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Abstract

New methods are developed to construct algorithmically good logarithmic signatures for affine al-
gebraic groups, using Singer subgroups. The well known conjecture about the existence of minimal
logarithmic signature (MLS) for simple groups is shown to be true for some finite simple groups of Lie
type.

1 Introduction

A logarithmic signature(LS) for a finite group G is an ordered tuple o = [A;, A, ..., A,] of subsets A;
of G, such that every element g € G can be expressed uniquely as a product g = ajas - - - a,, where a; € A;.

S
The sets A;, are called the blocks of the LS «. The length of an LS « is defined to be l(a) = ) |A4;].
i=1

Logarithmic signatures were first defined by Magliveras in [15] where cryptosystem PGM was proposed
using LS’s. Later, Magliveras, Stinson and Tran van Trung proposed cryptosystems M STy, MSTs, and
Magliveras, Lempken, Tran van Trung and Wei proposed cryptosystem M ST5 using logarithmic signatures
and covers [16, 17]. For some interesting papers studying attacks on M STy and M ST5, see [4, 8.

Much earlier, logarithmic signatures were also studied, in a different context, by group theorists, who called
them group factorizations. Perhaps Hajos was the first person to define factorizations for finite abelian
groups in 1938 [10]. He used them as a tool to study the well-known Minkowski’s conjecture. Later, Rédei
wrote a number of papers on factorizations of abelian groups. Rédei also proved a very interesting theorem
which says that if a finite abelian group has a factorization (i.e an LS) in which each block contains the
identity element then one of the blocks is a subgroup. For these classical results on logarithmic signatures
of abelian groups, see the book by Szabé [20]. Today, the term factorization is often used in the case where
each block A; is a subgroup. Hence, we will only use the term logarithmic signature.

It was first observed by Gonzélez Vasco and Steinwandt in [8] that the length /() of a logarithmic signature
« satisfies the following inequality.

Inequality 1.1. Let G be a finite group and let a« = [A1, Aa, ..., Ay] be a logarithmic signature for G.
k

Suppose |G| = p;"™ where the p; are prime. Then,
j=1

k
Ua) > Z m;p;
=1

An LS for which the above lower bound is sharp is called a minimal logarithmic signature (MLS) for
the group G. Such optimal length logarithmic signatures are useful from both a cryptographic and a group
theoretical point of view. It was observed in [9] that if there is an MLS for a normal subgroup H of group



G and also for the quotient group G/H then there is an MLS for G. Thus, if every finite simple group had
an MLS, then every finite group would have an MLS.

A moderate work effort has been devoted to finding MLS’s for various finite groups. It has been shown in [8]
that MLS’s exist for all finite solvable groups and all symmetric groups S,,. It was also shown in [16] that the
alternating groups A, have MLS’s. In [9] it is proved that that minimal logarithmic signatures exist for all
groups of order less than 175,560. In [14], Lempken and Tran van Trung exhibit an interesting new tool to
construct minimal logarithmic signatures with which they prove the existence of MLS’s for the special linear
groups SL,(¢q) and the projective special linear groups PSL, (q) when ged(n,q — 1) € {1,4,p|p a prime}.
They also show that, with a few exceptions, an MLS exists for all groups of order < 10'°. Holmes [13]
constructed minimal logarithmic signatures for sporadic groups Ji, Jo, HS, M¢L, He, Cos.

These results make the following conjecture plausible.

Conjecture 1.2. (MLS Conjecture) Every finite simple group has a minimal logarithmic signature.

Before discussing the scope and content of this paper, we present in summary the classes of finite simple
groups. We have taken the following classification material from Wilson [22].

1.3 Classes of finite simple groups
(i) cyclic groups of prime order
(ii) alternating group A,, n >5
(iii) classical groups:
(a
(b
(c
(d

linear: PSL,(q), n > 2, except PSL2(2) and PSLy(3)

unitary: PSU,(q), n > 3, except PSU3(2)

symplectic: PSpa,(q), n > 2, except PSps(2)

orthogonal: P, 11(q), n >3, ¢ odd; PQ3 (q), n > 4; PQ,, (q), n >4

—_ = D

where ¢ is a power of a prime
(iv) exceptional groups of Lie type

(v) the 26 sporadic simple groups

In this paper, we first define a logarithmic signature (LS) for an arbitrary subset A of a group G. This
general definition is then used as a tool to study the MLS conjecture. Our interest is in developing general
methods of constructing MLS’s for simple groups and for groups in general. We then create MLS’s for
the projective special linear groups PSL,(q) and the projective symplectic groups PSpa,(q) for all n € N
and prime powers ¢. In the process we also construct MLS’s for the groups GL,(¢), PGL,(q), SLn(q)
and Spa,(q). The blocks of the LS’s which we create are essentially obtained from Singer subgroups of the
classical groups or their subgroups. Our methods are general and they may prove sufficiently strong as tools
for constructing MLS’s for all finite simple groups. Some of these aspects will be discussed in a subsequent
communication [19].

The theory of algebraic groups provides tools to study classical and exceptional groups of Lie type which
together are called Finite groups of Lie type. In fact much of the structure of these groups can be described
using the language of algebraic groups [5, 22]. For some basic definitions such as affine varieties, morphisms
of varieties, affine algebraic groups, the Zariski topology, split BN -pairs, see Chapters 1 and 2 of [5] for
details. We do not need too many terms from algebraic group theory or Lie group theory but we do need a
few basic definitions and basic results which are described in Section 2.

One can also use the Weyl group of an algebraic group to construct LS’s. We had initially started with such
a construction. Our construction of an LS using Weyl groups is given in [18].



Our method of creating LS’s and MLS’s for classical groups, as described in Sections 6, 7 and 8, actually
also produces a spread in the corresponding projective or polar space. Spreads have been widely studied
in various geometries and designs (see [12] for definitions and basic results). One can see that the methods
described in this paper give rise to a much more general way of constructing logarithmic signatures for finite
groups of Lie type using geometric objects like ovoids, spreads etc. in the corresponding geometry. This will
be discussed in a subsequent paper [19].

2 Preliminaries

In this section, we describe some basic concepts for groups, permutation groups, algebraic groups, needed for
our construction of Logarithmic Signatures (LS). Material for algebraic groups is mainly taken from Carter
[5], Garrett [7] and Wilson [22]. Other basic material in this section is taken from Artin [1] and Biggs and
White [3].

A group action is a triple (G, X, ¢) where G is a group, X is a set, and ¢ is a map from G x X onto X
satisfying the following two axioms: 1) ¢(1,z2) = z for all z € X, where 1 is the identity of G, and ii)
&(g,p(h,x)) = ¢(gh,x) for all g,h € G and all x € X. By suppressing ¢ we simplify notation so that ¢(g,x)
is denoted by gx. Then, the two axioms simply become i) 1z = x for all z € X, 1 the identity of G, and
ii) g(hz) = (gh)z, for all g,h € G and xz € X. Further, we denote the group action by G|X and say that G
acts on X. The kernel of group action G|X is K = Kg|x = {9 € G | gv =z for all x € X}. It is easy to see
that a group action G|X amounts to a homomorphism of G into the symmetric group Sx with kernel K.
The action G|X is said to be faithful if K x = 1. When G|X is faithful, the homomorphism becomes an
isomorphism and we identify G with its image in Sx. In the latter case we also say that G is a permutation
group on X.

Let © € X. The set O(x) = {gz | g € G} is called the orbit of x in X, under the action of G. The stabilizer
of x, under the action of G, is the subgroup stabg(z) of G, defined by stabg(x) = {g € G | gr = x}. We
may also denote stabg(x) by stab(z).

A group action G|X is said to be transitive if G|X has exactly one orbit. Moreover, G|X is said to be
sharply transitive if for every x,y € X, there exists a unique g € G such that y = gz. Let ACG, Y C X
and z € Y. We say that A is a sharply transitive set on Y, with respect to z, if for each y € Y, there
exists a unique a € A such that ax = y. We note that if A is a sharply transitive set on X with respect to
x € X and hx = y for some h € G, then the set hAh~! = {hah™! | a € A} is sharply transitive set on X,
with respect to y. The set A is said to be sharply transitive on X, if A is a sharply transitive set on X with
respect to every x € X. In this paper we essentially consider only sharply transitive sets with respect to a
given z € X.

We now give, some basic definitions and notation related to groups and vector spaces. Let G be a finite group
and H be a subgroup of G. We use the notation H < G whenever H is a subgroup of G. If H is a normal
subgroup of G, we write H < G. Suppose H <G, then n: G — G/H will denote a canonical homomorphism
from G onto G/H. We will denote the center of G by Zg. For x € G, (x) denotes the cyclic subgroup of
G generated by z. We say that a subset A of a group G is a cyclic set, if A= {z' |1 <1i < m} for some
x € G and for some m < |(z)|]. For A,B C G, AB = {ab | a € A, b € B} denotes the product of com-
plexes Aand Bin G. If AJG, B < G and ANB = 1, we use A- B to denote the semidirect product of A by B.

Let H < G. If A C @G is a complete set of left coset representatives of H in G then we say A is a left
transversal of H in G and denote it by lt(G,H). We note that an It(G, H) is not unique. Similarly, we say
Ais an Tt(G, H), when A is a right transversal of H in G.

Let K be an algebraically closed field. Let V' be a vector space of finite dimension n, over the field K. For
v1 € V, we denote by (v1), the one-dimensional subspace generated by v1. P(V) denotes a projective space
on V, i.e., the set of all one dimensional subspaces of V.

We denote the group of all non-singular K-linear transformations of V' by GL(V). We choose a suitable



ordered basis B = {e1,e2,...,e,} of V. Let x € V,x = Y w;e;, x; € K. Then, we think of z also

i=1
as the column vector © = (z1,%2,...,2,)" The vector e; is thus identified with the column vector e; =
(0,...,1,...,0)t, where the term in the i*" row is 1 and all other terms are 0, 1 < i < n. Thus, the vector

space V is identified with the vector space K™, of all column vectors of length n. Then, each element of
GL(V), can be considered as an n X n matrix over K, acting on column vectors. Thus the group GL(V) is
isomorphic to the group GL,,(K) of all non-singular n x n matrices. We denote the n x n identity matrix
by I,.

We now give some basic definitions and results which we need for our construction of MLS’s. See Section 4
and Section 5 for details of the groups and some basic results we consider in this paper.

Let G be an affine algebraic group. Then by a well-known result from Section 1.2 [5], we know that every
affine algebraic group over an algebraically closed field is isomorphic to a closed subgroup of GL, (K), for
some n and conversely. Thus, G is a subgroup of GL, (K) and acts as a permutation group on V' \ {0} in a
natural way. A flag is defined to be a chain of subspaces ordered by inclusion (Page 102, [7]). Parabolic
subgroups of G are the stabilizers of suitably chosen flags. Consider x € GG, then z is said be unipotent if
all its eigenvalue are 1. It can be shown (Page 11, [5]) that this definition is independent of the embedding
of G into GL,(K). A unipotent group is an affine algebraic group each of whose elements are unipotent.

We now give the definition of finite groups of Lie type using the Frobenius map on a connected reductive
group [5]. The following remark will be used to define a reductive group. The reader can choose to skip the
following, as the families of finite groups of Lie type that we consider in this paper will be defined separately
in Section 4 in detail.

Remark 2.1. (See Section 1.8, [5]) Suppose G is a connected affine algebraic group. Then, the set of all
closed connected unipotent normal subgroups of G has a unique mazimal element called the unipotent radical

R.(G) of G.

A connected affine algebraic group G is said to be reductive if G # 1 and R,(G) = 1.

Let G be a connected reductive group over an algebraically closed field of characteristic p. Then, we know
that G is isomorphic to a closed subgroup of GL,(K) for some n. Let ¢ = p°, e > 1 and F; be the
map of GL,(K) into itself given by F, : (a;;) — (aj;). The map F, is a homomorphism of GL,(K)
into itself. A homomorphism F' : G — G is called a standard Frobenius map, if there exists an injective
homomorphism i : G — GL,,(K) for some n, such that i(F(g)) = Fy(i(g)) for some ¢ = p° and for all g € G.
A homomorphism F' : G — G is called a Frobenius map if some power of F' is a standard Frobenius map. If
F : G — @ is a Frobenius map, define GF' as follows.

G" ={ge€G|F(g9) =g}

GYF is a finite subgroup of G. Following [5], we call, finite groups G arising from a Frobenius map F : G — G
on a connected reductive group G, finite groups of Lie type.

3 LS and MLS

From now on, we assume that group G is finite. We now give few basic definitions and lemmas related to
Logarithmic Signatures and Minimal Logarithmic Signatures.

Let A C G. Let a = [A1,As,...,A;] be an ordered s-tuple of subsets A; of G. We say that « is a
Logarithmic Signature (LS) for a set A, if every a € A can be uniquely written as a product a =

k k
ajag - - -as where a; € A;. Suppose |A| = ] p;™ where p;’s are prime. If [(a) = Y m;p; then « is said to
j=1 j=1
be a Minimal Logarithmic Signature (MLS) for a subset A of G.

Following remark easily follows from [14] and the above definition of an MLS.



Remark 3.1. Let G be a finite group. Let A C G and o = [Ay, A, ..., As] be an LS for A. Then, « is an
MLS for A if and only if for all 1 <1i < s, |4;| is a prime or 4.

We now mention some basic results about logarithmic signatures that we will use in the later sections. The
results can be derived easily from the definitions. Proofs are also given for most of these results in [13],[16]
and [8], for the case of LS for groups. It is easy to see that these proofs can be extended to LS for a subset
of a group.

Remark 3.2. Let A C G. Suppose [A1,As, ..., A.] is an LS for A and [B;1,..., Bi,] is an LS for each
A;, 0<i<r. Then o« = [Bj1,...,Bikyy---sBr1,..., Bri,.] is an LS for A.

Remark 3.3. Let H < G and A be an lt(G,H). Then [A, H] is an LS for G.
Remark 3.4. Let Hy,Hs < G be such that G = HiHy and Hy N Hy = {1}. Then, [Hy, Hs| is an LS for G.

Remark 3.5. Suppose H 4G and [BY,B5,...,B}] is an LS for G/H. For each i € {1,...,k}, let B; C G
be such that n(B;) = B} and |B;| = |B}|. Then,

(i) [B1,Ba, ..., By, H| is an LS for G and (i) B1By--- By is an lt(G, H).

Remark 3.6. Let H<G and [By, By, ..., By, H] be an LS for G. Then, [B{,B5,...,B}] is an LS for G/H,
where B, =n(B;), for all 1 <i<k.

Remark 3.7. Let H < Hy < G, H; # H and H < G. Suppose [A1,As, ..., A, H1] is an LS for G. Let
B; =n(A;) CG/H, for all1 <i<k. Then [By,Ba,...,By,Hi/H] is an LS for G/H.

Remark 3.8. Let H<G and A C G be such that aH # bH for alla,b € A, a #0b. Let A" = n(A). Suppose
[A1, Ag, ...  Ag] is an LS for A. Let B; = n(A;) C G/H, for all1 <i <k. Then [By,Bs,...,By| is an LS
for A,

Remark 3.9. [8] If G is solvable, then G has an MLS.

We now describe an MLS for a cyclic set.

Lemma 3.10. Let G be a finite group and x € G be an element of order t. For s € N, s < t, let
S = {20 <i < s}. Then S has an MLS, v = [A1, Ao, ..., Ag], satisfying the following property.

k
For any list [j1,..., k], such that 27" € A;, 1<i<k, Y ji<s (3.10.1)
i=1
Proof. Suppose s = p1pa...py is the prime factorization for s. Then, define A; = [1,x,...,2P171] and
Ay = [1,xPP2ePimt g2P1P2-Pic1 ,:r(pifl)plm'“pi*l] for all 2 < ¢ < k. Now, given a, 1 < a < s, there exists
E (i1
$1,892,...,8k €Z,0<s; <p; for 1 <i<k,such that a = > (H pj> s;. Therefore,
i=1 \j=1

1—1
- (H pj) o
¢ = Hx g=1 .



Now, by definition of A;, it follows that x<j_1 € A;forall1 < i < k. Thus x has a factorization,

x® =ayag...ak, a; € A; for 1 <4 < k. Now, smce|A|—pior1<z<kandH|A\—$—|S\ it follows

that v = [A1, Aa, ..., Ag] is an MLS for S. Finally, using the fact that E (H pj> (pi—1) = s—1, it follows
i=1 \j=1
that, v satisfies (3.10.1).
O

Lemma 3.11. Let G|X be a transitive permutation group. Suppose A C G is a sharply transitive set on X
with respect to x € X and P = stabg(xz). Then, [A, P] is an LS for G.

Proof. For g € G, let y € X be such that gz = y. Now, there exists a unique a € A such that az = y. Let
p=a"l'g. Then, clearly p € P and g = ap and by Orbit-Stabilizer Theorem, it follows that |G| = |A| - | P|.
Hence, [A, P] is an LS for G.

O

The following remark essentially follows from the discussion about parabolic subgroups and the Levi de-
composition of algebraic groups as well as finite groups of Lie type given on pages 62-63 in Carter’s Book

[5].

Remark 3.12. Let G be a finite group of Lie type and P be a parabolic subgroup of G. Then, P =U - L
where U is the largest normal unipotent p-subgroup of P, p a prime and the complement L is a subgroup of
P called the standard Levi subgroup of P.

Now using the above Remark 3.12 and Remark 3.4 we get the following.

Remark 3.13. Let G be a finite group of Lie type. Let P be a parabolic subgroup of G. Then P has an LS
[U, L] where U is a p-group called the unipotent group, and L is the standard Levi subgroup of P.

We note that the standard Levi subgroup L of a finite group of Lie type G itself has a decomposition of similar
type as that of Remark 3.12. Thus the above remark gives us a good inductive tool to create logarithmic
signatures for the finite groups of Lie type. In the sections that follow, we describe parabolic subgroups,
sharply transitive sets and standard Levi subgroups for these groups and the corresponding simple groups.
We then use the above remark as a tool to create MLS’s and other interesting LS’s for such groups. We
plan to explore the MLS conjecture for the remaining classical groups and other groups of Lie type in the
subsequent paper.

4 Inner-product spaces

In this section, we describe basic concepts related to inner-product spaces and the symplectic group Spay,(q)
which we will need in the later sections.

Let 4,n € N be such that i[n and ¢ be a prime power. We denote the unique subfield of order ¢' in Fy» by
F,i. Let V be a finite dimensional vector space over a finite field K. A bilinear form on V over K is a map
f:V xV — K satisfying the laws f(Au+v,w) = Af(u,w) + f(v,w) and f(u, \v +w) = Af(u,v) + f(u,w),
A€ K, u,v € V. The pair (V, f) is called the inner-product space.



A vector v € V is said to be an isotropic vector if f(v,v) = 0. For a subspace W of V, W+ = {v €
V| f(v,w) =0 for all w € W}. W is said to be an isotropic subspace of V if W C W+.

Let f be any bilinear form. Let J,, be an n x n matrix whose (i,7)!" entry is f(e;,e;) where {eq,...,e,} is
an ordered basis of V. Now suppose, x = (21,2, ...,2,)" and y = (y1,¥2, .., yn)" with respect to the basis
{e1,...,en}. Then, f(z,y) = y'J,z when f is a bilinear form. Thus the form f is uniquely determined by
the matrix J,,. The matrix J,, is called the matrix of the form f with respect to the ordered basis {eq, ..., e, }.

A form f is said to be non-singular if V- = {0}. An element g € GL(V) is said to be an isometry of f if
flgu, gv) = f(u,v) for all u,v € V. The isometry group of an inner product space (V, f) is defined to be the
subgroup of GL(V), consisting of all elements g € GL(V') preserving the form f i.e. g'J,g = J,.

Bilinear form f is of the following three types. Bilinear form is symmetric if f(u,v) = f(v,u), skew-symmetric
if f(u,v) = —f(v,u) and alternating if f(v,v) = 0. It is easy to check that an alternating bilinear form is
always skew-symmetric. In this paper, we will be only interested in the alternating bilinear form.

Remark 4.1. Let (V, f) be an inner product space. If f is a non-singular alternating bilinear form then the
isometry group of (V, f) is called the symplectic group Span(q).

Remark 4.2. (Section 3.4.4, [22]) Let (V, f) be an inner product space where f is a non-singular alternating
bilinear form and V' is a vector space over the field K =TF,. Then there is a basis of V, {e1, ..., en, fi,..., fu}
where f(e;,e;) = f(fi, f;) =0 for all 1 < 4,5 <mn, f(e;, f;) = —f(fj,e;) = 0i; where &;; is the Kronecker
delta function. Any such basis is called a symplectic basis for the inner product space (V, f).

It is well known that any maximal isotropic subspace of V' with respect to a non-singular alternating bilinear
form has dimension n (See Section 8.1 in [7]). The following lemma easily follows from Witt’s theorem [7].

Lemma 4.3. Let V' be a 2n-dimensional vector space and f be a non-singular alternating bilinear form
on V. Let W be a mazximal isotropic subspace of V. Let {e1,...,e,} be any basis of W. Then, there exist
fi eV, 1<i<n, suchthat B={e1,...,en, f1,..., fn} is a symplectic basis of V with respect to the bilinear
form f.

Suppose, as above f is a non-singular alternating bilinear form. Then, 415, are the only scalar matri-
ces in Spa,(q). Hence, the center Zg,, () is {#Il2n}. The projective symplectic group PSpan(q) =
SP2n(q)/Zsp,,(q) is a simple group of Lie type.

5 LS’s for Parabolic subgroups

Suppose G is a finite group of Lie type. Then from the discussion in Section 2, it follows that G is a subgroup
of GL,(q). Let V =Tyn be the field of order ¢™ viewed as an n-dimensional vector space over F,. Then, G
acts as a permutation group on V '\ {0} as well as on projective space P(V). Also note that, 1 € V'\ {0} and
(1) € P(V) where 1 is the multiplicative identity of the field F,n. Let Pg denote the parabolic subgroup of
G (in the sense of Remarks 3.12 and 3.13) defined by Pg := stabg((1)).

In this section we describe the structure of the parabolic subgroup Pg for the groups G = GL,(q), PGL,(q),
SL,(q), PSLy(q), Sp2n(q), PSpas(q) and obtain an LS for P;. We then use this LS to construct an MLS
for all the above mentioned groups G in the next sections.

We choose a suitable ordered basis B = {e1,ea,...,e,} of V. As noted in Section 2, we identify elements of
V with the n x 1 column vectors and the group GL(V') with the group GL,(q).



Let G := GL,(q). We assume that e; = 1. Remark 3.13 implies that Pg has an LS [Ug, Lg]. The structures
of the groups Ug and Lg can easily be obtained by applying the definitions (For details see Section 3.3.3

in Wilson [22]). Here, Ug = {<(1) I“
n—1

1

) | u € F7~'} is an elementary abelian group of order ¢"~' and

Lg = {(g 2) la€F;, A€ GL, 1(q)}. Tt is also known that Zg = {kI,, | k € F}} is a cyclic group of
order ¢ — 1.

Let Ly = {((1) 21) | A € GL,-1(q)}. Then, it is easy to see that L; < Lg and Lg = L1Zg. Also,

LiNZg ={I,}. Thus, from Remark 3.4, [L1, Z¢] is an LS for Lg. Now, using Remark 3.2 we can replace
L in [Ug, Lg] by [L1, Z¢). Hence, we have proved the following lemma.

Lemma 5.1. Let G := GL,(q). Then, P, := Pg has an LS [Uy, L1, Z1] where Uy := Ug is an elementary
abelian group of order ¢"~*, L1 = GL,_1(q) and Z, := Zg is the cyclic group of order q — 1.

Let G :== PGLy,(q) = GL,(q)/Z1 and let n : GL,(q) — G be the canonical homomorphism from GL,(q)
onto G. Then, Pg = stabg((1)) = P1/Z;. We note that Uy N Z; = Ly N Zy = {I,,}. Therefore, Uy := n(U)
and Ly := n(Ly) are subgroups of G isomorphic to U; and Ly respectively. Thus, from the above lemma and
Remark 3.6, we get the following.

Lemma 5.2. Let G := PGL,(q). Then, Py := Pg has an LS [Us, Lo] where Uy is an elementary abelian
group of order ¢"~' and Ly = GL,_1(q).

Now, let G := SL,(q). Then, Zg = Z; NG and Pg = P; N G. From Remark 3.13, it follows that Pg has
an LS [Ug, Lg]. It is easy to show that Ug = Uy and Lg = {<g 21) | A€ GL,_1(q), a = det(A)~'}.

Also, Zg = {kI, | k" =1, k € F;} = {(lg kIO > | k" =1, k € F;}. Note that, k" = 1 implies
n—1

det(kl,—1)~t = (k""1)~! = k. Thus, Zg < Lg and hence Zg < Zp,.

From the above description of Zg and L it is easy to see that Zg is a cyclic group of order d = ged(n,q—1)
and Lg = GL,—1(q). Also, note that Z, is a cyclic group of order ¢ — 1 and Lg/Z1, = PGLy-1(q).

Now using Remark 3.3, Lg has an LS [Ls, Z1,] where L3 is any {t(Lg, Z1). Also, Zr, has an LS [L}, Z¢],
where Lj is any 1t(Z1, Zc). Thus we can apply Remark 3.2 and replace L¢ in [Ug, Lg] by [Ls, L, Za].
Hence, we have the following lemma.

Lemma 5.3. Let G := SL,(q). Then Ps := Pg has an LS [Us, Ls, Ly, Z3], where Us is an elementary abelian
group of order ¢"71, Z3 := Zg is a cyclic group of order d = (n,q—1), Ls is any lt(Lg, Z1.;) and L} is any
W Zre, Za). Further Zr is a cyclic subgroup of order q— 1, Lg =2 GL,_1(q) and Lg/Z1. = PGL,—1(q).

Now, let 0 : SL,(g) — PSL,(q) be the canonical homomorphism from SL,(q) onto PSL,(q). Note that
Us N Z3 = {I,}. Hence Uy := n(Us) and L) := n(Ls) = Z1,/Za are subgroups of G/Zg. Also, using the
fact that (Le/Z¢)/(Zrs)/Z¢) = La/ZLe = PGL,_1(q), it can be easily checked that Ly := n(L3) is an
t(La/Za, Z1./Zc). The above lemma and Remark 3.6 now imply the following lemma.

Lemma 5.4. Let G := SLy(q). Then G/Zg = PSLy(q) and Py := Pgz, has an LS [Uy, Ly, Lj], where Uy
is an elementary abelian group of order ¢"~%, L4 = n(L3) is an lt(La/Za, Z1s /%), (La/Zc)/(ZLs/Zc)
>~ PGL,-1(q) and L)y = Z1,/Z¢ is a cyclic group of order (¢ —1)/d, d = (n,q—1).



We now describe LS’s for the parabolic subgroups of the symplectic group Spa,(g) and the projective sym-
plectic group PSpay(q).

Let V' = Fgn be the field of order ¢®" viewed as an 2n-dimensional vector space over F,. Let f be
a non-singular alternating bilinear form on V. Let e; := 1,f; € V be such that f(er, f1) = 1. Now,
choose es,...,en, fa,..., fn € V such that {e1,...,en, f1,..., fn} is a symplectic basis of V' [22]. Let
B = {e1, f1,e2,..-,€en, f2,..., fn} be an ordered basis of V. Let W be the subspace of V' generated by

{ea,...ven, fo, ..., fu} and f' = flwxw. Then, the inner product space (W, f’) has a symplectic basis
B = {ea,...,en, fo,..., fn}. The matrix of the bilinear form f with respect to the basis B is given by
0 1 0
J=1-1 0 0 , where Js,,_o is the matrix of bilinear form f’ with respect to the basis B’.
0 0 Jopoo

Let G = Span(q) be the symplectic group as described in the previous section. Consider the parabolic
subgroup Pg = stabg((1)). Let g = (gs5)2nx2n € Pa. Then g((1)) = (1). This implies that the first column
of g is (g11,0,...,0)t Using the fact that g(e;), g(fi) € <1>L for 2 < i < n, it follows that second row of g is
of the form (0, g22,0,...,0). Now let g1 = g|w. If we consider g; as a matrix with respect to the basis B’,
then one can easily verify that g1* Ja,,_2 g1 = Jon_2. Hence g1 € Span_2(q).

Using these facts and similar arguments (see [22] and [7] for details), one can verify the following about
the structure of the parabolic subgroup Pg. The parabolic subgroup Pg = Us - (Ls x Lj), where Us is a

a 0 0
p-group of order ¢*"~1, Ly = {(1;)2 Sl) | A€ Span_a(q)} and L = {| 0 a™ ! 0 | a € Fy}. Thus,
0 0 Iy

L5 = Spap—2(q) and Lf is a cyclic group of order ¢ — 1. Also, Lg = L5 x L is the standard Levi subgroup.
Now, the following lemma follows from Remark 3.4.

Lemma 5.5. Let G := Spa,n(q). Then, Ps := Pg has an LS [Us, Ls, L], where Us is a p-subgroup of G of
order ¢*"~1, Ly = Spa,_2(q), L is a cyclic group of order q — 1.

Now, Zg = {£I2,}. Thus, |Zg| =2 or 1, for ¢ odd or even respectively. Let ¢ be an odd prime power and
7 : Span(q) — PSpan(q) be the canonical homomorphism from Spay,(q) onto PSpa,(q).

Let H51 = { I2 0 }S’L5 and H52 = { :l:I2 0 }S’Lg Then, H53 = H51 XH52 is clearly
' 0 :l:I2n72 ’ 0 12n72 ? ) !
an elementary abelian subgroup of G of order 4. Also, Zg<\Hj 3 and Hs 3<dL¢ = LsxL}. Let Hg := Hs 3/ Z¢.

Then, note that (Lg/Zq)/Hes = Lg/Hs3 = (Ls/Hsa1) x (Lg/Hs2). Hence, using Remark 3.4, it fol-
lows that (Lg/Zq)/Hs has an LS [Lg 1, Lg 2], where Lg, and Lg o are subgroups of (Lg/Zg)/He and
L¢1 = Ls/Hs1 = PSpan—2(q) and Lg o = L /Hs 5 is a cyclic group of order (¢ — 1)/2.

Now, Us N Zg = {2, }. Hence, Us := n(Us) is a subgroup of G/Zg isomorphic to Us. Let Ps = Ppgp,, (q) =
stabpgp,, (q)((1)). Then, using the facts that [Us, Lg| is an LS for Ps, Zg < Lg < Ps and Remark 3.7, it
follows that Ps = Ps/Z¢ has an LS [Us, Lg/Z¢]. Hence we have the following lemma.

Lemma 5.6. Let G := Span(q). Consider G/Zg = PSp2,(q) and Ps := Pg)z., = stabpgy,, ()((1)). Then,
we have the following.

(i) Suppose q is a power of 2. Then, Ps = Ps has an LS [Us, L5, L§], where Us is a p-subgroup of PSpan(q)



2n—1

of order q L5 = Span—2(q) and Lf is a cyclic group of order ¢ — 1.

(i) Suppose q is an odd prime power. Then, Pgs has an LS [Us, Lc/Zc], where Ug is a p-subgroup of G of
order ¢~ and Lg/Zg has a normal subgroup Hg of order 2. Further, (Lg/Zc)/Hs = L¢a X Lga,
where Lg 1, Lgo are subgroups of (La/Z¢)/He, Le1 = PSpan—2(q) and L 2 is a cyclic group of order

(¢—1)/2.

6 MLS for GL,(q) and PGL,(q)

In this section we construct MLS’s for GL,(q) and PGL,(q), which we will then use to construct an MLS
for SL,(q) and PSL,(q) for all n € N and ¢ a prime power. We note that MLS’s for GL,,(¢q) and PGL,(q)
have already been obtained by Lempken and Trung [14], using a slightly different method.

Let V =1TFg» be the field of order ¢" viewed as an n—dimensional vector space over F;. Let o be a primitive
element of Fyn. We fix an ordered basis B = {1,a,0a?,...,a" !} for V. Let G := GL,(q) and & € G be
the matrix correspondmg to the linear transformation T V — V defined by T, (v1) = avy, for all v; € V.
Let ay = det(x). Let H = (x) be the cyclic subgroup of G generated by x. As noted in the last section
Zg = {kl, | k € F;}. Using the fact F; = (a'FT = ), it follows that Zg < H and Zg = (z'e T =5 ). Define
H' = H/Zg. Then H' = (xZ¢) is the cyclic group generated by 7. Let M := {z° | 0 < i < 4 _1} The
first two statements in the remark below follow from results in [2, 6, 21]. The third statement follows from
the second statement and the facts that Zg < stabg((1)) and M is an lt(H, Zg).

Remark 6.1.

(i) H is the well known Singer subgroup of GLy(q) of order ¢™ — 1 acting sharply transitively on V '\ {0}.

(i) H = (xZg) is a Singer subgroup of PGL,(q) of order q L acting sharply transitively on P(V).

(1ii) The set M is a sharply transitive set on P (V') with respect to (1).

Now, assume that d = |Zgy,, (g)| = ged(n,q —1). . Define My, My C M as My = {z% | 0 <
Jj< d} and My := {2/ | 0 < j < d}. Then, [Ml,Mg] is an LS for M. Using Lemma 3.10, we have

MLS s ﬁl [A1, Ag, ..., Ag,] for My and B2 = [By, Bs, ..., By,] for M satisfying Equation (3.10.1). Then,
by Remark 3.2, 8 = [Al,AQ, ooy Ag,, B1,Ba, ..., Bg,] is an MLS for M.

The following remark follows immediately from the above discussion and Lemma 3.11.

Remark 6.2. (i) 8 =[A1,As,..., A, B1,Ba,...,By,] is an MLS for M.
(i) [A1,..., Ak, B1,..., Biy, P1] is an LS for G := GL,(q), where Py is a parabolic subgroup of G.

Using Lemma 5.1, we know that P; has an LS [Uy, L1, Z1] where U is an elementary abelian subgroup of
G, L1 2 GL,-1(q) and Z; = Zg is a cyclic group. Further, by Remark 3.9, U; and Z; have an MLS.
Also, we know that GL4(q) is a cyclic group of order ¢ — 1. Hence, GL1(¢) has an MLS. Therefore, using
Remarks 6.2, 3.2 and induction on n, we have the following theorem.

Theorem 6.3. Let n € N and q be a prime power. Then GL,(q) has an MLS.
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Now, let G := PGL,(q) and n : GL,(q) — PGL,(q) be the canonical homomorphism from GL,(q) onto
PGL,(q). Then, P, = stabe((1)) = P1/Z1. Let M’ = n(M). Then, Remark 6.1(i7i) implies that M’
acts sharply transitively on P(V) with respect to (1). Also, M’ satisfies the conditions of Remark 3.8 with
G =GL,(q) and H = Z;. Let A; = n(4;), 1 <i < k; and Ej =n(B;), 1 <j < ko. Using Remarks 6.2(%)
and 3.8, it follows that [Ay,..., Ag,, B1,..., By,] is an MLS for M’. Also, using Lemma 3.11, it follows that
[M’, P5] is an LS for PGL,(q). Lemma 5.2 implies that P» has an LS [Us, Lo] where U; is an elementary
abelian subgroup of G and Ly = GL,,_1(q). Now, Remark 3.9 implies that Us has an MLS and Theorem 6.3
implies that Ly has an MLS. Finally, using Remark 3.2 we have the following result.

Theorem 6.4. Let n € N and q be a prime power. Then PGL,(q) has an MLS.

7 MLS for SL,(q) and PSL,(q)

We continue with the notations from the previous section. In particular we assume that 3 is as defined in
Remark 6.2. Let a,b € Z be such that d = a(q¢ — 1) + bn. Define f; = afbfn. Also, fix an element ¢ € By,
¢ # I,. Then, ¢ = ™ for some m # 0, m < d. Hence, c((1)) = 2™((1)) = (a™). Let fa = (asj),, , , €
GL,(q) be the diagonal matrix defined as follows.

0 ifi#j
a; =31  ifi=j#m+1 (7.0.1)

aft ifi=j=m+1.

Lemma 7.1. f]((a’)) = (') for alli#m, 0 <i < d and for all j € Z

Proof. Consider o, i # m, 0 < i < d < n. It follows that, the column vector representing o’ € B has 0 in
the (m + 1) row.

The Equation (7.0.1) now implies that, f3((a’)) = (a?) for all j € Z.

O
Lemma 7.2. Let % € B;,1 < j < ky. Then,
kg k2
II G@o57) |y =(]]= | (). (7.2.1)
j=1 j=1

Proof. Let % € Bj, 1 < j < ky. If ky = 1, then (7.2.1) follows from Lemma 7.1 and the fact that m # 0.
Now suppose ko > 1. Define y, = [[;2,, _, x%, Y = H?ikrr(xsj f37) for 0 < r < ky — 1. We want to show
that yx,—1((1)) =y, _1((1)). We will prove by induction on r, 0 < < kg — 1, that

v (1) = yr((1)). (7.2.2)

When r = 0, using Lemma 7.1 and the fact that m # 0 we get, f,"2((1)) = f5"2({(a®)) = (1). Hence,
y6((1)) = yo((1)). Now by induction hypothesis, assume that (7.2.2) is true for all i, 0 <i <r < ko — 1. We
show that (7.2.2) is true for r +1 < ky — 1.

Now since, ko —r > 2 and [By, ..., By| is an MLS for the set My = {27]0 < j < d} with I,, € B;, 1 <i < ko,
it follows that,

k2

ko
™ # H x%. (7.2.3)

j=ka—r

Now 2™, H?ikz_T 2% € M and using Remark 6.1, M is sharply transitive on P(V). Hence, (7.2.3) implies

that, (T52,,_, #)((1)) = (o) for some s #m,0 < s < d.
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Finally, using Lemma 7.1 it follows that,

k2
Ypr (1)) = (@ fora=e0 T 2)((1)

j:kgf’l‘
_ (xSkQ—(T‘-Fl) )fzs’m—(r-%—l) (<Ozs>)
= 2o (o))

= yr+1(<1>)'

Now, define A} = {xdjfﬁxdj € A;} for 1 <i<k; and B{ = {xjf§|xj € B;} for 1 <4 < ko.

Theorem 7.3. Let A, 1 <i<ky and B}, 1 <i < ko be defined as above. Then,

(i) Al B; C SL,(q) for all1 <i < ky and for all 1 < j < ks.

79
k1 ko
(i) A= (Hl Al ( Hl Bj) is a sharply transitive set on P(V') with respect to (1).
i= j=
(iii) [AY,..., A}, By,...,By,] is an MLS for A.

Proof. For the first part, let J;djff € Al, for any i, 1 <i < ky. Then,
det(x f]) = det(x®) det(f]) = (det(x))" (det(a"L,))’
=a¥a;t = a(la(q_l)+bn)jafb"j (since d = a(g — 1) + bn)
= a‘f(q_l)j =1 (since oy € Fy)
Thus, A, C SL,(q) for all 4, 1 < i < ky. Similarly, for 27 f] € B!/, 1 <i < ko, we have
det(a? f3) = (det(x))’ (det(f2)) = aja;? =1

Hence, B} C SL,(q) for all 4, 1 <14 < k.

For the second part, let (v1) be any one dimensional subspace of V. Since M = {z' | 0 <t < q;:ll} is a
qq”:11 such that

a' (1)) = (v1). (7.3.1)

sharply transitive set on P(V') with respect to (1), there exists a unique x?, 0 <t <

From Remark 6.2(i), it follows that there exist unique xdri Ai, 1 <i<kyand 2% € By, 1 <j <k, such

that,
k1 ko
zt = H z?ri H x%. (7.3.2)
i=1 j=1

Now, since f1 € Zgr,, (q) and Zgy,, (q) C stabar,, () ((v)) for all v € V, we have,

(1_1[ zri ff) ({(v)) = (1_1[ xd”> ({(v)) for all v e V. (7.3.3)

Also, using Lemma 7.2 we have,

[L= s | =TT ) o (734
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Hence, from (7.3.1), (7.3.2), (7.3.3) and (7.3.4) we have,

B

1 ko

() TT @ 037) | (@) = () = (o).

i=1 j=1

qn_l
q-1

Therefore, {a((1)) | a € A} = P(V). Now since |A| =
on P(V) with respect to (1).

|P(V)|, A is clearly a sharply transitive set

For the third part, by the definition of A it follows that, [A},..., A} ,Bi,..., B}, ] is an LS for A. Now,
|Aj| = [A;] for all 1 <i < k; and |Bj| = |B;| for all 1 < j < ko. Hence, using Remark 6.2(i), it follows that
[AY, ..., Ay, B, ..., By, is an MLS for A. O

The following remark easily follows from Theorem 7.3, Remark 3.8 and the fact that Zgy,, (q) € stabgy, (g)((1)).

Remark 7.4. Let G = SL,(q) and A’ be the subset of PSL,(q) defined by A" = n(A) = {aZgla € A},
where A C SL,(q) is as defined in the previous theorem. Then, A’ is a sharply transitive set on P(V) with
respect to (1) and A’ has an MLS.

Now we are ready to prove the main theorem of this section.

Theorem 7.5. Let n € N and q be a prime power. Then, the groups SL,(q) and PSL,(q) have MLS’s.

Proof. Let G = SL,(q) and P = stabg((1)). Using Theorem 7.3 and Lemma 3.11, it follows that G has an
LS [A, P3] and A has an MLS. From Remark 5.3, we have that Ps has an LS [Us, Ls, L%, Z3]. Here, Us and
Z3 are abelian groups hence using Remark 3.9, it follows that both have an MLS. Now, L3 is any lt(L¢g, ZL,)
and Lg/Z1, =2 PGLp_1(q). Thus, using Theorem 6.4 and Remark 3.5, it follows that we can choose Ls
such that it has an MLS. Now, L} is any lt(ZL, Z3). We know that Zp./Z3 is an abelian group, hence it
has an MLS. Thus, using Remark 3.5, we can choose L% such that L; has an MLS. Finally, using Remark 3.2
it follows that SL, (¢) has an MLS.

Now consider PSLy(q) = G/Zg and Py = Pg/z.. Then using Lemma 5.4 and Remarks 7.4, 3.11 and 3.2,
it follows that PSL,(¢q) has an LS [A’,Uy, L4, L}] and A" has an MLS. Also, Uy and L are abelian groups.
Hence, using Remark 3.9, both Uy and L} have an MLS. Further, Ly = n(L3). Hence, using Remark 3.8
and the fact that L3 has an MLS, it follows that L, has an MLS. The above facts together with Remark 3.2
imply that PSL, (q) has an MLS. O

As already noted in Section 1, the existence of MLS’s for SL,(q) and PSL,(q), for the particular cases when
ged(n,qg — 1) is 1, 4 or a prime number, was proved by Lempken and Trung [14] using a different method,
by studying double cosets.

8 MLS for Sps,(q) and PSpa,(q)

Let V = Fg2n. As before, we consider V' as a 2n-dimensional vector space over F,. For y € V', we denote y?"
by ¥. For s € V, Ty denotes the linear transformation Ty : V' — V defined by Ts(vq) = svq, for all v; € V.
Let o be a primitive element of the field Fj2r and x € GL,(q) be the matrix corresponding to the linear
transformation T,.

Define a bilinear form f : V x V — F, by f(z,y) = trF 5., /F,0LY = Zf:l(azy)qi, where a € F., is such
that a +a@ = 0. Then, it can be easily seen that f is a non-singular alternating bilinear form (See proof of
Theorem 5.6 in [11]). Let W be the subspace of V defined by W = {z € V | T = z}. Then, W =Fn. It is
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easy to verify that W is a maximal isotropic subspace of V. Let {ey, ..., e,} be any basis of W. Then, using
Lemma 4.3 we have a symplectic basis B = {ei,...,en, f1,..., fn} of V. Then, the matrix of the bilinear

form f with respect to the ordered basis B of V is given by Jy, = (_(j. IS)

We consider elements of GLa,(q) as linear transformations on V| with respect to the ordered basis B. Let
x1 = 29 ' € GLa,(q), be the matrix corresponding to the linear transformation Tyen—1. Let A € GL,(q)
be the matrix corresponding to the linear transformation T,,qm+1|y, of W with respect to the ordered ba-

sis {e1,ea,...,e,} of W. Let 2o = (81 (Ato)1> € GLay,(q). We note that, since 1 is in W, a9(1) =
(T2 (1) = 0™ 1).

Now by using the definition of the bilinear form f, one can easily prove that z; = 29" ~! preserves f. Also,
b Janxe = Ja, implies that zo preserves the bilinear form f. Thus, 1, T2 € Sp2,(q).

Let G = Span(q). Then, Zg = {Ian, —I2,} if ¢ is odd and Zg = {12, } if ¢ is even. Let Hy = (1), Ha = (x2)
be the cyclic subgroups of G generated by :rl and zo respectively. Then it follows that H; is of order ¢"™ + 1

and H> is of order ¢ — 1. Let H3 = <x2 ) be the subgroup of Hs of order ¢ — 1. We note that, H; is the
Singer group of Spa,(q) and Hs is isomorphic to the Singer group of GL,(¢). We now use these subgroups

to construct a sharply transitive set on P (V') with respect to (1), which we will then use to create MLS’s for
San(q) and Pszn(Q)

Let H{ and H) be lt(Hth) and [t(Hy, H3) respectively. Then |H/| = "H if ¢ is odd and |Hj| = ¢ + 1 if
. Further, H] and H) can be chosen so that Hl N H, = {1} and both are cyclic
if ¢ is odd and |H{H}| =

q is even. Also, |H}| =
sets. Thus, |H{HS| = 4

2((171 L if ¢ is even.

Lemma 8.1. The subset H{H) = {h1hy | h1 € H{, he € HL} of Span(q) is a sharply transitive set on Y
with respect to (1), where Y = {{a?") | 0 <i < & if ¢ is odd and Y = P(V) = {{a?) | 0 <i < £ _1}
if q is even.

2(q— 1)}

Proof. Suppose ¢ is odd and Y = {(a?) | 0 < i < 2(q 1)} Consider (a?') for some i, 0 < i < g(q 11)

Let m; = —1, mg = 1. Now, there exists hy € H}, ho € Hj such that hy(v) = 27" (v) for all v € V and
hal) = (1), Thus,

hiha (1) = 2723 (1) = a7 "w5(1) = a7 (ol D) = (ol DEDQ WD) = (o)

Now since |H{H}| = |Y|, it follows that HjHJ is a sharply transitive set on Y with respect to (1).

ql)_

Similarly, when ¢ is even, by taking m; = my = ¢™/ 2 in the above proof, we can show that HjH) is a
sharply transitive set on P(V) with respect to (1). O

Now, suppose ¢ is odd. We recall that « is the primitive element of the field Fy2n. Define subspace W’
of Vby W = aW = {aw | w € W}. Then, clearly W’ is a maximal isotropic subspace of V and
{e} := ae; | 1 < i < n} forms a basis of W/. Now, using Lemma 4.3 we can find f/, 1 < i < n, such
that B’ = {e},..., e, f1,..., f}} forms a symplectic basis of V' with respect to the bilinear form f. Let p €
G Ly, (g) be the matrix corresponding to the linear transformation 7" defined by T"(v) = >_1_; (a;€; +a;4n f})
for all v = Y7, (ase; + aiynfi) € V. Then, from the definition of p and the basis B’ of V, it follows that,

P € Span (Q) .
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Now, using Lemma 8.1 one can easily prove that, H{pH5 = {hiphs | h1 € Hj, hy € Hj} is a sharply
transitive set on Y’ with respect to (1), where Y’ = {(a?1) | 0 <i < %}. Let M := {1, p} C Span(q).
Then, from the above discussion and Lemma 8.1, we have the following theorem.

Theorem 8.2. Let H{, H) and M be the subsets of Spa,(q) as defined above.

(i) If q is odd, then the set H{MH) = {hymhy | hy € H{, m € M, ho € H}} is a sharply transitive set
on P(V') with respect to (1).

(i1) If q is even, then the set H{H) = {hihs | ha € H{, he € H}} is a sharply transitive set on P(V) with
respect to (1).

Now, H{ and H) are cyclic sets. Thus, by Lemma 3.10 it follows that H] and H} have an MLS. Also,
|M| = 2, a prime. Hence, we have the following lemma.

Lemma 8.3. Let Hi, Hy, M be as defined above. The sets H{ M HY} and Hi{H) have an MLS.

Now, we can prove that the groups Spa,(q) and PSps,(g) have an MLS.

Theorem 8.4. Let q be a prime power and n € N. Then, the groups Spa,(q) and PSpay,(q) have an MLS.

Proof. Suppose ¢ is odd. We will first prove by induction on n that Sps,(¢) has an MLS. Let G = Spa,(q)
and Pg = stabgp,,(q)((1)). Using Theorem 8.2, Lemma 8.3 and Lemma 3.11, it follows that G has an LS
[H{ M H}, Pg] where H{ M H) has an MLS. Now, Lemma 5.5 implies that Pg has an LS [Us, Ls, L] where
Us, L§ are solvable subgroups of G and Ls = Spy,_2(g). Thus, using Remark 3.9, Us and L} have an MLS.
Using induction hypothesis we can assume that Spa,—2(g) has an MLS. Also, from Theorem 7.5 and the fact
that Spa(q) = SLa(q), it follows that, Sps(g) has an MLS. Hence, by induction on n and using Lemma 3.2,
it follows that Spa,(¢) has an MLS.

Similarly, when ¢ is even, by replacing H{ M H} with HjH) in the above proof, we can show that Spa,(q)
has an MLS.

Now, consider PSpa2,(q). Suppose ¢ is odd. We will again prove by induction on n that PSps,(g) has an
MLS. Let G' = PSpan(q) and Pgr = stabpsy,, q)({1)). Let A" = n(H] M Hy), where 1 : Spa,(q) — PSp2n(q)
is the canonical homomorphism onto PSpa,(q). Then using Remark 3.8, Lemma 8.3 and Theorem 8.2, it
follows that A’ is a sharply transitive set on P(V) with respect to (1) and A’ has an MLS. Next, using
Lemma 5.6(ii), Pgs has an LS [Us, Lg/Z¢], where Uy is a solvable subgroup of G and Lg/Z¢ has a normal
subgroup Hg of order 2. Further, (La/Za)/Hs = Lo X Lg 2, where Lg 1, Lg 2 are subgroups of (Lg/Zq)/He,
L¢1 = PSpan—2(q) and Lg 2 is a cyclic group of order %. By Remark 3.9, Ug and Lg 2 have an MLS. Also,
by the induction hypothesis we can assume that Lg ; has an MLS. Thus, using Remark 3.2, (Lg/Z¢)/Hg has
an MLS. Now, clearly Hg has an MLS. Hence, by taking H = Hg and G = Lg/Z¢g in Remark 3.5 and using
Remark 3.2, it follows that Lg/Za has an MLS. This implies, Pg has an MLS. Finally, using Lemma 3.11
and Remark 3.2 and by induction on n, G’ has an MLS.

In the case when ¢ is even, PSpa,(q) = Spa2,(q) and therefore PSpa,(q) has an MLS. O
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