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Vertex-Transitive Graphs

Definition

A graph I = (V, E) is called vertex-transitive if for every pair
u, v € V there exists an automorphism ¢ € Aut(I') such that
p(u) = v.

l.e., a graph I = (V, E) is vertex-transitive if and only if Aut(I")
has exactly one orbit on V().

Examples of vertex-transitive graphs:

* a vertex-transitive graph of order n is necessarily k-regular for
some0< k<n-—1

* complete graphs K,, n > 2
* the Petersen graph

* Johnson graphs J(n, k)

* Kneser graphs K(n, k)
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Vertex-Transitive Graphs

Problem: Show that the Johnson and Kneser graphs are
vertex-transitive.
* Is a strongly regular graph necessarily vertex-transitive?
* Is a Latin square graph necessarily vertex-transitive?

* Is a Latin square graph whose Latin square is a multiplication
table for a group necessarily vertex-transitive?

* s the group of automorphisms of a group G necessarily
transitive on the elements of G?

Robert Jajcay Graph Theory



Transitive permutation groups

Definition
A group G < Sx is transitive (acts transitively) on X, if for
every pair of vertices x, y € X there exists a permutation ¢, such

that p(x) = y.
Examples:

* the full symmetric group Sx acts transitively on X; what is
the order of Stabs, (x)? how many permutations map x to y?

* the alternating group Ax acts transitively on X; what is the
order of Staby, (x)? how many permutations map x to y?
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Transitive permutation groups

Definition

A group G < Sx is transitive (acts transitively) on X, if for
every pair of vertices x, y € X there exists a permutation ¢, such
that p(x) = y.

Examples:

* the full symmetric group Sx acts transitively on X; what is
the order of Stabs, (x)? how many permutations map x to y?

* the alternating group Ax acts transitively on X; what is the
order of Staby, (x)? how many permutations map x to y?

» The dihedral group D, acts transitively on the vertices of the
regular n-gon (even if we ignore the edges of the n-gon, and
think of the vertices as simply a set); what is the order of
Stabp,(x)? how many permutations map x to y?
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Action of ps on {1,2,3,4,5}

x X =1{1,2,3,4,5}
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Action of ps on {1,2,3,4,5}

x X =1{1,2,3,4,5}
* Ds = {1, (12345), (13524), (14253), (15432), (1)(25)(34),
(2)(13)(45), (3)(24)(15), (4)(35)(12), (5)(14)(23)}
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Action of ps on {1,2,3,4,5}

x X =1{1,2,3,4,5}

* Ds = {1, (12345), (13524), (14253), (15432), (1)(25)(34),
(2)(13)(45), (3)(24)(15), (4)(35)(12), (5)(14)(23)}

* for each i,j € {1,2,3,4,5}, there exists ¢ € D5 such that
i—Jj; p=1(1,2,3,4,5)"'
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Action of ps on {1,2,3,4,5}

x X =1{1,2,3,4,5}

* Ds = {1, (12345), (13524), (14253), (15432), (1)(25)(34),
(2)(13)(45), (3)(24)(15), (4)(35)(12), (5)(14)(23)}

* for each i,j € {1,2,3,4,5}, there exists ¢ € D5 such that
i—Jj; p=1(1,2,3,4,5)"'

* Stabpy (1) = {1, (1)(25)(34)}, Stabp,(2) = {¢,(2)(13)(45)},
Stab, (3) = {1, (3)(24)(15)}, Stabn,(4) = {1, (4)(35)(12)},
Stabp, (5) = {1, (5)(14)(23)}
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Action of ps on {1,2,3,4,5}

x X =1{1,2,3,4,5}

* Ds = {1, (12345), (13524), (14253), (15432), (1)(25)(34),
(2)(13)(45), (3)(24)(15), (4)(35)(12), (5)(14)(23)}

* for each i,j € {1,2,3,4,5}, there exists ¢ € D5 such that
i—Jj; p=1(1,2,3,4,5)"'

* Stabpy (1) = {1, (1)(25)(34)}, Stabp,(2) = {¢,(2)(13)(45)},
Stab, (3) = {1, (3)(24)(15)}, Stabn,(4) = {1, (4)(35)(12)},
Stabp, (5) = {1, (5)(14)(23)}

Stabp;(2) = {¢,(2)(13)(45)} =

= o{, (1)(25)3H)}e ! =

= (12345){1, (1)(25)(34)}(15432) =

= {(12345) 0 1 o (15432), (12345) o (1)(25)(34) o (15432)},

where ¢ : 1 — 2
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More examples of transitive permutation groups

~ if G is a group, let G = {0z | g € G}, where o,(h) = gh, for
all he G

* Gp < Sg and G; acts transitively on G;

> this is called the (left) regular representation of G
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More examples of transitive permutation groups

* Let G be a group, H be a subgroup of G, and let X be the
set of left cosets of H in G

X = {1GH = ng,ng,gnH}a

where n =[G : H]
* for every element g € G define a permutation o, y of the set
X by the rule o4 1(giH) = ggiH; is it a permutation?
* then {0z 1| g€ G} <Sx and {0z | g € G} acts
transitively on X
* it is important to realize that the order of {0, 4 | g € G} may
be smaller than |G|, since the homomorphism &4 : g = 05 1
may not be injective; is it a homomorphism?
* Prove that ® is injective if and only if H is core-free in G,
ie.,
() gHg™* = (1¢)
geai
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Induced action of a permutation group

Definition
Let G < Sx, and 1 < k < |X]|. The induced action of G on
Pi(X), the set of all k-element subsets of X, is the action

g{Xl,sz .. an} — {gX17gX27' .. 7ng}7

defined for every g € G and every k-tuple
{x1,x2, ..., xk} € Pr(X).

* for every g € G the action of g on Py(X) is a permutation of
Pr(X)

* the set of all these permutations under the operation of
composition is a subgroup of Sp, (x)

* is this action transitive on P(X)?
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Constructing vertex-transitive graphs

Let G < Sx acting transitively on X.
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Constructing vertex-transitive graphs

Let G < Sx acting transitively on X.

* Let {u, v} be an arbitrary pair from P(X). Then
(X, {u,v}®) is a vertex-transitive graph; where {u, v}© is the
orbit of {u, v} under the induced action of G on P,(X).
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Constructing vertex-transitive graphs

Let G < Sx acting transitively on X.

* Let {u, v} be an arbitrary pair from P(X). Then
(X, {u,v}®) is a vertex-transitive graph; where {u, v}© is the
orbit of {u, v} under the induced action of G on P,(X).

* Let {u;,vi},i € Z, be a set of pairs from P2(X). Then
(X, U;ez{ui, vi}©) is a vertex-transitive graph
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Other Related Questions

* Is there an upper bound on the order of Aut(I')?
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Other Related Questions

* Is there an upper bound on the order of Aut(I')?

* s there an upper bound on the order of Aut(I') that is a
function of the order |V(I')| = n?
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Other Related Questions

* Is there an upper bound on the order of Aut(I')?

* s there an upper bound on the order of Aut(I') that is a
function of the order |V(I')| = n?

* Is there an upper bound on the order of Aut(I') for a
connected 2-regular graph that is a function of the order
|V(T')| = n and that is better than the previous bound?
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Other Related Questions

* Is there an upper bound on the order of Aut(I')?
* s there an upper bound on the order of Aut(I') that is a
function of the order |V(I')| = n?

* Is there an upper bound on the order of Aut(I') for a
connected 2-regular graph that is a function of the order
|V(T')| = n and that is better than the previous bound?

* s there an upper bound on the order of Aut(I') for a
connected 3-regular graph that is a function of the order
[V(I)| = n and that is better than the previous bound?
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Circulants

Definition

A graph I = (V, E) of order n is called a circulant if Aut(I)
contains an automorphism ¢ such that ¢ forms a single cycle
containing all of V(T), i.e.,

@ U = Up = U = - = Uj = Uj,

for some ordering of the vertices of T.
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Circulants

Definition

A graph I = (V, E) of order n is called a circulant if Aut(I)
contains an automorphism ¢ such that ¢ forms a single cycle
containing all of V(T), i.e.,

@ up '—)U,'z '—)U,'3'—>---'—>u,'n'—>u,'1,
for some ordering of the vertices of T.

* A circulant is necessarily vertex-transitive.
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Circulants

Definition

A graph I = (V, E) of order n is called a circulant if Aut(I)
contains an automorphism ¢ such that ¢ forms a single cycle
containing all of V(T), i.e.,

@ up '—)U,'z '—)U,'3'—>---'—>u,'n'—>u,'1,
for some ordering of the vertices of T.

* A circulant is necessarily vertex-transitive.
* |s a vertex-transitive graph necessarily a circulant?
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Circulants

Definition

A graph I = (V, E) of order n is called a circulant if Aut(I)
contains an automorphism ¢ such that ¢ forms a single cycle
containing all of V(T), i.e.,

@ up '—)U,'z '—)U,'3'—>---'—>u,'n'—>u,'1,
for some ordering of the vertices of T.

* A circulant is necessarily vertex-transitive.
* |s a vertex-transitive graph necessarily a circulant?

* Is a circulant necessarily Hamiltonian?
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Circulants

* Let Z, be a cyclic group of order n > 2
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Circulants

* Let Z, be a cyclic group of order n > 2
* Let S C Z, be a subset containing —k with every k € S

Robert Jajcay Graph Theory



Circulants

* Let Z, be a cyclic group of order n > 2
* Let S C Z, be a subset containing —k with every k € S

* Consider the graph I' = C(Z,, S) with vertex set Z, and
adjacency k ~ j iff k —s € S; we call such graph a Cayley
graph of the group Z, with respect to the connecting set S
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Circulants

* Let Z, be a cyclic group of order n > 2
* Let S C Z, be a subset containing —k with every k € S
* Consider the graph I' = C(Z,, S) with vertex set Z, and

adjacency k ~ j iff k —s € S; we call such graph a Cayley
graph of the group Z, with respect to the connecting set S

* The graph ' = C(Z,, S) is necessarily a circulant, since
@ :Zn— Zn, (k) = k+1 (mod n), is an automorphism of
I" that forms a single cycle.
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Circulants

* Let Z, be a cyclic group of order n > 2
* Let S C Z, be a subset containing —k with every k € S
* Consider the graph I' = C(Z,, S) with vertex set Z, and

adjacency k ~ j iff k —s € S; we call such graph a Cayley
graph of the group Z, with respect to the connecting set S

* The graph ' = C(Z,, S) is necessarily a circulant, since
@ :Zn— Zn, (k) = k+1 (mod n), is an automorphism of
I" that forms a single cycle.

* The graph I = C(Z,, S) is |S|-regular and vertex-transitive.
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Circulants

* Let Z, be a cyclic group of order n > 2
* Let S C Z, be a subset containing —k with every k € S
* Consider the graph I' = C(Z,, S) with vertex set Z, and

adjacency k ~ j iff k —s € S; we call such graph a Cayley
graph of the group Z, with respect to the connecting set S
* The graph ' = C(Z,, S) is necessarily a circulant, since
@ :Zn— Zn, (k) = k+1 (mod n), is an automorphism of
I" that forms a single cycle.
* The graph I = C(Z,, S) is |S|-regular and vertex-transitive.

A graph T of order n is a circulant if and only if T = C(Z,, S) for
some S C Z,.
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Circulants

Does the theorem:

A graph T of order n is a circulant if and only if I = C(Z,, S) for
some S C Z,.

hold when rephrased to

A graph T of order n is a circulant if and only if T = C(Z,,S) for
some S C Z,.

?
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A Generalization of Circulants

Definition
Given a group G, and a generating set X = {xy,x2,...,Xq},

(X) = G, that is closed under taking inverses and does not contain
1¢, the vertices of the Cayley graph C(G, X) are the elements of
the group G, and each vertex g € G is connected to the vertices

8X1,8X2,...,8Xd-
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Cayley Graph - An Example

G = Zm X Zn, X = {(1,0),(0,1), (m — 1,0), (n — 1,0)}

p
(0,1)

[m'-1,01 (0,0) -(1,01

[ ]
(0,n-1)
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Cayley Graph - An Example

G =ZmxZn X=1{(1,0),(0,1),(m—1,0),(n—1,0)}
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Automorphism Groups of Cayley Graphs

* Let G be a finite group, and let g € G.

Robert Jajcay Graph Theory



Automorphism Groups of Cayley Graphs

* Let G be a finite group, and let g € G.
% Let 05 : G — G be the mapping defined via the formula

og(h) = gh
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Automorphism Groups of Cayley Graphs

* Let G be a finite group, and let g € G.
% Let 05 : G — G be the mapping defined via the formula

og(h) = gh
* The mapping o, is a bijection from G to G, for every g € G,

i.e., 0g € Sg
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Automorphism Groups of Cayley Graphs

* Let G be a finite group, and let g € G.

% Let 05 : G — G be the mapping defined via the formula
og(h) = gh

* The mapping o, is a bijection from G to G, for every g € G,
i.e., 0g € Sg

* The mapping ® : G — S, ®(g) = 0,, for every g € G, is an
injective homomorphism; hence G, = {0, | g € G} <S¢
isomorphic to G
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Automorphism Groups of Cayley Graphs

* Let G be a finite group, and let g € G.

% Let 05 : G — G be the mapping defined via the formula
og(h) = gh

* The mapping o, is a bijection from G to G, for every g € G,
i.e., 0g € Sg

* The mapping ® : G — S, ®(g) = 0,, for every g € G, is an
injective homomorphism; hence G, = {0, | g € G} <S¢

isomorihic to G

1. C(G, X) is connected if and only if (X) = G

2. G < C(G,X)

3. C(G, X) is vertex-transitive for every finite group G and
connecting set X

4. Aut(G,X) ={p € Aut(G) | o(X) = X} =
Stabau(c)({X}) < Stabau(c(6,x))(16)
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Automorphism Groups of Cayley Graphs

1. If G is abelian, then G, < Aut(C(G, X))
(i.e., |Stabaue(c(c.x))(16)| = 2)
2. Aut(C(G, X)) = Gy, for almost all Cayley graphs
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Paley Graphs

* Let g be a prime power, g =1 (mod 4), Fq be the finite field
of order g
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Paley Graphs

* Let g be a prime power, g =1 (mod 4), Fq be the finite field
of order g

* Let G = (Fq,+) and let S be the set of non-zero squares of Fq
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Paley Graphs

* Let g be a prime power, g =1 (mod 4), Fq be the finite field
of order g
* Let G = (Fq,+) and let S be the set of non-zero squares of Fq

* The Cayley graph (G, S) is called the Paley graph of order g
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Paley Graphs

* Let g be a prime power, g =1 (mod 4), Fq be the finite field
of order g

* Let G = (Fq,+) and let S be the set of non-zero squares of Fq
* The Cayley graph (G, S) is called the Paley graph of order g

* Itisa (q,3(q —1),2(q = 5),3(q — 1))-srg
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Paley Graphs

* Let g be a prime power, g =1 (mod 4), Fq be the finite field
of order g

Let G = (Fq,+) and let S be the set of non-zero squares of F,
The Cayley graph (G, S) is called the Paley graph of order g
Itis a (q,5(q —1),3(q—5),5(q — 1))-sg

It is often used as a ‘random’ graph

X ok X X
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Highly Symmetric Graphs

* A graph I is vertex-transitive if Aut(I') acts transitively on
the vertices of T, i.e., for all pairs of vertices u, v € V(') there
exists an automorphism ¢ € Aut(I') such that p(u) = v
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Highly Symmetric Graphs

* A graph T is vertex-transitive if Aut(I") acts transitively on
the vertices of T, i.e., for all pairs of vertices u, v € V(') there
exists an automorphism ¢ € Aut(I') such that p(u) = v

* A graph I is edge-transitive if Aut(I') acts transitively on the
edges of I, i.e., for all pairs of edges {u, v}, {s,t} € E(I)
there exists an automorphism ¢ € Aut(I") such that

p({u,v}) = {s, t}
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Highly Symmetric Graphs

* A graph T is vertex-transitive if Aut(I") acts transitively on
the vertices of T, i.e., for all pairs of vertices u, v € V(') there
exists an automorphism ¢ € Aut(I') such that p(u) = v

* A graph I is edge-transitive if Aut(I') acts transitively on the
edges of I, i.e., for all pairs of edges {u, v}, {s,t} € E(I)
there exists an automorphism ¢ € Aut(I") such that
p({u,v}) = {s, t}

* A graph I is arc-transitive (or symmetric) if Aut(I") acts
transitively on the arcs of I, i.e., for any two pairs of adjacent
vertices (u,v), (s, t) € D(I) there exists an automorphism
¢ € Aut(T) such that p(u) =s,¢(v) =t
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Highly Symmetric Graphs

Recall that if G acts transitively on a set X, then | X| divides |G|.
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Highly Symmetric Graphs

Recall that if G acts transitively on a set X, then | X| divides |G|.
Hence,

* if I is vertex-transitive, |Aut(l")| > | V()]
* if I is edge-transitive, |Aut(l")| > |E(T)|
* if [ is arc-transitive, |Aut(I')| > 2|E(T)]
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Highly Symmetric Graphs

Recall that if G acts transitively on a set X, then | X| divides |G|.
Hence,

* if I is vertex-transitive, |Aut(l")| > | V()]
* if I is edge-transitive, |Aut(l")| > |E(T)|
* if [ is arc-transitive, |Aut(I')| > 2|E(T)]

* K, is vertex-, edge- and arc-transitive (and so is K},)
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Highly Symmetric Graphs

Recall that if G acts transitively on a set X, then | X| divides |G|.
Hence,

* if I is vertex-transitive, |Aut(l")| > | V()]
* if I is edge-transitive, |Aut(l")| > |E(T)|
* if [ is arc-transitive, |Aut(I')| > 2|E(T)]

* K, is vertex-, edge- and arc-transitive (and so is K},)

* Km,n is edge-transitive, but not vertex-transitive or
arc-transitive if m # n
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Highly Symmetric Graphs

Recall that if G acts transitively on a set X, then | X| divides |G|.
Hence,

*

*

*

if I is vertex-transitive, |Aut(l")| > |V/(I)]
if [ is edge-transitive, |Aut(l")| > |E(T)|
if [ is arc-transitive, |Aut(l")| > 2|E(I)]

K, is vertex-, edge- and arc-transitive (and so is K,)

Km,n is edge-transitive, but not vertex-transitive or
arc-transitive if m # n

Km,m is vertex-, edge- and arc-transitive
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Highly Symmetric Graphs

Recall that if G acts transitively on a set X, then | X| divides |G|.
Hence,

*

*

*

if I is vertex-transitive, |Aut(l")| > |V/(I)]
if [ is edge-transitive, |Aut(l")| > |E(T)|
if [ is arc-transitive, |Aut(l")| > 2|E(I)]

K, is vertex-, edge- and arc-transitive (and so is K,)

Km,n is edge-transitive, but not vertex-transitive or
arc-transitive if m # n

Km,m is vertex-, edge- and arc-transitive

* arc-transitivity implies vertex- and edge-transitivity
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Highly Symmetric Graphs

Recall that if G acts transitively on a set X, then | X| divides |G|.
Hence,

* if I is vertex-transitive, |Aut(l")| > | V()]
* if I is edge-transitive, |Aut(l")| > |E(T)|
* if [ is arc-transitive, |Aut(I')| > 2|E(T)]

* K, is vertex-, edge- and arc-transitive (and so is K},)

* Km,n is edge-transitive, but not vertex-transitive or
arc-transitive if m # n

* Km,m is vertex-, edge- and arc-transitive
* arc-transitivity implies vertex- and edge-transitivity

* the order of a vertex-stabilizer of an arc-transitive cubic graph
is of order at most 48
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s-arc-transitive graphs

1. Let I be a graph. An s-arc of I is a set of vertices
up, Ui, ..., Us such that u; ~ ujyq, for all 0 </ <'s, and
U,‘#UH_Q, forall 0 <i<s—1.
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s-arc-transitive graphs

1. Let I be a graph. An s-arc of I is a set of vertices
up, Ui, ..., Us such that u; ~ ujyq, for all 0 </ <'s, and
u,-;éu,-+2,foraI|O§i<s—1.

2. A graph T is s-arc-transitive if Aut(I') acts transitively on
the s-arcs of I, i.e., for any two s-arcs ug, vz, ..., Us,
Vo, V1, - - ., Vs there exists an automorphism ¢ € Aut(I') such
that p(u;) = v;, forall 0 < i <s.

* C, is s-arc-transitive for every 0 < s
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s-arc-transitive graphs

1. Let I be a graph. An s-arc of I is a set of vertices
up, Ui, ..., Us such that u; ~ ujyq, for all 0 </ <'s, and
u,-;éu,-+2,foraI|O§i<s—1.

2. A graph T is s-arc-transitive if Aut(I') acts transitively on
the s-arcs of I, i.e., for any two s-arcs ug, vz, ..., Us,
Vo, V1, - - ., Vs there exists an automorphism ¢ € Aut(I') such
that p(u;) = v;, forall 0 < i <s.

* C, is s-arc-transitive for every 0 < s
* K, (and K,) is s-arc-transitive for every 0 < s < n
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s-arc-transitive graphs

1. Let I be a graph. An s-arc of I is a set of vertices
up, Ui, ..., Us such that u; ~ ujyq, for all 0 </ <'s, and
u,-;éu,-+2,foraI|O§i<s—1.

2. A graph T is s-arc-transitive if Aut(I') acts transitively on
the s-arcs of I, i.e., for any two s-arcs ug, vz, ..., Us,
Vo, V1, - - ., Vs there exists an automorphism ¢ € Aut(I') such
that p(u;) = v;, forall 0 < i <s.

* C, is s-arc-transitive for every 0 < s

* K, (and K,) is s-arc-transitive for every 0 < s < n

* if [ is s-arc-transitive for s > 7, then I is C, or K, or R,,
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The Adjacency Matrix of a Graph

Definition
Let ' = (V,E) be a graph; V. ={vi,vo,...,vs}. The 0,1 nx n
matrix A defined via the rule

aj = 1 if and only if v; ~ v;, otherwise a;; = 0

is called the adjacency matrix of I'.
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The Adjacency Matrix of a Graph

Definition
Let ' = (V,E) be a graph; V. ={vi,vo,...,vs}. The 0,1 nx n
matrix A defined via the rule

aj = 1 if and only if v; ~ v;, otherwise a;; = 0
is called the adjacency matrix of I'.

Note that the adjacency matrix depends on the ordering of the
vertices of I
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The Adjacency Matrix of a Graph

Definition
Let ' = (V,E) be a graph; V. ={vi,vo,...,vs}. The 0,1 nx n
matrix A defined via the rule

aj = 1 if and only if v; ~ v;, otherwise a;; = 0

is called the adjacency matrix of I'.

Note that the adjacency matrix depends on the ordering of the
vertices of I

If ¢ € Sym,,, the adjacency matrix of [ with respect to the
ordering of vertices v,(1), Vis(2), - - - s Vio(n) 1S the matrix obtained
from ' by simultaneous reordering of the rows and columns of A
determined by .
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The Adjacency Matrices of a Graph

Let P be the permutation matrix of ¢, i.e.,
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The Adjacency Matrices of a Graph

Let P be the permutation matrix of ¢, i.e.,

pij = 1 if and only if p(i) = j, otherwise a;; =0

Then, the adjacency matrix of I with respect to the ordering of

vertices Vi,(1), Vi(2); - - - » Vip(n) IS the matrix

PAP’
Note that PT is the permutation matrix of ¢!, and hence
PT =P L
l.e., the adjacency matrix of I" with respect to the ordering of
Vertices Vi, (1), Vp(2)s - - - » Vip(n) IS the matrix

PAP!

and therefore, all the adjacency matrices of [ are mutual
conjugates.
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The Eigenvalues of T

Since conjugate matrices A and PAP~! have the same
characteristic polynomial:

charppp-1(x) = det(PAP~! — xI,,) = det(PAP~! — xP1,P1)

= det(P(A—xI,)P!) = det(P) det(A —xI,,) det(P~!) = chara(x),
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The Eigenvalues of T

Since conjugate matrices A and PAP~! have the same
characteristic polynomial:

charppp-1(x) = det(PAP~! — xI,,) = det(PAP~! — xP1,P1)

= det(P(A—xI,)P!) = det(P) det(A —xI,,) det(P~!) = chara(x),

All adjacency matrices of ' (regardless of the ordering of the
vertices of ') have the same eigenvalues.

Since A is real and symmetric, its eigenvalues are reals and their
multiplicities are the dimensions of their corresponding eigenspaces.
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The Spectrum of Eigenvalues of [

Definition
The spectrum of a graph I is the set of eigenvalues of the
adjacency matrix of [ together with their multiplicities.
If the distinct eigenvalues of the adjacency matrix of I are
Ao > A1 > ... > Ags_1, of respective multiplicities
m(Xo), m(A1), ..., m(As—1), we denote
(A0) y m(A1) m(As—1)
Ao CVYAT LA !

crs—1

Specl’ =
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The Spectrum of Eigenvalues of [

Definition

The spectrum of a graph I is the set of eigenvalues of the
adjacency matrix of [ together with their multiplicities.

If the distinct eigenvalues of the adjacency matrix of I are
Ao > A1 > ... > Ags_1, of respective multiplicities

m(Xo), m(A1), ..., m(As—1), we denote

)\[’)"()‘0))\;”()‘1) . )\m()‘s—l)

crs—1

Specl’ =

Example: The adjacency matrix of Ky is

0 1 11
1 011
1 101
1 110
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The Spectrum of Eigenvalues of [

Definition

The spectrum of a graph I is the set of eigenvalues of the
adjacency matrix of [ together with their multiplicities.

If the distinct eigenvalues of the adjacency matrix of I are
Ao > A1 > ... > Ags_1, of respective multiplicities

m(Xo), m(A1), ..., m(As—1), we denote

)\[’)"()\0))\;”()\1) . )\m()\s—l)

crs—1

Specl’ =

Example: The adjacency matrix of Ky is

0 1 11
1 011
1 101
1 110

SpecKy = 3(—1)3



The Characteristic Polynomial of I

Lemma

The coefficients of the characteristic polynomial of a graph T :

charr(x) = x" + ax" 4+ ox" 2+ ...+ c1x+cp

satisfy
1. cl = 0
2. —cp Is the number of edges of

3. —c3 is twice the number of triangles in I
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The Characteristic Polynomial of I

Lemma

The coefficients of the characteristic polynomial of a graph T :

charr(x) = x" + ax" T ox" %+ .+ cp1x+ Ch

satisfy
1. cl = 0
2. —cp Is the number of edges of

3. —c3 is twice the number of triangles in I

Proof:
1. Recall that the coefficients of the characteristic polynomial of
a matrix can be expressed in terms of principal minors.
2. A principal minor of a matrix A is the determinant of a
submatrix obtained from A by erasing a set of corresponding
rows and columns
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The Characteristic Polynomial of I

1. 1 = 0
2. —cp is the number of edges of I
3. —c3 is twice the number of triangles in I’

Proof:

1. For each i, (—1)/c; is equal to the sum of principal minors
with /i rows and columns
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The Characteristic Polynomial of I

1. 1 = 0

2. —cp is the number of edges of I

3. —c3 is twice the number of triangles in I’

Proof:

1. For each i, (—1)/c; is equal to the sum of principal minors
with 7/ rows and columns

2. Thus, —c; is the sum of the elements on the main diagonal,
which is also the trace of the adjacency matrix, and is equal
to 0
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The Characteristic Polynomial of I

1. 1 = 0

2. —cp is the number of edges of I

3. —cj3 is twice the number of triangles in I

Proof:

1. For each i, (—1)/c; is equal to the sum of principal minors
with /i rows and columns

2. Thus, —c; is the sum of the elements on the main diagonal,
which is also the trace of the adjacency matrix, and is equal
to 0

3. The coefficient ¢, is equal to the sum of determinants of
matrices that are intersections of /-th and j-th row and i-th
and j-th column. They are either equal to an all-zero matrix

or are of the form <(1) (1)) with the second kind occurring if

and only if v; ~ v; (and having the determinant —1). Thus,
—cp is the number of edges of '
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The Characteristic Polynomial of I

1. G = 0
2. —cy is the number of edges of I

3. —cj3 is twice the number of triangles in I
Proof:

1. —c3 is the sum of principal minors with 3 rows and columns
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The Characteristic Polynomial of I

1. G = 0
2. —cy is the number of edges of I

3. —cj3 is twice the number of triangles in I
Proof:

1. —c3 is the sum of principal minors with 3 rows and columns

2. the non-trivial ones come in three kinds

0101011011
10 0/,/1 00,101
000 |1 ool 10
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The Characteristic Polynomial of I

1. G = 0
2. —cy is the number of edges of I

3. —cj3 is twice the number of triangles in I
Proof:

1. —c3 is the sum of principal minors with 3 rows and columns

2. the non-trivial ones come in three kinds
01 0 (01 1] |0 1 1
1 0 0,1 0 0,|1 0 1
0 0 O (1 0O (1 10

3. the non-zero determinant is equal to 2 and represents a
triangle
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More Algebra

Suppose A is the adjacency matrix of a graph I'' Then the set of
polynomials in A. with complex coefficients, forms an algebra under
the usual matrix operations. This algebra has finite dimension as a
complex vector space. Indeed, the Cayley-Hamilton theorem asserts
that A satisfies its own characteristic equation, so the dimension is at
most n, the number of vertices in T'.

Definition 2.4 The adjecency algebra of a graph T is the algebra of
polynomials in the adjacency matrix A = A(I'). We shall denote the
adjacency algebra of I’ by A(I').
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More Algebra

1. The powers of the adjacency matrix span the algebra A(T")
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More Algebra
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2. awalk in I of length / joining vertices v; and v; is a sequence
Vi = Ug, Uy, ..., Uy = vj in which uj ~ ujyq, forall 0 <i </
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1. The powers of the adjacency matrix span the algebra A(T")

2. awalk in I of length / joining vertices v; and v; is a sequence
Vi = Ug, Uy, ..., Uy = vj in which uj ~ ujyq, forall 0 <i </

If A is the adjacency matrix of T, the i, j entry in A® is the number
of walks of length { joining v; and v;.

1. Can one determine the diameter of I' from the powers of
A(lN)?
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More Algebra

1. The powers of the adjacency matrix span the algebra A(T")

2. awalk in I of length / joining vertices v; and v; is a sequence
Vi = Ug, Uy, ..., Uy = vj in which uj ~ ujyq, forall 0 <i </

If A is the adjacency matrix of T, the i, j entry in A® is the number
of walks of length { joining v; and v;.

1. Can one determine the diameter of I' from the powers of
A(lN)?

Lemma

Let ' be a connected graph with adjacency algebra A(') and
diameter d. Then the dimension of A(T") is at least d + 1.
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More Algebra

If A(') has s distinct eigenvalues

Robert Jajcay Graph Theory



More Algebra

If A(T) has s distinct eigenvalues = since A(I) is real symmetric,
the minimal polynomial of A(T") is of degree s
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More Algebra

If A(T) has s distinct eigenvalues = since A(I) is real symmetric,
the minimal polynomial of A(I") is of degree s = the dimension
of A(lN) is s
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More Algebra

If A(T) has s distinct eigenvalues = since A(I) is real symmetric,
the minimal polynomial of A(I") is of degree s = the dimension
of A(lN) is s =

Corollary

A connected I of diameter d has at least d + 1 distinct eigenvalues.
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