there exists
L € C such that for all ¢ > 0, the set {n € N: |2, — L| > ¢} € Z. We say, =
Z-converges to L, and write Z-limz = L. The number L is called Z-limit of = (cf.

[5])-
The usual convergence is a special case of Z-convergence (Z = Zy - the ideal of

all finite subsets of N). The statistical convergence (see [1] or [6]) is also the special

case of Z-convergence. In this case Z = 75 = {ACN: lim w = 0}

n—oo

)
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|M| being the cardinality of the set M. For other examples of Z-convergence see
[5]-

Remark. One can readily see that the Z-convergence of sequences of points in a
metric space can be defined analogously.

The class of all Z-convergent sequences is denoted by ¢ and Z-null sequences
(i.e, Z-limx = 0) by cZ.
Definition 1.3. A sequence (z,) € w is said to be:
o T*-convergent to L (Z*- lim x, = L) if there is a set {n; < ng < ---} €
F(Z) such that lim l_)LOT
e Z-bounded if thezrgogxists an M > 0 such that {k e N: |zx| > M} € T.

2. SYMMETRY AND MONOTONICITY OF ¢

Definition 2.1. A set £ C w is said to be:

o solid if (apxy) € E whenever (x,) € E, (a,) € w and |ay,| < 1 for every
n € N;
o symmetric if (2(,)) € E whenever (z,,) € E and 7 is a permutation of N.

Definition 2.2. Let K = {k; < k2 < ...} C N and F be a sequence space. A
K -step space of E is a sequence space A\ = {(zy,) € w: (z,) € E}.

A canonical preimage of a sequence (zy,) € A\ is a sequence (y,) € w defined
as follows:

(1) _Jzn, ifnekK;
Yn = 0, otherwise.

A canonical preimage of a step space /\ﬁ is a set of canonical preimages of all
elements in A, i.e., y is in canonical preimage of AE. if and only if y is canonical
preimage of some z € A\E.

Definition 2.3. A sequence space F is said to be monotone if it contains the
canonical preimage of all its step spaces (i.e., if for all infinite K C N and (z,) € E
the sequence (a,,), where o, = 1 for n € K and «,, = 0 otherwise, belongs to

The following proposition is obvious.
Proposition 2.4. FEvery solid sequence space is monotone.

The following lemmas will be used for establishing some results of the present
article.

Lemma 2.5 (Kostyrko, Salit and Wilczynski [5], Proposition 3.2). Let Z be an
admissible ideal. If T*-limx = L then I-limz = L.

Lemma 2.6 (Salat, Tripathy and Ziman [8], Lemma 2.5). Let K € F(Z) and
MCN. IfM¢&7T then MNK ¢7T.

A

Theorem 2.7. IfZ is not mazimal, then the space c* is neither solid nor monotone.



ON SOME PROPERTIES OF Z-CONVERGENCE 3

Proof. By Proposition 2.4 it is enough to show that ¢ is not monotone.

Let ,, = 1 for all n € N. Then obviously (z,) € ¢¢. And let K C N be such
that K ¢ Z and NN K ¢ 7.

Define the sequence (y,) by (1). Then (y,) belongs to canonical preimage of
K-step space of ¢z, but (y,) ¢ ¢I. Hence ¢ is not monotone. O

Remark. By [8, Proposition 4.3] ¢ is solid for every maximal ideal Z.

Remark. By [8, Proposition 3.9] ¢Z is solid for every non-maximal ideal. The case
of maximal ideal can be treated similarly as in [8, Proposition 4.3].

Theorem 2.8. If T is not mazimal and T # L, then c* and ¢t are not symmetric.
Proof. Let A € T be infinite. If

1, forn € A;
Ty =
0, otherwise,
then by Lemma 2.5(x,,) € ¢& C ct.
Let K C N be such that K ¢ Z and NN K ¢ Z. Let ¢ : K — A and

¥ : NN K — N~ A be bijections. (All four sets are infinite.) Then the map
7 : N — N defined by:

_Je(n), ifneK;
m(n) = {w(n), otherwise

is a permutation of N, but (z,(,)) ¢ ¢* and (zx(n)) ¢ . Hence ¢f and ¢* are not
symmetric. O

3. REAL SEQUENCES

During this section we restrict our attention to real valued sequences. We give
some simple but useful remarks about properties of these sequences.

Definition 3.1. A real valued sequence x = (x,,) is said to be Z-monotonic in-
creasing (Z-monotonic decreasing), if there is a set {k; < ko < ---} € F(Z) such
that xp, <y, (xr, > Tk, ) for every i € N;

Proposition 3.2. A real sequence x = (x,,) is Z-monotonic increasing (Z-mono-
tonic decreasing) if and only if © can be written in the form

(2) T=y+2z

where y = (yn) is nondecreasing (nonincreasing) real sequence and z = (z,,) is such
that {n € N; z, # 0} € .
in this case, if y is bounded, then x is I-convergent and Z-limx = lim,_, s Yn, -

Proof. Assume that x is Z-monotonic increasing. The other case can be shoved
analogously. Then there exists a set K = {k1 < k2 < ---} € F(Z) such that
Ty, < Xp,,, for every i € N. Denote m,, = max{k € K; k < n}. Now we can define
the sequences (yn), (zn) as follows:

(3) y’ﬂ = mmnv n e N

@ Z{o, nekK;

T, otherwise.
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Clearly, = y + z, y is nondecreasing and {n € N; z,, # 0} € Z. The converse
implication is obvious.

If x+ = y+ 2, y,z with described properties, and y is bounded, then it is
convergent. It is a routine work to verify that z is Z-convergent and Z-limx =
limy, o0 Yn- O

Corrolary 3.3. An Z-monotonic sequence is I-convergent if and only if it is Z-
bounded.

Proof. Let x be Z-monotonic increasing and Z-convergent sequence. Let x =y + z
the decomposition of x from previous proposition. It is clear that Z-limz = 0.
Hence, as y = x — z, y Z-convergent and Z-limy = Z-lim z. Then, it follows from
monotonicity of y that y is convergent and so bounded. Thus z is Z-bounded.

If x is Z-bounded, then the decomposition x = y 4 z can be made such that y is
bounded:

Let K = {ky < ko < ---} € F(Z) such that z, < x,,, for every i € N and
M > 0 be such that K/ = {n € N |z,| < M} € F(Z). Denote m,, = max{k €
KN K'; k <n} and define the sequences (y,), (z,) by (3) and (4).

The rest follows from previous proposition. O

Proposition 3.4. Let © = (x,), y = (yn) and z = (2,) be real sequences such that
Ty < yp < zp for alln € K, where K € F(Z). If Z-limz = L = Z-limz then
Z-limy = L.

Proof. For a given € > 0, let
B, ={n € N; |z, — L| < &},
By ={n€ N; |y, — L[ < e},
B, ={ne N; |z, — L| <e}.
Then B, N B, N K C By, and hence B, € F(Z). It follows that Z-limy = L. O

4. CONVERGENCE FIELD OF Z-CONVERGENCE AND Z-LIMIT OF A SEQUENCE

In this section we will study some properties of the function, which assigns to
every Z-convergent sequence its Z-limit.

Definition 4.1. A convergence field of I-convergence is a set F(I) = {z = (z,) €
ls : there exists Z-limz € R}.

Remark. The convergence field F/(Z) is a closed linear subspace of £, with respect
to sup-norm, F(Z) = £o, Nt (cf. [5]).

Define a function g : F(Z) — R:
g(x) =Z-limwz, x € F(2).

Theorem 4.2. The function g : F(Z) — R is Lipschitz function and hence uni-
formly continuous.

Proof. Let z,y € F(Z), * #y. Then the sets
Ay ={neN: |z, —g(z)| = lz —yll},
Ay={neN: |y, —g¥)| > [z -y}
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belong to Z. Thus the sets
B, =N~A,={neN: |z, —g@)| < ||z —yl},
By =N~ Ay ={neN: |y, —g(y)| <z —yl}

belong to F(Z). Hence also B = B, N B, € F(Z), so that B # (. Now, taking
n € B,

l9(x) — 9] < 19(x) = zn| + [2n = yn| + [yn — 9(y)| < 3[lz —yl|.

This means that g is Lipschitz function. O
Proposition 4.3. Ifz,y € F(I) then zy € F(Z) and g(xzy) = g(x)g(y).
Proof. Let ¢ > 0. The sets

B, ={neN: |z, —g(x)| <e},

By ={neN: [y, —g(y)| <e}
belong to F(Z). Now,
5) [Tnyn = 9(2)9(Y)| = [Tnyn — Tng(y) + 2ng(y) — 9(z)g(y)|

< [znllyn = 9| + l9(W)l|zn — g(2)].

)
As F(Z) C lw, there exists an M € R such that |z,| < M and |g(y)| < M.
Thus, using (5), we get

|20y — g(2)g(y)| < Me + Me = 2Me
for all n € B, N B, (€ F(Z)). Hence zy € F(Z) and g(zy) = g(z)g(y). O

5. CAUCHY CONDITION FOR Z-CONVERGENCE

In the case T = 7, (statistical convergence) J. A. Fridy [2] proved the corre-
sponding Cauchy condition for (statistical) convergence of a sequence. We will
generalize this result for Z-convergence:

Theorem 5.1. A sequence x = (x,) € w I-converges if and only if for everye > 0
there exists N. € N such that

(6) {neN: |z, —zn]|<ce}eFT).
Proof. Let L = I-limx. Then B, = {n € N: |z, — L| < §} € F(Z) for all € > 0.
Fix an N, € B.. Then the following holds for all n € B;:

€ €
\st—acn|§|xNE—L|+|L—wn|<§+§:E.

Hence (6) holds.
Now, let (6) hold for all € > 0. Then the set

C.={neN:z, €lzn, —c,zn. +¢]} € F(T)
for all € > 0. Denote J. = [xn. — &, 2N, +€].
Fix an ¢ > 0. Then C. € F(Z) and Cg € F(Z). Hence C. N Cg € F(Z). This
implies
J=J.0Js #0,
{neN: z, € J} e FI),

1
diam(J) < §diam(J5).
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(diam(7) denotes the length of the interval I.)
This way, by induction, we can construct the sequence of (closed) intervals

Je=Ih2L 221,

with the property diam([,,) < 3diam(l,—1) (n =2,3,...) and {k € N: z, € I,,} €

F(Z) (n =1,2,...). Then there exists a £ € (] I, and it is a routine work to
neN

verify that £ = Z-lim x. O
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