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Záverečné skúšky

I Terḿıny skúšok sú: 7.1., 9.1., 13.1., 15.1. a 17.1, 2025

I Všetky ṕısomky sa konajú v M-X, okrem 9.1., kedy je
ṕısomka v M-XI

I Dohodli sme sa, že Vy pŕıdete 13.1.

I terḿıny sú vždy o 9:00

I ṕısomka od 9:00 do 11:00

I ústna čašt od 12:00 do 16:30; alebo skôr

I treba mi poslať e-mail
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The Adjacency Matrix of a Graph

Definition

Let Γ = (V ,E ) be a graph; V = {v1, v2, . . . , vn}. The 0, 1 n × n
matrix A defined via the rule

aij = 1 if and only if vi ∼ vj , otherwise aij = 0

is called the adjacency matrix of Γ.

Let P be the permutation matrix of ϕ, i.e.,

pij = 1 if and only if ϕ(i) = j , otherwise aij = 0

Then, the adjacency matrix of Γ with respect to the ordering of
vertices vϕ(1), vϕ(2), . . . , vϕ(n) is the matrix

PAP−1
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The Spectrum of Eigenvalues of Γ

Definition

The spectrum of a graph Γ is the set of eigenvalues of the
adjacency matrix of Γ together with their multiplicities.
If the distinct eigenvalues of the adjacency matrix of Γ are
λ0 > λ1 > . . . > λs−1, of respective multiplicities
m(λ0),m(λ1), . . . ,m(λs−1), we denote

SpecΓ = λ
m(λ0)
0 λ

m(λ1)
1 . . . λ

m(λs−1)
s−1
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The Characteristic Polynomial of Γ

Lemma

The coefficients of the characteristic polynomial of a graph Γ:

charΓ(x) = xn + c1x
n−1 + c2x

n−2 + . . .+ cn−1x + cn

satisfy

1. c1 = 0

2. −c2 is the number of edges of Γ

3. −c3 is twice the number of triangles in Γ
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More Algebra
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More Algebra

1. The powers of the adjacency matrix span the algebra A(Γ)

2. a walk in Γ of length ` joining vertices vi and vj is a sequence
vi = u0, u1, . . . , u` = vj in which ui ∼ ui+1, for all 0 ≤ i < `

Lemma

If A is the adjacency matrix of Γ, the i , j entry in A` is the number
of walks of length ` joining vi and vj .

Lemma

Let Γ be a connected graph with adjacency algebra A(Γ) and
diameter d. Then the dimension of A(Γ) is at least d + 1.
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More Algebra

If A(Γ) has s distinct eigenvalues =⇒ since A(Γ) is real symmetric,
the minimal polynomial of A(Γ) is of degree s =⇒ the dimension
of A(Γ) is s =⇒

Corollary

A connected Γ of diameter d has at least d + 1 distinct eigenvalues.
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Circulants Revisited

1. a circulant matrix is a square matrix in which every next row
is obtained by a cyclic shift of the previous row; i.e., a
circulant matrix is determined by its first row

2. let W be the n × n circulant matrix whose first row is
(0, 1, 0, 0, . . . , 0)

3. the characteristic polynomial of W is xn − 1

4. the eigenvalues of W are 1, ω, ω2, . . . , ωn−1, where
ω = cos( 2π

n ) + i sin( 2π
n )

5. Γ is a circulant if and only if its vertices can be ordered in
such a way that A(Γ) is a circulant matrix, i.e., Γ is a
circulant if and only if there exists a permutation matrix P
such that PA(Γ)PT is a circulant matrix
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Circulants Revisited

1. if S is the circulant matrix with the first row (s1, s2, . . . , sn),
then

S =
n∑

j=1

sjW
j−1

2. if S is the circulant matrix with the first row (s1, s2, . . . , sn),
the eigenvalues of S are

λr =
n∑

j=1

sjω
(j−1)r , 0 ≤ r < n

3. Determine the spectrum of Kn

4. Determine the spectrum of Cn

5. Determine the spectrum of the cock-tail party graph K2s

with 1-factor removed
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Automorphisms Revisited

1. a permutation π of V (Γ) can be represented by the 0− 1
permutation matrix Pπ: pij = 1 iff π(i) = j .

Lemma

π is an automorphism of Γ if and only

PπA(Γ) = A(Γ)Pπ

i.e., the automorphism group of Γ is isomorphic to the group of
permutation matrices which commute with A(Γ)
i.e., the automorphism group of Γ is isomorphic to the stabilizer of
A(Γ) under the conjugation action of the group of permutation
matrices (which is isomorphic to Sn).
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Automorphisms Revisited

1. let ~x be an eigenvector of A(Γ) corresponding to the
eigenvalue λ, then

2.
A(Γ)Pπ~x = PπA(Γ)~x = Pπλ~x = λPπ~x

3. and Pπ~x is also an eigenvector of A(Γ) corresponding to λ,
thus

4. if ~x and Pπ~x are linearly independent, λ is not a simple
eigenvalue
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Automorphisms Revisited
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Strongly Regular Graphs Revisited

The complement of a strongly regular graph with parameters
(v , k, λ, µ) has parameters
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Strongly Regular Graphs Revisited

(21.3) and (21.4) are necessary conditions that are not
sufficient for the existence of an srg-(v , k , λ, µ)
One more example:
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The Clebsch Graph
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Strongly Regular Graphs Revisited
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Strongly Regular Graphs Revisited
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Strongly Regular Graphs Revisited
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Strongly Regular Graphs Revisited
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Strongly Regular Graphs Revisited
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Merry Christmas and a Happy New Year
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