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Homotopia
Definicia [Brouwer (1911)]
Nech Z a X si topologické priestory a nech f,g:Z — X s zobrazenia.

Homotépia medzi f a g je zobrazenie H: Z x | — X, kde | = [0, 1], také,
Ze pre kazdé z € Z

H(z,0) =1f(z) a H(z,1)=g(2).
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Homotdpia - oznacenie a relativna verzia
Oznacenie
f~g
[Z; X] :==Maps (Z; X)/ ~

Relativna verzia
Pre pary (Z, C), (X, A) mame
[Z,C; X,A] :=Maps (Z,C; X,A)/ ~.
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Homotopické grupy

Definicia [Poincaré n = 1 (1895), Cech n > 2 (1932)]

Nech n > 1 a nech X je topologicky priestor s vyznacnym bodom xg € X.

Potom definujeme n-ta homotopickd grupu X ako

ma(X) =[1",01"; X, x0].

Grupova operacia

Fog:(I",01") = (X,x0) ~ fxg:(I",01") = (X, %)

f(2t1, to, ..., tn 0<t<1/2
(Fxg)(ty,... tn) = (281, ) /
f2ty — 1,to,...,ty) 1/2<t<1

L'ahka reformulacia

mn(X) =[1",01"; X, x0] = [S", s0; X, x0].
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Homotopické grupy meraja diery
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Homotopické grupy st komutativne pre n > 2
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CW-komplexy (~ bunkové komplexy)
Definicia [J.H.C. Whitehead (1941)]

CW-komplexom nazyvame topologicky priestor X s filtraciou
0D=X_1 C XgC Xy C "'CXkCXk-H C -+ C X takou, ze X = U, X,

11, f

I, Sk X

L, Fi l

k+1
[, D ————— Xkpa

je pushout a topolégia na X je direktna limita vzhladom na filtraciu.

Priklady
S9%x S =eUef Uedue
RPY=eUelu...ue

CPY=e"uelu...ue®
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Priklady: torus
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Homotopicka ekvivalencia a Whiteheadova veta

Definicia [Hurewicz (1935)]
Nech X a Y s topologické priestory. Zobrazenie f: X — Y sa nazyva
homotopicka ekvivalencia medzi X a Y ak existuje zobrazenie g: Y — X
takeé, ze

gof~idx a fogx~idy.

Veta [J.H.C. Whitehead (1949)]

Zobrazenie f: X — Y medzi bunkovymi komplexmi
je homotopicka ekvivalencia prave vtedy, ked

Tn(f): ma(X) = Ta(Y)

pre vietky n > 0.
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Homotopicka ekvivalencia

St o~ ghoa]
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7T1(51)

Veta
x:m(SY)2Z

Dékaz

Nech p:R — St je t s €27t
Vlastnost zdvihu homotépie

{0} — R

>

//—C> 51.

dava x:[c] = ¢c(1) € Z=p~ (1) CR.
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7T1(51)
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(S") pre k <n

Veta
Ak k < n, tak mc(S") = 0.

Dékaz

Transverzalita a stiahnutie.

Veta [Brouwer (1912), Hopf (1926)]
Pre kazdé n > 1 mame deg: m,(S") = Z.

Dékaz

@ Stupen zobrazenia.

© Freudenthalova veta o suspenzii: 7,(S") = m,,1(S™1).
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Suspenzia
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m,(S1)

Veta
x:ma(S) =0

Dékaz

Vlastnost zdvihu homotépie

/"l ——R

A
c 7
- p
e

In/—c) 51.
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Hopfove fibracie

Veta [Hopf (1931-35)]
Mame
7T3(52) =Z, 777(54) =7, 71'15(58) =7,

kde generatory si dané tzv. Hopfovymi fibraciami.

Dékaz 1
Def

h:S%=5(C%) — S2=CU{o0} ako (z1,22) > z1/2.
Potom h~1(c) = S! lebo

Fibracia

St 583 462
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Hopfova fibracia S3 — S$2 geometricky

A

/’\4 -
Ko, A0
Ai@ / I

A
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Hopfova fibracia S® — S? v animacii

Hopfova fibracia

(Animacia z webstranky Nilesa Johnsona)
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https://www.youtube.com/watch?v=AKotMPGFJYk

Hopfove fibracia 3 — S? generuje m3(S52)

Dékaz 1

Fibracia ST — S3 — S2 ma dlht exaktnd postunost’

[y

) — 71'3(53) E— 7T3(52) E— 7T2(51

S

? 7T3(52)

..._)71-3(5 )_>
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Exaktné postupnosti abelovskych grap
Definicia
Postupnost abelovskych grip
fi_1 f;
---—)A,',l—>A,'—>A,'+1—)---

sa nazyva exaktna, ak pre kazdé i mame ker(f;) = im(fi_1).

Priklad

fi fit1
> Aiva »Aija —> -+

ok

>0 B ‘A,'+1 >0
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Hopfov invariant H(h) € Z

Dékaz 2
Uvazujme priestor C(h) = S2 U, D* = CP2.

Mame

k 0 1 2 3 4
HX(CP?) |[Z{1} [0 | Z{a} | 0 | Z{5}

Poharovy stgin — U —: H2(CP?) x H?(CP?) — H*(CP?)
dava, ze a U v = H(h)S pre nejaké H(h) € Z.

Kedze vieme, ze H(h) = 1, dostavame, ze h # x.
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Kone&nost a stabilita

Veta (Serre [1951-53])

Grupy 7,1 k(S") st kone¢né pre k > 0 okrem pripadov ked n = 2m,
k =2m — 1, v ktorych mame m4,,,_1(S*™) = Z @ Fp, kde F,, je konecna.

Dokaz
Spektralne postupnosti.

Veta (Freudenthal [1937])

Zobrazenie suspenzie S: 7;(S") — 7;.1(S"t1) je izomorfizmus ak
i < 2n—1 a je epimorfizmus ak i =2n — 1.

Definicia

7T,§ = C0|imk_>oo71'n+k(5k).
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J-homomorfizmus: konstrukcia

Dalsie netrivialne prvky mozno ziskat pomocou tzv. J-homomorfizmu

Ink: Ta(SO(K)) = Ty k(S9).

Konstrukcia [G.W. Whitehead (1942)]
Jn,k = H,,’k o ad,,,k.
ad, x:[S"; SO(K)] — [S™; aut(SK71)] — [S" x Sk=1; sk=1]
Hinge: [S"x S*7H S571] — [(D™ xS T1)U(S"x DX); DUD] = [S™; 54

Pouziva
Stk = gD % DF) = (D™ x §5¥71) Ugny skt (8" x DK)

Stabilizacia:
Jn: Tn(S0) — 73,
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J-homomorfizmus

Dh-(-i S
N
! SwGHt
st (%
/ ) /

(P DY) =(DF <o (S5 D)
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J-homomorfizmus: vysledky

Veta (Bott [1959)])

Pre i > 0 mame

imod8| 0 | 1 [2]3[4[5]6]7
m(SO) [[Z/2[Z/2]|0|Z|0]0]|0|Z

Veta (Adams a dalsi [1963-66])

Q@ Ak n # 3 mod 4, tak je J-homomorfizmus J,: 7,(SO) — 75
injektivny;

@ Obraz J-homomorfizmu Jak—1: mak—1(SO) — 75, _; ma rad
men(By/4k), kde By je k-te Bernoulliho Eislo.
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Bernoulliho ¢isla

Nech n > 1. Potom Bernoulliho ¢islo B, je definované vztahom

> e @
_1——+ “(2)".
e n>1 ( )
Hodnoty pre nizke n st
n 1123145 6 7 8
B 101 1| 1 | 5 | 691 | 7| 3617
n| 6|30 |42 |30 66| 2730 | 6| 510
Z Adamsovho dbékazu
Délezith rolu hra e-invariant
.S
e:m, = Q/Z,

def podobne ako Hopfov invariant, ale pomocou K-teérie namiesto H*.

y
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Adamsova spektralna postupnost

AdSS

Esz,t = Ethi,t,(Fpan) = (Wf)p

Spektralna postupnost

o (E",d,), d,:Er - E", dyod, =0a E™*! = H(E") = ker(d,)/im(d,).
o Adamsova filtracia (77), sa najde pomocou stadia

H*(x) = F,, ako modulu nad Steenrodovou algebrou A,,.
@ e-invariant
e:my — Extdl o (KOL(x), KOL (%))

je tzv. “edge homorphism” v Adams-Novikovovej spektralnej
postupnosti, ktora sa konstruuje podobne ako AdSS, ale H* je
nahradend K-tedriou.
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Zname vysledky v nizkych dimenziach

™
nfo] 1] 2 3 [4]5] 6 7 8 9
|| Z|Z/2Z/2]Z/24]10|0|Z/2|Z/240 | (Z/2)? | (Z/2)3
10 11 [12] 13 14 15 16 17
7/6 || Z/504 | 0 | Z/3 | (Z/2)? | Z/480 x Z/2 | (Z/2)? | (Z/2)*

Sucasny stav (Januar 2020)

Daniel C. Isaksen, Guozhen Wang, Zhouli Xu:
Stable homotopy groups of spheres
https://arxiv.org/abs/2001.04247

7y zname pre n < 61, aZ na isté vynimky aj pre 62 < n < 90, dalej 77?
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Adams: Stable homotopy groups of spheres are a “mess’.

. /: L—i x0.,
< 0,25 .*
g 4 S N 0‘9, S 594.:
Ny vy 0% on, — .
.

bt 4 e !
//,;/i R L/A R b

15 19 23 27 31 39 43 47 51
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Aplikacia a otvorené problémy

Kervaireov invariant

K:Wfk+2 — Z/2.

Veta (Hill, Hopkins, Ravenel)
Ak pre 6 € 75, , plati, ze K(6;) =1, tak j < 6.

Dokaz

On the nonexistence of elements of Kervaire invariant one,

Annals of Mathematics, Vol 184 (1), (2016), pp. 1-262.

Toto plus Browderova veta ukazujia, ze hladké oramované variety s

Kervaireovym invariantom 1 existujl
len v dimenziach 2, 6,14, 30,62, a mozno 126.
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