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ĽubicaĹı̌sková-Staneková

SlovakTechnicalUniversity

Bratislava,Slovakia

MartinMačaj,MartinŠkoviera
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StaráLesná,Slovakia
∗AcceptedinDiscreteMathematics



Overview

•Introduction

•History

•Distributionofinverses

•Groupswithsignstructure

•t-automorphisms

•Exponents

•Examples



Maps

•map:2-cellembeddingG→SofagraphGintoasurfaceS.

•combinatorialdescription:M=(K;R,L),where

K:connectedgraph,

R:permutationofD(K)(dartsetofK),

L:involutionofD(K),

〈R,L〉transitiveonD(K).

•Aut(M)actssemiregularlyonD(K).

•regularmap:Aut(M)actstransitively(i.e,regularly)onD(K).



CayleyMaps

LetGbeagroup,Ωbeageneratingsets.t.1g6∈Ω=Ω−1andpbe

acyclicpermutationofΩ.

•CayleygraphC(G,Ω):

vertexset:G,

dartset:G×Ω

incidence:g
(g,x)
−→gx

•CayleymapCM(G,Ω,p):(C(G,Ω);R,L),where

R(g,x)=(g,p(x))andL(g,x)=(gx,x−1).



History

1972Biggs

1992Širáň,Škoviera-balancedCayleymaps

1994Škoviera,Širáň-antibalancedCayleymaps

1998Martino,Schultz-t-balancedCayleymaps

2002Jajcay,Širáň-skewmorphisms

????Richter,Širáň,Jajcay,Tucker,Watkins-Cayleymaps

Martino,Schultz,Škoviera:Cayleymapsandt-automorphisms(preprint)

Conder,Jajcay,Tucker:Regulart-balancedCayleymaps(JCTB)



t-balancedCayleymaps

CayleymapM=CM(G,Ω,p)is

•balancedifp(x−1)=(p(x))−1,

•antibalancedifp(x−1)=(p−1(x))−1,and

•t-balancedifp(x−1)=(pt(x))−1.

Necessarily,t2≡1(mod|Ω|).

Note:balanced⇔1-balanced,

antibalanced⇔−1-balanced.



Distributionofinverses

LetM=CM(G,Ω,p)beaCayleymapandletx1,...xnbeanordering

ofΩsuchthatp(xi)=xi+1.

•distributionofinversesτ:x
−1
i=xτ(i).

•balancedmaps:
τ(i)=u+iinvolution-free(n=2u)
τ(i)=iallinvolutions

•antibalancedmaps:
τ(i)=1−iinvolution-free(n=2u)
τ(i)=−i2involutions(n=2u)
τ(i)=−i1involution(n=2u+1)



Theorem.LetM=CM(G,Ω,p)beat-balancedCayleymap.Then

thereexistsanorderingx1,x2,...,xnofthegeneratingsetΩsuch

thatp(xi)=xi+1andsuchthatthedistributionofinversesτhasone

ofthefollowingforms:

(i)τ(i)=ti,or

(ifniseven,2k||n,t≡±1(mod2k)andd=gcd(t−1,n)/2)

(ii)τ(i)=d+ti,

Case(i):gcd(t−1,n)involutions,

Case(ii):involution-free.



•t-balancedmaps:
τ(i)=tiSTANDARD
τ(i)=d+tiEXCEPTIONAL

•balancedmaps:
τ(i)=u+iEXCEPTIONAL
τ(i)=iSTANDARD

•antibalancedmaps:
τ(i)=1−iEXCEPTIONAL
τ(i)=−iSTANDARD



Groupswithsignstructure

Širáň,Škoviera1992:

LetGbeagroupwithageneratingsetΩ.

•signstructure:homomorphism||:G→{−1,1}withakernel

G
+
={g∈G;g=y1...y2n,yi∈Ω,n∈N0}.

•trivialsignstructure:G=G+.

Theorem.LetM=CM(G,Ω,p)bearegulart-balancedCayleymap.

TheneitherΩinducesanontrivialsignstructureonGorMisbal-

anced.



t-automorphisms

Martino,Schultz1998:

LetGbeagroupwithsignstructureandt∈Z\{0}.

•t-automorphism:ϕ∈Sym(G),|ϕ(g)|=|g|and

ϕ(gh)=ϕ(g)ϕπ(g)(h),

(π:G→{1,t},π(g)=1,forg∈G+,π(g)=t,forg6∈G+).

Note:t2≡1(modord(ϕ)).

Theorem.LetM=CM(G,Ω,p)beaCayleymapsuchthatΩin-

ducesanontrivialsignstructureonG.ThenMisregularandt-

balancedifandonlyifthereexistsat-automorphismϕofGwhose

restrictiontoΩisequaltop.



LetGbeagroupwithsignstructure.Letϕbeat-automorphism

ofG,ξ=ϕ|G+andw=ϕ(f)f−1forsomef6∈G+.Thenξ∈Aut(G+),

w∈G+and

ϕ(hfi)=ξ(h)wifi.

Theorem.LetGbeagroupwithsignstructure.Letξ∈Aut(G+),

w∈G+andf6∈G+begiven,andputw=ξ−t(ξt−1(w)ξt−2(w)...ξ(w)w).

Thenthemappingϕ:hfi7→ξ(h)wifiisat-automorphismofGiff:

ξνf(w−1f2)=wf2

ξνf=νwνfξt=νwsν
−1
fξt.

(νxisaconjugationbyx.)



Exponents

Nedela,Škoviera1997:

•exponentofamap(K;R,L):integeres.t.(K;R,L)∼=(K;Re,L)

(−1isanexponent⇔mapisreflexible).

•exponentgroupEx(M):exponentsmodulovalency.

Theorem.LetM=CM(G,Ω,p)bearegulart-balancedCayleymap

ofvalencynande∈Z∗
n.Then

e∈Ex(M)⇔∃σ∈Aut(G,Ω):σ′p=peσ′,

whereσ′=σ|Ω.



Examples

CompletebipartitegraphKn,nwiththestandardregularembedding

〈R,L;Rn=L
2
=(RL)

2n=1,R(RL)
2
=(RL)

2
R〉

isaregulart-balancedCayleymapforeachfeasiblet.

If8|n,thenKn,nwithembedding

〈R,L;Rn=L
2
=(RL)

2n=1,R(RL)
2
=(RL)

2−nR〉

isaregularn/2−1-balancedCayleymap.
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