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17.13Non-Smoothable Poincaré complexes . . . . . . . . . . . . . . . . . . . . . . 661
17.14Miscellaneous . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 661

18 Topological rigidity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 663
18.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 663
18.2 Topological Rigidity and the Surgery Exact Sequence . . . . . . . 663
18.3 Aspherical Closed Manifolds . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 668

18.3.1 Homotopy classification of aspherical CW -complexes . . 669
18.3.2 Low dimensions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 669
18.3.3 Non-positive curvature . . . . . . . . . . . . . . . . . . . . . . . . . . . . 670
18.3.4 Torsionfree discrete subgroups of almost connected

Lie groups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 670
18.3.5 Hyperbolisation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 670
18.3.6 Exotic aspherical manifolds . . . . . . . . . . . . . . . . . . . . . . . . 671
18.3.7 Non-aspherical closed manifolds . . . . . . . . . . . . . . . . . . . . 673

18.4 The Borel Conjecture . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 673
18.5 Non-Aspherical Topologically Rigid closed Manifolds . . . . . . . . 675

18.5.1 Spheres . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 675
18.5.2 3-Manifolds . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 675
18.5.3 Products of Two Spheres . . . . . . . . . . . . . . . . . . . . . . . . . . 676
18.5.4 Homology Spheres . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 676



XIV Contents

18.5.5 Connected Sums . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 676
18.5.6 Homology Isomorphisms and Topological Rigidity . . . . 677

18.6 Smooth Rigidity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 677
18.7 Miscellaneous . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 678

19 Solutions of the Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 679

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 715

Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 727

Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 731

20 Comments (temporary chapter) . . . . . . . . . . . . . . . . . . . . . . . . . . 741
20.1 Some general issues . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 741
20.2 Mathematical Items or Explanations that have to be Added . 741
20.3 Comments about Latex . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 741
20.4 Comments about the Layout . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 742
20.5 Comments about Notation and Terminology . . . . . . . . . . . . . . . 743
20.6 Comments about Grammar, English and Spelling . . . . . . . . . . . 745
20.7 Additional References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 746
20.8 Things to check . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 746
20.9 Table of Contents . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 747



Chapter 0

Introduction

0.1 Some Classical Problems Which Can Be Attacked
by Surgery Theory

In this section we give a list of concrete classical and well-known problems
which have been (partially) solved by surgery Complete this list. Say where
we treat these problems in the book, and maybe add some comments about
their (partial) solution.theory and shall illustrate the high potential of surgery
theory.

The following two problems represent the prototype of surgery problems,
which, however, cannot be solved in this generality.

Problem 0.1 (Recognizing manifolds). Let X be a connected finite CW -
complex. Under which conditions on X is X homotopy equivalent to a closed
manifold?

Problem 0.2 (Classifying manifolds). Let M and N be a closed (smooth)
manifolds. Under which conditions can one decide whether they are homeo-
morphic (diffeomorphic). What are possible obstructions and under which
conditions are they sufficient.

The next conjecture is known to be true for all n ≥ 1. The proofs depends
on surgery theory except in dimension 3, where the proof relies on Ricci flows.

Conjecture 0.3 (Poincaré Conjecture). If M is a closed manifold homo-
topy equivalent to the standard n-sphere Sn, is then M homeomorphic to
Sn.

The follow problem triggered the development of surgery theory and is
nearly completely solved.

Problem 0.4 (Homotopy spheres). Classify all closed oriented smooth
manifolds (called homotopy spheres) up to orientation preserving diffeomor-
phisms which are homotopy equivalent to the standard n-sphere.

The next two problems are essentially solved

Problem 0.5 (Fake tori). Classify all closed oriented smooth manifolds
(called fake tori) up to orientation preserving diffeomorphisms which are ho-
motopy equivalent to the standard n-torus.

1
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Problem 0.6 (Fake complex projective spaces). Classify all oriented to-
pological manifolds (called fake complex projective spaces) up to orientation
preserving homeomorphism which are homotopy equivalent to the standard
n-dimensional complex projective space.

Problem 0.7 (Fake real projective spaces). Classify all topological man-
ifolds (called fake real projective spaces) up to homeomorphism which are
homotopy equivalent to the standard n-dimensional real projective space.

The next problem is sovled in many interesting cases.

Problem 0.8 (Fake lens spaces). Classify all closed topological or smooth
manifolds (called fake lens spaces) up to homeomorphisms whose fundamen-
tal group is finite cyclic and whose universal covering is homeomorphic or
diffeomorphic to a standard sphere.

The next conjecture is meanwhile known if the fundamental group is
contained in a large class of groups which encompasses hyperbolic groups,
CAT(0)-groups, solvable groups, and lattices in almost connected Lie groups,
but is open in general. It is the topological version of Mostow rigidity. A
manifold is called aspherical if it is connected and its universal covering is
contractible.

Conjecture 0.9 (Borel Conjecture). Let M and N be closed aspherical
manifolds. Then the following statements are equivalent:

• π1(M) and π1(N) are isomorphic;
• M and N are homeomorphic;
• Any homotopy equivalence f : M → N is homotopic to a homeomorphism;
• Any map f : M → N inducing an isomorphism between the fundamental

groups is homotopic to a homeomorphism.

The next problem is essentially solved and triggered surgery theory for
non-simply connected manifolds. It is a kind of generalization of the Space
Form Problem asking which finite groups occur as fundamental groups of
closed Riemannian manifolds with constant positive sectional curvature.

Problem 0.10 (Spherical Space Form problem). Which finite groups
can act freely (topologically or smoothly) on a standard sphere, or, equiva-
lently, occur as fundamental group of closed manifolds whose universal cov-
ering is (homeomorphic or diffeomorphic to) a standard sphere.

0.2 Prerequisites

We require that reader is familiar with the following concepts and notions
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• CW -complexes, Cellular Approximation Theorem, Whitehead’s Theorem;
• Covering theory, universal coverings;
• Homology, cohomology, cup and cap-product, signature, characteristic

classes;
• Homotopy groups, fibrations, cofibrations, Hurewicz Theorem;
• Topological and smooth manifolds;
• vector bundles, normal and tangent bundle of a smooth manifold;
• Classifying spaces for groups and for vector bundles;
• Transversality, regular values, immersions and submersions;
• Group rings, modules and chain complexes over a non-commutative ring;
• Bordism of manifolds, bordism ring;
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Chapter 1

The s-Cobordism Theorem

1.1 Introduction

In this chapter we want to discuss and prove the following result

Theorem 1.1 (s-Cobordism Theorem). Let M0 be a closed connected
smooth manifold of dimension n ≥ 5 with fundamental group π = π1(M0).
Then

(i) Let (W ;M0, f0,M1, f1) be an h-cobordism over M0. Then W is trivial
over M0 if and only if its Whitehead torsion τ(W,M0) ∈Wh(π) vanishes;

(ii) For any x ∈Wh(π) there is an h-cobordism (W ;M0, f0,M1, f1) over M0

with τ(W,M0) = x ∈Wh(π);
(iii) The function assigning to an h-cobordism (W ;M0, f0,M1, f1) over M0

its Whitehead torsion yields a bijection from the diffeomorphism classes
relative M0 of h-cobordisms over M0 to the Whitehead group Wh(π).

Here are some explanations. An n-dimensional cobordism (sometimes also
called just bordism) (W ;M0, f0,M1, f1) consists of a compact n-dimensional
manifold W , closed (n − 1)-dimensional manifolds M0 and M1, a disjoint
decomposition ∂W = ∂0W

∐
∂1W of the boundary ∂W of W and diffeo-

morphisms f0 : M0 → ∂0W and f1 : M1 → ∂1W . If we want to specify M0,
we say that W is a cobordism over M0. If ∂0W = M0, ∂1W = M1 and f0

and f1 are given by the identity or if f0 and f1 are obvious from the con-
text, we briefly write (W ; ∂0W,∂1W ). Two cobordisms (W ;M0, f0,M1, f1)
and (W ′;M0, f

′
0,M

′
1, f
′
1) over M0 are diffeomorphic relative M0 if there is

a diffeomorphism F : W → W ′ with F ◦ f0 = f ′0. We call an h-cobordism
over M0 trivial , if it is diffeomorphic relative M0 to the trivial h-cobordism
(M0× [0, 1];M0×{0},M0×{1}). Note that the choice of the diffeomorphisms
fi do play a role although they are often suppressed in the notation. We call
a cobordism (W ;M0, f0,M1, f1) an h-cobordism, if the inclusions ∂iW →W
for i = 0, 1 are homotopy equivalences. We will discuss the Whitehead group
in Sections 1.5 and 2.2.

Exercise 1.2. Classify all two-dimensional connected h-cobordisms.

Exercise 1.3. Let G be a finitely presented group and n ≥ 6. Show that
Wh(G) is trivial if every n-dimensional h-cobordism with G as fundamental
group is trivial.
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6 1 The s-Cobordism Theorem

We will later see that the Whitehead group of the trivial group vanishes.
Thus the s-Cobordism Theorem 1.1 implies

Theorem 1.4 (h-Cobordism Theorem). Every h-cobordism over a sim-
ply connected closed manifold M0 with dim(M0) ≥ 5 is trivial.

Theorem 1.5 ((Generalized) Poincaré Conjecture). The (General-
ized) Poincaré Conjecture is true for a closed n-dimensional manifold M with
dim(M) ≥ 5, namely, if M is simply connected and its homology Hp(M) is
isomorphic to Hp(S

n) for all p ∈ Z, then M is homeomorphic to Sn.

Proof. We only give the proof for dim(M) ≥ 6. Since M is simply con-
nected and H∗(M) ∼= H∗(S

n), one can conclude from the Hurewicz The-
orem and the Whitehead Theorem [259, Theorem IV.7.13 on page 181
and Theorem IV.7.17 on page 182] that there is a homotopy equivalence
f : M → Sn. Let Dn

i ⊂ M for i = 0, 1 be two embedded disjoint disks.
Put W = M − (int(Dn

0 )
∐

int(Dn
1 )). Then W turns out to be a simply

connected h-cobordism. Hence by Theorem 1.4 we can find a diffeomor-
phism F : (∂Dn

0 × [0, 1], ∂Dn
0 × {0}, ∂Dn

0 × {1}) → (W,∂Dn
0 , ∂D

n
1 ) which

is the identity on ∂Dn
0 = ∂Dn

0 × {0} and induces some (unknown) dif-
feomorphism f1 : ∂Dn

0 × {1} → ∂Dn
1 . By the Alexander trick one can ex-

tend f1 : ∂Dn
0 = ∂Dn

0 × {1} → ∂Dn
1 to a homeomorphism f1 : Dn

0 → Dn
1 .

Namely, any homeomorphism f : Sn−1 → Sn−1 extends to a homeomorphism
f : Dn → Dn by sending t · x for t ∈ [0, 1] and x ∈ Sn−1 to t · f(x). Now
define a homeomorphism h : Dn

0 × {0} ∪i0 ∂Dn
0 × [0, 1] ∪i1 Dn

0 × {1} → M
for the canonical inclusions ik : ∂Dn

0 × {k} → ∂Dn
0 × [0, 1] for k = 0, 1 by

h|Dn0×{0} = id, h|∂Dn0×[0,1] = F and h|Dn0×{1} = f1. Since the source of h is
obviously homeomorphic to Sn, Theorem 1.5 follows.

In the case dim(M) = 5 one uses the fact that M is the boundary of a
contractible 6-dimensional manifold W , and applies the s-cobordism theorem
to W with an embedded disc removed. See also [266]. ut

Exercise 1.6. Show that any diffeomorphism f : S1 → S1 can be extended
to a diffeomorphism F : D2 → D2.

Figure 1.7 (Poincaré Conjecture).
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homotopy n-sphere Sn−1 × [0, 1]

embedded
disks

f

idSn−1

∼=

Remark 1.8 (The Poincaré Conjecture does not hold in the smooth
category). Note that the proof of the Poincaré Conjecture in Theorem 1.5
works only in the topological category but not in the smooth category. In
other words, we cannot conclude the existence of a diffeomorphism h : Sn →
M . The proof in the smooth case breaks down when we apply the Alexander
trick. The construction of f given by coning f yields only a homeomorphism
f and not a diffeomorphism even if we start with a diffeomorphism f . The
map f is smooth outside the origin of Dn but not necessarily at the origin.
We will see that not every diffeomorphism f : Sn−1 → Sn−1 can be extended
to a diffeomorphism Dn → Dn and that there exist so called exotic spheres,
i.e., closed manifolds which are homeomorphic to Sn but not diffeomorphic
to Sn. The classification of these exotic spheres is one of the early very
important achievements of surgery theory and one motivation for its further
development (see Chapter 11).

Remark 1.9 (Surgery program). In some sense the s-Cobordism Theo-
rem 1.1 is one of the first theorems, where diffeomorphism classes of cer-
tain manifolds are determined by an algebraic invariant, namely the White-
head torsion. Moreover, the Whitehead group Wh(π) depends only on the
fundamental group π = π1(M0), whereas the diffeomorphism classes of h-
cobordisms over M0 a priori depend on M0 itself. The s-Cobordism Theo-
rem 1.1 is one step in a program to decide whether two closed manifolds M
and N are diffeomorphic which is in general a very hard question. The idea
is to construct an h-cobordism (W ;M,f,N, g) with vanishing Whitehead
torsion. Then W is diffeomorphic to the trivial h-cobordism over M which
implies that M and N are diffeomorphic. So the surgery program would be:

(i) Construct a homotopy equivalence f : M → N ;
(ii) Construct a cobordism (W ;M,N) and a map (F, f, id) : (W ;M,N) →

(N × [0, 1];N × {0}, N × {1});
(iii) Modify W and F relative boundary by so called surgery such that F

becomes a homotopy equivalence and thus W becomes an h-cobordism.
During these processes one should make certain that the Whitehead tor-
sion of the resulting h-cobordism is trivial.
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Figure 1.10 (Surgery Program).

W

N

M

N × [0, 1]

f
∼=

F

idN

The advantage of this approach will be that it can be reduced to prob-
lems in homotopy theory and algebra which can sometimes be handled by
well-known techniques. In particular one will get sometimes computable ob-
structions for two homotopy equivalent manifolds to be diffeomorphic. Often
surgery theory has proved to be very useful when one wants to distinguish
two closed manifolds which have very similar properties. The classification
of homotopy spheres (see Chapter 11) is one example. Moreover, surgery
techniques can be applied to problems which are of different nature than of
diffeomorphism or homeomorphism classifications.

In this chapter we want to present the proof of the s-Cobordism Theorem
and explain why the notion of Whitehead torsion comes in. We will encounter
a typical situation in mathematics. We will consider an h-cobordism and try
to prove that it is trivial. We will introduce modifications which we can apply
to a handlebody decomposition without changing the diffeomorphism type
and which are designed to reduce the number of handles. If we could get rid
of all handles, the h-cobordism would be trivial. When attempting to cancel
all handles, we run into an algebraic difficulty. A priori this difficulty could
be a lack of a good idea or technique. But it will turn out to be a genuine
obstruction and lead us to the definition of Whitehead torsion and Whitehead
group.

The rest of this chapter is devoted to the proof of the s-Cobordism The-
orem 1.1. Its proof is interesting and illuminating and it motivates the def-
inition of Whitehead torsion. The definition of Whitehead torsion itself and
the final step in the proof will appear in Chapter 2. Manifolds are assumed
to be smooth unless stated explicitly differently.

Guide 1.11. It is not necessary to go through the remainder of this chapter
to understand the following chapters. It suffices to understand the statement
of the s-Cobordism Theorem 1.1 and to read through Remark 1.9 about the
surgery program.
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It is even possible for the first reading to pretend that every s-cobordism
is trivial and the Whitehead group Wh(G) is trivial, which is known to be
true in the simply connected case and for many torsionfree groups G.

1.2 Handlebody Decompositions

In this section we explain basic facts about handles and handlebody decom-
positions.

Definition 1.12 (Handlebody). The n-dimensional handle of index q or
briefly q-handle is Dq×Dn−q. Its core is Dq×{0}. The boundary of the core is
Sq−1×{0}. Its cocore is {0}×Dn−q and its transverse sphere is {0}×Sn−q−1.

Consider an n-dimensional manifold M with boundary ∂M . If φq : Sq−1×
Dn−q ↪→ ∂M is an embedding, then we say that the manifold M + (φq)
defined by M ∪φq Dq ×Dn−q is obtained from M by attaching a handle of
index q by φq.

Figure 1.13 (Handlebody).

D0 ×D3 D1 ×D2

D2 ×D1 D3 ×D0

Obviously M + (φq) carries the structure of a topological manifold. To
get a smooth structure, one has to use the technique of straigthening the
angle to get rid of the corners at the place, where the handle is glued to
M . The boundary ∂(M + (φq)) can be described as follows. Delete from
∂M the interior of the image of φq. We obtain a manifold with boundary
together with a diffeomorphism from Sq−1×Sn−q−1 to its boundary induced
by φq|Sq−1×Sn−q−1 . If we use this diffeomorphism to glue Dq × Sn−q−1 to it,
we obtain a closed manifold, namely, ∂(M + (φq)).

Let W be a compact manifold whose boundary ∂W is the disjoint sum
∂0W

∐
∂1W . Then we want to construct W from ∂0W × [0, 1] by attach-

ing handles as follows. Note that the following construction will not change
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∂0W = ∂0W × {0}. If φq : Sq−1 ×Dn−q ↪→ ∂0W × {1} is an embedding, we
get by attaching a handle the compact manifold W1 = ∂0W × [0, 1] + (φq)
which is given by ∂0W × [0, 1] ∪φq Dq × Dn−q. Its boundary is a disjoint
sum ∂0W1

∐
∂1W1, where ∂0W1 is the same as ∂0W . Now we can iterate this

process, where we attach a handle to W1 at ∂1W1. Thus we obtain a compact
manifold with boundary

W = ∂0W × [0, 1] + (φq11 ) + (φq22 ) + · · ·+ (φqrr ),

whose boundary is the disjoint union ∂0W
∐
∂1W , where ∂0W is just ∂0W ×

{0}. We call a description of W as above a handlebody decomposition of W
relative ∂0W . From Morse theory, see [107, Chapter 6], [164, part I] we obtain
the following lemma.

Figure 1.14 (Handlebody decomposition).

∂W × [0, 1]

2-handle

0-handle

1-handle

Lemma 1.15. Let W be a compact manifold whose boundary ∂W is the dis-
joint sum ∂0W

∐
∂1W . Then W possesses a handlebody decomposition rela-

tive ∂0W , i.e., W is up to diffeomorphism relative ∂0W = ∂0W × {0} of the
form

W = ∂0W × [0, 1] + (φq11 ) + (φq22 ) + · · ·+ (φqrr ).

If we want to show that W is diffeomorphic to ∂0W × [0, 1] relative ∂0W =
∂0W × {0}, we must get rid of the handles. For this purpose we have to find
possible modifications of the handlebody decomposition which reduce the
number of handles without changing the diffeomorphism type of W relative
∂0W .
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Lemma 1.16 (Isotopy Lemma). Let W be an n-dimensional compact ma-
nifold, whose boundary ∂W is the disjoint sum ∂0W

∐
∂1W . If φq, ψq : Sq−1×

Dn−q ↪→ ∂1W are isotopic embeddings, then there is a diffeomorphism
W + (φq)→W + (ψq) relative ∂0W .

Proof. Let i : Sq−1 × Dn−q × [0, 1] → ∂1W be an isotopy from φq to ψq.
Then one can find a diffeotopy H : W × [0, 1] → W with H0 = idW such
that the composition of H with φq × id[0,1] is i and H is stationary on ∂0W
(see [107, Theorem 1.3 in Chapter 8 on page 184]). Thus H1 : W → W
is a diffeomorphism relative ∂0W and satisfies H1 ◦ φq = ψq. It induces a
diffeomorphism W + (φq)→W + (ψq) relative ∂0W . ut

Lemma 1.17 (Diffeomorphism Lemma). Let W resp. W ′ be a com-
pact manifold whose boundary ∂W is the disjoint sum ∂0W

∐
∂1W resp.

∂0W
′∐ ∂1W

′. Let F : W →W ′ be a diffeomorphism which induces a diffeo-
morphism f0 : ∂0W → ∂0W

′. Let φq : Sq−1×Dn−q ↪→ ∂1W be an embedding.
Then there is an embedding φ

q
: Sq−1×Dn−q ↪→ ∂1W

′ and a diffeomorphism
F ′ : W + (φq)→W ′ + (φ

q
) which induces f0 on ∂0W .

Proof. Put φ
q

= F ◦ φq. ut

Lemma 1.18. Let W be an n-dimensional compact manifold whose boundary
∂W is the disjoint sum ∂0W

∐
∂1W . Suppose that V = W + (ψr) + (φq) for

q ≤ r. Then V is diffeomorphic relative ∂0W to V ′ = W + (φ
q
) + (ψr) for

appropriate φ
q
.

Proof. By transversality and the assumption (q − 1) + (n − 1 − r) < n − 1
we can show that the embedding φq|Sq−1×{0} : Sq−1 × {0} ↪→ ∂1(W + (ψr))
is isotopic to an embedding which does not meet the transverse sphere of
the handle (ψr) attached by ψr [107, Theorem 2.3 in Chapter 3 on page 78].
This isotopy can be embedded in a diffeotopy on ∂1(W + (ψr)). Thus the
embedding φq : Sq−1 × Dn−q ↪→ ∂1(W + (ψr)) is isotopic to an embedding
whose restriction to Sq−1 × {0} does not meet the transverse sphere of the
handle (ψr). Since we can isotope an embedding Sq−1 ×Dn−q ↪→ W + (ψr)
such that its image becomes arbitrary close to the image of Sq−1 × {0},
we can isotope φq : Sq−1 × Dn−q ↪→ ∂1(W + (ψr)) to an embedding which
does not meet a closed neighbourhood U ⊂ ∂1(W + (ψr)) of the transverse
sphere of the handle (ψr). There is an obvious diffeotopy on ∂1(W + (ψr))
which is stationary on the transverse sphere of (ψr) and moves any point
on ∂1(W + (ψr)) which belongs to the handle (ψr) but not to U to a point
outside the handle (ψr). Thus we can find an isotopy of φq to an embedding
φ
p

which does not meet the handle (ψr) at all. Obviously W+(ψr)+(φ
q
) and

W +(φ
q
)+(ψr) agree. By the Isotopy Lemma 1.16 there is a diffeomorphism

relative ∂0W from W + (ψr) + (φ
q
) to W + (ψr) + (φq). ut

Example 1.19 (Cancelling handles). Here is a standard situation, where
attaching first a q-handle and then a (q + 1)-handle does not change the
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diffeomorphism type of an n-dimensional compact manifold W with the dis-
joint union ∂0W

∐
∂1W as boundary ∂W . Let 0 ≤ q ≤ n − 1. Consider an

embedding

µ : Sq−1 ×Dn−q ∪Sq−1×Sn−1−q
+

Dq × Sn−1−q
+ ↪→ ∂1W,

where Sn−1−q
+ is the upper hemisphere in Sn−1−q = ∂Dn−q. Note that the

source of µ is diffeomorphic to Dn−1. Let φq : Sq−1 × Dn−q → ∂1W be its
restriction to Sq−1 ×Dn−q. Let φq+1

+ : Sq+ × S
n−q−1
+ ↪→ ∂1(W + (φq)) be the

embedding which is given by

Sq+ × S
n−q−1
+ = Dq × Sn−q−1

+ ⊂ Dq × Sn−q−1 = ∂(φq) ⊂ ∂1(W + (φq)).

It does not meet the interior of W . Let φq+1
− : Sq−×S

n−1−q
+ ↪→ ∂1(W+(φq)) be

the embedding obtained from µ by restriction to Sq−×S
n−1−q
+ = Dq×Sn−1−q

+ .

Then φq+1
− and φq+1

+ fit together to yield an embedding ψq+1 : Sq×Dn−q−1 =

Sq− × S
n−q−1
+ ∪Sq−1×Sn−q−1

+
Sq+ × S

n−q−1
+ ↪→ ∂1(W + (φq)). Then it is not

difficult to check that W + (φq) + (ψq+1) is diffeomorphic relative ∂0W to
W since up to diffeomorphism W + (φq) + (ψq+1) is obtained from W by
taking the boundary connected sum of W and Dn along the embedding µ of
Dn−1 = Sn−1

+ = Sq−1 ×Dn−q ∪Sq−1×Sn−1−q
+

Dq × Sn−1−q
+ into ∂1W .

Figure 1.20 (Handle cancellation).

1-handle

S × [0, 1]

2-handle

This cancellation of two handles of consecutive index can be generalised
as follows.

Lemma 1.21 (Cancellation Lemma). Let W be an n-dimensional com-
pact manifold whose boundary ∂W is the disjoint sum ∂0W

∐
∂1W . Let

φq : Sq−1 × Dn−q ↪→ ∂1W be an embedding. Let ψq+1 : Sq × Dn−1−q ↪→
∂1(W + (φq)) be an embedding. Suppose that ψq+1(Sq × {0}) is transversal
to the transverse sphere of the handle (φq) and meets the transverse sphere
in exactly one point. Then there is a diffeomorphism relative ∂0W from W
to W + (φq) + (ψq+1).
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Proof. Given any neighbourhood U ⊂ ∂(φq) of the transverse sphere of (φq),
there is an obvious diffeotopy on ∂1(W + (φq)) which is stationary on the
transverse sphere of (φq) and moves any point on ∂1(W+(φq)) which belongs
to the handle (φq) but not to U to a point outside the handle (φq). Thus
we can achieve that ψq+1 maps the lower hemisphere Sq− × {0} to points
outside (φq) and on the upper hemisphere Sq+×{0} it is given by the obvious
inclusion Dq×{x} ↪→ Dq×Dn−q = (φq) for some x ∈ Sn−q−1 and the obvious
identification of Sq+ × {0} with Dq × {x}. Now it is not hard to construct
a diffeomorphism relative ∂0W from W + (φq) + (ψq+1) to W modeling the
standard situation of Example 1.19. ut

The Cancellation Lemma 1.21 will be our only tool to reduce the number
of handles. Note that one can never get rid of one handle alone, there must
always be involved at least two handles simultaneously. The reason is that the
Euler characteristic χ(W,∂0W ) is independent of the handle decomposition
and can be computed by

∑
q≥0(−1)q ·pq, where pq is the number of q-handles

(see Section 1.3).
We call an embedding Sq ×Dn−q ↪→ M for q < n into an n-dimensional

manifold trivial if it can be written as the composition of an embedding
Dn ↪→ M and a fixed standard embedding Sq × Dn−q ↪→ Dn. We call an
embedding Sq ↪→ M for q < n trivial if it can be extended to a trivial
embedding Sq×Dn−q ↪→M . We conclude from the Cancellation Lemma 1.21

Lemma 1.22. Let φq : Sq−1 × Dn−q ↪→ ∂1W be a trivial embedding. Then
there is an embedding φq+1 : Sq ×Dn−1−q ↪→ ∂1(W + (φq)) such that W and
W + (φq) + (φq+1) are diffeomorphic relative ∂0W .

Consider a compact n-dimensional manifold W whose boundary is the
disjoint union ∂0W

∐
∂1W . In view of Lemma 1.15 and Lemma 1.18 we can

write it as

W ∼= ∂0W × [0, 1] +

p0∑
i=1

(φ0
i ) +

p1∑
i=1

(φ1
i ) + · · ·+

pn∑
i=1

(φni ),(1.23)

where ∼= means diffeomorphic relative ∂0W .

Notation 1.24. Put for −1 ≤ q ≤ n

Wq := ∂0W × [0, 1] +

p0∑
i=1

(φ0
i ) +

p1∑
i=1

(φ1
i ) + · · ·+

pq∑
i=1

(φqi );

∂1Wq := ∂Wq − ∂0W × {0};

∂◦1Wq := ∂1Wq −
pq+1∐
i=1

φq+1
i (Sq × int(Dn−1−q)).

Note for the sequel that ∂◦1Wq ⊂ ∂1Wq+1.



14 1 The s-Cobordism Theorem

Lemma 1.25 (Elimination Lemma). Fix an integer q with 1 ≤ q ≤ n−3.
Suppose that pj = 0 for j < q, i.e., W looks like

W = ∂0W × [0, 1] +

pq∑
i=1

(φqi ) +

pq+1∑
i=1

(φq+1
i ) + · · ·+

pn∑
i=1

(φni ).

Fix an integer i0 with 1 ≤ i0 ≤ pq. Suppose that there is an embedding
ψq+1 : Sq ×Dn−1−q ↪→ ∂◦1Wq with the following properties:

(i) ψq+1|Sq×{0} is isotopic in ∂1Wq to an embedding ψq+1
1 : Sq×{0} ↪→ ∂1Wq

which meets the transverse sphere of the handle (φqi0) transversally and
in exactly one point and is disjoint from the transverse sphere of φqi for
i 6= i0;

(ii) ψq+1|Sq×{0} is isotopic in ∂1Wq+1 to a trivial embedding ψq+1
2 : Sq ×

{0} ↪→ ∂◦1Wq+1.

Then W is diffeomorphic relative ∂0W to a manifold of the shape

∂0W×[0, 1]+
∑

i=1,2,...,pq,i6=i0

(φqi )+

pq+1∑
i=1

(φ
q+1

i )+(ψq+2)+

pq+2∑
i=1

(φ
q+2

i )+· · ·+
pn∑
i=1

(φ
n

i ).

Proof. Since ψq+1|Sq×{0} is isotopic to ψq+1
1 and ψq+1

2 is trivial, we can extend

ψq+1
1 and ψq+1

2 to embeddings denoted in the same way ψq+1
1 : Sq×Dn−q−1 ↪→

∂1Wq and ψq+1
2 : Sq×Dn−1−q ↪→ ∂◦1Wq+1 with the following properties [107,

Theorem 1.5 in Chapter 8 on page 180]: ψq+1 is isotopic to ψq+1
1 in ∂1Wq,

ψq+1
1 does not meet the transverse spheres of the handles (φqi ) for i 6= i0,

ψq+1
1 |Sq×{0} meets the transverse sphere of the handle (φqi0) transversally

and in exactly one point, ψq+1 is isotopic to ψq+1
2 within ∂1Wq+1 and ψq+1

2 is
trivial. Because of the Diffeomorphism Lemma 1.17 we can assume without
loss of generality that there are no handles of index ≥ q + 2, i.e., pq+2 =

pq+3 = . . . = pn = 0. It suffices to show for appropriate embeddings φ
q+1

i

and ψq+2 that

∂0W × [0, 1] +

pq∑
i=1

(φqi ) +

pq+1∑
i=1

(φq+1
i )

∼= ∂0W × [0, 1] +
∑

i=1,2,...,pq,i6=i0

(φqi ) +

pq+1∑
i=1

(φ
q+1

i ) + (ψq+2),

where ∼= means diffeomorphic relative ∂0W . Because of Lemma 1.22 there is
an embedding (ψq+2) satisfying
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∂0W × [0, 1] +

pq∑
i=1

(φqi ) +

pq+1∑
i=1

(φq+1
i )

∼= ∂0W × [0, 1] +

pq∑
i=1

(φqi ) +

pq+1∑
i=1

(φq+1
i ) + (ψq+1

2 ) + (ψq+2).

We conclude from the Isotopy Lemma 1.16 and the Diffeomorphism Lemma 1.17
for appropriate embeddings ψq+2

k for k = 1, 2

∂0W × [0, 1] +

pq∑
i=1

(φqi ) +

pq+1∑
i=1

(φq+1
i ) + (ψq+1

2 ) + (ψq+2)

∼= ∂0W × [0, 1] +

pq∑
i=1

(φqi ) +

pq+1∑
i=1

(φq+1
i ) + (ψq+1) + (ψq+2

1 )

∼= ∂0W × [0, 1] +

pq∑
i=1,2,...,pq,i6=i0

(φqi ) + (φqi0) + (ψq+1) +

pq+1∑
i=1

(φq+1
i ) + (ψq+2

2 ).

We get from the Diffeomorphism Lemma 1.17 and the Cancellation Lemma 1.21

for appropriate embeddings φ
q+1

i and ψq+2
3

∂0W × [0, 1] +

pq∑
i=1,2,...,pq,i6=i0

(φqi ) + (φqi0) + (ψq+1) +

pq+1∑
i=1

(φq+1
i ) + (ψq+2

2 )

∼= ∂0W × [0, 1] +

pq∑
i=1,2,...,pq,i6=i0

(φqi ) +

pq+1∑
i=1

(φ
q+1

i ) + (ψq+2
3 ).

This finishes the proof of the Elimination Lemma 1.25. ut

1.3 Handlebody Decompositions and CW -Structures

Next we explain how we can associate to a handlebody decomposition (1.23) a
CW -pair (X, ∂0W ) such that there is a bijective correspondence between the
q-handles of the handlebody decomposition and the q-cells of (X, ∂0W ). The
key ingredient is the elementary fact that the projection (Dq×Dn−q, Sq−1×
Dn−q) → (Dq, Sq−1) is a homotopy equivalence and actually – as we will
explain later – a simple homotopy equivalence.

Recall that a (relative) CW -complex (X,A) consists of a pair of topological
spaces (X,A) together with a filtration

X−1 = A ⊂ X0 ⊂ X1 ⊂ . . . ⊂ Xq ⊂ Xq+1 ⊂ . . . ⊂ ∪q≥0Xq = X
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such that for any q ≥ 0 there exists a pushout of spaces

∐
i∈Iq S

q−1

∐
i∈Iq φ

q
i //

��

Xq−1

��∐
i∈Iq D

q

∐
i∈Iq Φ

q
i // Xq

and X carries the colimit topology with respect to this filtration. The map φqi
is called the attaching map and the map (Φqi , φ

q
i ) is called the characteristic

map of the q-cell belonging to i ∈ Iq. The pushouts above are not part of the
structure, only their existence is required. Only the filtration {Xq | q ≥ −1}
is part of the structure. The path components of Xq − Xq−1 are called the
open cells. The open cells coincide with the sets Φqi (D

q − Sq−1). The closure
of an open cell Φqi (D

q−Sq−1) is called closed cell and turns out to be Φqi (D
q).

Suppose that X is connected with fundamental group π. Let p : X̃ → X be
the universal covering of X, i.e., a covering with simply connected total space.
Put X̃q = p−1(Xq) and Ã = p−1(A). Then (X̃, Ã) inherits a CW -structure

from (X,A) by the filtration {X̃q | q ≥ −1}. The cellular Zπ-chain complex

C∗(X̃, Ã) has as q-th Zπ-chain module the singular homology Hq(X̃q, X̃q−1)
with Z-coefficients and the π-action coming from the deck transformations.
The q-th differential dq is given by the composition

Hq(X̃q, X̃q−1)
∂q−→ Hq−1(X̃q−1)

iq−→ Hq−1(X̃q−1, X̃q−2),

where ∂q is the boundary operator of the long exact sequence of the pair

(X̃q, X̃q−1) and iq is induced by the inclusion. If we choose for each i ∈ Iq a

lift (Φ̃qi , φ̃
q
i ) : (Dq, Sq−1)→ (X̃q, X̃q−1) of the characteristic map (Φqi , φ

q
i ), we

obtain a Zπ-basis {bi | i ∈ Iq} for Cq(X̃, Ã), if we define bi as the image of a

generator in Hq(D
q, Sq−1) ∼= Z under the map Hq(Φ̃

q
i , φ̃

q
i ) : Hq(D

q, Sq−1)→
Hq(X̃q, X̃q−1) = Cq(X̃, Ã). We call {bi | i ∈ Iq} the cellular basis. Note that
we have made several choices in defining the cellular basis. We call two Zπ-
bases {αj | j ∈ J} and {βk | k ∈ K} for Cq(X̃, Ã) equivalent if there is a
bijection φ : J → K and elements εj ∈ {±1} and γj ∈ π for j ∈ J such that
εj · γj ·αj = βφ(j). The equivalence class of the basis {bi | i ∈ Iq} constructed
above does only depend on the CW -structure on (X,A) and is independent

of all further choices such as (Φqi , φ
q
i ), its lift (Φ̃qi , φ̃

q
i ) and the generator of

Hq(D
q, Sq−1).

Now suppose we are given a handlebody decomposition (1.23). We want to
define a finite n-dimensional relative CW -complex (X, ∂0W ) and a homotopy
equivalence

(f, id) : (W,∂0W )
'−→ (X, ∂0W )(1.26)
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For this purpose we construct by induction over q = −1, 0, 1, . . . , n a sequence
of spaces X−1 = ∂0W ⊂ X0 ⊂ X1 ⊂ X2 ⊂ . . . ⊂ Xn together with homotopy
equivalences fq : Wq → Xq such that fq|Wq−1

= fq−1 and (X, ∂0W ) is a CW -
complex with respect to the filtration {Xq | q = −1, 0, 1, . . . , n}. Then f will
be fn. The induction beginning f1 : W−1 = ∂0W × [0, 1] → X−1 = ∂0W
is given by the projection. The induction step from (q − 1) to q is done as
follows. We attach for each handle (φqi ) for i = 1, 2, . . . , pq a cell Dq to Xq−1

by the attaching map fq−1 ◦φqi |Sq−1×{0}. In other words, we define Xq by the
pushout ∐pq

i=1 S
q−1

∐pq
i=1 fq−1◦φqi |Sq−1×{0} //

��

Xq−1

��∐pq
i=1D

q // Xq.

Recall that Wq is the pushout

∐pq
i=1 S

q−1 ×Dn−q
∐pq
i=1 φ

q
i //

��

Wq−1

��∐pq
i=1D

q ×Dn−q // Wq.

Define a space Yq by the pushout

∐pq
i=1 S

q−1

∐pq
i=1 φ

q
i |Sq−1×{0} //

��

Wq−1

��∐pq
i=1D

q // Yq.

Define (gq, fq−1) : (Yq,Wq−1)→ (Xq, Xq−1) by the pushout property applied
to homotopy equivalences given by fq−1 : Wq−1 → Xq−1 and the identity
maps on Sq−1 and Dq. Define (hq, id) : (Yq,Wq−1) → (Wq,Wq−1) by the
pushout property applied to homotopy equivalences given by the obvious
inclusions Sq−1 → Sq−1 × Dn−q and Dq → Dq × Dn−q and the identity
on Wq−1. The resulting maps are homotopy equivalences of pairs since the
left vertical arrows in the three pushouts above are cofibrations (see [37,
page 249]). Choose a homotopy inverse (h−1

q , id) : (Wq,Wq−1)→ (Yq,Wq−1).
Define fq by the composition gq ◦ h−1

q .
In particular we see that the inclusions Wq →W are q-connected since the

inclusion of the q-skeleton Xq → X is always q-connected for a CW -complex
X.

Denote by p : W̃ → W the universal covering with π = π1(W ) as group

of deck transformations. Let W̃q be the preimage of Wq under p. Note that
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this is the universal covering for q ≥ 2 since each inclusion Wq →W induces
an isomorphism on the fundamental groups. Define the handlebody Zπ-chain

complex C∗(W̃ , ∂̃0W ) to be the Zπ-chain complex whose q-th chain group is

Hq(W̃q, W̃q−1) and whose q-th differential is given by the composition

Hq(W̃q, W̃q−1)
∂q−→ Hq−1(W̃q−1)

iq−→ Hq−1(W̃q−1, W̃q−2),

where ∂q is the boundary operator of the long homology sequence associ-

ated to the pair (W̃q, W̃q−1) and iq is induced by the inclusion. The map

(f, id) : (W,∂0W )
'−→ (X, ∂0W ) of (1.26) induces an isomorphism of Zπ-chain

complexes

C∗(f̃ , id∂̃0W ) : C∗(W̃ , ∂̃0W )
∼=−→ C∗(X̃, ∂̃0W ).(1.27)

Each handle (φqi ) determines an element

[φqi ] ∈ Cq(W̃ , ∂̃0W )(1.28)

after choosing a lift (Φ̃qi , φ̃
q
i ) : (Dq × Dn−q, Sq−1 × Dn−q) → (W̃q, W̃q−1) of

its characteristic map (Φqi , φ
q
i ) : (Dq × Dn−q, Sq−1 × Dn−q) → (Wq,Wq−1),

namely, the image of the preferred generator in Hq(D
q × Dn−q, Sq−1 ×

Dn−q) ∼= H0({∗}) = Z under the map Hq(Φ̃
q
i , φ̃

q
i ). This element is only

well-defined up to multiplication with an element γ ∈ π. The elements

{[φqi ] | i = 1, 2, . . . , pq} form a Zπ-basis for Cq(W̃ , ∂̃0W ). Its image under
the isomorphism (1.27) is a cellular Zπ-basis.

If W has no handles of index ≤ 1, i.e., p0 = p1 = 0, one can express

C∗(W̃ , ∂̃0W ) also in terms of homotopy groups as follows. Fix a base point

z ∈ ∂0W and a lift z̃ ∈ ∂̃0W . All homotopy groups are taken with respect
to these base points. Let π∗(W∗,W∗−1) be the Zπ-chain complex, whose q-th
Zπ-module is πq(Wq,Wq−1) for q ≥ 2 and zero for q ≤ 1 and whose q-th
differential is given by the composition

πq(Wq,Wq−1)
∂q−→ πq−1(Wq−1)

πq−1(i)−−−−−→ πq−1(Wq−1,Wq−2).

The Zπ-action comes from the canonical π1(A)-action on the group πq(Y,A)
and the π1(Y ) action on πq(Y ) (see [259, Theorem I.3.1 on page 164]) and the
identification π1(Wq−1) → π1(W ) = π coming from the inclusions Wq−1 →
W . Note that πq(Y,A) is abelian for any pair of spaces (Y,A) for q ≥ 3 and
is abelian also for q = 2 if A is simply connected or empty. For q ≥ 2 the
Hurewicz homomorphism is an isomorphism (see [259, Corollary IV.7.11 on

page181]) πq(W̃q, W̃q−1) → Hq(W̃q, W̃q−1) and the projection p : W̃ → W

induces isomorphisms πq(W̃q, W̃q−1) → πq(Wq,Wq−1). Thus we obtain an
isomorphism of Zπ-chain complexes
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C∗(W̃ , ∂̃0W )
∼=−→ π∗(W∗,W∗−1).(1.29)

Fix a path wi in W from a point in the transverse sphere of (φqi ) to the base
point z. Then the handle (φqi ) determines an element

[φqi ] ∈ πq(Wq,Wq−1).(1.30)

It is represented by the obvious map (Dq × {0}, Sq−1 × {0}) → (Wq,Wq−1)

together with wi. It agrees with the element [φqi ] ∈ Cq(W̃ , ∂̃0W ) defined
in (1.28) under the isomorphism (1.29) if we use the lift of the characteristic
map determined by the path wi.

Exercise 1.31. Let M be a closed odd-dimensional manifold. Show that for
any handlebody decomposition the number of handles of odd index is equal
to the number of handles of even index.

Exercise 1.32. Let M be a closed connected manifold which possesses a
handlebody decomposition without handles of index one. Show that M is
simply connected.

Exercise 1.33. Show that a handlebody decomposition for W = Sn × Sn
must have at least one 0-handle, two n-handles and one 2n-handle. Describe
one.

1.4 Reducing the Handlebody Decomposition

In the next step we want to get rid of the handles of index zero and one in
the handlebody decomposition (1.23).

Lemma 1.34. Let W be an n-dimensional manifold for n ≥ 6 whose bound-
ary is the disjoint union ∂W = ∂0W

∐
∂1W . Then the following statements

are equivalent

(i) The inclusion ∂0W →W is 1-connected;
(ii) We can find a diffeomorphism relative ∂0W

W ∼= ∂0W × [0, 1] +

p2∑
i=1

(φ2
i ) +

p3∑
i=1

(φ
3

i ) + · · ·+
pn∑
i=1

(φ
n

i ).

Proof. (ii) ⇒ (i) has already been proved in Section 1.3. It remains to con-
clude (ii) provided that (i) holds.
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We first get rid of all 0-handles in the handlebody decomposition (1.23).
It suffices to give a procedure to reduce the number of handles of index 0
by one. Since the inclusion ∂0W → W is 1-connected, the inclusion ∂0W →
W1 induces a bijection on the set of path components. Given any index i0,
there must be an index i1 such that the core of the handle φ1

i1
is a path

connecting a point in ∂0W ×{1} with a point in (φ0
i0

). We conclude from the
Diffeomorphism Lemma 1.17 and the Cancellation Lemma 1.21 that (φi0)
and (φ1

i1
) cancel one another, i.e., we have

W ∼= ∂0W × [0, 1] +
∑

i=1,2,...,p0,i6=i0

(φ0
i ) +

∑
i=1,2,...,p1,i6=i1

(φ1
i ) + · · ·+

pn∑
i=1

(φni ).

Hence we can assume p0 = 0 in (1.23).
Next we want to get rid of the 1-handles assuming that the inclusion

∂0W →W is 1-connected. It suffices to give a procedure to reduce the num-
ber of handles of index 1 by one. We want to do this by constructing an
embedding ψ2 : S1×Dn−2 ↪→ ∂◦1W1 which satisfies the two conditions of the
Elimination Lemma 1.25 and then applying the Elimination Lemma 1.25.
Consider the embedding ψ2

+ : S1
+ = D1 = D1×{x} ↪→ D1×Dn−1 = (φ1

1) for
some fixed x ∈ Sn−2 = ∂Dn−1. The inclusion ∂◦1W0 → ∂1W0 = ∂0W × {1}
induces an isomorphism on the fundamental group since ∂◦1W0 is obtained
from ∂1W0 = ∂0W×{1} by removing the interior of a finite number of embed-
ded (n− 1)-dimensional disks. Since by assumption the inclusion ∂0W →W
is 1-connected, the inclusion ∂◦1W0 → W induces an epimorphism on the
fundamental groups. Therefore we can find an embedding ψ2

− : S1
− ↪→ ∂◦1W0

with ψ2
−|S0 = ψ2

+|S0 such that the map ψ2
0 : S1 = S1

+ ∪S0 S1
− → ∂1W1 given

by ψ2
+ ∪ ψ2

− is nullhomotopic in W . One can isotope the attaching maps
φ2
i : S1 ×Dn−2 → ∂1W1 of the 2-handles (φ2

i ) so that they do not meet the
image of ψ2

0 because the sum of the dimension of the source of ψ2
0 and of

S1×{0} ⊂ S1×Dn−2 is less than the dimension (n−1) of ∂1W1 and one can
always shrink inside Dn−2. Thus we can assume without loss of generality
by the Isotopy Lemma 1.16 and the Diffeomorphism Lemma 1.17 that the
image of ψ2

0 lies in ∂◦1W1. The inclusion ∂1W2 → W is 2-connected. Hence
ψ2

0 is nullhomotopic in ∂1W2. Let h : D2 → ∂1W2 be a nullhomotopy for ψ2
0 .

Since 2 · dim(D2) < dim(∂1W2), we can change h relative to S1 into an em-
bedding. (Here we need for the first time the assumption n ≥ 6.) Since D2

is contractible the normal bundle of h and thus of ψ2
0 = ψ2

+ ∪ ψ2
− are trivial.

Therefore we can extend ψ2
0 to an embedding ψ2 : S1×Dn−1 ↪→ ∂◦1W1 which

is isotopic to a trivial embedding in ∂1W2 and meets the transverse sphere
of the handle (φ1

1) transversally and in exactly one point and does not meet
the transverse spheres of the handles (φ1

i ) for 2 ≤ i ≤ p1. Now Lemma 1.34
follows from the Elimination Lemma 1.25. ut

Now consider an h-cobordism (W ; ∂0W,∂1W ). Because of Lemma 1.34 we
can write it as
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W ∼= ∂0W × [0, 1] +

p2∑
i=1

(φ2
i ) +

p3∑
i=1

(φ3
i ) + . . . .

Lemma 1.35 (Homology Lemma). Suppose n ≥ 6. Fix 2 ≤ q ≤ n−3 and
i0 ∈ {1, 2, . . . , pq}. Let f : Sq ↪→ ∂1Wq be an embedding. Then the following
statements are equivalent

(i) f is isotopic to an embedding g : Sq ↪→ ∂1Wq such that g meets the trans-
verse sphere of (φqi0) transversally and in exactly one point and is disjoint
from transverse spheres of the handles (φqi ) for i 6= i0;

(ii) Let f̃ : Sq → W̃q be a lift of f under p|
W̃q

: W̃q →Wq. Let [f̃ ] be the image

of the class represented by f̃ under the obvious composition

πq(W̃q)→ πq(W̃q, W̃q−1)→ Hq(W̃q, W̃q−1) = Cq(W̃ ).

Then there is γ ∈ π with

[f̃ ] = ±γ · [φqi0 ].

Proof. (i) ⇒ (ii) We can isotope f so that f |Sq+ : Sq+ → ∂1Wq looks like

the canonical embedding Sq+ = Dq × {x} ↪→ Dq × Sn−1−q = ∂(φqi0) for
some x ∈ Sn−1−q and f(Sq−) does not meet any of the handles (φqi ) for
i = 1, 2, . . . , pq. One easily checks that then (ii) is true.

(ii) ⇒ (i) We can isotope f so that it is transverse to the transverse spheres
of the handles (φqi ) for i = 1, 2, . . . , pq. Since the sum of the dimension of the
source of f and of the dimension of the transverse spheres is the dimension
of ∂1Wq, the intersection of the image of f with the transverse sphere of
the handle (φqi ) consists of finitely many points xi,1, xi,2, . . . , xi,ri for i =
1, 2, . . . , pq. Fix a base point y ∈ Sq. It yields a base point z = f(y) ∈ W .
Fix for each handle (φqi ) a path wi in W from a point in its transverse
sphere to z. Let ui,j be a path in Sq with the property that ui,j(0) = y
and f(ui,j(1)) = xi,j for 1 ≤ j ≤ ri and 1 ≤ i ≤ pq. Let vi,j be any path
in the transverse sphere of (φqi ) from xi,j to wi(0). Then the composition
f(ui,j) ∗ vi,j ∗ wi is a loop in W with base point z and thus represents an
element denoted by γi,j in π = π1(W, z). It is independent of the choice
of ui,j and vi,j since Sq and the transverse sphere of each handle (φqi ) are
simply connected. The tangent space Txi,j∂1Wq is the tangent space of the
handle (φqi ) at xi,j and is the direct sum of Tf−1(xi,j)S

q and the tangent space

of the transverse sphere {0} × Sn−1−q of the handle (φqi ) at xi,j . All these
three tangent spaces come with preferred orientations. We define elements
εi,j ∈ {±1} by requiring that it is 1 if these orientations fit together and −1
otherwise. Now one easily checks that
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[f̃ ] =

pq∑
i=1

ri∑
j=1

εi,j · γi,j · [φqi ],

where [φqi ] is the element associated to the handle (φqi ) after the choice of the

path wi (see (1.28) and (1.30)). We have by assumption [f̃ ] = ±γ · [φqi0 ] for
some γ ∈ π. We want to isotope f so that f does not meet the transverse
spheres of the handles (φqi ) for i 6= i0 and does meet the transverse sphere
of (φqi0) transversally and in exactly one point. Therefore it suffices to show

in the case that the number
∑pq
i=1 ri of all intersection points of f with the

transverse spheres of the handles (φqi ) for i = 1, 2, . . . , pi is bigger than one
that we can change f by an isotopy such that this number becomes smaller.
We have

±γ · [φqi0 ] =

pq∑
i=1

ri∑
j=1

εi,j · γi,j · [φqi ].

Recall that the elements [φqi ] for i = 1, 2, . . . , pq form a Zπ-basis. Hence we can
find an index i ∈ {1, 2, . . . , pq} and two different indices j1, j2 ∈ {1, 2, . . . , ri}
such that the composition of the paths f(ui,j1) ∗ vi,j1 ∗ v−i,j2 ∗ f(u−i,j2) is null-
homotopic in W and hence in ∂1Wq and the signs εi,j1 and εi,j2 are different.
Now by the Whitney trick (see [167, Theorem 6.6 on page 71], [263]) we can
change f by an isotopy so that the two intersection points xi,j1 and xi,j2
disappear, the other intersection points of f with transverse spheres of the
handles (φqi ) for i ∈ {1, 2, . . . , pq} remain and no further intersection points
are introduced. For the application of the Whitney trick we need the assump-
tion n− 1 ≥ 5. This finishes the proof of the Homology Lemma 1.35. ut

Lemma 1.36 (Modification Lemma). Let f : Sq ↪→ ∂◦1Wq be an embed-
ding and let xj ∈ Zπ be elements for j = 1, 2 . . . , pq+1. Then there is an
embedding g : Sq ↪→ ∂◦1Wq with the following properties:

(i) f and g are isotopic in ∂1Wq+1;

(ii) For a given lift f̃ : Sq → W̃q of f one can find a lift g̃ : Sq → W̃q of g

such that we get in Cq(W̃ )

[g̃] = [f̃ ] +

pq+1∑
j=1

xj · dq+1[φq+1
j ],

where dq+1 is the (q + 1)-th differential in C∗(W̃ , ∂̃0W ).

Proof. Any element in Zπ can be written as a sum of elements of the form
±γ for γ ∈ π. Hence it suffices to prove for a fixed number j ∈ {1, 2 . . . , pq},
a fixed element γ ∈ π and a fixed sign ε ∈ {±1} that one can find an
embedding g : Sq ↪→ ∂◦1Wq which is isotopic to f in ∂1Wq+1 and satisfies for
an appropriate lifting g̃
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[g̃] = [f̃ ] + ε · γ · dp+1[φq+1
j ].

Consider the embedding tj : Sq = Sq×{z} ⊂ Sq×Sn−2−q ↪→ ∂(φq+1
j ) ⊂ ∂1Wq

for some point z ∈ Sn−2−q = ∂Dn−1−q. It is in ∂1Wq+1 isotopic to a trivial
embedding. Choose a path w in ∂◦1Wq connecting a point in the image of f
with a point in the image of tj . Without loss of generality we can arrange
w to be an embedding. Moreover, we can thicken w : [0, 1] → ∂◦1Wq to an
embedding w : [0, 1]×Dq ↪→ ∂◦1Wq such that w({0} ×Dq) and w({1} ×Dq)
are embedded q-dimensional disks in the images of f and tj and w((0, 1)×Dq)
does not meet the images of f and tj . Now one can form a new embedding, the
connected sum g := f]wtj : Sq → ∂◦1Wq. It is essentially given by restriction
of f and tj to the part of Sq, which is not mapped under f and tj to the
interior of the disks w({0} × Dq), w({1} × Dq), and w|[0,1]×Sq−1 . Since tj
is isotopic to a trivial embedding in ∂1Wq+1, the embedding g is isotopic in

∂1Wq+1 to f . Recall that we have fixed a lifting f̃ of f . This determines a

unique lifting of g̃, namely, we require that f̃ and g̃ coincide on those points,
where f and g already coincide. For an appropriate element γ′ ∈ π one gets
[g̃] = [f̃ ] + γ′ · dq+1([φq+1

j ]), since tj : Sq → ∂1Wq ⊂ Wq is homotopic to

φq+1
j |Sq×{0} : Sq × {0} = Sq → Wq in Wq. We can change the path w by

composing it with a loop representing γ · (γ′)−1 ∈ π. Then we get for the new
embedding g that

[g̃] = [f̃ ] + γ · dq+1([φq+1
j ]).

If we compose tj with a diffeomorphism Sq → Sq of degree −1, we still get
an embedding g which is isotopic to f in ∂1Wq+1 and satisfies

[g̃] = [f̃ ]− γ · dq+1([φq+1
j ]).

This finishes the proof of the Modification Lemma 1.36. ut

Lemma 1.37 (Normal Form Lemma). Let (W ; ∂0W,∂1W ) be a compact
h-cobordism of dimension n ≥ 6. Let q be an integer with 2 ≤ q ≤ n − 3.
Then there is a handlebody decomposition which has only handles of index q
and (q + 1), i.e., there is a diffeomorphism relative ∂0W

W ∼= ∂0W × [0, 1] +

pq∑
i=1

(φqi ) +

pq+1∑
i=1

(φq+1
i ).

Proof. In the first step we show that we can arrange W−1 = Wq−1, i.e., pr = 0
for r ≤ q− 1. We do this by induction over q. The induction beginning q = 2
has already been carried out in Lemma 1.34. In the induction step from q
to (q + 1) we must explain how we can decrease the number of q-handles
provided that there are no handles of index < q. In order to get rid of the
handle (φq1) we want to attach a new (q+ 1)-handle and a new (q+ 2)-handle
such that (φq1) and the new (q+ 1)-handle cancel and the new (q+ 1)-handle



24 1 The s-Cobordism Theorem

and the new (q + 2)-handle cancel each other. The effect will be that the
number of q-handles is decreased by one at the cost of increasing the number
of (q + 2)-handles by one.

Fix a trivial embedding ψ
q+1

: Sq ×Dn−1−q ↪→ ∂◦1Wq. Since the inclusion

∂0W → W is a homotopy equivalence, Hp(W̃ , ∂̃0W ) = 0 for all p ≥ 0. Since

the p-th homology of C∗(W̃ , ∂̃0W ) is Hp(W̃ , ∂̃0W ) = 0, the Zπ-chain complex

C∗(W̃ , ∂̃0W ) is acyclic. Since Cq−1(W̃ , ∂̃0W ) is trivial, the q-th differential of

C∗(W̃ , ∂̃0W ) is zero and hence the (q + 1)-th differential dq+1 is surjective.
We can choose elements xj ∈ Zπ such that

[φq1] =

pq+1∑
i=1

xj · dq+1([φq+1
i ]).

Since α := ψ
q+1|Sq×{0} → ∂◦1Wq is nullhomotopic, [α̃] = 0 in Hq(W̃q, W̃q−1).

Because of the Modification Lemma 1.36 we can find an embedding ψq+1 : Sq×
Dn−1−q ↪→ ∂◦1Wq such that β := ψq+1|Sq×{0} is isotopic in ∂1Wq+1 to α and
we get

[β̃] = [α̃] +

pq+1∑
i=1

xj · dq+1([φq+1
i ]) = [φq1].

Because of the Homology Lemma 1.35 the embedding β = ψq|Sq×{0} is iso-
topic in ∂1Wq to an embedding γ : Sq ↪→ ∂1Wq which meets the transverse
sphere of (φq1) transversally and in exactly one point and is disjoint from
the transverse spheres of all other handles of index q. By construction ψq+1

is isotopic in ∂1Wq+1 to the trivial embedding ψ
q+1

. Now we can apply
the Elimination Lemma 1.25. This finishes the proof that we can arrange
W−1 = Wq−1.

Next we explain the dual handlebody decomposition. Suppose that W is
obtained from ∂0W × [0, 1] by attaching one q-handle (φq), i.e., W = ∂0W ×
[0, 1] + (φq). Then we can interchange the role of ∂0W and ∂1W and try to
build W from ∂1W by handles. It turns out that W can be written as

W = ∂1W × [0, 1] + (ψn−q)(1.38)

by the following argument.
Let M be the manifold with boundary Sq−1×Sn−1−q obtained from ∂0W

by removing the interior of φq(Sq−1 ×Dn−q). We get

W ∼= ∂0W × [0, 1] ∪Sq−1×Dn−q D
q ×Dn−q

= M × [0, 1] ∪Sq−1×Sn−1−q×[0,1](
Sq−1 ×Dn−q × [0, 1] ∪Sq−1×Dn−q×{1} D

q ×Dn−q) .
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Inside Sq−1×Dn−q× [0, 1]∪Sq−1×Dn−q×{1}D
q×Dn−q we have the following

submanifolds

X := Sq−1 × 1/2 ·Dn−q × [0, 1] ∪Sq−1×1/2·Dn−q×{1} D
q × 1/2 ·Dn−q;

Y := Sq−1 × 1/2 · Sn−1−q × [0, 1] ∪Sq−1×1/2·Sn−1−q×{1} D
q × 1/2 · Sn−1−q.

The pair (X,Y ) is diffeomorphic to (Dq × Dn−q, Dq × Sn−1−q), i.e., it is a
handle of index (n− q). Let N be obtained from W by removing the interior
of X. Then W is obtained from N by adding an (n− q)-handle, the so called
dual handle. One easily checks that N is diffeomorphic to ∂1W×[0, 1] relative
∂1W × {1}. Thus (1.38) follows.

Suppose that W is relatively ∂0W of the shape

W ∼= ∂0W × [0, 1] +

p0∑
i=1

(φ0
i ) +

p1∑
i=1

(φ1
i ) + · · ·+

pn∑
i=1

(φni ),

Then we can conclude inductively using the Diffeomorphism Lemma 1.17
and (1.38) that W is diffeomorphic relative to ∂1W to

W ∼= ∂1W × [0, 1] +

pn∑
i=1

(φ
0

i ) +

pn−1∑
i=1

(φ
1

i ) + · · ·+
p0∑
i=1

(φ
n

i ).(1.39)

This corresponds to replacing a Morse function f by −f . The effect is that
the number of q-handles becomes now the number of (n− q)-handles.

Now applying the first step to the dual handlebody decomposition for q re-
placed by (n−q−1) and then considering the dual handlebody decomposition
of the result finishes the proof of the Normal Form Lemma 1.37. ut

1.5 Handlebody Decompositions and Whitehead Groups

Let (W,∂0W,∂1W ) be an n-dimensional compact h-cobordism for n ≥ 6. By
the Normal Form Lemma 1.37 we can fix a handlebody decomposition for
some fixed number 2 ≤ q ≤ n− 3

W ∼= ∂0W × [0, 1] +

pq∑
i=1

(φqi ) +

pq+1∑
i=1

(φq+1
i ).

Recall that the Zπ-chain complex C∗(W̃ , ∂̃0W ) is acyclic. Hence the only

non-trivial differential dq+1 : Hq+1(W̃q+1, W̃q) → Hq(W̃q, W̃q−1) is bijective.

Recall that {[φq+1
i ] | i = 1, 2 . . . , pq+1} is a Zπ-basis for Hq+1(W̃q+1, W̃q)

and {[φqi ] | i = 1, 2 . . . , pq} is a Zπ-basis for Hq(W̃q, W̃q−1). In particular
pq = pq+1. The matrix A, which describes the differential dq+1 with respect
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to these basis, is an invertible (pq, pq)-matrix over Zπ. Since we are working
with left modules, dq+1 sends an element x ∈ ZGn to x · A ∈ ZGn, or

equivalently, dq+1([φq+1
i ]) =

∑n
j=1 ai,j [φ

q
j ].

Next we define an abelian group Wh(π) as follows. It is the set of equiva-
lence classes of invertible matrices of arbitrary size with entries in Zπ, where
we call an invertible (m,m)-matrix A and an invertible (n, n)-matrix B over
Zπ equivalent, if we can pass from A to B by a sequence of the following
operations:

(i) B is obtained from A by adding the k-th row multiplied with x from the
left to the l-th row for x ∈ Zπ and k 6= l;

(ii) B is obtained by taking the direct sum of A and the (1, 1)-matrix I1 = (1),

i.e., B looks like the block matrix

(
A 0
0 1

)
;

(iii) A is the direct sum of B and I1. This is the inverse operation to (ii);
(iv) B is obtained from A by multiplying the i-th row from the left with a

trivial unit , i.e., with an element of the shape ±γ for γ ∈ π;
(v) B is obtained from A by interchanging two rows or two columns.

The group structure is given on representatives A and B as follows. By
taking the direct sum A⊕ Im and B ⊕ In with the identity matrices Im and
In of size m and n for appropriate m and n one can arrange that A⊕ Im and
B⊕ In are invertible matrices of the same size and can be multiplied. Define
[A] · [B] by [(A⊕ Im) · (B ⊕ In)]. The zero element 0 ∈Wh(π) is represented
by In for any positive integer n. The inverse of [A] is given by [A−1]. We will
show later in Lemma 2.7 that the multiplication is well-defined and yields an
abelian group Wh(π).

Exercise 1.40. Show that the Whitehead group of the trivial group vanishes.

Exercise 1.41. Let t ∈ Z/5 be a generator. Consider the (1, 1)-matrix given
as (1− t− t−1) over Z[Z/5]. Show that it represents a non-trivial element in
Wh(Z/5).

Lemma 1.42. (i) Let (W,∂0W,∂1W ) be an n-dimensional compact h-cobordism
for n ≥ 6 and A be the matrix defined above. If [A] = 0 in Wh(π), then
the h-cobordism W is trivial relative ∂0W ;

(ii) Consider an element u ∈ Wh(π), a closed manifold M of dimension
n− 1 ≥ 5 with fundamental group π and an integer q with 2 ≤ q ≤ n− 3.
Then we can find an h-cobordism of the shape

W = M × [0, 1] +

pq∑
i=1

(φqi ) +

pq+1∑
i=1

(φq+1
i )

such that [A] = u.
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Proof. (i) Let B be a matrix which is obtained from A by applying one of the
operations (i), (ii), (iii), (iv), and (v). It suffices to show that we can modify
the given handlebody decomposition in normal form of W with associated
matrix A such that we get a new handlebody decomposition in normal form
whose associated matrix is B.

We begin with (i). ConsiderW ′ = ∂0W×[0, 1]+
∑pq
i=1(φqi )+

∑pq+1

j=1,j 6=l(φ
q+1
j ).

Note that we get from W ′ our h-cobordism W if we attach the han-
dle (φq+1

l ). By the Modification Lemma 1.36 we can find an embedding

φ
q+1

l : Sq × Dn−1−q ↪→ ∂1W
′ such that φ

q+1

l is isotopic to φq+1
l and we

get [
˜

φ
q+1

l |Sq×{0}
]

=

[
˜φq+1

l |Sq×{0}
]

+ x · dq+1([φq+1
k ]).

If we attach to W ′ the handle (φ
q+1

l ), the result is diffeomorphic to W rela-
tive ∂0W by the Isotopy Lemma 1.16. One easily checks that the associated
invertible matrix B is obtained from A by adding the k-th row multiplied
with x from the left to the the l-th row.

The claim for the operations (ii) and (iii) follow from the Cancellation
Lemma 1.21 and the Homology Lemma 1.35. The claim for the operation (iv)
follows from the observation that we can replace the attaching map of a
handle φq : Sq × Dn−1−q → ∂1Wq by its composition with f × id for some
diffeomorphism f : Sq → Sq of degree −1 and that the base element [φqi ]

can also be changed to γ · [φqi ] by choosing a different lift along W̃q → Wq.
Operation (v) can be realised by interchanging the numeration of the q-
handles and (q + 1)-handles.

(ii) Fix an invertible matrix A = (ai,j) ∈ GL(n,Zπ). Choose trivial pairwise
disjoint embeddings φ2

i : S1 ×Dn−2 ↪→M0 × {1}. Consider

W2 = M0 × [0, 1] + (φ2
1) + (φ2

2) + · · ·+ (φ2
n).

Since the embeddings φ2
i are trivial, we can construct embeddings φ3

i : S2 ×
Dn−3 ↪→ ∂1W2 and lifts φ̃3

i : S2 ×Dn−3 → ∂̃1W2 such that in π2(W̃2, ∂̃0W )

[φ̃3
i |S2×{0}] =

n∑
j=1

ai,j · [φ2
j ].

Put W = W2 + (φ3
1) + (φ3

2) + · · · + (φ3
n). One easily checks that W is an

h-cobordism over M0 with a handlebody decomposition which realises the
matrix A. This finishes the proof Lemma 1.42. ut

If π is trivial, then Wh(π) is trivial. Hence Lemma 1.42 (i) implies already
the h-Cobordism Theorem 1.4.

Remark 1.43 (Strategy to finish the proof of the s-Cobordism The-
orem 1.1). As soon as we have shown that [A] ∈ Wh(π) agrees with the
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Whitehead torsion τ(W,M0) of the h-cobordism W over M0 and that this
invariant depends only on the diffeomorphism type of W relative M0, the
s-Cobordism Theorem 1.1 (i) will follow.

Obviously Lemma 1.42 (ii) implies the s-Cobordism Theorem 1.1 (ii). We
will later see that assertion (iii) of the s-Cobordism Theorem 1.1 follows
from assertions (i) and (ii) if we have more information about the Whitehead
torsion, namely the sum and the composition formulas. All this will be carried
out in Subsection 2.3

1.6 Miscellaneous

The h-Cobordism Theorem 1.4 is due to Smale [224]. The s-Cobordism
Theorem 1.1 is due to Barden, Mazur, Stallings, see [11, 159]. Its to-
pological version was proved by Kirby and Siebenmann [122, Essay II].
More information about the s-cobordism theorem can be found for instance
in [120], [167], [214, page 87-90]. The s-cobordism theorem is known to be false
for n = dim(M0) = 4 in general, by the work of Donaldson [76], but it is true
for n = dim(M0) = 4 for so called “good” fundamental groups in the topologi-
cal category by results of Freedman [87, 88]. The trivial group is an example of
a “good” fundamental groups. Counterexamples in the case n = dim(M0) = 3
are constructed by Cappell and Shaneson [43]. The Poincaré Conjecture (see
Theorem 1.5) is known in all dimensions, where dimension 3 is due to the
work of Perelman (see [124, 176, 177, 187, 188, 189]) and dimension 4 is due
to Freedman (see [87, 88]). It is obviously true in dimensions 1 and 2.
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Chapter 2

Whitehead Torsion

2.1 Introduction

In this chapter we will assign to a homotopy equivalence f : X → Y of
finite CW -complexes its Whitehead torsion τ(f) in the Whitehead group
Wh(Π(Y )) associated to Y . The main properties of this invariant are summa-
rized in the following Theorem 2.1. For its formulation we need the following
notion.

Suppose that the following diagram is a pushout

A
f //

i

��

B

j

��
X

g
// Y

the map i is an inclusion of CW -complexes and f is a cellular map of CW -
complexes, i.e., respects the filtration given by the CW -structures. Then Y
inherits a CW -structure by defining Yn as the union of j(Bn) and g(Xn).
If we equip Y with this CW -structure, we call the pushout above a cellular
pushout .

Theorem 2.1 (Basic properties of Whitehead torsion).

(i) Sum formula

Let the following two diagrams

X0
i1 //

i2

��

X1

j1

��
X2

j2
// X

Y0
k1 //

k2

��

Y1

l1

��
Y2

l2

// Y

be cellular pushouts of finite CW -complexes. Put l0 = l1 ◦ k1 = l2 ◦
k2 : Y0 → Y . Let fi : Xi → Yi be homotopy equivalences for i = 0, 1, 2
satisfying f1 ◦ i1 = k1 ◦ f0 and f2 ◦ i2 = k2 ◦ f0. Denote by f : X → Y the
map induced by f0, f1 and f2 and the pushout property.
Then f is a homotopy equivalence and

τ(f) = (l1)∗τ(f1) + (l2)∗τ(f2)− (l0)∗τ(f0);

29
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(ii) Homotopy invariance

Let f ' g : X → Y be homotopic maps of finite CW -complexes. Then the
homomorphisms f∗, g∗ : Wh(Π(X)) → Wh(Π(Y )) agree. If additionally
f and g are homotopy equivalences, then

τ(g) = τ(f);

(iii) Composition formula

Let f : X → Y and g : Y → Z be homotopy equivalences of finite CW -
complexes. Then

τ(g ◦ f) = g∗τ(f) + τ(g);

(iv) Product formula

Let f : X ′ → X and g : Y ′ → Y be homotopy equivalences of connected
finite CW -complexes. Then

τ(f × g) = χ(X) · j∗τ(g) + χ(Y ) · i∗τ(f),

where χ(X), χ(Y ) ∈ Z denote the Euler characteristics, j∗ : Wh(Π(Y ))→
Wh(Π(X × Y )) is the homomorphism induced by j : Y → X × Y, y 7→
(y, x0) for some base point x0 ∈ X and i∗ is defined analogously;

(v) Topological invariance

Let f : X → Y be a homeomorphism of finite CW -complexes. Then

τ(f) = 0.

Given an h-cobordism (W ;M0, f0,M1, f1) over M0, we define its White-
head torsion τ(W,M0) by the Whitehead torsion of the inclusion ∂0W →W ,
see Definition 2.23. This is the invariant appearing in the s-Cobordism The-
orem 1.1.

We will give some information about the Whitehead group Wh(Π(Y )) in
Section 2.2. We will present the algebraic definition of Whitehead torsion and
the proof of Theorem 2.1 in Section 2.3.

A geometric approach to the Whitehead torsion is summarized in Sec-
tion 2.4. There we will introduce the notion of a simple homotopy equivalence,
show that a homotopy equivalence of finite CW -complexes is simple if and
only if its Whitehead torsion vanishes, and every element in the Whitehead
group Wh(Π(Y )) of a finite CW -complex occurs as the Whitehead torsion
of a homotopy equivalence of finite CW -complexes with Y as target.

A similar invariant, the Reidemeister torsion, will be treated in Section 2.5.
It will be used to classify lens spaces.

Exercise 2.2. Let (W ;M0, f0,M1, f1) be an h-cobordism. Show that the h-
cobordism (W × Sn;M0 × Sn, f0 × idSn ,M1 × Sn, f1 × idSn) is trivial if n is
odd and n ≥ 5.
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Guide 2.3. It is not necessary to go through the remainder of this chapter to
understand the following chapters. The minimal requirement is to understand
the statement of Theorem 2.1, its relevance for the s-Cobordism Theorem 1.1
and that one can assign to a ZG-chain homotopy equivalence of finite based
free ZG-chain complexes its Whitehead torsion, which takes value in the
Whitehead group Wh(G). It is even possible for the first reading to pretend
that every homotopy equivalence is simple, every s-cobordism is trivial, and
the Whitehead group Wh(G) is trivial. All this is known to be true in the
simply connected case and for many torsionfree groups G.

2.2 Whitehead Groups

In this section we define K1(R) for an associative ring R with unit and the
Whitehead group Wh(G) of a groupG and relate the definitions of this section
with the one of Section 1.5. Furthermore we give some basic information
about its computation.

Let R be an associative ring with unit. Denote by GL(n,R) the group
of invertible (n, n)-matrices with entries in R. Define the group GL(R) by
the colimit of the system indexed by the natural numbers . . . ⊂ GL(n,R) ⊂
GL(n + 1, R) ⊂ . . . , where the inclusion GL(n,R) to GL(n + 1, R) is given
by stabilisation

A 7→
(
A 0
0 1

)
.

Define K1(R) by the abelianisation GL(R)/[GL(R),GL(R)] of GL(R). Let

K̃1(R) be the cokernel of the map K1(Z)→ K1(R) induced by the canonical
ring homomorphism Z→ R. The homomorphism det : K1(Z)→ {±1}, [A] 7→
det(A) is a bijection, because Z is a ring with Euclidian algorithm. Hence

K̃1(R) is the same as the quotient of K1(R) by the cyclic subgroup of at
most order two generated by the class of the (1, 1)-matrix (−1).

Definition 2.4 (Whitehead group). Define the Whitehead group Wh(G)
of a group G to be the cokernel of the map G×{±1} → K1(ZG) which sends
(g,±1) to the class of the invertible (1, 1)-matrix (±g).

There is the conjecture that the Whitehead group Wh(G) vanishes for any
torsionfree group G. This is a special case of the K-theoretic Farrell-Jones
Conjecture which has been proved for a large class of groups. This class in-
cludes hyperbolic groups, CAT(0)-groups, solvable groups, lattices in almost
connected Lie groups, arithmetic groups, and fundamental groups of (not nec-
essarily compact) 3-manifolds (possibly with boundary), and mapping class
groups. It is closed under taking subgroups, finite free products, finite direct
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products and directed colimits over directed systems (with arbitrary struc-
ture maps). Proofs can be found in [13, 14, 15, 18, 19, 21, 115, 143, 216, 253].

The Whitehead group satisfies Wh(G ∗H) = Wh(G)⊕Wh(H), see [229].
If G is finite, then Wh(G) is very well understood, see [184]. Namely,

Wh(G) is finitely generated, its rank as abelian group is the number of con-
jugacy classes of unordered pairs {g, g−1} inGminus the number of conjugacy
classes of cyclic subgroups, and its torsion subgroup is isomorphic to the ker-
nel SK1(G) of the change of coefficients homomorphism K1(ZG)→ K1(QG).
For a finite cyclic group G the Whitehead group Wh(G) is torsionfree. For
instance the Whitehead group Wh(Z/p) of a cyclic group of order p for an
odd prime p is the free abelian group of rank (p − 3)/2 and Wh(Z/2) = 0.
The Whitehead group of the symmetric group Sn is trivial. The Whitehead
group of Z2 × Z/4 is not finitely generated as abelian group.

Next we want to relate the definitions above to the one of Section 1.5.
Denote by En(i, j) for n ≥ 1 and 1 ≤ i, j ≤ n the (n, n)-matrix whose entry
at (i, j) is one and is zero elsewhere. Denote by In the identity matrix of
size n. An elementary (n, n)-matrix is a matrix of the form In + r · En(i, j)
for n ≥ 1, 1 ≤ i, j ≤ n, i 6= j and r ∈ R. Let A be a (n, n)-matrix. The
matrix B = A · (In + r · En(i, j)) is obtained from A by adding the i-th
column multiplied with r from the right to the j-th column. The matrix
C = (In+r ·En(i, j)) ·A is obtained from A by adding the j-th row multiplied
with r from the left to the i-th row. Let E(R) ⊂ GL(R) be the subgroup
generated by all elements in GL(R) which are represented by elementary
matrices.

Lemma 2.5. We have E(R) = [GL(R),GL(R)]. In particular E(R) ⊂
GL(R) is a normal subgroup and K1(R) = GL(R)/E(R).

Proof. For n ≥ 3, pairwise distinct numbers 1 ≤ i, j, k ≤ n and r ∈ R we can
write In + r · En(i, k) as a commutator in GL(n,R), namely

In + r · En(i, k) = (In + r · En(i, j)) · (In + En(j, k)) ·
(In + r · En(i, j))−1 · (In + En(j, k))−1.

This implies E(R) ⊂ [GL(R),GL(R)].
Let A and B be two elements in GL(n,R). Let [A] and [B] be the elements

in GL(R) represented by A and B. Given two elements x and y in GL(R),
we write x ∼ y if there are elements e1 and e2 in E(R) with x = e1ye2, in
other words, if the classes of x and y in E(R)\GL(R)/E(R) agree. One easily
checks

[AB] ∼
[(

AB 0
0 In

)]
∼
[(

AB A
0 In

)]
∼
[(

0 A
−B In

)]
∼
[(

0 A
−B 0

)]
,

since each step is given by multiplication from the right or left with a block

matrix of the form

(
In 0
C In

)
or

(
In C
0 In

)
and such a block matrix is obviously
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obtained from I2n by a sequence of column and row operations and hence its
class in GL(R) belongs to E(R). Analogously we get

[BA] ∼
[(

0 B
−A 0

)]
.

Since the element in GL(R) represented by

(
0 −In
In 0

)
belongs to E(R), we

conclude [(
0 A
−B 0

)]
∼
[(

A 0
0 B

)]
∼
[(

0 B
−A 0

)]
.

This shows

[AB] ∼ [BA].(2.6)

This implies for any element x ∈ GL(R) and e ∈ E(R) that xex−1 ∼ ex−1x =
e and hence xex−1 ∈ E(R). Therefore E(R) is normal. Given a commutator
xyx−1y−1 for x, y ∈ GL(R), we conclude for appropriate elements e1, e2, e3

in E(R)

xyx−1y−1 = e1yxe2x
−1y−1 = e1yxx

−1y−1(yx)e2(yx)−1 = e1e3 ∈ E(R).

This finishes the proof of Lemma 2.5. ut

Lemma 2.7. The definition of Wh(G) of Section 1.5 makes sense and yields
an abelian group which can be identified with the definition of Wh(G) given
in this section above.

Proof. Note that the operation (i) appearing in the definition of Wh(G) in
Section 1.5 corresponds to multiplication with an elementary matrix from
the left. Since E(R) is normal by Lemma 2.5, two invertible matrices A and
B over ZG are equivalent under the equivalence relation appearing in the
definition of Wh(G) as explained in Section 1.5 if and only their classes [A]
and [B] in Wh(G) as defined in this section agree. Now the claim follows
from Lemma 2.5. ut

Remark 2.8 (K1(R) in terms of automorphisms). Often K1(R) is de-
fined in a more conceptual way in terms of automorphisms as follows. Namely,
K1(R) is defined as the abelian group whose generators [f ] are conjugacy
classes of automorphisms f : P → P of finitely generated projective R-
modules P and which satisfies the following relations. For any commutative
diagram of finitely generated projective R-modules with exact rows and au-
tomorphisms as vertical arrows
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0 // P0
i //

f0 ∼=
��

P1
p //

f1 ∼=
��

P2
//

f2 ∼=
��

0

0 // P0
i // P1

p // P2
// 0

we get the relation [f0] − [f1] + [f2] = 0. If f, g : P → P are automorphisms
of a finitely generated projective R-module P , then [g ◦ f ] = [g] + [f ]. Using
Lemma 2.5 one easily checks that sending the class [A] of an invertible (n, n)-
matrix A to the class of the automorphism RA : Rn → Rn, x 7→ xA defines
an isomorphism from GL(R)/[GL(R),GL(R)] to the abelian group defined
above.

Exercise 2.9. Using the ring homomorphism f : Z[Z/5] → C which sends
the generator of Z/5 to exp(2πi/5) and the norm of a complex number,
define a homomorphism of abelian groups

φ : Wh(Z/5)→ R>0.

Show that 1−t−t−1 is a unit in Z[Z/5] whose class in Wh(Z/5) is an element
of infinite order. (Actually Wh(Z/5) is an infinite cyclic group with this class
as generator).

2.3 Algebraic Approach to Whitehead Torsion

In this section we give the definition and prove the basic properties of the
Whitehead torsion using an algebraic approach via chain complexes. This will
enable us to finish the proof of the s-Cobordism Theorem 1.1. The idea which
underlies the notion of Whitehead torsion will become more transparent in
Section 2.4, where we will develop a geometric approach to Whitehead torsion
and link it to the strategy of proof of the s-Cobordism Theorem 1.1.

We begin with some input about chain complexes. A more thorough treat-
ment of conventions and homotopy theory of chain complexes is contained
in Chapter 13, here we only discuss the notions needed in this chapter. Let
f∗ : C∗ → D∗ be a chain map of R-chain complexes for some ring R. Define
cyl∗(f∗) to be the chain complex with p-th differential

(2.10) Cp−1 ⊕ Cp ⊕Dp


−cp−1 0 0
− id −cp 0
fp−1 0 dp


// Cp−2 ⊕ Cp−1 ⊕Dp−1.

Define cone∗(f∗) to be the quotient of cyl∗(f∗) by the obvious copy of C∗.
Hence the p-th differential of cone∗(f∗) is
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(2.11) Cp−1 ⊕Dp

−cp−1 0
fp−1 dp


// Cp−2 ⊕Dp−1.

Given a chain complex C∗, define ΣC∗ to be the quotient of cone∗(idC∗) by
the obvious copy of C∗, i.e., the chain complex with p-th differential

(2.12) Cp−1
−cp−1−−−−→ Cp−2.

Definition 2.13 (Mapping cylinder and mapping cone). Let cyl∗(f∗)
be the mapping cylinder, cone∗(f∗) the mapping cone of the chain map f∗
and ΣC∗ the suspension of the chain complex C∗.

These algebraic notions of mapping cylinder, mapping cone and sus-
pension are modeled on their geometric counterparts. Namely, the cellular
chain complex of a mapping cylinder of a cellular map of CW -complexes
is the mapping cylinder of the chain map induced by f . From the ge-
ometry it is also clear why one obtains obvious exact sequences such as
0→ C∗ → cyl∗(f∗)→ cone∗(f∗)→ 0 and 0→ D∗ → cone∗(f∗)→ ΣC∗ → 0.

A chain contraction γ∗ for an R-chain complex C∗ is a collection of R-
homomorphisms γp : Cp → Cp+1 for p ∈ Z such that cp+1◦γp+γp−1◦cp = idCp
holds for all p ∈ Z.

Exercise 2.14. Let f∗ : C∗ → D∗ be a chain map. Show that f∗ is a chain
homotopy equivalence if and only if cone∗(f∗) is contractible.

We call an R-chain complex C∗ finite if there is a number N with Cp = 0
for |p| > N and each R-chain module Cp is a finitely generated R-module.
We call an R-chain complex C∗ projective respectively free respectively based
free if each R-chain module Cp is projective respectively free respectively free
with a preferred basis. Suppose that C∗ is a finite based free R-chain complex
which is contractible, i.e., which possesses a chain contraction. Put Codd =⊕

p∈Z C2p+1 and Cev =
⊕

p∈Z C2p. Let γ∗ and δ∗ be two chain contractions.
Define R-homomorphisms

(c∗ + γ∗)odd : Codd → Cev;

(c∗ + δ∗)ev : Cev → Codd.

Let A be the matrix of (c∗+γ∗)odd with respect to the given bases. Let B be
the matrix of (c∗ + δ∗)ev with respect to the given bases. Put µn := (γn+1 −
δn+1) ◦ δn and νn := (δn+1 − γn+1) ◦ γn. One easily checks that (id +µ∗)odd,
(id +ν∗)ev and both compositions (c∗ + γ∗)odd ◦ (id +µ∗)odd ◦ (c∗ + δ∗)ev and
(c∗ + δ∗)ev ◦ (id +ν∗)ev ◦ (c∗ + γ∗)odd are given by upper triangular matrices
whose diagonal entries are identity maps. Hence A and B are invertible and
their classes [A], [B] ∈ K̃1(R) satisfy [A] = −[B]. Since [B] is independent of
the choice of γ∗, the same is true for [A]. Thus we can associate to a finite
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based free contractible R-chain complex C∗ its Reidemeister torsion

ρ(C∗) = [A] ∈ K̃1(R).(2.15)

Let f∗ : C∗ → D∗ be a chain homotopy equivalence of finite based free
R-chain complexes. Its mapping cone cone(f∗) is a contractible finite based
free R-chain complex.

Definition 2.16 (Whitehead torsion of a chain homotopy equiva-
lence). Define the Whitehead torsion of the chain homotopy equivalence
of finite based free R-chain complexes f∗ : C∗ → D∗ by

τ(f∗) := ρ(cone∗(f∗)) ∈ K̃1(R).

Of course the Reidemeister torsion ρ(C∗) of a finite based free contractible
R-chain complex in the sense of (2.15) is the Whitehead torsion of the chain
homotopy equivalence 0∗ → C∗ in the sense of Definition 2.16. We follow
the convention that the torsion of a chain complex, which is contractible or
may come with extra information about its homology, is attributed to Rei-
demeister, whereas the torsion of a chain homotopy equivalence is attributed
to Whitehead.

We call a sequence of finite based free R-chain complexes 0 → C∗
i∗−→

D∗
q∗−→ E∗ → 0 based exact if for any p ∈ Z the basis B for Dp can be written

as a disjoint union B′
∐
B′′ such that the image of the basis of Cp under ip

is B′ and the image of B′′ under qp is the basis for Ep.

Lemma 2.17. (i) Consider a commutative diagram of finite based free R-
chain complexes

0 // C ′∗ //

f∗

��

D′∗ //

g∗

��

E′∗ //

h∗

��

0

0 // C∗ // D∗ // E∗ // 0

whose rows are based exact. Suppose that two of the chain maps f∗, g∗
and h∗ are R-chain homotopy equivalences. Then all three are R-chain
homotopy equivalences and

τ(f∗)− τ(g∗) + τ(h∗) = 0;

(ii) Let f∗ ' g∗ : C∗ → D∗ be homotopic R-chain homotopy equivalences of
finite based free R-chain complexes. Then

τ(f∗) = τ(g∗);

(iii) Let f∗ : C∗ → D∗ and g∗ : D∗ → E∗ be R-chain homotopy equivalences of
based free R-chain complexes. Then
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τ(g∗ ◦ f∗) = τ(g∗) + τ(f∗).

Proof. (i) The claim about the R-chain homotopy equivalences is proved
in a more general later, see Proposition 13.46. Alternatively one may argue
as follows. A chain map of finite projective chain complexes is a homotopy
equivalence if and only if it induces an isomorphism on homology, (actually
bounded below instead of finite suffices), see Proposition 13.44 (ii). The five
lemma and the long homology sequence of a short exact sequence of chain
complexes imply that all three chain maps f∗, h∗ and g∗ are chain homotopy
equivalences if two of them are.

To prove the sum formula, it suffices to show for a based free exact sequence

0→ C∗
i∗−→ D∗

q∗−→ E∗ → 0 of contractible finite based free R-chain complexes
that

ρ(C∗)− ρ(D∗) + ρ(E∗) = 0.(2.18)

Let u∗ : F∗ → G∗ be an isomorphism of contractible finite based free R-chain
complexes. Since the choice of chain contraction does not affect the values
of the Whitehead torsion, we can compute τ(F∗) and τ(G∗) with respect to
chain contractions which are compatible with u∗. Then one easily checks in
K̃1(R)

τ(G∗)− τ(F∗) =
∑
p∈Z

(−1)p · [up],(2.19)

where [up] is the element represented by the matrix of up with respect to the
given bases.

Let ε∗ be a chain contraction for E∗. Choose for any p ∈ Z an R-
homomorphism σp : Ep → Dp satisfying qp ◦ σp = id. Define sp : Ep → Dp by
dp+1 ◦ σp+1 ◦ εp + σp ◦ εp−1 ◦ ep. One easily checks that the collection of the
sp-s defines a chain map s∗ : E∗ → D∗ with q∗ ◦ s∗ = id. Thus we obtain an
isomorphism of contractible based free R-chain complexes

i∗ ⊕ s∗ : C∗ ⊕ E∗ → D∗.

Since the matrix of ip ⊕ sp with respect to the given basis is a block matrix

of the shape

(
Im ∗
0 In

)
we get [ip ⊕ sp] = 0 in K̃1(R). Now (2.19) implies

ρ(C∗⊕E∗) = ρ(D∗). Since obviously ρ(C∗⊕E∗) = ρ(C∗) +ρ(E∗), (2.18) and
thus assertion (i) follows.

(ii) If h∗ : f∗ ' g∗ is a chain homotopy, we obtain an isomorphism of based
free R-chain complexes(

id 0
h∗−1 id

)
: cone∗(f∗) = C∗−1 ⊕D∗ → cone∗(g∗) = C∗−1 ⊕D∗.
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We conclude from (2.19)

τ(g∗)− τ(f∗) =
∑
p∈Z

(−1)p ·
[(

id 0
h∗−1 id

)]
= 0.

(iii) Define a chain map h∗ : Σ−1 cone∗(g∗)→ cone∗(f∗) by(
0 0
− id 0

)
: Dp ⊕ Ep+1 → Cp−1 ⊕Dp.

There is an obvious based exact sequence of contractible finite based free
R-chain complexes 0→ cone∗(f∗)→ cone(h∗)→ cone(g∗)→ 0. There is also
a based exact sequence of contractible finite based free R-chain complexes

0 → cone∗(g∗ ◦ f∗)
i∗−→ cone∗(h∗) → cone∗(id : D∗ → D∗) → 0, where ip is

given by 
fp−1 0

0 id
id 0
0 0

 : Cp−1 ⊕ Ep → Dp−1 ⊕ Ep ⊕ Cp−1 ⊕Dp.

We conclude from assertion (i)

τ(h∗) = τ(f∗) + τ(g∗);

τ(h∗) = τ(g∗ ◦ f∗) + τ(id∗ : D∗ → D∗);

τ(id∗ : D∗ → D∗) = 0.

This finishes the proof of Lemma 2.17. ut

Now we can pass to CW -complexes. Let f : X → Y be a homotopy equiv-
alence of connected finite CW -complexes. Let pX : X̃ → X and pY : Ỹ → Y
be the universal coverings. Fix base points x̃ ∈ X̃ and ỹ ∈ Ỹ such that f
maps x = pX(x̃) to y = pY (ỹ). Let f̃ : X̃ → Ỹ be the unique lift of f satisfy-

ing f̃(x̃) = ỹ. We abbreviate π = π1(Y, y) and identify π1(X,x) in the sequel
with π by π1(f, x). After the choice of the base points x̃ and ỹ we get unique

operations of π on X̃ and Ỹ . The lift f̃ is π-equivariant. It induces a Zπ-chain
homotopy equivalence C∗(f̃) : C∗(X̃)→ C∗(Ỹ ). We can apply Definition 2.16
to it and thus obtain an element

τ(f) ∈Wh(π1(Y, y)).(2.20)

So far this definition depends on the various choices of base points. We
can get rid of these choices as follows. If y′ is a second base point, we
can choose path w from y to y′ in Y . Conjugation with w yields a homo-
morphism cw : π1(Y, y) → π1(Y, y′) which induces (cw)∗ : Wh(π1(Y, y)) →
Wh(π1(Y, y′)). If v is a different path from y to y′, then cw and cv dif-
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fer by an inner automorphism of π1(Y, y). Since an inner automorphism of
π1(Y, y) induces the identity on Wh(π1(Y, y)), we conclude that (cw)∗ and
(cv)∗ agree. Hence we get a unique isomorphism t(y, y′) : Wh(π1(Y, y)) →
Wh(π1(Y, y′)) depending only on y and y′. Moreover t(y, y) = id and
t(y, y′′) = t(y′, y′′) ◦ t(y, y′). Therefore we can define Wh(Π(Y )) indepen-
dently of a choice of a base point by

∐
y∈Y Wh(π1(Y, y))/ ∼, where ∼ is

the obvious equivalence relation generated by a ∼ b ⇔ t(y, y′)(a) = b for
a ∈Wh(π1(Y, y)) and b ∈Wh(π1(Y, y′)). Define τ(f) ∈Wh(Π(Y )) by the el-
ement represented by the element introduced in (2.20). Note that Wh(Π(Y ))
is isomorphic to Wh(π1(Y, y)) for any base point y ∈ Y . It is not hard to
check using Lemma 2.17 that τ(f) depends only on f : X → Y and not on
the choice of the universal coverings and base points. Finally we want to
drop the assumption that Y is connected. Note that f induces a bijection
π0(f) : π0(X)→ π0(Y ).

Definition 2.21 (Whitehead group of a space and Whitehead tor-
sion of a map). Let f : X → Y be a homotopy equivalence of finite CW -
complexes. Define the Whitehead group Wh(Π(Y )) of Y and the Whitehead
torsion τ(f) ∈Wh(Π(Y )) by

Wh(Π(Y )) =
⊕

C∈π0(Y )

Wh(Π(C));

τ(f) =
⊕

C∈π0(Y )

τ
(
f |π0(f)−1(C) : π0(f)−1(C)→ C

)
.

In the notation Wh(Π(Y )) one should think of Π(Y ) as the fundamen-
tal groupoid of Y . Note that a map f : X → Y induces a homomorphism
f∗ : Wh(Π(X)) → Wh(Π(Y )) such that id∗ = id, (g ◦ f)∗ = g∗ ◦ f∗ and
f ' g ⇒ f∗ = g∗.

A detailed discussion of base point issues will be given in Subsection 7.7.1
and for the more complicated case of L-theory in Subsection 7.7.2.

Next we give the proof of Theorem 2.1.

Proof of Theorem 2.1. (i), (ii), and (iii) follow from Lemma 2.17.

(iv) Because of assertion (iii) we have

τ(f × g) = τ(f × idY ) + (f × idY )∗τ(idX ×g).

Hence it suffices to treat the case g = idY . Now one proceeds by induction
over the cells of Y using assertions (i), (ii), and (iii).

(v) This (in comparison with the other assertions a much deeper result) is
due to Chapman [49, 50]. This finishes the proof of Theorem 2.1. ut

Exercise 2.22. Consider a square of connected finite CW -complexes such
that the vertical arrows are coverings and the horizontal arrows are homotopy
equivalences
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X
f

'
//

pX

��

Y

pY

��
X

f

' // Y.

Show that τ(f) vanishes if τ(f) vanishes. Is the converse true in general?

Definition 2.23 (Whitehead torsion of an h-cobordism). We define
the Whitehead torsion of an h-cobordism (W ;M0, f0,M1, f1)

τ(W,M0) ∈Wh(Π(M0)).

by τ(W,M0) := (i0 ◦f0)−1
∗ (τ(i0 ◦ f0 : M0 →W )), where we equip W and M0

with some CW -structure, for instance one coming from a smooth triangula-
tion.

This is independent of the choice of CW -structure by Theorem 2.1 (v). Be-
cause of Theorem 2.1 (v) two h-cobordisms over M0 which are diffeomorphic
relative M0 have the same Whitehead torsion.

Let R be a ring with involution i : R → R, r → r, i.e., a map satisfying
r + s = r + s, r · s = s · r and 1 = 1. Given a (m,n)-matrix A = (ai,j) define
the (n,m)-matrix A∗ by (aj,i). We obtain an involution

∗ : K1(R)→ K1(R), [A] 7→ [A∗].(2.24)

Let P be a left R-module. Define the dual R-module P ∗ to be the left R-
module whose underlying abelian group is P ∗ = hom(P,R) and whose left R-
module structure is given by (rf)(x) := f(x)r for f ∈ P ∗ and x ∈ P . Then the
induced involution on K1(R) corresponds to [f : P → P ] 7→ [f∗ : P ∗ → P ∗]
if one defines K1(R) as in Remark 2.8.

Our main example of a ring with involution is the group ring AG for some
commutative associative ring A with unit and a group G together with a
homomorphism w : G→ {±1}. The so called w-twisted involution is defined
by

∗ : AG→ AG,
∑
g∈G

ag · g 7→
∑
g∈G

w(g) · ag · g−1.(2.25)

Now consider a connected manifold M . Then the first Stiefel Whitney
class yields a homomorphism w1(M) : π1(M) → {±1}. Thus we obtain an
involution on K1(Z[π1(M)]) coming from the w1(M)-twisted involution on
Z[π1(M)]. It induces an involution on the Whitehead group

∗ : Wh(Π1(M)) →Wh(Π1(M)).(2.26)
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This extends in the obvious way to the non-connected case by considering
each component of M separately.

Lemma 2.27. (i) Let (W ;M0, f0,M1, f1) and (W ′;M ′0, f
′
0,M

′
1, f
′
1) be h-co-

bordisms over M0 and M ′0 and let g : M1 → M ′0 be a diffeomorphism.
Let W ∪ W ′ be the h-cobordism over M0 obtained from W and W ′

by glueing with the diffeomorphism f ′0 ◦ g ◦ f−1
1 : ∂1W → ∂0W

′. Let
u : Wh(Π(M ′0))→Wh(Π(M0)) be the isomorphism given by the compo-
sition (f0)−1

∗ ◦ (i0)−1
∗ ◦ (i1)∗ ◦ (f1)∗ ◦ (g∗)

−1, where ik : ∂kW → W is the
inclusion for k = 0, 1. Then

τ(W ∪W ′,M0) = τ(W,M0) + u (τ(W ′,M ′0)) .

(ii) Let (W ;M0, f0,M1, f1) be an h-cobordism over M0. Let v : Wh(Π(M1))→
Wh(Π(M0)) be the isomorphism given by the composition (f0)−1

∗ ◦(i0)−1
∗ ◦

(i1)∗ ◦ (f1)∗. Then

∗(τ(W,M0)) = (−1)dim(M0) · v(τ(W,M1)).

Proof. (i) follows from Theorem 2.1.

(ii) Let C∗(W̃ , ∂̃kW ) be the cellular Zπ-chain complex with respect to a trian-

gulation of W of the universal covering W̃ →W for π = π1(W ) = π1(∂0W ) =

π1(∂1W ). Put n = dim(W ). The dual Zπ-chain complex Cn−∗(W̃ , ∂̃1W ) has

as p-th chain module the dual module of Cn−p(W̃ , ∂̃1W ) and its p-th differ-

ential is the dual of cn−p+1 : Cn−p+1(W̃ , ∂̃1W ) → Cn−p(W̃ , ∂̃1W ). Poincaré
duality yields a Zπ-chain homotopy equivalence for n = dim(W )

− ∩ [W,∂W ] : Cn−∗(W̃ , ∂̃1W )→ C∗(W̃ , ∂̃0W ).

Inspecting the proof of Poincaré duality using dual cells [131] shows that this
is a base preserving chain map if one passes to subdivisions. This implies
that this Zπ-chain homotopy equivalence has trivial Whitehead torsion. We
conclude from Lemma 2.17

τ(C∗(W̃ , ∂̃0W )) = τ(Cn−∗(W̃ , ∂̃1W )) = (−1)n−1 · ∗
(
τ(C∗(W̃ , ∂̃1W ))

)
.

This finishes the proof of Lemma 2.27 ut

Next we can finish the proof of the s-Cobordism Theorem 1.1.

Proof of the s-Cobordism Theorem 1.1. We have to show that the class of the
matrix [A] ∈Wh(π) appearing in Lemma 1.42 (i) agrees with τ(W,M0) and
that τ(W,M0) depends only on the diffeomorphism type of W relative M0,
as explained Remark 1.43.

Using Theorem 2.1 one can show that the homotopy equivalence f : W →
X of Section 1.3 satisfies τ(f) = 0 and hence τ(W,M0) = τ(C∗(X̃, ∂̃0W )).
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We conclude [A] = τ(C∗(X̃, ∂̃0W )) from the existence of the base preserving
isomorphism (1.27). In view of Lemma 1.42 assertions (i) and (ii) of Theo-
rem 1.1 follow.

In order to prove Theorem 1.1 (iii), we have to show for two h-cobordisms
(W ;M0,M1, f0, f1) and (W ′;M0,M

′
1, f
′
0, f
′
1) over M0 satisfying τ(W,M0) =

τ(W ′,M0) that they are diffeomorphic relative M0. Choose an h-cobordism
(W ′′;M1,M

′′
2 , f

′′
1 , f

′′
2 ) over M1 such that τ(W ′′;M1,M

′′
2 , f

′′
1 , f

′′
2 ) is the image

of −τ(W,M0) under the isomorphism (i1 ◦ f1)−1
∗ ◦ (i0 ◦ f0)∗ : Wh(Π(M0))→

Wh(Π(M1)), where ik : ∂kW → W for k = 0, 1 is the inclusion. We can
glue W and W ′′ along M1 to get an h-cobordism W ∪M1

W ′′ over M0.
From Lemma 2.27 (i) we get τ(W ∪M1

W ′′,M0) = 0. Hence there is a dif-
feomorphism G : W ∪M1 W

′′ → M × [0, 1] which induces the identity on
M0 = M0×{0} and a diffeomorphism g1 : M2 →M0×{1} = M0. Now we can
form the h-cobordism W ∪M1

W ′′ ∪g1 W ′. Using G we can construct a diffeo-
morphism relative M0 from W ∪M1

W ′′∪g1W ′ to W ′. Similarly one can show
that W ′′ ∪g1 W ′ is diffeomorphic relative M1 to the trivial h-cobordism over
M1. Hence there is also a diffeomorphism relative M0 from W ∪M1W

′′∪g1W ′
to W . Hence W and W ′ are diffeomorphic relative M0. This finishes the proof
of the s-Cobordism Theorem 1.1. ut

Exercise 2.28. Let (W ;M0, f0,M1, f1) be an h-cobordism. Suppose that the
Whitehead torsion τ = τ(W ;M0, f0,M1, f1) ∈ Wh(Π1(M0)) is non-trivial
and satisfies τ + (−1)dim(W ) · v(τ) = 0 for the isomorphism v defined in
Lemma 2.27. Show that W is non-trivial and that M0 and M1 are simple
homotopy equivalent.

2.4 The Geometric Approach to Whitehead Torsion

In this section we introduce the concept of a simple homotopy equivalence
f : X → Y of finite CW -complexes geometrically. We will show that the
obstruction for a homotopy equivalence f : X → Y of finite CW -complexes to
be simple is the Whitehead torsion. This proof is a CW -version or homotopy
version of the proof of the s-Cobordism Theorem 1.1.

We have the inclusion of spaces Sn−2 ⊂ Sn−1
+ ⊂ Sn−1 ⊂ Dn, where

Sn−1
+ ⊂ Sn−1 is the upper hemisphere. The pair (Dn, Sn−1

+ ) carries an ob-

vious relative CW -structure. Namely, attach an (n − 1)-cell to Sn−1
+ by the

attaching map id: Sn−2 → Sn−2 to obtain Sn−1. Then we attach to Sn−1

an n-cell by the attaching map id: Sn−1 → Sn−1 to obtain Dn. Let X be a
CW -complex. Let q : Sn−1

+ → X be a map satisfying q(Sn−2) ⊂ Xn−2 and

q(Sn−1
+ ) ⊂ Xn−1. Let Y be the space Dn ∪q X, i.e., the pushout
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Sn−1
+

q //

i

��

X

j

��
Dn

g
// Y

where i is the inclusion. Then Y inherits a CW -structure by putting Yk =
j(Xk) for k ≤ n − 2, Yn−1 = j(Xn−1) ∪ g(Sn−1) and Yk = j(Xk) ∪ g(Dn)
for k ≥ n. Note that Y is obtained from X by attaching one (n − 1)-cell
and one n-cell. Since the map i : Sn−1

+ → Dn is a homotopy equivalence and
cofibration, the map j : X → Y is a homotopy equivalence and cofibration.
We call j an elementary expansion and say that Y is obtained from X by an
elementary expansion. There is a map r : Y → X with r ◦ j = idX . This map
is unique up to homotopy relative j(X). We call any such map an elementary
collapse and say that X is obtained from Y by an elementary collapse.

Figure 2.29 (Elementary expansion).

1-cell
2-cell

X

An elementary expansion is the CW -version or homotopy version of the
construction in Example 1.19, where we have added a q-handle and a (q+1)-
handle to W without changing the diffeomorphism type of W . This corre-
sponds to an elementary expansion for the CW -complex X which we have
assigned to W in Section 1.3.

Definition 2.30 (Simple homotopy equivalence). Let f : X → Y be a
map of finite CW -complexes. We call it a simple homotopy equivalence if
there is a sequence of maps

X = X[0]
f0−→ X[1]

f1−→ X[2] . . .
fn−1−−−→ X[n] = Y

such that each fi is an elementary expansion or elementary collapse and f is
homotopic to the composition of the maps fi.

Exercise 2.31. Consider the simplicial complex X with four vertices v0, v1,
v2 and v3, the edges {v0, v1}, {v1, v2}, {v0, v2} and {v2, v3} and one 2-simplex
{v0, v1, v2}. Describe a sequence of elementary collapses and expansions trans-
forming it to the one-point-space {•}.

The idea of the definition of a simple homotopy equivalence is that such a
map can be written as a composition of elementary maps which are obviously
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homotopy equivalences. This is similar to the idea in knot theory that two
knots are equivalent if one can pass from one knot to the other by a sequence
of elementary moves, the so called Reidemeister moves. A Reidemeister move
obviously does not change the equivalence class of a knot and, indeed, it
turns out that one can pass from one knot to a second knot by a sequence of
Reidemeister moves if the two knots are equivalent. The analogous statement
is not true for homotopy equivalences f : X → Y of finite CW -complexes
because there is an obstruction for f to be simple, namely its Whitehead
torsion.

Lemma 2.32. (i) Let f : X → Y be a simple homotopy equivalence. Then
its Whitehead torsion τ(f) ∈Wh(Π(Y )) vanishes;

(ii) Let X be a finite CW -complex. Then for any element x ∈ Wh(Π(X))
there is an inclusion i : X → Y of finite CW -complexes such that i is a
homotopy equivalence and i−1

∗ (τ(i)) = x.

Proof. (i) Because of Theorem 2.1 it suffices to prove for an elementary
expansion j : X → Y that its Whitehead torsion τ(j) ∈Wh(Π(Y )) vanishes.
We can assume without loss of generality that Y is connected. In the sequel
we write π = π1(Y ) and identify π = π1(X) by π1(f). The following diagram
of based free finite Zπ-chain complexes

0 // C∗(X̃)
C∗(j̃) // C∗(Ỹ )

pr∗ // C∗(Ỹ , X̃) // 0

0 // C∗(X̃)
id∗ //

id∗

OO

C∗(X̃)
pr∗ //

C∗(j̃)

OO

0 //

0∗

OO

0

has based exact rows and Zπ-chain homotopy equivalences as vertical arrows.
We conclude from Lemma 2.17 (i)

τ
(
C∗(j̃)

)
= τ

(
id∗ : C∗(X̃)→ C∗(X̃)

)
+ τ

(
0∗ : 0→ C∗(Ỹ , X̃)

)
= τ

(
C∗(Ỹ , X̃)

)
.

The Zπ-chain complex C∗(Ỹ , X̃) is concentrated in two consecutive dimen-
sions and its only non-trivial differential is id : Zπ → Zπ if we identify the two
non-trivial Zπ-chain modules with Zπ using the cellular basis. This implies
τ(C∗(Ỹ , X̃)) = 0 and hence τ(j) := τ(C∗(j̃)) = 0.

(ii) We can assume without loss of generality that X is connected. Put
π = π1(X). Choose an element A ∈ GL(n,Zπ) representing x ∈ Wh(π).
Choose n ≥ 2. In the sequel we fix a zero-cell in X as base point. Put
X ′ = X ∨ ∨nj=1S

n. Let bj ∈ πn(X ′) be the element represented by the in-
clusion of the j-th copy of Sn into X for j = 1, 2 . . . , n. Recall that πn(X ′)
is a Zπ-module. Choose for i = 1, 2 . . . , n a map fi : S

n → X ′ such that
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[fi] =
∑n
j=1 ai,j · bj holds in πn(X ′). Attach to X ′ for each i ∈ {1, 2 . . . , n}

an (n + 1)-cell by fi : S
n → X ′. Let Y be the resulting CW -complex and

i : X → Y be the inclusion. Then i is an inclusion of finite CW -complexes and
induces an isomorphism on the fundamental groups. In the sequel we identify
π and π1(Y ) by π1(i). The cellular Zπ-chain complex C∗(Ỹ , X̃) is concen-
trated in dimensions n and (n+ 1) and its (n+ 1)-differential is given by the

matrix A with respect to the cellular basis. Hence C∗(Ỹ , X̃) is a contractible

finite based free Zπ-chain complex with τ(C∗(Ỹ , X̃)) = [A] in Wh(π). This
implies that i : X → Y is a homotopy equivalence with i−1

∗ (τ(i)) = x. This
finishes the proof of Lemma 2.32. ut

Note that Lemma 2.32 (ii) is the CW -analogue of Theorem 1.1 (ii).
Recall that the mapping cylinder cyl(f) of a map f : X → Y is defined by

the pushout

(2.33) X × {0}
f //

��

Y

��
X × [0, 1] // cyl(f)

There are natural inclusions iX : X = X × {1} → cyl(f) and iY : Y →
cyl(f) and a natural projection p : cyl(f)→ Y . Note that iX is a cofibration
and p ◦ iX = f and pY ◦ Y = idY . Define the mapping cone cone(f) by the
quotient cyl(f)/iX(X).

Figure 2.34 (Mapping cylinder and mapping cone).

Y

Cylinder

X

Y

Cone

Lemma 2.35. Let f : X → Y be a cellular map of finite CW -complexes and
A ⊂ X be a CW -subcomplex. Then the inclusion cyl(f |A) → cyl(f) and (in
the case A = ∅) iY : Y → cyl(f) is a composition of elementary expansions
and hence a simple homotopy equivalence.

Proof. It suffices to treat the case, whereX is obtained from A by attaching an
n-cell by an attaching map q : Sn−1 → X. Then there is an obvious pushout
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Sn−1 × [0, 1] ∪Sn−1×{0} D
n × {0} //

��

cyl(f |A)

��
Dn × [0, 1] // cyl(f)

and an obvious homeomorphism (Dn × [0, 1], Sn−1 × [0, 1] ∪Sn−1×{0} D
n ×

{0})→ (Dn+1, Sn+). ut

Lemma 2.36. A map f : X → Y of finite CW -complexes is a simple ho-
motopy equivalence if and only if iX : X → cyl(f) is a simple homotopy
equivalence.

Proof. This follows from Lemma 2.35 since a composition of simple homotopy
equivalence and a homotopy inverse of a simple homotopy equivalence is again
a simple homotopy equivalence. ut

Fix a finite CW -complex X. Consider to pairs of finite CW -complexes
(Y,X) and (Z,X) such that the inclusions of X into Y and Z are homotopy
equivalences. We call them equivalent, if there is a chain of pairs of finite
CW -complexes

(Y,X) = (Y [0], X), (Y [1], X), (Y [2], X), . . . , (Y [n], X) = (Z,X),

such that for each k ∈ {1, 2, . . . , n} either Y [k] is obtained from Y [k − 1] by
an elementary expansion or Y [k− 1] is obtained from Y [k] by an elementary
expansion. Denote by Whgeo(X) the equivalence classes [Y,X] of such pairs
(Y,X). This becomes an abelian group under the addition [Y,X] + [Z,X] :=
[Y ∪X Z,X]. The zero element is given by [X,X]. The inverse of [Y,X] is
constructed as follows. Choose a map r : Y → X with r|X = id. Let p : X ×
[0, 1] → X be the projection. Then [(cyl(r) ∪p X) ∪r X,X] + [Y,X] = 0. A
map g : X → X ′ induces a homomorphism g∗ : Whgeo(X) → Whgeo(X ′) by
sending [Y,X] to [Y ∪g X ′, X ′]. We obviously have id∗ = id and (g ◦ h)∗ =
g∗ ◦h∗. In other words, we obtain a covariant functor on the category of finite
CW -complexes with values in abelian groups. More information about this
construction can be found for instance in [54, § 6 in Chapter II].

The next result may be viewed as the homotopy theoretic analogue of the
s-Cobordism Theorem 1.1 (iii), where Whgeo(X) plays the role of the set of
the diffeomorphism classes relative M0 of h-cobordism over M0

Theorem 2.37 (Comparing geometric and algebraic Whitehead tor-
sion).

(i) Let X be a finite CW -complex. The map

τ : Whgeo(X)→Wh(Π(X))

sending [Y,X] to i−1
∗ τ(i) for the inclusion i : X → Y is a natural isomor-

phism;
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(ii) A homotopy equivalence f : X → Y is a simple homotopy equivalence if
and only if τ(f) ∈Wh(Π(Y )) vanishes.

Proof. (i) The map τ is a well-defined homomorphism by Theorem 2.1 and
Lemma 2.32 (i). It is surjective by Lemma 2.32 (ii).

We give only a sketch of the proof of injectivity which is similar but much
easier than the proof of s-Cobordism Theorem 1.1 (i). Consider an element
[Y,X] in Whgeo(X) with i−1

∗ τ(i) = 0 for the inclusion i : X → Y . We want
to show that [Y,X] = [X,X] by reducing the number of cells, which must
be attached to X to obtain Y , to zero without changing the class [Y,X] ∈
Whgeo(X). This corresponds in the proof of the s-Cobordism Theorem 1.1 (i)
to reducing the number of handles in the handlebody decomposition to zero
without changing the diffeomorphism type of the s-cobordism.

In the first step one arranges that Y is obtained from X by attaching only
cells in two dimensions r and (r + 1) for some integer r. This is analogous
to, but much easier to achieve than in the case of the s-Cobordism Theo-
rem 1.1 (i), see Normal Form Lemma 1.37. Details of this construction for
CW -complexes can be found in [54, page 25-26].

Let A ∈ GL(n,Zπ) be the matrix describing the (r + 1)-differential in

the Zπ-chain complex C∗(Ỹ , X̃). As in the proof of the s-Cobordism Theo-
rem 1.1 (i), see also [54, Chapter II, Section §8], one shows that we can modify
(Y,X) without changing its class [Y,X] ∈Whgeo(X) such that the new ma-
trix B is obtained from A by applying one of the operations (i), (ii), (iii), (iv),
and (v) introduced in Section 1.5. Since one can reduce A by a sequence of
these operations to the trivial matrix if and only if its class [A] ∈Wh(Π(X))
vanishes and this class [A] is i−1

∗ τ(i), the map τ is injective. Hence τ is a
natural isomorphism of abelian groups.

(ii) follows from Lemma 2.32 (i), Lemma 2.36 and the obvious fact that
i : X → Y is a simple homotopy equivalence if [Y,X] = 0 in Whgeo(X). This
finishes the proof of Theorem 2.37. ut

2.5 Reidemeister Torsion and Lens Spaces

In this section we deal with Reidemeister torsion which was defined earlier
than Whitehead torsion and motivated the definition of Whitehead torsion.
Reidemeister torsion was the first invariant in algebraic topology which could
distinguish spaces which are homotopy equivalent but not homeomorphic.
Namely, it can be used to classify lens spaces up to homeomorphism.

Let X be a finite CW -complex with fundamental group π. Let U be an
orthogonal finite-dimensional π-representation. Denote by Hp(X;U) the ho-
mology of X with coefficients in U , i.e., the homology of the R-chain complex
U ⊗Zπ C∗(X̃). Suppose that X is U -acyclic, i.e., Hp(X;U) = 0 for all p ≥ 0.

If we fix a cellular basis for C∗(X̃) and some orthogonal R-basis for U , then
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U ⊗Zπ C∗(X̃) is a contractible based free finite R-chain complex and defines

an element τ(U ⊗Zπ C∗(X̃)) ∈ K̃1(R), see (2.15). Define the Reidemeister
torsion

ρ(X;U) ∈ R>0(2.38)

to be the image of τ(U ⊗Zπ C∗(X̃)) ∈ K̃1(R) under the homomorphism

K̃1(R) → R>0 sending the class [A] of A ∈ GL(n,R) to det(A)2. Note that
for any trivial unit ±γ the automorphism of U given by multiplication with
±γ is orthogonal and that the square of the determinant of any orthogonal
automorphism of U is 1. Therefore ρ(X;U) ∈ R>0 is independent of the

choice of cellular basis for C∗(X̃) and the orthogonal basis for U and hence
is an invariant of the CW -complex X and U .

Lemma 2.39. Let f : X → Y be a homotopy equivalence of connected finite
CW -complexes and let U be an orthogonal finite-dimensional π = π1(Y )-
representation. Suppose that Y is U -acyclic. Let f∗U be the orthogonal
π1(X)-representation obtained from U by restriction with the isomorphism
π1(f). Let detU : Wh(Π(Y )) → R>0 be the map sending the class [A] of
A ∈ GL(n,Zπ1(Y )) to det(idU ⊗ZπRA : U ⊗Zπ Zπn → U ⊗Zπ Zπn)2, where
RA : Zπn → Zπn is the Zπ-automorphism induced by A. Then

ρ(Y, U)

ρ(X, f∗U)
= detU (τ(f)).

Proof. This follows from Lemma 2.17 (i) applied to the based exact sequence

of contractible based free finite R-chain complexes 0 → U ⊗Zπ C∗(Ỹ ) →
U ⊗Zπ cone∗(C∗(f̃))→ Σ

(
U ⊗Zπ1(f) C∗(X̃)

)
→ 0. ut

Next we introduce the family of spaces which we want to classify com-
pletely using Reidemeister torsion. Let G be a cyclic group of finite order |G|.
Let V be a unitary finite-dimensional G-representation. Define its unit sphere
SV and its unit disk DV to be the G-subspaces SV = {v ∈ V | ||v|| = 1} and
DV = {v ∈ V | ||u|| ≤ 1} of V . Note that a complex finite-dimensional vector
space has a preferred orientation as real vector space, namely the one given by
the R-basis {b1, ib1, b2, ib2, . . . , bn, ibn} for any C-basis {b1, b2, . . . , bn}. Any
C-linear automorphism of a complex finite-dimensional vector space pre-
serves this orientation. Thus SV and DV are compact oriented Rieman-
nian manifolds with isometric orientation preserving G-action. We call a
unitary G-representation V free if the induced G-action on its unit sphere
SV = {v ∈ V | ||u|| = 1} is free. Then SV → G\SV is a covering and the
quotient space L(V ) := G\SV inherits from SV the structure of an oriented
closed Riemannian manifold.
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Definition 2.40 (Lens space). We call the closed oriented Riemannian ma-
nifold L(V ) the lens space associated to the free finite-dimensional unitary
representation V of the finite cyclic group G.

Exercise 2.41. Show that the 3-dimensional real projective space RP3 is a
lens space. Let R− be the non-trivial orthogonal Z/2-representation. Show
that RP3 is R−-acyclic and compute the Reidemeister torsion ρ(RP3;R−).

One can specify these lens spaces also by numbers as follows.

Notation 2.42. Let Z/t be the cyclic group of order t ≥ 2. The 1-dimensional
unitary representation Vk for k ∈ Z/t has as underlying vector space C and
l ∈ Z/t acts on it by multiplication with exp(2πikl/t). Note that Vk is free
if and only if k ∈ Z/t∗ = {n ∈ Z/t | (n, t) = 1}, and is trivial if and only if
k = 0 in Z/t. Define the lens space L(t; k1, . . . , kc) for an integer c ≥ 1 and
elements k1, . . . , kc in Z/t∗ by L(

⊕c
i=1 Vki).

These lens spaces form a very interesting family of manifolds which can
be completely classified as we will explain below. Two lens spaces L(V ) and
L(W ) of the same dimension n ≥ 3 have the same homotopy groups, namely
their fundamental group is G and their p-th homotopy group is isomorphic to
πp(S

n). They also have the same homology with integral coefficients, namely
Hp(L(V )) ∼= Z for p = 0, n, Hp(L(V )) ∼= G for p odd and 1 ≤ p < n and
Hp(L(V )) = 0 for all other values of p. Also their cohomology groups agree.
Nevertheless not all of them are homotopic. Moreover, there are homotopic
lens spaces which are not diffeomorphic, see Example 2.58.

Suppose that dimC(V ) ≥ 2. We want to give an explicit identification

π1(L(V ), x) = G.(2.43)

Given a point x ∈ L(V ), we obtain an isomorphism s(x) : π1(L(V ), x)
∼=−→ G

by sending the class of a loop w in L(V ) with base point x to the element g ∈
G for which there is a lift w̃ in SV of w with w̃(1) = g ·w̃(0). One easily checks
using elementary covering theory that this is a well-defined isomorphism. If
y is another base point, we obtain a homomorphism t(x, y) : π1(L(V ), x) →
π1(L(V ), y) by conjugation with any path v in L(V ) from x to y. Since
π1(L(V ), x) is abelian, t(x, y) is independent of the choice of v. One easily
checks t(x, x) = id, t(y, z) ◦ t(x, y) = t(x, z) and s(y) ◦ t(x, y) = s(x). Hence
we can in the sequel identify π1(L(V ), x) with G and ignore the choice of the
base point x ∈ L(V ).

Let p : EG → BG be a model for the universal principal G-bundle. It
has the property that for any principal G-bundle q : E → B there is a map
f : B → BG called classifying map of q which is up to homotopy uniquely
determined by the property that the pull back of p with f is isomorphic over
B to q. Equivalently p can be characterized by the property that BG is a
CW -complex and EG is contractible. The space BG is called the classifying
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space for G. Let f(V ) : L(V ) → BG be the classifying map of the principal
G-bundle SV → L(V ). Put n = dim(L(V )) = 2 · dimC(V ) − 1. Define the
element

l(V ) ∈ Hn(BG)(2.44)

by the image of the fundamental class [L(V )] ∈ Hn(L(V )) associated to
the preferred orientation of L(V ) under the map Hn(f(V )) : Hn(L(V )) →
Hn(BG) induced by f(V ) on homology with integer coefficients. The map
f(V ) : L(V ) → BG is n-connected since its lift SV → EG is n-connected.
Hence Hn(f(V )) is surjective. As Hn(L(V )) is infinite cyclic with [L(V )] as
generator, l(V ) generates Hn(BG). Note that n is odd and that Hn(BG) is
isomorphic to Z/|G| for a cyclic group G of finite order |G|. A map f : L(V )→
L(W ) of lens spaces of the same dimension n = dim(L(V )) = dim(L(W ))
for two free unitary G-representations V and W induces a homomorphism
π1(f, x) : π1(L(V )) → π1(L(W )). Under the identification (2.43) this is an
endomorphism π1(f) of G. Define

e(f) ∈ Z/|G|(2.45)

to be the element for which π1(f) sends g ∈ G to ge(f). Note that e(f) depends
only on the homotopy class of f and satisfies e(g◦f) = e(g) ·e(f) and e(id) =
1. In particular e(f) ∈ Z/|G|∗ for a homotopy equivalence f : L(V )→ L(W ).
Define the degree

deg(f) ∈ Z(2.46)

of f to be the integer for which Hn(f) sends [L(V )] ∈ Hn(L(V )) to deg(f) ·
[L(W )] ∈ Hn(L(W )).

Given two spaces X and Y , define their join X ∗ Y by the pushout

X × Y //

��

X × cone(Y )

��
cone(X)× Y // X ∗ Y.

If X and Y are G-spaces, X ∗ Y inherits a G-operation by the diagonal
operation. Given two free finite-dimensional unitary G-representations, there
is a G-homeomorphism

S(V ⊕W ) ∼= SV ∗ SW.(2.47)

Theorem 2.48 (Homotopy Classification of Lens Spaces). Let L(V )
and L(W ) be two lens spaces of the same dimension n ≥ 3. Then

(i) The map
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e× deg : [L(V ), L(W )]→ Z/|G| × Z, [f ] 7→ (e(f),deg(f))

is injective, where [L(V ), L(W )] is the set of homotopy classes of maps
from L(V ) to L(W );

(ii) An element (u, d) ∈ Z/|G| × Z is in the image of e × deg if and only if
we get in Hn(BG)

d · l(W ) = udimC(V ) · l(V );

(iii) L(V ) and L(W ) are homotopy equivalent if and only if there is an element
e ∈ Z/|G|∗ satisfying in Hn(BG)

±l(W ) = edimC(V ) · l(V ).

L(V ) and L(W ) are oriented homotopy equivalent if and only if there is
an element e ∈ Z/|G|∗ satisfying in Hn(BG)

l(W ) = edimC(V ) · l(V );

(iv) The lens spaces L(t; k1, . . . , kc) and L(t; l1, . . . , lc) are homotopy equiva-
lent if and only if there is e ∈ Z/t∗ such that we get

∏c
i=1 ki = ±ec·

∏c
i=1 li

in Z/t∗.
The lens spaces L(t; k1, . . . , kc) and L(t; l1, . . . , lc) are oriented homotopy
equivalent if and only if there is e ∈ Z/t∗ such that we get

∏c
i=1 ki =

ec ·
∏c
i=1 li in Z/t∗.

Proof. (i) Obviously e(f) and deg(f) depend only on the homotopy type
of f . Consider two maps f0, f1 : : L(V ) → L(W ) with e(f0) = e(f1) and

deg(f0) = deg(f1). Choose lifts f̃0, f̃1 : SV → SW . Let α : G→ G be the en-

domorphism sending g to ge(f0) = ge(f1). Then both lifts f̃k are α-equivariant.
Since G acts orientation preservingly and freely on SV and SW , the projec-
tion induces a mapHn(SV )→ Hn(L(V )) resp.Hn(SW )→ Hn(L(W )) which
sends the fundamental class [SV ] resp. [SW ] to |G| · [L(V )] resp. |G| · [L(W )].

Hence deg(fk) = deg(f̃k) for k = 0, 1. Thus deg(f0) = deg(f1) implies

deg(f̃0) = deg(f̃1). Let α∗SW be the G-space obtained from SW by re-

stricting the group action with α. Then f̃0 and f̃1 : SV → α∗SW are G-maps
with deg(f̃0) = deg(f̃1). It suffices to show that they are G-homotopic.

We outline an elementary proof of this fact. There is a G-CW -structure
on SV such that there is exactly one equivariant cell G × Dk in each di-
mension. It induces a G-CW -structure on SV × [0, 1] using the standard
CW -structure on [0, 1]. We want to define inductively for k = −1, 0, . . . , n
G-maps hk : SV × {0, 1} ∪ SVk × [0, 1] → α∗SW such that hk extends hk−1

and h−1 = f̃0

∐
f̃1 : SV × {0, 1} → α∗SW . Then hn will be the desired G-

homotopy between f0 and f1. Note that SV ×{0, 1}∪SVk× [0, 1] is obtained
from SV ×{0, 1}∪SVk−1× [0, 1] by attaching one equivariant cell G×Dk+1

with some attaching G-map qk : G × Sk → SV . In the induction step we
must show that the composition hk−1 ◦ qk : G× Sk → SW can be extended
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to a G-map G × Dk+1 → SW . This is possible if and only if its restriction
to Sk = {1}× Sk can be extended to a (non-equivariant) map Dk+1 → SW .
Since SW is n-connected, this can be done for any map Sk → SW for k < n.
In the final step we run into the obstruction that a map Sn → SW can be
extended to a map Dn+1 → SW if and only if its degree is zero. Now one has
to check that the degree of the map (hn−1◦qn)|{1}×Sn : {1}×Sn = Sn → SW
is exactly the difference deg(f0)− deg(f1) and hence zero.

(ii) Given a map f : LV → LW , let π1(f) : G → G be the map induced on
the fundamental groups under the identification (2.43). Then the following
diagram

Hn(LV )
Hn(f) //

Hn(f(V ))

��

Hn(LW )

Hn(f(W ))

��
Hn(BG)

Hn(Bπ1(f))
// Hn(BG)

commutes. This implies

deg(f) · l(W ) = Hn(Bπ1(f))(l(V )).(2.49)

Given e ∈ Z, let me : Z/t → Z/t be multiplication with e. Let e, k1, . . . ,
kc, l1, . . . , lc be integers which are prime to t. Fix integers k′1, . . . , k

′
c such

that we get in Z/t the equation ki · k′i = 1. Define a me-equivariant map

di : Vki → Vli by z 7→ zk
′
ilie. It has degree k′ilie. The me-equivariant map

∗ci=1di : ∗ci=1 SVki → ∗ci=1SVli yields under the identification (2.47) a me-

equivariant map f̃ : S(
⊕c

i=1 Vki) → S(
⊕c

i=1 Vli) of degree ec ·
∏c
i=1 k

′
ili. By

taking the quotient under the G-action yields a map f : L(t; k1, . . . , kc) →
L(t; l1, . . . , lc) of n = (2c − 1)-dimensional lens spaces with deg(f) = ec ·∏c
i=1 k

′
ili and e(f) = e. We conclude from (2.49) in the special case ki = li

for i = 1, . . . , c that Hn(Bme) : Hn(BZ/t) → Hn(BZ/t) is multiplication
with ec since l(t; k1 . . . , kc) := l(

⊕c
i=1 Vki) is always a generator of Hn(BG).

Thus (2.49) becomes

deg(f) · l(W ) = e(f)dimC(V ) · l(V ).(2.50)

We conclude from (2.50) in the special case e = 1 that we get in Hn(B(Z/t))
the equation

c∏
i=1

li · l(t; l1, . . . , lc) =

c∏
i=1

ki · l(t; k1, . . . , kc).(2.51)

Next we show for a map f : L(V ) → L(W ) and m ∈ Z that we can find
another map f ′ : LV → LW with e(f) = e(f ′) and deg(f ′) = deg(f)+m·|G|.
Fix some embedded disk Dn ⊂ SV such that g ·Dn ∩Dn 6= ∅ implies g = 1.
Let f̃ : SV → SW be a lift of f . Recall that f is me-equivariant for me : G→
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G, g 7→ ge. Define a new me-equivariant map f̃ ′ : SV → SW as follows.
Outside G ·Dn the maps f̃ and f̃ ′ agree. Let 1

2D
n be {x ∈ Dn | ||x|| ≤ 1/2}.

Define f̃ ′ on G ·
(
Dn − 1

2D
n
)

by sending (g, t · x) for g ∈ G, t ∈ [1/2, 1] and

x ∈ Sn−1 = ∂Dn to ge · f̃((2t− 1)x). Let c : ( 1
2D

n, ∂ 1
2D

n)→ (SW, f̃(0)) for
0 ∈ Dn the origin be a map such that the induced map ( 1

2D
n)/∂( 1

2D
n) →

SW has degree m. Define f ′|G· 12Dn : G · 1
2D

n → SW by sending (g, x) to

ge · c(x). One easily checks that f̃ ′ has degree deg(f̃) +m · |G|. Then G\f̃ ′ is
the desired map f ′.

Note that there is at least one map f : L(V ) → L(W ) with e(f) = e for
any given e ∈ Z/|G|. This follows by an argument similar to the one above,
since G acts freely on SV and SW is (dim(SV ) − 1)-connected. Now asser-
tion (ii) follows.

(iii) Let f : S(V ) → S(W ) be a map. Then f is a homotopy equivalence if
and only if it induces isomorphisms on all homotopy groups. This is the case
if and only if π1(f) is an automorphism and f̃ : SV → SW induces an iso-
morphism on all homology groups. This follows from the Hurewicz Theorem,
see [259, Theorem IV.7.13 on page 181], and the fact that a covering induces
an isomorphism on πn for n ≥ 2. Hence f is a homotopy equivalence if and
only if e(f) ∈ Z/|G|∗ and deg(f) = deg(f̃) = ±1. Recall that f is an ori-
ented homotopy equivalence if and only if f is a homotopy equivalence and
deg(f) = 1. Now the claim follows from assertion (ii).

(iv) follows from (2.51) and assertion (iii). This finishes the proof of Theo-
rem 2.48. ut

Lemma 2.52. Let G be a cyclic group of finite order |G|.

(i) Let V be a free unitary finite-dimensional G-representation. Let U be an
orthogonal finite-dimensional G-representation with UG = 0. Then L(V )
is U -acyclic and the Reidemeister torsion ρ(L(V );U) ∈ R>0 is defined;

(ii) Let V ,V1, V2 be free unitary finite-dimensional G-representations. Let
U , U1 and U2 be orthogonal finite-dimensional G-representations with
UG = UG1 = UG2 = 0. Then

ρ(L(V1 ⊕ V2);U) = ρ(L(V1);U) · ρ(L(V2);U);

ρ(L(V );U1 ⊕ U2) = ρ(L(V );U1) · ρ(L(V );U2).

Proof. (i) Let X be a finite CW -complex with fundamental group G. We

show that X is U -acyclic if G acts trivial on Hp(X̃) and U is an orthogonal
finite-dimensional G-representation with UG = 0. We have to show that
Hp(C∗(X̃)⊗ZGU) ∼= Hp(X̃)⊗ZR⊗RGU vanishes. By assumption Hp(X̃)⊗ZR
is a direct sum of copies of the trivialG-representation R and U is a direct sum
of non-trivial irreducible representations. Since for any non-trivial irreducible
G-representation W the tensor product R⊗RGW is trivial, the claim follows.

(ii) The claim for the second equation is obvious, it remains to prove the
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first. Since G acts trivially on the homology of SV and SW and hence on
the homology of SV × SW , SV × DV and DV × SW , we conclude from
Theorem 2.1 (i), Lemma 2.17 (i), Lemma 2.39 and (2.47)

ρ(L(V ⊕W );U)

= ρ(G\(DV × SW );U) · ρ(G\(SV ×DW );U) · (ρ(G\(SV × SW );U))−1.

Hence it remains to show

ρ(G\(DV × SW );U) = ρ(L(W );U);

ρ(G\(SV ×DW );U) = ρ(L(V );U);

ρ(G\(SV × SW );U) = 1.

These equations will follow from the following slightly more general for-
mula (2.53) below. Let D∗ be a finite RG-chain complexes such that G-
acts trivially on its homology. Assume that D∗ comes with a R-basis. Then
C∗(SV )⊗ZD∗ with the diagonal G-action is a finite RG-chain complex such
that G acts trivially on its homology and there is a preferred RG-basis. Let
χR(D∗) be the Euler characteristic of D∗, i.e.,

χR(D∗) :=
∑
p∈Z

(−1)p · dimR(Dp) =
∑
p∈Z

(−1)p · dimR(Hp(D∗)).

Then

ρ(C∗(SV )⊗Z D∗ ⊗RG U) = ρ(L(V );U)χR(D∗),(2.53)

where ρ(C∗(SV )⊗ZD∗⊗RGU) ∈ R>0 is the Reidemeister torsion of the acyclic
based free finite R-chain complex C∗(SV ) ⊗Z D∗ ⊗RG U which is defined to

be the image of the Whitehead torsion τ(C∗(SV ) ⊗Z D∗ ⊗RG U) ∈ K̃1(R),

see (2.15), under the homomorphism K̃1(R)→ R>0, [A] 7→ det(A)2.
It remains to prove (2.53). Since RG is semi-simple, there is a RG-chain

homotopy equivalence p∗ : D∗ → H∗(D∗), where we consider H∗(D∗) as RG-
chain complex with the trivial differential.

EquipH∗(D∗) with an R-basis. Then we get in K̃1(RG) from Lemma 2.17 (i)
and χ(L(V )) = 0

τ
(
idC∗(SV )⊗p∗ : C∗(SV )⊗Z D∗ → C∗(SV )⊗Z H∗(D∗)

)
=
∑
q∈Z

(−1)q · τ
(
idCq(SV )⊗p∗ : Cq(SV )⊗Z D∗ → Cq(SV )⊗Z H∗(D∗)

)
=
∑
q∈Z

(−1)q · dimZG(Cp(SV )) · τ (idZG⊗p∗ : ZG⊗Z D∗ → ZG⊗Z H∗(D∗))

= χ(L(V )) · τ (idZG⊗p∗ : ZG⊗Z D∗ → ZG⊗Z H∗(D∗))

= 0.
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The chain complex version of Lemma 2.39 shows

ρ(C∗(SV )⊗Z D∗ ⊗RG U) = ρ(C∗(SV )⊗Z H∗(D∗)⊗RG U).

Obviously

ρ(C∗(SV )⊗ZH∗(D∗)⊗RGU) = ρ(C∗(SV )⊗ZGU)χR(D∗) = ρ(L(V );U)χR(D∗).

This finishes the proof of Lemma 2.52. ut

Theorem 2.54 (Diffeomorphism Classification of Lens Spaces). Let
L(V ) and L(W ) be two lens spaces of the same dimension n ≥ 3. Then the
following statements are equivalent.

(i) There is an automorphism α : G→ G such that V and α∗W are isomor-
phic as orthogonal G-representations;

(ii) There is an isometric diffeomorphism L(V )→ L(W );
(iii) There is a diffeomorphism L(V )→ L(W );
(iv) There is a homeomorphism L(V )→ L(W );
(v) There is a simple homotopy equivalence L(V )→ L(W );

(vi) There is an automorphism α : G→ G such that for any orthogonal finite-
dimensional representation U with UG = 0

ρ(L(W ), U) = ρ(L(V ), α∗U)

holds;
(vii) There is an automorphism α : G → G such that for any non-trivial 1-

dimensional unitary G-representation U

ρ(L(W ), resU) = ρ(L(V ), α∗ resU)

holds, where the orthogonal representation resU is obtained from U by
restricting the scalar multiplication from C to R.

Proof. The implications (i) ⇒ (ii) ⇒ (iii) ⇒ (iv) ⇒ (v) ⇒ (vi) ⇒ (vii) are
obvious or follow directly from Theorem 2.1 (v) and Lemma 2.39. Hence it
remains to prove the implication (vii) ⇒ (i).

Fix a generator g ∈ G, or equivalently, an identification G = Z/|G|. Choose
e ∈ Z/|G|∗ such that α : G → G sends g to ge. Recall that Vk denotes the
1-dimensional unitary G-representation for which g acts by multiplication
with exp(2πik/|G|). The based ZG-chain complex of SVk is concentrated in
dimension 0 and 1 and its first differential is gk − 1: ZG→ ZG. If g acts on
U by multiplication with the |G|-th root of unity ζ, then we conclude

ρ(LVk;U) = ||ζk − 1||2;

ρ(LVk;α∗U) = ||ζek − 1||2.

We can write for appropriate numbers c ∈ Z, c ≥ 1, ki, lj ∈ Z/G∗
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V =

c⊕
i=1

Vki ;

W =

c⊕
j=1

Vlj .

We conclude from Lemma 2.52

ρ(LV ;U) =

c∏
i=1

(ζki − 1) · (ζ−ki − 1);

ρ(LW ;α∗U) =

c∏
i=1

(ζelj − 1) · (ζ−elj − 1).

This implies that for any |G|-th root of unity ζ with ζ 6= 1 the following
equation holds

c∏
i=1

(ζki − 1) · (ζ−ki − 1) =

c∏
i=1

(ζelj − 1) · (ζ−elj − 1).(2.55)

We will need the following number theoretic result due to Franz whose proof
can be found for instance in [70].

Theorem 2.56 (Franz’ Independence Lemma). Let t ≥ 2 be an integer
and S = {j ∈ Z | 0 < j < t, (j, t) = 1}. Let (aj)j∈S be a sequence of
integers indexed by S such that

∑
j∈S aj = 0, aj = at−j for j ∈ S and∏

j∈S(ζj − 1)aj = 1 holds for every t-th root of unity ζ 6= 1. Then aj = 0 for
j ∈ S.

Put t = |G|. For j ∈ S = {j ∈ Z | 0 < j < |G|, (j, |G|) = 1} let xj be the
number of elements in the sequence k1, −k1, k2, −k2, . . ., kc, −kc, which are
congruent j modulo |G|. Each of the elements ki is prime to |G| and hence±xj
is congruent mod |G| to some j ∈ S. This implies

∑
j∈S xj = 2c. Obviously

xj = x|G|−j for j ∈ S. Define analogously a sequence (yj)j∈S for the sequence
el1, −el1, el2, −el2, . . . , elc, −elc. Put aj = xj−yj for j ∈ S. Then

∑
∈S aj =

0, aj = a|G|−j for j ∈ S and we conclude from (2.55) that
∏
j∈S(ζj−1)aj = 1

for any |G|-th root of unity ζ 6= 1. We conclude from Franz’ Independence
Lemma 2.56 that aj = 0 and hence xj = yj holds for j ∈ S. This implies that
there is a permutation σ ∈ Σc together with signs εi ∈ {±1} for i = 1, 2, . . . , c
such that ki and εi · lσ(i) are congruent modulo |G|. But this implies that Vi
and α∗Wσ(i) are isomorphic as orthogonal G-representations. Hence V and
α∗W are isomorphic as orthogonal representations. This finishes the proof of
Theorem 2.54. ut

Corollary 2.57. Two lens spaces L(t; k1, . . . , kc) and L(t; l1, . . . , lc) are home-
omorphic if and only if there are e ∈ Z/t∗, signs εi ∈ {±1} and a permutation
σ ∈ Σc such that ki = εi · e · lσ(i) holds in Z/t∗ for i = 1, 2, . . . , c.
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Proof. Note that
⊕c

i=1 Vki and
⊕c

i=1 Vli are isomorphic as orthogonal repre-
sentations if and only if there are signs εi ∈ {±1} and a permutation σ ∈ Σc
such that ki = εi · lσ(i) holds in Z/t∗ for i = 1, 2, . . . , c. If me : Z/t → Z/t is
multiplication with e ∈ Z/t∗, then the restriction m∗e (

⊕c
i=1 Vli) is

⊕c
i=1 Ve·li .

Now apply Theorem 2.54. ut

Example 2.58 (Distinguished examples of lens spaces). We conclude
from Theorem 2.48 and Corollary 2.57 the following facts:

(i) Any homotopy equivalence L(7; k1, k2)→ L(7; k1, k2) has degree 1. Thus
L(7; k1, k2) possesses no orientation reversing selfdiffeomorphism;

(ii) L(5; 1, 1) and L(5; 2, 1) have the same homotopy groups, homology groups
and cohomology groups, but they are not homotopy equivalent;

(iii) L(7; 1, 1) and L(7; 2, 1) are oriented homotopy equivalent, but not home-
omorphic.

Exercise 2.59. Prove the various claims appearing in Example 2.58.

2.6 Miscellaneous

We mention that lens spaces are the only closed manifolds M which carry
a Riemannian metric with sectional curvature which is constant 1, pro-
vided π1(M) is cyclic. Reidemeister torsion can be used to classify all such
manifolds without any assumption on π1(M) and to show that two finite-
dimensional (not necessarily free) orthogonal representations V and W have
G-diffeomorphic unit spheres SV and SW if and only if they are isomorphic
as orthogonal representations, see [69]. The corresponding statement is false
if one replaces G-diffeomorphic by G-homeomorphic, see [42, 44, 99].

Let (W ;L,L′) be an h-cobordism of lens spaces which is compatible with
the orientations and the identifications of π1(L) and π1(L′) with G. Then
W is diffeomorphic relative L to L × [0, 1] and L and L′ are diffeomorphic,
see [168, Corollary 12.13 on page 410].

We refer to [54] and [168] for more information about Whitehead torsion
and lens spaces.
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Chapter 3

The Surgery Step and ξ-Bordism

3.1 Introduction

In this chapter we take the first steps towards the solution of

Problem 3.1. Let X be a finite CW -complex. When is X homotopy equiv-
alent to a closed n-dimensional manifold?

To do this we will address the following easier and more general problem,
recalling that a CW -complex is said to be of finite type, if it has a finite
number of cells in each dimension.

Problem 3.2. Let f : M → X be a map from a closed n-dimensional mani-
fold M to a CW -complex X of finite type. Can we modify it without changing
the target to a map f ′ : M ′ → X with a closed n-dimensional manifold as
source such that f ′ is k-connected, where n = 2k or n = 2k+1?

Recall that a closed manifold is homotopy equivalent to a finite CW -
complex so that it is reasonable to assume that X is finite in Problem 3.1
from the very beginning. We weaken this condition in Problem 3.2 to being
of finite type since this case is useful in other situations as well. In Chapter 4
we will see that X needs to be a finite n-dimensional Poincaré complex and
the degree of the map f needs to be ±1 in order for us to have a chance of
solving Problem 3.1.

In Section 3.2 we review the CW -analogue of Problem 3.2, namely, the
technique of making a map between CW -complexes highly connected by
attaching cells. However, this procedure destroys the manifold structure on
the source. In Section 3.3 we explain how to modify the source so that it
remains a closed manifold. Thus we replace the process of attaching a single
cell by the process called surgery step. We will see that a surgery step can be
carried out if we require that our map f is covered by bundle data, i.e., we
need a vector bundle ξ over X and a bundle map TM ⊕ Ra → ξ covering f
for some natural number a, where Ra denotes the rank a trivial bundle, see
Section 3.4. All this will be formalised and carried out in detail in Section 3.6.
We will see that the outcome of a surgery step inherits the necessary bundle
data and thus we can continue doing surgery. Moreover, the surgery step does
not change the bordism class of f , taking the bundle data into account, and
so Problem 3.2 can be solved, see Theorem 3.43.

In Chapters 7 and 8 the surgery obstructions will arise as obstructions
to making the map f to be (k + 1)-connected, after it has been made k-
connected, if n = 2k or n = 2k + 1. If f is (k + 1)-connected, X is a finite
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n-dimensional Poincaré complex for n = 2k or n = 2k + 1, and f has degree
±1, then Poincaré duality will imply that f is a homotopy equivalence.

Finally we present the Pontrjagin-Thom construction in Section 3.7, which
expresses the normal bordism set of ξ-maps for a vector bundle ξ over a CW -
complex in terms of the homotopy groups of the Thom space associated to ξ.
see Theorem 3.52. This is a fundamental link between manifold theory and
homotopy theory. We also show that a ξ-map can always be made highly
connected within its ξ-bordism class by surgery below the middle dimension,
see Theorem 3.56.

Guide 3.3. For a reader, who is learning surgery theory for the first time, we
recommend to go through all of the material of this section except Section 3.5,
which can be used as a black box, just take notice of Theorem 3.30, and
Section 3.8, which is interesting but a digression.

The material of the preceding chapters is not needed to read this chapter.

3.2 The CW -Version of the Surgery Step

We first consider the CW -complex version of Problem 3.2.
Let f : Y → X be a map of CW -complexes. We want to find a procedure

which leaves X fixed and changes Y and f into a map f ′ : Y ′ → X which is a
homotopy equivalence. In addition this procedure should have the potential
to be carried over to the case where Y is a manifold and the resulting source
Y ′ is also a manifold. The Whitehead Theorem [259, Theorem V.3.1 and
Theorem V.3.5 on page 230] says that f is a homotopy equivalence if and
only if it is k-connected for all k ≥ 0. Recall that k-connected means that
πj(f, y) : πj(Y, y)→ πj(X, f(y)) is bijective for j < k and surjective for j = k
for all base points y in Y . Hence we would expect the procedure to produce
maps where πk(f) becomes closer and closer to being trivial for all k. It is
reasonable to try to work out an inductive procedure, where f is already
k-connected and we would like to make it (k+1)-connected. Recall that there
is a long exact homotopy sequence of a map f : Y → X

. . .→ πl+1(Y )→ πl+1(X)→ πl+1(f)→ πl(Y )→ πl(X)→ . . . ,

where πl+1(f) ∼= πl+1(cyl(f), Y ) consists of homotopy classes of commutative
squares with j the inclusion

Sl
q //

j
��

Y

f

��
Dl+1

Q
// X.
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The map f is k-connected, if and only if πl(f) = 0 for l ≤ k. Suppose that f is
k-connected. In order to achieve that f is (k+1)-connected, we must arrange
that πk+1(f) = 0 without changing πl(f) for l ≤ k. Consider an element ω
in πk+1(f) given by a square as above. Define Y ′ to be the pushout

Sk
q //

j
��

Y

j′

��
Dk+1

q′
// Y ′.

Then the universal property of the pushout gives a map f ′ : Y ′ → X. We will
say that f ′ is obtained from f by attaching a (k+1)-cell.

One easily checks that πl(f
′) = πl(f) for l ≤ k and that there is a natural

map πk+1(f) → πk+1(f ′) which is surjective and whose kernel contains the
class ω ∈ πl(f). Recall that in general πl(f) is an abelian group for l ≥ 3 and
a group for l = 2 but carries no group structure for l = 0, 1. Moreover π1(Y )
acts on πl(f). Hence πl(f) is a Zπ1(Y )-module for l ≥ 3. For k ≥ 3 the kernel
of the epimorphism πk+1(f)→ πk+1(f ′) is the Zπ1(Y )-submodule generated
by ω, see [259, Section V.1]. We see that if πl+1(f) is finitely generated over
Zπ1(Y ), then we can achieve that πl+1(f) becomes zero by a finite sequence
of cell attachments. Suppose that Y and X are CW -complexes satisfying
certain finiteness conditions, for instance that they are homotopic to CW -
complexes of finite type, then one can achieve that πk+1(f) = 0 in a finite
number of cell attachments by the following result.

Lemma 3.4. Let f : Y → X be a map of CW -complexes such that Y has
the homotopy type of a CW -complex with finite (k − 1)-skeleton and X has
the homotopy type of a CW -complex with finite k-skeleton. Suppose that f is
(k−1)-connected for some integer k ≥ 0.

(i) Suppose that X is connected and k ≥ 2. Moreover, assume that the map
π1(f) : π1(Y )→ π1(X) is bijective if k = 2.
Then πk(f) is a finitely generated Zπ1(Y )-module;

(ii) One can make f k-connected by attaching finitely many cells to Y .

Proof. (i) Note that both Y and X are connected. Of couse we can assume
without loss of generality that both Y itself has a finite (k − 1)-skeleton
and x itself has a finite k-skeleton. We use π1(f) to identify π := π1(Y ) =

π1(X). The map f lifts to π-map f̃ : Ỹ → X̃ between the universal coverings.

The obvious map πk(f̃) → πk(f) is bijective and compatible with the π-
operations which are given by the π-actions on the universal covering and the
operation of the fundamental group on the homotopy groups. The Hurewicz

homomorphism induces an isomorphism of Zπ-modules πk(f̃)
∼=−→ Hk(f̃) :=

Hk(cyl(f̃), Ỹ ) since Ỹ and X̃ are simply connected [259, Corollary IV.7.10
on page 181]. In particular we see that πk(f) is indeed an abelian group
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which is true in general only for k ≥ 3. Since f and hence f̃ is (k−1)-

connected, the Zπ-chain complex C∗(f̃) which is defined to be the mapping

cone D∗ := cone∗(C∗(f̃)) of the Zπ-chain map C∗(f̃) : C∗(Ỹ ) → C∗(X̃) is

(k−1)-connected. Thus C∗(f̃) yields an exact sequence of Zπ-modules

0→ ker(dk)→ Dk
dk−→ Dk−1

dk−1−−−→ . . .
d1−→ D0 → 0,

such that Di finitely generated free for 0 ≤ i ≤ k. Hence ker(dk) is a finitely
generated projective Zπ-module which is stably free, i.e., after adding a
finitely generated free Zπ-module it becomes free. Since Hk(f̃) is a quo-
tient of ker(dk), it is finitely generated. Hence πk(f) is finitely generated as
Zπ-module.

(ii) We begin with k = 0. Attaching zero-cells means taking the disjoint union
of Y with finitely many points. In this way one can obviously achieve that
π0(f) : π0(Y )→ π0(X) is surjective.

Next we treat the case k = 1. Since Y has a finite 0-skeleton , π0(Y ) is
finite. If two path components of Y are mapped to the same path compo-
nent in X, one can attach a 1-cell in the obvious manner to connect these
components. Thus we can achieve that π0(f) is bijective. Since X has finite 1-
skeleton π1(X) is finitely generated. By attaching 1-cells trivially to Y which
is the same as taking the one-point union of Y with S1, we can achieve that
π1(f, y) is an epimorphism for every base point y ∈ Y .

Next we treat the case k = 2 following [125, Section 3, Lemma 3]. From
the case k = 1, we may assume that f : X → Y is a bijection on π0 and
π1(f, y) is an epimorphism for every base point y ∈ Y . It now suffices to
consider each connected component separately, so we assume that X and Y
are connected. Since both Y has a finite 1-skeleton and X has a finite 2-
skeleton, the induced map π1(f) : π1(Y )→ π1(X) is an epimorphism, where
π1(Y ) is finitely generated and π1(X) is finitely presented. We choose a finite
set of generators for π1(Y ) and a finite presentation for π1(X) for which we
choose presentations

π1(Y ) = 〈y1, . . . , yl〉,
π1(X) = 〈x1, . . . , xk | r1, . . . , rm〉.

For each i = 1, . . . , k attach a 1-cell trivially to Y , call the resulting CW -
complex Y ′, denote the element of π1(Y ′) represented by the i-th summand by
zi and extend the map f to a map f ′ : Y ′ → X so that π1(f ′)(zi) = xi. Then
π1(Y ′) is finitely generated by 〈y1, . . . , yl, z1, . . . , zk〉. With these choices write
wi(x1, . . . , xk) = π1(f ′)(yi) for each i = 1, . . . , l. Consider the words ai =
y−1
i ·wi(z1, . . . , zk) for i = 1, . . . , l and bj = rj(z1, . . . , zk) for j = 1, . . . , n, and

for each word attach one 2-cell to Y ′ along a loop represented by that word.
We call the resulting CW -complex Y ′′ and extend f ′ to f ′′ : Y ′′ → X using
the fact that π1(f ′) maps ai and bj to 0. We claim that π1(f ′′) : π1(Y ′′) →
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π1(X) is an isomorphism: Consider the subgroup π ⊆ π1(Y ′′) generated
by the set {z1, . . . , zk}. The relations ai introduced to π1(Y ′′) ensure π =
π1(Y ′′), whereas the relations bj ensure that the homomorphism π1(f ′′) : π →
π1(X) is an isomorphism. To complete the case k = 2 we must now make
our map surjective on π2: By assertion (i) the Zπ-module π2(f ′′) is finitely
generated, so by attaching a finite number of trivial 2-cells, we arrive at a
map f ′′′ : Y ′′′ → X which is 2-connected.

The cases k ≥ 3 follow directly from assertion (i). This finishes the proof
of Lemma 3.4. ut

Exercise 3.5. Show that the map f :
∨
i∈I S

1 → {•} can be made 2-
connected by attaching finitely many cells if and only if the set I is finite.

In fact, in the category of CW -complexes one can achieve the desired
homotopy equivalence f ′ : Y ′ → X directly by the following construction.
Namely consider the projection pr : cyl(f) → X of the mapping cylinder of
f to X. Obviously the mapping cylinder is in general not a manifold even if
f : Y → X is a smooth map of closed manifolds. Neither is there a chance
that the space Y ′ obtained from Y by attaching a cell is a manifold even if
Y is a closed manifold and f smooth. But when Y is a manifold, the step of
attaching a cell to the source of the map f : Y → X can be modified, and
the modified procedure can be carried out in the category of manifolds as
sources of maps. This will be explained in the next section.

3.3 Motivation for the Surgery Step

Suppose that M is a closed manifold of dimension n, X is a CW -complex
and f : M → X is a k-connected map. Consider ω ∈ πk+1(f) represented by
a diagram

Sk
q //

j
��

M

f

��
Dk+1

Q
// X.

In general we cannot attach a single (k+1)-cell to M without destroying its
manifold structure. But we can glue two manifolds together along a common
boundary so that the resulting space is a manifold. Suppose that the map
q : Sk →M extends to an embedding

qth : Sk ×Dn−k ↪→M

(the superscript “th” means “thickened”). Let int(im(qth)) be the interior of
the image of qth and note that the space M − int(im(qth)) is a manifold with
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boundary im(qth|Sk×Sn−k−1). We can get rid of the boundary by attaching
Dk+1 × Sn−k−1 along qth|Sk×Sn−k−1 . Denote the resulting manifold

M ′ :=
(
Dk+1 × Sn−k−1

)
∪qth|

Sk×Sn−k−1

(
M − int(im(qth))

)
.

The manifold M ′ is said to be obtained from M by performing surgery
along qth and this process is called a k-surgery on M . Here and elsewhere we
will apply without further comment the technique of straightening the angle
in order to get a well-defined smooth structure, see [31, Definition 13.11 on
page 145 and (13.12) on page 148] and [107, Chapter 8, Section 2].

There is also a canonically defined map f ′ : M ′ → X, as we now explain.
The inclusion (Sk×Dn−k)∪(Dk+1×{0})→ Dk+1×Dn−k admits a retraction
r : Dk+1×Dn−k → (Sk×Dn−k)∪(Dk+1×{0}) which is part of a deformation
retraction. If we define

(3.6) Q := (f ◦ qth ∪Q) ◦ r : Dk+1 ×Dn−k → X,

then the restriction of f to M−int(im(qth)) extends to a map f ′ : M ′ → X
using Q|Dk+1×Sn−k and we say that f ′ : M ′ → X is obtained from f : M → X
by surgery along qth and ω.

We next illustrate the surgery step by considering a canonical example
of surgery on the 2-torus. Further examples of elementary surgery steps are
given at the end of the section. An important example of a map f : M → X
on which we may wish to do surgery is the Hopf collapse map, which has
X = Sn.

Example 3.7 (Hopf collapse map). Let M be a closed connected n-
manifold and let X = Sn be the n-sphere. Fix a basepoint x0 ∈ Sn and
a small embedded open n-disc int(Dn) ⊂ M . A map f : M → Sn is called
a Hopf collapse map, if it maps int(Dn) homeomorphically onto Sn − {x0}
and M − int(Dn) to x0 ∈ S2. For 0 ≤ k < n, a spherical collapse map is
k-connected if and only if M is (k−1)-connected.

We illustrate the surgery procedure in the case where M is the 2-torus
T 2 = S1 × S1, X is the 2-sphere and f : T 2 → S2 is a Hopf collapse map.
We fix y0 ∈ S1 so that S1 := S1 × {y0} ⊂ T 2 satisfies f(S1) = x0. We define
ω ∈ π2(f) by extending f |S1 to the constant map at x0 on all of D2. The
following diagram illustrates the effect of surgery on the source.

Figure 3.8 (Source of a surgery step for M = T 2).
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∼=

M = T 2 S1 S1 ×D1)

M \ (S1 × int(D1)) M \ (S1 × int(D1)) ∪S1×S0 D2 × S0

Exercise 3.9. Show that the map f ′ : S2 → S2 obtained by carrying out the
surgery step on the Hopf collapse map f : T 2 → S2 as described in Figure 3.8
and Example 3.7 above is a homotopy equivalence.

Exercise 3.10. Consider a map f : M → X from a closed n-dimensional
manifold M to a finite CW -complex X. Suppose that by a finite sequence of
surgery steps f can be converted in to a homotopy equivalence f ′ : M ′ → X.
Show that in this case χ(M)− χ(X) ≡ 0 mod 2.

Remark 3.11 (Homotopy theoretic effect of the surgery step below
the middle dimension). Note that the inclusion M − int(im(qth))→M is
(n−k−1)-connected since Sk×Sn−k−1 → Sk×Dn−k is (n−k−1)-connected.
So the passage from M to M − int(im(qth)) will not affect πj(f) for j <
n−k−1. All in all we see that πl(f) = πl(f

′) for l ≤ k and that there is
an epimorphism πk+1(f)→ πk+1(f ′) whose kernel contains ω, provided that
2(k+1) ≤ n.

The condition 2(k+1) ≤ n can be viewed as a consequence of Poincaré
duality. Roughly speaking, if we change something in a manifold in dimen-
sion l, Poincaré duality also forces a change in dimension (n−l). This phe-
nomenon is one reason why there are surgery obstructions to converting any
map f : M → X into a homotopy equivalence in a finite number of surgery
steps.

Remark 3.12 (Trace of a surgery). It is important to notice that the
maps f : M → X and f ′ : M ′ → X are bordant as manifolds with reference
map to X. The relevant bordism is given by

W =
(
Dk+1 ×Dn−k) ∪qth (M × [0, 1]) ,

where we think of qth as an embedding Sk × Dn−k ↪→ M × {1}. In other
words, W is obtained from M × [0, 1] by attaching a handle Dk+1×Dn−k to
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M × {1}. Then M appears in W as M × {0} and M ′ as other component of
the boundary of W . The manifold W is called the trace of surgery along the
embedding qth.

If we define the map F : W → X by setting F |Dk+1×Dn−k = Q, where Q is
defined in (3.6) and then by defining F |M×[0,1](x, t) = f(x), then F restricted
to M is f and F restricted to M ′ is f ′. Hence f : M → X and f ′ : M ′ → X
are bordant as manifolds with maps to X.

Definition 3.13 (Surgery and bordism). Recall from Lemma 1.15 that
every bordism W with boundary ∂W = ∂0W

∐
∂1W can be obtained from

∂0W × [0, 1] by the addition of finitely many handles. Since the addition of a
handle is precisely the trace of a single surgery, it follows that two manifolds
M0 and M1 are bordant if and only if M1 can be obtained from M0 by finitely
many surgeries.

Figure 3.14 immediately below displays the surgery step and its trace for
the special of a 0-surgery on case M = S1 t S1, where we start from an
embedding S0 ×D1 ↪→ S1.

Figure 3.14 (Surgery along S0 ×D1 ↪→ S1 t S1).
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delete S0 × int(D1) add D1 × S0

Surgery step

Trace of the surgery

Figure 3.15 immediately below gives a schematic representation of the
trace of a surgery. For obvious reasons, this fundamental image in surgery
theory is often called the surgeon’s suitcase.

Figure 3.15 (Surgeon’s suitcase).

M × {0}

M × {1}

Dn−k

Dk+1

qth(Sk ×Dn−k)

W
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Exercise 3.16. Let f : M → N be a map of closed manifolds and suppose
that we can convert f in finitely many surgery steps into a homotopy equiv-
alence f ′ : M ′ → N . Show that M and N have the same Stiefel-Whitney
numbers.

Remark 3.17 (Homotopy theoretic model of the trace of a surgery).
We note that the bordism W between the source M and the outcome M ′ of
a surgery also provides us with an illuminating homotopy theoretic interpre-
tation of the process of surgery. Namely we obtain homotopy equivalences

M ∪q Dk+1 'W 'M ′ ∪q′ Dn−k,

where q : Sk → M is the map we started with and q′ : Sn−k−1 → M ′ is the
map given by the inclusion {0} × Sn−k−1 →M ′. Hence we can say that the
outcome M ′ is obtained up to homotopy from M by attaching one (k+1)-
dimensional cell and detaching one (n−k)-dimensional cell. This viewpoint is
useful when studying the effect of surgery on homology as we do in Chapters 7
and 8.

As a consequence of the above, we see that the inclusions M → W and
M ′ → W are respectively k-connected and (n−k−1)-connected. This leads
to an alternative proof of the connectivity statements in the first paragraph
of Remark 3.11.

We conclude this section by discussing some elementary examples of the
surgery step, recalling that our goal is to make the map f : M → X as highly
connected as possible. If X is path connected, then an essential first step is
to make M path connected: so suppose that M = M−1 tM1 is a disjoint
union of two path connected n-manifolds. For i ∈ {±1}, taking base-points
xi ∈ Mi and a path in X from f(x−1) to f(x1) defines ω ∈ π1(f). We then
find an embedding

(3.18) qth : S0 ×Dn ↪→M,

where qth((i, (0, . . . , 0)) = xi and M ′, the manifold obtained from surgery
along qth, is path connected. This is illustrated in Figure 3.14 above when
M = S1 t S1. More generally, if M consists of a finite number of path
components then a finite number of 0-surgeries can be used to obtain a path
connected manifold.

The operation of 0-surgery is the basis of the connected sum of manifolds.
The connected sum of manifolds requires that we work with orientations on
manifolds, which is a topic we consider in detail in Chapter 4. Hence here
we only give a brief review of orientation and refer to Chapter 4 for more
details. Let x ∈ M be a point in the interior of a connected n-manifold
M with neighbourhood U ∼= Rn. By excision, the inclusion (U,U \ {x}) →
(M,M \ {x}) induces an isomorphism
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Hn(U,U \ {x};Z)→ Hn(M,M \ {x}) ∼= Z

and choice of generator for Hn(M,M \ {x}) is called a local orientation of
M at x. The manifold M is orientable if for all x ∈ M there is a class
in Hn(M,∂M ;Z) which maps to a generator of Hn(M,M \ {x}) under the
canonical map Hn(M,∂M ;Z) → Hn(M,M \ {x}). If M is orientable then
Hn(M,∂M ;Z) ∼= Z and an orientation of M is choice of generator [M ] ∈
Hn(M ;Z). If M is oriented, then −M denotes M with orientation −[M ]. We
fix once an for all the standard orientation [Dn] on Dn, using the conventions
of Remark 4.37.

If N is another oriented n-manifold, then an embedding f : N ↪→ M
is orientation preserving if it carries the local orientations of N to those
of M ; otherwise it is called orientation reversing. A foundational result
of Palais, and independently Cerf [185, 47], states that two embeddings
p0, p1 : Dn ↪→ int(M) into an oriented manifold M are ambient isotopic, if
and only if they are either both orientation preserving or orientation revers-
ing. Here, an ambient isotopy of M is a diffeomorphism F : M × I →M × I
such that F |M×{t} : M × {t} → M × {t} is a diffeomorphism for all t ∈ I
and F0 = idM and p0, p1 are ambient isotopic if and only if there is an am-
bient isotopy of M such that F |M×1 ◦ p0 = p1. (If M is not orientable then
any to embeddings p0, p1 as above are ambient isotopic.) It follows that the
outcome of the connected sum operation defined below is well-defined, up to
orientation preserving diffeomorphism, see [121, Lemma 2.1].

Definition 3.19 (Connected sum). Let M−1 and M1 be connected ori-
ented n-manifolds. Their connected sum, M−1#M1, is any manifold obtained
from 0-surgery on an orientation preserving embedding qth as in (3.18), where
{1} ×Dn is oriented via [Dn] and {−1} ×Dn is oriented via −[Dn].

More generally, let (M−1, x−1) and (M1, x1) be locally oriented n-manifolds.
Their connected sum, M−1#M1, is any manifold obtained from 0-surgery on
an orientation preserving embedding qth as in (3.18), where {1} ×Dn is ori-
ented using [Dn] and {−1} ×Dn is oriented using −[Dn].

Remark 3.20 (Orientations and connected sum). It is not hard to show
that if either of M−1 or M1 is either non-orientable or admits an orientation
reversing diffeomorphism, then the diffeomorphism type of M−1]M1 is inde-
pendent of the embeddings used for the 0-surgery. However, there are exam-
ples where M−1]M1 is not diffeomorphic to (−M−1)]M1, see Exercise 4.82.

Remark 3.21 (Ambient isotopy and surgery). That well-definition of
connected sum relies on the more general fact that if M ′ is obtained from
M via surgery along qth : Sk × Sn−k and M ′′ is obtained from surgery along
q′

th
: Sk ×Dn−k, where qth and q′

th
are ambient isotopic, then M ′ and M ′′

are diffeomorphic; we leave the proof for the reader.
In fact, by focussing on embeddings where 2k ≤ n, the part of classical

surgery theory covered in this book is able to reduced to situations where the
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classification of embeddings qth : Sk×Dn−k ↪→M is solved, or where enough
it known for the purposes of surgery. The general classification of embeddings
is a subject which lies beyond the scope of this book, even though it is also
a subject closely related to the development of surgery and about which
surgery has much to say. Here we remark only that studying the outcome of
surgery, M ′ is often a good method for defining and classifying embeddings
up to isotopy and we refer the reader to [248, Ch. 11], [41] and [200] for an
entry to the literature on the role of surgery theory in the classification of
embeddings.

We have seen that 0-surgery on n-discs in different path components of
M can be used to decrease the complexity of M , as measured by the number
of path-components of M . This corresponds to the fact that the class ω ∈
π1(X,M) maps to a non-trivial element of π0(M), which is killed by the
surgery. On the other hand, if we have a class ω ∈ πk+1(X,M) which maps
trivially to πk(M), then doing surgery on ω increases the complexity of M ,
as measured by the group πk+1: ω lifts to a class in ω̄ ∈ πk+1(X) which is not
in the image of the induced map πk+1(M)→ πk+1(X) and we use surgery to
produce M ′ where πk+1(M)→ πk+1(X) has some ω̄ in its image. A general
example of this is sort of surgery is called trivial surgery, which occurs when
the embedding qth factors through an embedding of the n-disc in M . Hence
we define the standard embeddings

qk,nstd : Sk ↪→ Dn, (x1, . . . , xk+1)→
√

1

2
(x1, . . . , xk+1, 0, . . . , 0) ;

qth,k,1
std : Sk ×D1 ↪→ Dk+1, ((x1, . . . , xk+1), y1)→

√
2 + y1

4
(x1, . . . , xk+1) ,

and

qth,k,n
std : Sk ×Dn−k ↪→ Dn, ((x1, . . . , xk+1), (y1, . . . , yn−k))→

φ
(
qth,k,1
std (x1, . . . , xk+1, y1), y2, . . . , yn−k

)
,

where φ : Dk+1 ×Dn−k−1 → Dn is the diffeomorphism given by

φ((x1, . . . , xk+1), (y2, . . . , yn−k)) 7→ (x1, . . . , xk+1, y2, . . . , yn−k)√
x2

1 + . . . x2
k+1 + y2

2 + . . . y2
n−k

.

Note that these standard embeddings are designed such that the image does
not meet the boundary. This is the reason why we do not use the obvious
inclusion Sn−1 → Dn for qn−1,n

std .

Definition 3.22 (Trivial surgery (with trivial framing)). If an embed-
ding qth : Sk × Dn−k ↪→ M is such that q = qth|Sk×{0} : Sk ↪→ M can be

factored as q = p ◦ qk,nstd for some embedding p : Dn ↪→M , then surgery along
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qth is called a trivial surgery. If qth itself can be factored as qth = p ◦ qth,k,n
std ,

then surgery along qth is called a trivial surgery with trivial framing.

Trivial surgery is an important first step in a variety of surgery procedures
including surgery below the middle dimension, discussed in Section 3.6 and
also the Wall realisation of odd-dimensional surgery obstructions, see Theo-
rem 8.103. We leave the reader to verify that if p : Dn → Sn is the inclusion
of the northern hemisphere, then surgery on p ◦ qth,k,n

std : Sk ×Dn−k → Sn is
diffeomorphic to Sk+1 × Sn−k−1.

More generally, an application of the ambient tubular neighbourhood the-
orem [107, Ch 8, Theorem 1.8], shows that any embedding qth : Sk×Dn−k ↪→
Sn with qth|Sk×{0} = qk,nstd differs up to isotopy from qth,n

std by precomposition
with a diffeomorphism

φα : Sk ×Dn−k → Sk ×Dn−k, (x, y) 7→ (x, α(x)(y))

where α : Sk → SO(n − k) is a smooth map. If follows that surgery on qth

is diffeomorphic to Sn−k−1×̃αSk+1, the total space of the (n−k−1)-sphere
bundle over Sk+1 with clutching function α. One easily checks

Lemma 3.23. (i) Let M ′ be obtained from M by a trivial k-surgery. Then
M ′ is diffeomorphic to M](Sn−k−1×̃αSk+1);

(ii) Let M ′ be obtained from M by a trivial k-surgery with trivial framing.
Then M ′ is diffeomorphic to M](Sn−k−1 × Sk+1).

3.4 Motivation for the Bundle Data

We keep the notation and assumptions from the previous section. In order to
be able to carry out the surgery step to kill ω ∈ πk+1(f) it remains to figure
out whether we can arrange that q is an embedding and that it extends to an
embedding qth. Assume 2k ≤ n−1. Then, as we shall see in the Theorem 3.29
in the next section, we can change q up to homotopy so that it becomes an
embedding. The existence of the extension qth is equivalent to the triviality
of the normal bundle of the embedding q : Sk ↪→M . As the following exercise
shows, there is no reason why this normal bundle should be trivial in general.

Exercise 3.24. Let M = CP2, X = S4 and f : CP2 → S4 be a Hopf collapse
map. Show that π3(f) ∼= Z and, for ω ∈ π3(f) a generator, that ω can be
represented maps (Q, q) : (D3, S2) → (S4,CP2) where q : S2 ↪→ CP4 is an
embedding but that the normal bundle of q is necessarily non-trivial.

One way to ensure that the normal bundle of an embedding is trivial is to
assume that we have certain bundle data at our disposal. Namely, we assume
that there is a bundle ξ over X and that the map f is covered by a bundle map
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f : TM⊕Ra → ξ for some natural number a. We shall often write this bundle
map as (f, f) : TM → ξ. Working with tangential ξ-maps is justified by the
observation that in the desired case that f is a homotopy equivalence, we can
choose a homotopy inverse f−1 of f , take ξ to be the pullback (f−1)∗TM
and a = 0, for then there is indeed a bundle map f : TM → ξ covering f .

If we want to kill an element ω ∈ πk+1(f) represented by a diagram

Sk
q //

j

��

M

f

��
Dk+1

Q
// X,

then q∗TM⊕Ra is isomorphic to q∗f∗ξ = j∗Q∗ξ and hence is trivial since Q∗ξ
is a bundle over the contractible space Dk+1. Since ν(q)⊕TSk is isomorphic
to q∗TM , the bundle ν(q) ⊕ Rb is trivial for some b ≥ 0. Since we assume
2k ≤ n−1, the natural map BO(n− k)→ BO(n− k+ a) is (k+1)-connected.
Hence ν(q) itself is trivial. So the thickening qth exists and we are able to
carry out one surgery step.

We have to ensure that we can repeat this process. So we must arrange that
bundle data are also available for the resulting map f ′ : M ′ → X. To do this,
we need to be careful in choosing the embedding qth and for this we will need
some information about embeddings and immersions and their relationship to
the bundle data, which we will give in the next section. Our actual approach
to the surgery step will be based on immersions, i.e., using the bundle data
and ω ∈ πk+1(f) we will extend q to an immersion Sk×Dn−k #M and then
deal with the problem of whether this immersion can also be arranged to be
an embedding. This differs from the strategy above which first made the map
q into embedding and then analysed the normal bundle. The advantage of
working with immersions is that the preservation of the bundle data will be
guaranteed automatically.

When n = 2k in general we can only change q up to homotopy into an im-
mersion and the surgery obstruction will be built from the further obstruction
to changing it up to (regular) homotopy into an embedding.

3.5 Immersions and Embeddings

Let M and N be manifolds, one or both possibly with boundary and with
dim(M) ≤ dim(N). Given vector bundles ξ over M and η over N , we have
so far only considered bundle maps (q, q) : ξ → η which are fiberwise isomor-
phisms. We need to consider now more generally bundle monomorphisms,
i.e., we only will require that the map is fiberwise injective. Consider two
bundle monomorphisms (q0, q0), (q1, q1) : ξ → η. Let ξ × [0, 1] be the vector
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bundle pξ × id : E × [0, 1] → M × [0, 1], where pξ : E → M is the projection
associated to ξ. A homotopy of bundle monomorphisms (h, h) from (q0, q0)
to (q1, q1) is a bundle monomorphism (h, h) : ξ × [0, 1]→ η whose restriction
to M ×{j} is (qj , qj) for j = 0, 1. Homotopy evidently defines an equivalence
relation on bundle monomorphisms and we denote by π0(Mono(ξ, η)) the set
of homotopy classes of bundle monomorphisms.

An immersion q : M # N is a smooth map such that the differential
Tq : TM → TN is a bundle monomorphism. Note that if m ∈ ∂M then
TmM ∼= Rm and Tqm : TmM → Tf(m)N are still well defined. For example,
every embedding q : M ↪→ N is an immersion and moreover, an immersion
is locally an embedding. However, immersions are not in general embeddings
and as we explain below, they are not even regularly homotopic to embed-
dings in general. Like an embedding, an immersion q : M # N has a normal
bundle which is the quotient bundle ν(q) over M defined by

(3.25) ν(q) := q∗TN/TM.

A regular homotopy h : M × [0, 1] → N from an immersion q0 : M # N
to an immersion q1 : M # N is a (continuous, but not necessarily smooth)
homotopy h : M × [0, 1] → N such that h0 = q0, h1 = q1, ht : M # N is a
(smooth) immersion for each t ∈ [0, 1] and the derivatives Tht : TM → TN of
ht fit together to define a (continuous) homotopy of bundle monomorphisms

TM × [0, 1]→ TN, (v, t) 7→ Tht(v)

between Tq0 and Tq1. Regular homotopy evidently defines an equivalence
relation on the set of immersions from M to N and we denote the set of
regular homotopy classes of such immersions by

(3.26) π0(Imm(M,N)).

Exercise 3.27. Show that if f0, f1 : M # N are immersions of closed man-
ifolds which are regularly homotopic, then there exists a smooth homotopy
H : M × [0, 1]→ N , which is a regular homotopy between f0 and f1

Exercise 3.28. Let f : R # R2 be an immersion such that f(x) = (x, 0)
holds for |x| ≥ 1 and ||f(x)|| ≤ 1 for |x| ≤ 1. Let h : R × [0, 1] → R2, be
the homotopy defined by h(x, t) := tf(t−1x) if |x| ≤ t and t 6= 0 and by
h(x, t) := (x, 0) otherwise. Show that h is continuous and ht is an immersion
for t ∈ [0, 1]. Prove that h is a regular homotopy if and only if f(x) = (x, 0)
holds for all x ∈ R.

The next result is due to Whitney [261, 263].
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Theorem 3.29 (Whitney’s Approximation Theorem). Let M and N
be closed manifolds of dimensions m and n. Then any map p : M → N is
arbitrarily close to an immersion provided that 2m ≤ n and arbitrarily close
to an embedding provided that 2m ≤ n−1.

For a proof of the following result we refer to Smale [222] for the case of im-
mersions of spheres into Euclidean space and to Hirsch [106, Theorems 5.7 &
5.9] for the general statement. A modern treatment of Hirsch-Smale theory
in the setting of the h-principle can be found in Eliashberg-Mishachev [80,
8.2.1].

Theorem 3.30 (Immersions and Bundle Monomorphisms). Let M
be an m-manifold and N an n-manifold.

(i) Suppose that 1 ≤ m < n. Then taking the differential of an immersion
yields a bijection

T : π0(Imm(M,N))
∼=−→ π0(Mono(TM, TN));

(ii) Suppose that 1 ≤ m ≤ n and that M has a handlebody decomposition
consisting of q-handles for q ≤ n − 2. Then taking the differential of an
immersion yields a bijection

T : π0(Imm(M,N))
∼=−→ colima→∞ π0(Mono(TM ⊕ Ra, TN ⊕ Ra)),

where the colimit is given by stabilisation with the identity.

Example 3.31 (Turning the sphere “inside out”). Let f0 : S2 ↪→ R3 be
the standard embedding. Then we obtain another embedding f1 : S2 ↪→ R3

by precomposing with the antipodal map a : S2 → S2 sending x to −x.
We claim that f0 and f1 are regular homotopic as immersions. In view of
Theorem 3.30 (i) it suffices to to show that π0(Mono(TS2, TR3)) consists
of precisely one element, or, equivalently, that two bundle monomorphisms
TS2 → TR3 can be connected by a homotopy through bundle monomor-
phisms.

Consider bundle monomorphisms (qi, qi) : TS2 → TR3 for i = 0, 1. Equip
the vector bundles TS2 and TR3 with the standard orientations and Rie-
mannian metrics. Since Txqi(TxS

2) ⊂ Tqi(x)R3 is a 2-dimensional subvec-
tor space of the Euclidean vector space Tqi(x)R3, there is precisely one vec-
tor vi(x) ∈ Tqi(x)R3 whose norm is one and for which the orientation on
Txqi(TxS

2) ⊕ Rv(x) = Tqi(x)R3 induced by the one of TxS
2 and vi(x) and

the one on Tqi(x)R3 agree. Hence we can find a map of vector bundles
(qi, gi) : TS2 ⊕ R → TR3 which is fiberwise an orientation preserving iso-
morphisms, covers qi and extends qi. Since qi is homotopic to the constant
map c with value 0, we can find a homotopy of bundle maps which are fiber-
wise orientation preserving isomorphisms from (qi, gi) to (c, ci) for i = 0, 1. It
suffices to show that (c, c0) and (c, c1) are strongly fiber homotopic as bundle
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maps (which are fiberwise isomorphisms) because then by restriction we get
a homotopy of bundle monomorphisms between (q0, q0) and (q1, q1). Now
(c, c0) and (c, c1) differ by an orientation preserving bundle automorphism
covering the identity (id, u) : S2 × T0R3 → S2 × T0R3. This is the same as
a map u : S2 → GL(3,R)+, where we identify T0R3 = R3 and GL(3,R)+ is
the Lie group of orientation preserving linear automorphisms of R3. The in-
clusion SO(3)→ GL(3,R)+ is a homotopy equivalence by the Gram-Schmidt
process. Since π2(SO(3)) ∼= π2(S3) is known to be zero, there is a strong
homotopy of bundle maps which are fiberwise isomorphisms and cover the
identity from (id, u) to (id, id). This proves that π0(Imm(S2,R3)) consists of
precisely one element.

Why does a regular homotopy between f0 and f1 justifies the phrase that
one can turn the sphere inside out? Note that any immersion f : S2 # R3

comes with a preferred orientation of its normal bundle, this corresponds
to the collection of normal vectors ν(x) emanating from f(x) for x ∈ S2

coming from the construction above. If f happens to be an embedding, then
R3 \ im(f) has precisely two path components. One of them is characterized
by the property that the normal vector ν(x) at f(x) for x ∈ S2 points into it
and this component is called the outside component. The other one is called
the inside component. Thus we can associate to an embedding s : S2 ↪→ R3

an outer and an inner component of R3 \ im(f). Now one easily checks that
im(f0) and im(f1) and hence R3 \ im(f0) and R3 \ im(f1) agree but the outer
component of f0 is the inner component of f1. If one has an immersion,
one cannot talk about an outside and inside component anymore, but one
still has the orientation of the normal bundles and hence the normal vectors
v(x). Moreover a regular homotopy between f0 and f1 will also respect these
normal vectors.

There are movies which picture a regular homotopy h from f0 and f1. The
blue and red colors indicate the position of these normal vectors emanating
from ht(x) for t ∈ [0, 1] and x ∈ S2 deciding whether one can see them
emanating from the image of the immersion or not, provided that f−1(f(x))
consist of precisely one point.

For surgery, we shall apply Theorem 3.30 to immersions q : Sk # M and
qth : Sk ×Dn−k #M . Put

(3.32) π0(Immk(M)) := π0(Imm(Sk,M)).

Define

(3.33) π0(Immfr
k (M))

as follows. Consider pairs (q, u), where q : Sk # M is an immersion and

u : ν(q)
∼=−→ Rn−k is a trivilisation of the normal bundle of q. Let (qm, um)

for m = 0, 1 be two such pairs. We call them equivalent if there is a regular
homotopy h : Sk× [0, 1]→M between q0 and q1 such that for the immersion
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h × pr[0,1] : S
k × [0, 1] # M × [0, 1], where pr[0,1] : S

k × [0, 1] → [0, 1] is the

projection, there exists a trivilisation U : ν(h × pr[0,1])
∼=−→ Rn−k of vector

bundles over Sk × [0, 1] whose restriction to Sk × {m} agrees with um for
m = 0, 1. We define π0(Immfr

k (M)) to be the equivalence classes [(q, u)] of
such pairs (q, u).

We have the forgetful map

ζ : π0(Immfr
k (M))→ π0(Immk(M))

and the map

ρ : π0(Imm(Sk ×Dn−k,M))→ π0(Immfr
k (M))

which sends the class of an immersion Q : Sk × Dn−k # M to the pair
(Q ◦ i, u), where i : Sk → Sk × Dn−k sends x to (x, 0) and u comes from

the isomorphism ν(Q ◦ i)
∼=−→ ν(i) induced by TQ and the standard framing

ν(i) ∼= Rn−k.
The group structure on O(n−k) induces a group structure on the space

map(Sk,O(n−k)) by post-composition and hence on [Sk,O(n−k)]. Next we
define a [Sk,O(n−k)]-action on π0(Immfr

k (M)). Let a : Sk → O(n−k) be
a representative of the class [a] in [Sk,O(n−k)] and (q, u) a representative
of the class [(q, u)] in π0(Immfr

k (M)). Then a yields a bundle automorphism
â : (x, v) 7→ (x, a(x)v) of the trivial vector bundle Rn−k over Sk and we define
[a] · [(q, u)] := [(q, â◦u)]. One easily checks that this definition is independent
of the choices of the representatives and indeed defines a [Sk,O(n−k)]-action
on π0(Immfr

k (M)).
Let q : M # N be an immersion. A thickening of q is an immersion

qth : Eν(q) # N for the total space Eν(q) of the normal bundle ν(q) of q

such that for the zero section s : M → Eν(q) we have qth ◦ s = q and the

differential Tqth induces the identity id : ν(q) → ν(q), in other words, the
following diagram commutes

TM ⊕ ν(q)
Tq⊕j //

��

s∗TEν(q)
s∗Tqth // s∗(qth)∗TN = q∗TN

��
ν(q)

id
// ν(q),

where Ts⊕ j : TM ⊕ ν(q)
∼=−→ s∗TEν(q) is the canonical bundle isomorphism

and the vertical arrows are the canonical projections. If q is an embedding,
this reduces to the well-know notion of a tubular neighbourhood. The proof of
the existence of a tubular neighbourhood, which is based on the exponential
map for N , extends directly to immersions, see [32, Theorem 12.11]. Two
thickenings qth

0 and qth
1 of q are called isotopic, if and only if there is a
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smooth map h : Eν(q) × [0, 1]→ M such that ht : Eν(q) # M is a thickening

of q for all t ∈ [0, 1] and hm = qth
m for m = 0, 1. Two thickenings are always

isotopic.

Lemma 3.34.

(i) The map ρ : π0(Imm(Sk ×Dn−k,M))→ π0(Immfr
k (M)) is a bijection;

(ii) Let Q0 : Sk ×Dn−k #M be an immersion. Let h : Sk × [0, 1]→M be a
regular homotopy from q0 := Q0 ◦ i to the immersion q1 : Sk #M . Then
there is an immersion Q1 : Sk ×Dn−k # M with Q1 ◦ i = q1 such that
Q0 and Q1 are regularly homotopic as immersions Sk ×Dn−k #M ;

Proof. (i) The inverse of ρ sends the class [(q, u)] of the pair (q, u) to the
composite

Sk ×Dn−k id
Sk
×j

−−−−−−→ Sk × Rn−k u−1

−−−−→ Eν(q)
qth−−−→M

where j : Dn−k → Rn−k is the inclusion and qth some thickening of q.

(ii) We get an immersion h := h × pr[0,1] : S
k × [0, 1] # M × [0, 1] from the

regular homotopy h. Let pr : Sk × [0, 1] → Sk be the canonical projection.
For m = 0, 1, let km : Sk → Sk × [0, 1] be the map sending x to (x,m).
Choose a bundle isomorphism w : ν(h)→ (k0◦pr)∗ν(h) of vector bundles over
Sk × [0, 1], see [112, Theorem 4.3 in Chapter 3 on page 28]. We can arrange
that k∗0w : k∗0ν(h) → k∗0(k0 ◦ pr)∗ν(h) = k∗0ν(h) is the identity, otherwise
compose w with the inverse of (k0 ◦pr)∗w. From the construction of the map

ρ, we get a trivialisation u : ν(q0)
∼=−→ Rn−k of vector bundles over Sk. The

pullback construction yields an isomorphism pr∗ u : pr∗ ν(q0)
∼=−→ pr∗Rn−k =

Rn−k of vector bundles over Sk×[0, 1]. Since we have the natural identification

ν(q0)
∼=−→ k∗0ν(h), we regard the pullback pr∗ u as a vector bundle isomorphism

(k0 ◦ pr)∗ν(h)
∼=−→ Rn−k over Sk × [0, 1]. Consider the composite

a : ν(h)
w−−→ (k0 ◦ pr)∗ν(h)

pr∗ u−−−−→ Rn−k,

which is an isomorphism of vector bundles over Sk × [0, 1] such that the pull
back bundle map k∗0a : k∗0ν(h) = ν(q0)→ k∗0Rn−k = Rn−k is u. Define

H : Sk×[0, 1]×Dn−k id
Sk×[0,1]

×j
−−−−−−−−→ Sk×[0, 1]×Rn−k a−1

−−→ ν(h)
h
th

−−→M×[0, 1],

where h
th

is some thickening of h. For ε ∈ (0, 1] define the composition

H[ε] : Sk × [0, 1]×Dn−k id
Sk×[0,1]

×(ε·id
Dn−k )

−−−−−−−−−−−−−−→

Sk × [0, 1]×Dn−k H−→M × [0, 1]
prM−−−→M,
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for the obvious projection prM and precompose with the map which switches
the second and the last factor of the source. Choose ε > 0 small enough
so that H[ε] is a regular homotopy. Put Q1 := H[ε]1. Then H is a regular
homotopy of immersions Sk ×Dn−k #M from H[ε]0 to Q1 and Q1 ◦ i = q1.
By construction the immersions H[ε]0 and Q0 have the same image under
ρ : π0(Imm(Sk×Dn−k,M))→ π0(Immfr

k (M)) and so assertion (i) implies that
they are regularly homotopic. Hence Q0 and Q1 are regularly homotopic. ut

Remark 3.35. Theorem 3.30 and Lemma 3.34 can be obtained from more
general statements about spaces. Namely, there are spaces Imm(M,N),
Mono(TM, TN), Immfr

k (M), and Immk(M) such that the sets described
above are indeed just the sets of path components of these spaces. Then
there are maps Imm(M,N)→ Mono(TM, TN) and Imm(Sk ×Dn−k, N)→
Immfr

k (M) which are weak homotopy equivalences and hence induce bijections
after applying π0, Moreover, there is a map(Sk,O(n−k))-principal bundle
p : Immfr

k (M) → Immk(M). The fact that paths can be lifted along p with
prescribed initial point implies assertion (ii) of Lemma 3.34.

Example 3.36 (Immersions of Sk in Dn). We consider Theorem 3.30 (ii)
when M = Sk, N = Dn and we have 1 ≤ k ≤ n−2. Assume that k ≥ 2.
Identify TSk ⊕ R = Rk+1 and TDn ⊕ R = Rn+1 and for any immersion
q : Sk # Dn define

ST (q) = pr ◦(Tq ⊕ idR) : Sk × Rk+1 → Rn+1,

where pr : Rn+1 → Rn+1 is the projection. The map ST (q) associates to
every point x in the sphere Sk a (k+1)-frame of linearly independent vectors
(v1(x), . . . , vk+1(x)) in Rn+1. From Theorem 3.30 (ii) and Lemma 3.34 (i) we
obtain bijections

π0(Immk(Dn))
∼=−→ [Sk,GL(n+1,R)/GL(n−k,R)]

and
π0(Immfr

k (Dn))
∼=−→ [Sk,GL(n+1,R)].

Now the Gram-Schmidt process ensures that the inclusion O(j)→ GL(j,R)
is a homotopy equivalence. Moreover, for all j ≥ k+2, [Sk,O(j)] ∼= [Sk,O],
and so we have the following commutative diagram

π0(Immfr
k (Dn))

ζ

��

∼= // [Sk,O]

π∗

��
π0(Immk(Dn))

∼= // [Sk,O/O(n−k)],

where π : O → O/O(n−k) is the natural quotient map. Since O/O(n−k) is
simply connected we have [Sk,O/O(n−k)] ≡ πk(O/O(n−k)).
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Also when k = 1, the above argument works without first stabilising Tq
since TS1 is trivial.

In the case where n = 2k, the groups πk(O/O(k)) are known [119] and
provided that 1 ≤ k ≤ n−2 we conclude from Theorem 3.30 (i) that there
are isomorphisms

π0(Immk(D2k))
∼=−→ πk(O/O(k)) ∼=

{
Z k = 1 or k is even,

Z/2 k ≥ 3 is odd.

Exercise 3.37. Let f : S1 # D2 be an immersion. Its differential induces a
map Tf : S1 → R2 − {0}. If we compose it with the map pr: R2 − {0} → S1

sending x to x/||x||, we obtain a map pr ◦f : S1 → S1. Show that

π0(Imm1(D2))
∼=−→ Z, [f ] 7→ deg(pr ◦f)

is bijective.

Example 3.38. Suppose that 1 ≤ k ≤ n−2. Then under the bijection

π0(Immk(Dn))
∼=−→ πk(O/O(n−k)) of Example 3.36, the boundary map

∂ : πk(O/O(n−k))→ πk−1(O(n−k))

in the long exact sequence of the fibration O(n−k) → O → O/O(n−k)
corresponds to taking the isomorphism class of the normal bundle of a regular
homotopy class of immersions Sk # Dn.

3.6 The Surgery Step

Now we can carry out the surgery step. The key technical statement for this
step is the following theorem.

Theorem 3.39 (The Surgery Step). Let f : M → X be a map from a
closed manifold M to a CW -complex X which is covered by a bundle map
f : TM ⊕ Ra → ξ. Consider an element ω ∈ πk+1(f) for k ≤ n−2 and
n = dim(M). Let Tj ⊕ nv : T (Sk × Dn−k) ⊕ R → T (Dk+1 × Dn−k) be the
bundle map covering the inclusion j, which is given by the differential Tj
of j and the outward normal field of the boundary of Dk+1 × Dn−k, see
Definition 4.31.

(i) We can find a commutative diagram of vector bundles
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T (Sk ×Dn−k)⊕ Ra+b qth //

Tj⊕nv⊕idRa+b−1

��

TM ⊕ Ra+b

f

��
T (Dk+1 ×Dn−k)⊕ Ra+b−1

Qth

// ξ ⊕ Rb

covering a commutative diagram

Sk ×Dn−k qth //

j

��

M

f

��
Dk+1 ×Dn−k

Qth

// X

such that the restriction of the last diagram to Sk × {0} → Dk+1 × {0}
represents ω and qth : Sk ×Dn−k #M is an immersion;

(ii) The regular homotopy class of the immersion qth appearing in asser-
tion (i) is uniquely determined by the properties above and depends only
on ω and the homotopy class of (f, f);

(iii) Suppose that the regular homotopy class of the immersion qth appearing
in (i) is such that the immersion q := qth|Sk×{0} : Sk # M is regular

homotopic to an embedding. Then one can arrange qth in assertion (i) to
be an embedding. If 2k ≤ n−1, one can always find an embedding in the
regular homotopy class of q;

(iv) Suppose that the map qth appearing in assertion (i) is an embedding (this
can always be arranged if 2k ≤ n−1) and let W be the trace of surgery
along qth; i.e., the manifold obtained from M×[0, 1] by attaching a handle
Dk+1×Dn−k along qth : Sk×Dn−k →M = M ×{1}. Let F : W → X be

the map induced by M × [0, 1]
pr−→ M

f−→ X and Qth : Dk ×Dn−k → X.

After possibly stabilising f , the bundle maps f and Qth induce a bundle
map F : TW⊕Ra+b → ξ⊕Rb covering F : W → X. Thus we get a normal
map (F, F ) : TW ⊕ Ra+b → ξ ⊕ Rb which extends the stabilised normal
map (f, f ⊕ (f × idRb)) : TM ⊕ Ra+b → ξ ⊕ Rb.

Proof. (i) Choose a commutative diagram of smooth maps

Sk
q //

j
��

M

f

��
Dk+1

Q
// X.

representing ω. Of course it can be extended to a diagram
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Sk ×Dn−k qth //

jth

��

M

f

��
Dk+1 ×Dn−k

Qth

// X.

Since Dk+1 × Dn−k is a contractible space, we can find a bundle map
Qth : T (Dk+1 × Dn−k) ⊕ Ra−1 → ξ covering Qth. There is precisely one

bundle map qth covering qth such that the following diagram commutes

T (Sk ×Dn−k)⊕ Ra
qth //

Tjth⊕n⊕idRa−1

��

TM ⊕ Ra

f

��
T (Dk+1 ×Dn−k)⊕ Ra−1

Qth

// ξ.

Now we use that k ≤ n−2. From Theorem 3.30 (ii) we obtain an immersion
qth
0 : Sk × Dn−k # M , such that (qth

0 , T q
th
0 ) : T (Sk × Dn−k) → TM and

(qth, qth) define the same element in

colimc→∞ π0(Mono(T (Sk ×Dn−k)⊕ Rc, TM ⊕ Rc)).

Now after possibly stabilising f and thus enlarging a to a+ b we can achieve
the desired diagram by a cofibration argument.

(ii) Let qth : Sk ×Dn−k #M be an immersion from part (i). The stable ho-
motopy class of the bundle monomorphism (qth, T qth) is uniquely determined
by the commutativity of the following diagram of vector bundles:

T (Sk ×Dn−k)⊕ Ra+b
Tqth⊕(qth×idRa+b )

//

Tjth⊕n⊕idRa+b−1

��

TM ⊕ Ra+b

f

��
T (Dk+1 ×Dn−k)⊕ Ra+b−1

Qth

// ξ ⊕ Rb.

This is because Dk+1 × Dn−k is contractible and hence (qth, qth) is unique
up to fiber homotopy. Now apply Theorem 3.30 (ii).

(iii) By Lemma 3.34 (ii) there is a regular homotopy of framed immersions
from qth to a framed embedding qth

0 . By a cofibration argument we can use
this regular homotopy from qth to qth

0 to change all the diagrams for Qth up
to homotopy to diagrams for Qth

0 .
If 2k < n, we can find an embedding q0 which is arbitrarily close to q

by Theorem 3.29 and hence regularly homotopic to q since the condition of
being an immersion is an open condition.
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(iv) We leave it to the reader to check that the construction of (F, F ) makes
sense. ut

Since Theorem 3.39 is central but also rather complicated, we give some
explanation. Assertion (i) allows us to blow up a representative of an ele-

ment ω ∈ πk+1(f) to an immersion qth : Sk × Dn+k # M with a preferred

nullhomotopy Qth and everything is covered with appropriate bundle data.
Assertion (ii) tells us that up to regular homotopy qth is unique, ensuring that
we have made the right choice. So we are prepared to carry out the surgery
step, provided that we can arrange qth to be an embedding. Assertion (iii)
tells us that this can be arranged if the immersion q := qth|Sk×{0} : Sk #M
is regularly homotopic to an embedding and that this can always be achieved
in the case 2k ≤ n−1. Assertion (iv) ensures that the bundle data carry over
to the trace of the surgery and hence onto the result of the surgery.

Definition 3.40 (The surgery step, its outcome and its trace). Let
f : M → X be a map from a closed n-dimensional manifold M to a
CW -complex, which is homotopy equivalent to a CW -complex with fi-
nite k-skeleton as target. Suppose that f is covered by a bundle map
(f, f) : TM ⊕ Ra → ξ. Consider an element ω ∈ πk+1(f) for k ≤ n−2.

(i) The bundle map (f ′, f ′) : TM ′ ⊕ Ra+b → ξ ⊕ Rb appearing in Theo-
rem 3.39 (iv) is the outcome of surgery on (f, f) along (ω, qth), provided
that it exists, i.e., that the map qth appearing in assertion (i) of The-
orem 3.39 is an embedding, which can always be arranged in the case
2k ≤ n−1.

(ii) The bundle map (F, F ) : TW ⊕ Ra+b → ξ ⊕ Rb appearing in Theo-
rem 3.39 (iv) is the trace of surgery on (f, f) along (ω, qth).

(iii) The step taken in passing from (f, f) to (f ′, f ′) is the surgery step along
(ω, qth).

Definition 3.41 (Tangential ξ-map). Let ξ be an l-dimensional vector
bundle over a CW -complex X. A tangential ξ-map (M,f, f) consists of the
following data:

• A closed manifold M of dimension n;
• A map f : M → X;
• A bundle map (f, f) : TM ⊕ Ra → ξ for a = l − n.

Definition 3.42 (Bordism of tangential ξ-maps). Let ξ be a l-dimensional
vector bundle over a CW -complex X. Let (M0, f0, f0) and (M1, f1, f1) be
tangential ξ-maps with n = dim(M0) = dim(M1) < l. A tangential bordism
of tangential ξ-maps (W,F, F ) from (M0, f0, f0) to (M1, f1, f1) consists of:

• A compact manifold W of dimension n+1 whose boundary ∂W is the
disjoint union ∂0W q ∂1W ;

• Diffeomorphisms ui : Mi → ∂iW for i = 0, 1;
• A map F : W → X satisfying fi = F ◦ ui;
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• A bundle map (F, F ) : TW ⊕ Ra−1 → ξ such that

(F, F ) ◦
(
(ui, ui)⊕ (ui × idRai−1)

)
= (fi, fi)

holds, where (ui, ui) : TMi ⊕R→ TW is the bundle map induced by Tui
with respect to some inward normal vector field for i = 0 and for some
outward normal vector field for i = 1.

From Lemma 3.4, Remark 3.11, and Theorem 3.39 we obtain the following

Theorem 3.43 (Making a tangential ξ-map highly connected). Let ξ
be an l-dimensional vector bundle over the CW -complex X which is homotopy
equivalent to a CW -complex with finite k-skeleton. Let (f, f) : TM ⊕Ra+b →
ξ ⊕ Rb be a tangential ξ ⊕ Rb-map with a closed n-dimensional manifold M
as source for some natural numbers a and b.

Then we can carry out a finite sequence of surgery steps to obtain a tan-
gential ξ ⊕ Rb′-map (f ′, f ′) : TN ⊕ Ra+b′ → ξ ⊕ Rb′ satisfying:

(i) The map f ′ : N → X is k-connected, where n = 2k or n = 2k+1;
(ii) There are natural numbers c and c′ with b + c = b′ + c′ such that the

bundle maps (f, f) ⊕ (f × idRc) : TM ⊕ Ra+b ⊕ Rc → ξ ⊕ Rb ⊕ Rc and
(f ′, f ′)⊕ (f ′ × idRc′ ) : TN ⊕ Ra+b′ ⊕ Rc′ → ξ ⊕ Rb′ ⊕ Rc′ are bordant as

tangential ξ ⊕ Rb′ ⊕ Rc′-maps.

Exercise 3.44. A smooth manifoldM is called stably parallisable if TM⊕Ra
is trivial for some natural number a. Let M be a closed stably parallisable
manifold of dimension n. Define k by requiring n = 2k or n = 2k+1. Show
that there is a (k−1)-connected stably parallisable manifold N together with
a stably parallisable bordism between M and N .

3.7 The Pontrjagin-Thom Construction

Let (M, i) be an embedding i : Mn ↪→ Rn+k of a closed n-dimensional ma-
nifold M into Rn+k. Note that TRn+k comes with an explicit trivialisation

Rn+k×Rn+k
∼=−→ TRn+k and the standard Euclidean inner product induces a

Riemannian metric on TRn+k. Denote by ν(M) = ν(M, i) the normal bundle
of i which is the orthogonal complement of TM in i∗TRn+k. For a vector bun-
dle ξ : E → X with Riemannian metric define its disk bundle pDE : DE → X
by DE = {v ∈ E | ||v|| ≤ 1} and its sphere bundle pSE : SE → X by
SE = {v ∈ E | ||v|| = 1}, where pDE and pSE are the restrictions of p.
Its Thom space Th(ξ) is defined by DE/SE. It has a preferred base point
∞ := SE/SE. The Thom space can be defined without a choice of a Rie-
mannian metric as follows. Put Th(ξ) = E ∪ {∞} for some extra point ∞.
Equip Th(ξ) with the topology for which E ⊂ Th(E) is an open subset and



84 3 The Surgery Step and ξ-Bordism

a basis of open neighbourhoods for ∞ is given by the complements of closed
subsets A ⊂ E for which A∩Ex is compact for each fibre Ex. If X is compact,
E is locally compact and Th(ξ) is the one-point-compactification of E. The
advantage of this definition is that any bundle map (f, f) : ξ0 → ξ1 of vector
bundles ξ0 : E0 → X0 and ξ1 : E1 → X1 canonically induces a pointed map
Th(f) : Th(ξ0) → Th(ξ1). Note that we require that f induces a bijective
map on each fibre. Denote by Rk the trivial vector bundle with fibre Rk. We
mention that there are homeomorphisms

Th(ξ × η) ∼= Th(ξ) ∧ Th(η);(3.45)

Th(ξ ⊕ Rk) ∼= Σk Th(ξ),(3.46)

where ∧ stands for the smash product of pointed spaces

X ∧ Y := (X × Y ) / (X × {y} ∪ {x} × Y )(3.47)

and ΣkY = Sk ∧Y is the (reduced) suspension; a proof can be found in [238,
Proposition 12.28]. Let (N(M), ∂N(M)) be a tubular neighbourhood of M .
Recall that there is a diffeomorphism

u : (Dν(M), Sν(M))→ (N(M), ∂N(M)),

which is up to isotopy relative M uniquely determined by the property that
its restriction to M is i and its differential at M is ε · id for small ε > 0 under
the canonical identification T (Dν(M))|M = TM ⊕ ν(M) = i∗TRn+k. The
Thom collapse map

c : Sn+k = Rn+k q {∞} → Th(ν(M))(3.48)

is the pointed map which is given by the diffeomorphism u−1 on the interior
of N(M) and sends the complement of the interior of N(M) to the preferred
base point ∞.

Figure 3.49 (Pontrjagin-Thom construction).

Sν

MDν
Collapse

The homology groupHn+k(Th(ν(M))) ∼= Hn+k(N(M), ∂N(M)) is infinite
cyclic, since N(M) is a compact orientable (n+k)-dimensional manifold with
boundary ∂N(M). The Hurewicz homomorphism

h : πn+k(Th(ν(M)))→ Hn+k(Th(ν(M)))
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sends the class [c] of c to a generator. This follows from the fact that any
point in the interior of N(M) is a regular value of c and has precisely one
point in his preimage.

Next we apply this construction to bordism. Fix a space X together with
a k-dimensional vector bundle ξ over X. Let us recall the definition of the
bordism set Ωn(ξ) of normal ξ-bordism classes of normal ξ-maps.

Definition 3.50 (Normal ξ-map). A normal ξ-map (M, i, f, f) is a quadru-
ple consisting of

• A closed manifold M of dimension n;
• An embedding i : M ↪→ Rn+k;
• A map f : M → X;
• A bundle map (f, f) : ν(i)→ ξ covering f , where ν(i) is the normal bundle

of the embedding i.

Definition 3.51 (Bordism of normal ξ-maps). A normal ξ-bordism from
the normal ξ-map (M0, i0, f0, f0) to the normal ξ-map (M1, i1, f1, f1) is a
quadruple (W, I, F, F ) consisting of

• A compact manifold W of dimension (n+1), whose boundary ∂W is the
disjoint union ∂0W q ∂1W ;

• An embedding of manifolds with boundary I : W ↪→ Rn+k × [0, 1] sending
∂mW to Rn+k × {m} for m = 0, 1;

• Diffeomorphisms um : Mm → ∂mW and Um : Rn+k → Rn+k × {m} for
m = 0, 1 satisfying I ◦ um = Um ◦ im;

• A map F : W → X× [0, 1] satisfying jm ◦fm = F ◦um for m = 0, 1, where
jm : X → X × [0, 1] sends x to (x,m);

• A bundle map (F, F ) : ν(I)→ ξ covering F such that F ◦ν(Um, um) = fm
holds for m = 0, 1, where (um, ν(um, Um)) : ν(im) → ν(I) is the obvious
bundle map induced by Tum and TUm.

Theorem 3.52 (Pontrjagin-Thom Construction). Let ξ : E → X be a
k-dimensional vector bundle over a CW -complex X. Then the map

Pn(ξ) : Ωn(ξ) −→ πn+k(Th(ξ)),

which sends the bordism class of (M, i, f, f) to the homotopy class of the

composite Sn+k c−→ Th(ν(M))
Th(f)−−−−→ Th(ξ) is a well-defined bijection which

is natural in ξ.

Proof. The details can be found in [33, Satz 3.1 on page 28, Satz 4.9 on
page 35]. The basic idea becomes clear after we have explained the con-
struction of the inverse for a finite CW -complex X. Consider a pointed map
(Sn+k,∞) → (Th(ξ),∞). We can change f up to homotopy relative {∞}
such that f becomes transverse to X. Note that transversality makes sense al-
though X is not a manifold, one needs only the fact that X is the zero-section
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in a vector bundle. Put M = f−1(X). The transversality construction yields
a bundle map f : ν(M)→ ξ covering f |M . Let i : M → Rn+k = Sn+k − {∞}
be the inclusion. Then the inverse of Pn(ξ) sends the class of f to the class
of (M, i, f |M , f). ut

Let Ωn(X) be the bordism group of pairs (M,f) of oriented closed n-
dimensional manifolds M together with reference maps f : M → X. Let ξk
be the universal oriented k-dimensional vector bundle over BSO(k). Recall
that for a finite-dimensional vector space V we denote the trivial vector
bundle with fibre V by V . Let jk : ξk ⊕ R → ξk+1 be a bundle map cov-
ering a map jk : BSO(k) → BSO(k+1). Up to homotopy of bundle maps
this map is unique. Denote by γk the bundle X × Ek → X × BSO(k)
obtained by crossing the projection of the universal bundle ξk with idX ,
and by (ik, ik) : γk ⊕ R → γk+1 the bundle map idX ×(jk, jk). The bundle
map (ik, ik) is unique up to homotopy of bundle maps and hence induces
a well-defined map Ωn(ik) : Ωn(γk) → Ωn(γk+1), which sends the class of
(M, i, f, f) to the class of the quadruple which comes from the embedding

j : M
i−→ Rn+k ↪→ Rn+k+1 and the canonical isomorphism ν(i) ⊕ R = ν(j).

Consider the homomorphism

Vk : Ωn(γk)→ Ωn(X)

which sends the class of (M, i, f, f) to (M, prX ◦f), where prX is the pro-
jection X × BSO(k) → X and we equip M with the orientation determined
by f . Let colimk→∞Ωn(γk) be the colimit of the directed system indexed by
k ≥ 0

. . .
Ωn(ik−1)−−−−−−→ Ωn(γk)

Ωn(ik)−−−−→ Ωn(γk+1)
Ωn(ik+1)−−−−−−→ . . .

Since Vk+1 ◦Ωn(ik) = Vk holds for all k ≥ 0, we obtain a map

V : colimk→∞Ωn(γk)
∼=−→ Ωn(X).(3.53)

This map is bijective because of the classifying property of γk and the facts
that for k > n+1 any closed manifold M of dimension n can be embedded
into Rn+k and two such embeddings are isotopic.

We see a sequence of spaces Th(γk) together with maps

Th(ik) : Σ Th(γk) = Th(γk ⊕ R)→ Th(γk+1).

They induce homomorphisms

sk : πn+k(Th(γk))→ πn+k+1(Σ Th(γk))
πn+k+1(Th(ik))−−−−−−−−−−→ πn+k+1(Th(γk+1)),

where the first map is the suspension homomorphism. We now define the
group colimk→∞ πn+k(Th(γk)) to be the colimit of the directed system
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· · · sk−1−−−→ πn+k(Th(γk))
sk−→ πn+k+1(Th(γk+1))

sk+1−−−→ · · · .

From Theorem 3.52 we obtain a bijection

P : colimk→∞Ωn(γk)
∼=−→ colimk→∞ πn+k(Th(γk)).

This implies together with (3.53)

Theorem 3.54 (Pontrjagin Thom Construction and Oriented Bor-
dism). There is an isomorphism of abelian groups natural in X

P : Ωn(X)
∼=−→ colimk→∞ πn+k(Th(γk)).

Remark 3.55 (Spectra). Note that this is the beginning of the theory of
spectra and stable homotopy theory. A spectrum E consists of a sequence of
spaces (Ek)k∈Z together with maps σk : ΣEk → Ek+1, which are called the
structure maps of E. The n-th stable homotopy group πn(E) is the defined
as the colimit colimk→∞ πn+k(Ek) with respect to the directed system given
by the composites

πn+k(Ek)→ πn+k+1(ΣEk)
πn+k+1(σk)−−−−−−−→ πn+k+1(Ek+1).

Theorem 3.54 is a kind of mile stone in homotopy theory since it is the
prototype of a result, where the computation of geometrically defined objects
are translated into a computation of (stable) homotopy groups. It applies to
all other kind of bordism groups, where one puts additional structures on the
manifolds, for instance a Spin-structure. The bijection is always of the same
type, but the sequence of bundles ξk depends on the additional structure.
If we want to deal with the unoriented bordism ring, we have to replace
the bundle ξk → BSO(k) by the universal k-dimensional vector bundle over
BO(k).

Theorem 3.56 (Making a normal ξ-map highly connected). Let ξ
be an l-dimensional vector bundle over a CW -complex X which is homotopy
equivalent to a CW -complex with finite (n+1)-skeleton. Consider an element
x ∈ Ωn(ξ). Then there exists a natural number c such that the image of
x under the stabilisation map Ωn(ξ) → Ωn(ξ ⊕ Rc) has a representative
(M, i, f, f) with the property that f is k-connected, where n = 2k or n =
2k+1.

Proof. Recall that for a n-dimensional manifold the Whitney sum of its tan-
gent bundle and its normal bundle is a trivial bundle. Let η be a vector bundle
over X such that ξ⊕ η is trivial. Then stably a tangential ξ-map is the same
as a normal η-map and the analogous statement holds for bordisms, cf., the
proof of Lemma 6.39. If X is a finite CW -complex, then such a bundle η
exists for any vector bundle ξ. If W is a compact (n+1)-dimensional mani-
fold, then the image of a map W → X is homotopic to a map with image in
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the (n+1)-skeleton of X. Hence Theorem 3.56 is equivalent to Theorem 3.43
which we have already proved. ut

3.8 Classification up to stable diffeomorphism

In this subsection we digress from the main line of the book, which treats the
classification of manifolds with a given homotopy type via classical surgery,
and discuss aspects of the use of surgery theory to classify manifolds with
less homotopy theoretic input. Specifically we discuss variations of the surgery
algorithm for classifying manifolds which were pioneered by Kreck [125] and
which are often called “modified surgery”.

The details are to be filled.

3.9 Miscellaneous

Our approach to the surgery step is based on immersions. We used Hirsch-
Smale theory and the bundle data to determine an unique regular homotopy
class of immersion with appropriate bundle data so that we could carry out
the surgery step, provided that the immersion can be arranged to be an
embedding. This approach is used for instance by Wall [248]. When X is
simply connected, another approach can be found in Kervaire-Milnor [121]
and Browder [35], where one first tries to find an appropriate framed embed-
ding and then possibly changes the framing to be able to extend the bundle
data to the bordism. For a comparison of these two strategies we refer to [203,
Chapter 10].

The concept of surgery arises in the setting of Morse theory, as it describes
the change in the topology of the pre-image of the regular value of a smooth
function as one passes over a single critical value of the function. Early ex-
plorations of the effect of surgery can be found in work of Wallace [250],
Milnor [163] and Wall [242]. An important first application of surgery was
the Kervaire-Milnor description of homotopy spheres [121], which we review
in Chapter 11.
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Chapter 4

Poincaré Duality

4.1 Introduction

Recall that our goal is to find a solution to

Problem 3.1. Let X be a finite CW -complex. When is X homotopy equiv-
alent to a closed n-dimensional manifold?

In this chapter we deal with the necessary condition that X has to be
a finite n-dimensional Poincaré complex. It is necessary since any closed n-
dimensional manifold has this structure and the existence of this structure
depends only on the homotopy type of a space.

We will recall the notion of a local coefficient system in Section 4.2. In
Section 4.5 we will define the intrinsic fundamental class of a closed n-
dimensional manifold M , [[M ]] ∈ Hn(M ;OM ), where OM is a canonical
infinite cyclic local coefficient system defined using the tangent bundle TM .
It is intrinsic since it is invariant under any diffeomorphism and no orientabil-
ity conditions are required, see Lemma 4.30.

We introduce the notion of a finite Poincaré complex in Section 4.6. Clas-
sical Poincaré duality for a closed oriented connected manifold relates its co-
homology to its homology. We will need a more advanced notion of Poincaré
duality for a finite CW -complex X, which is due to Wall [246] and is a chain
complex version for the universal covering of X allowing arbitrary orienta-
tion homomorphisms w : π1(X) → {±1}. As mentioned above, any closed
n-dimensional manifold is a finite n-dimensional Poincaré complex, see The-
orem 4.51. We will also treat finite Poincaré pairs, which correspond to com-
pact manifolds with boundary, see Theorem 4.69. We will also introduce the
signature, which will later turn out to be the first surgery obstruction, see
Remark 6.51.

Guide 4.1. It is crucial to understand the notion of a Poincaré complex X,
see Definition 4.43, and in particular that it is defined by a chain map of
chain complexes over the group ring Zπ1(X) constructed using the universal
covering of X. A reader who is not familiar with local coefficient systems and
the associated homology groups may pass directly to Section 4.6 and from the
very beginning make the choice (BP) (see Notation 4.6) and take the point of
view explained in Convention 4.49. Background material on local coefficients
can be found in [62, Chapter 5]. At all events the reader should absorb the
material on the signature, which is a fundamental concept in surgery theory
and the study of manifolds. The reader may ignore all aspects concerning

89
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the notion of simple Poincaré complex and of Whitehead torsion until he will
later encounter Chapter 9.

The material of the preceding chapters is not needed to read this chapter.

4.2 Local Coefficients

To avoid certain inconsistencies and bugs, which appear in the literature and
which can lead to unpleasant difficulties and confusion, we want to be very
careful concerning base point issues. In general these can often be ignored
since constructions are often independent of such choices or such choices can
be made without harm. This is different in surgery theory, as we will see at
various places and one has to carefully analyse when one can indeed ignore
such choices.

It is obvious at least in bordism theory that one cannot just choose a base
point. The spaces which occur may have several path components. Of course
here one could say that one specifies for each path component one base point.
But if one has two different connected manifolds, for each of which one has
fixed a base point and then considers a connected bordism between them,
the question arises which base point one should take for the bordism.

If X is a path connected space and x, y ∈ X are two points, the funda-
mental groups π1(X,x) and π1(X, y) are known to be isomorphic. For any
homotopy class relative endpoints [u] of paths u from x to y, one obtains an
isomorphism c[u] : π1(X,x)→ π1(X, y) by sending the class [v] of a loop at x
to the class [u− ∗ v ∗ u] of the loop at y given by the concatenation of paths
u−∗v∗u for u− the inverse path of u. The problem is that c[u] depends on [u].
If [u′] is a second choice of a homotopy class relative endpoints of paths from
x to y, then u− ∗ u′ defines an element [u− ∗ u′] ∈ π1(X, y). If c[u−∗u′] is the
inner automorphism of π1(X, y) given by [u− ∗ u′], then c[u′] = c[u−∗u′] ◦ c[u].
It follows, for instance, that we can assign to X the Whitehead group Wh(π)
as explained after (2.20), since an inner automorphism of a group G induces
the identity on Wh(G). Later, for a group G together with a homomorphism
w : G→ {±1}, we will introduce algebraic L-groups Ln(ZG,w). These groups
have the property that an inner automorphism given by the element g ∈ G
induces w(g) · id, see Lemma 7.149 and Lemma 8.31, and hence we cannot ar-
gue anymore as we did for the Whitehead group. This problem will manifest
itself at several other places, for instance when we change the bundle data by
bundle automorphisms of the target, see Exercise 6.37, when we change the
fundamental classes by multiplication with −1 on one component and not on
the other, see Remark 6.53, or when we deal with the functorial properties
of the L-groups, see Subsection 7.7.3 The above discussion explains why we
must spend some time to establish a base point free approach for surgery
theory.
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Recall that the fundamental groupoid Π(X) of a CW -complex X has
as objects points in X and as morphisms from x0 ∈ X to x1 ∈ X the
homotopy classes [v] relative endpoints of paths v from x0 to x1. Composition
of [v0] : x0 → x1 and [v1] : x1 → x2 is given by concatenation of paths, namely,
[v1]◦ [v0] = [v0 ∗v1] : x0 → x2. A local coefficient system is a covariant functor
OX : Π(X)→ Z-MOD to the abelian category of Z-modules. The universal
covering functor

X̃ : Π(X)→ SPACES(4.2)

is defined to be the contravariant functor sending an object x to the set
X̃(x) of homotopy classes [u] relative endpoints of paths u : [0, 1] → X with

u(0) = x. The topology on X̃(x) is determined by the requirement that the

map pX : X̃(x) → X sending [u] to u(1) is a covering, it is actually a model
for the universal covering. A morphism [v] : x → y in Π(X) is sent to the
map

X̃([v]) : X̃(y)→ X̃(x), [u] 7→ [v ∗ u].

Composition of X̃ with the functor sending a CW -complex to its cellular

chain complex yields a contravariant functor C
ZΠ(X)
∗ (X) from Π(X) to the

category of Z-chain complexes. The tensor product over Π(X) yields a Z-

chain complex C
ZΠ(X)
∗ (X) ⊗ZΠ(X) OX . The n-th chain module is given as(⊕

x∈X Cn(X̃(x))⊗Z OX(x)
)
/A where A is the abelian subgroup generated

by elements of the form Cn(X̃([u]))(a)⊗b−a⊗OX([u])(b) for any morphism

[u] : x → y in Π(X), a ∈ Cn(X̃([y])) and b ∈ OX(x). More details of this
notion can be found for instance in [134, 9.2 on page 166].

Define the homology with coefficients in the coefficient system OX

Hn(X;OX) := Hn

(
C

ZΠ(X)
∗ (X)⊗ZΠ(X) OX

)
(4.3)

to be the homology of the Z-chain complex C
ZΠ(X)
∗ (X)⊗ZΠ(X) OX .

Remark 4.4 (Induced maps). Given CW -complexes X and Y , coeffi-
cient systems OX : Π(X) → Z-MOD and OY : Π(Y ) → Z-MOD and
a map f : X → Y , one would like to define an induced homomorphism
Hn(X;OX) → Hn(Y ;OY ). But to do this we need more data; the map f
is not enough. Specifically, if f∗OY is defined to be OY ◦ Π(f) for the ob-
vious functor Π(f) : Π(X) → Π(Y ), then one also needs a transformation
f : OX → f∗OY of covariant functors Π(X) → Z-MOD and then one can
define a homomorphism

Hn(f, f) : Hn(X;OX)→ Hn(Y ;OY ).

An infinite cyclic local coefficient system OX is a local coefficient system
OX such that OX(x) is an infinite cyclic group for all x ∈ X. It defines an
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element

(4.5) w1(OX) ∈ H1(X;F2) = hom(H1(X;Z), {±1}),

by sending g ∈ H1(X;Z) to ±1 if for one (and hence all) choices of x ∈ X and
loop u at x such that the image of [u] under the Hurewicz homomorphism
π1(X,x)→ H1(X;Z) is g and the automorphism OX([u]) : OX(x)→ OX(x)
is ± id. If O′X is a second infinite cyclic local coefficient system, then OX
and O′X are isomorphic as covariant functors Π(X) → Z-MOD if and only
if w1(OX) = w1(O′X). The automorphism group of OX is isomorphic to
H0(X;F2) = map(π0(X), {±1}), namely a function ε : π0(X)→ {±1} defines
an automorphism of OX by assigning to x ∈ X the automorphism ε(C(x)) ·
id : OX(x)→ OX(x) for C(x) the path component of X containing x.

4.3 Passage to Group Rings

We describe a choice of base-points and related notation, choice (BP) below,
which will enable us to pass from local coefficients systems to modules over
group rings.

Let Γ be a discrete group and X a connected CW -complex. A Γ -covering
p̂ : X̂ → X is a principal Γ -bundle. We note that X̂ need not be connected;
e.g. if Γ 6= {e} and p̂ is trivial. For x ∈ X, a Γ -covering p̂ defines a homo-
morphism

φ(p̂) : π1(X,x)→ Γ,

which is uniquely determined by the property that for any path û : [0, 1]→ X̂
with û(0) = x̂ and p̂ ◦ û(1) = x the element g ∈ π1(X,x) represented by the
loop p̂ ◦ û satisfies the equation û(1) = φ(g) · û(0).

Notation 4.6 (Choice (BP)). Let (X,OX) be a connected CW -complex
together with an infinite cyclic local coefficient system. For a group Γ and a
Γ -covering p̂ : X̂ → X over X, a choice (BP)consists of:

• Base points x̂ ∈ X̂ and x ∈ X with p̂(x̂) = x;

• An isomorphism ox : OX(x)
∼=−→ Z;

• A group homomorphism w : Γ → {±1} such that the composition of maps

π1(X,x)
φ(p̂)−−−−→ Γ

w−−→ {±1} is w1(OX).

We note that it is not always possible to choose w as above but we confine
our attention to the case where such a w exists. Having made a choice (BP)
we denote by Zw the ZΓ -module whose underlying abelian group is Z and
on which g ∈ Γ acts by w(g) · id.

In the special case, where p̂ : X̂ → X is a model for the universal covering
X̃ → X, Γ = π1(X,x), φ = id, and w = w1(OX), we have a choice (BP) for
the universal covering of X.
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Suppose that we have made a choice (BP). We get an isomorphism of
Z-chain complexes

(4.7) C∗(X̃(x))⊗Z[autΠ(X)(x)] OX(x)
∼=−→ C

ZΠ(X)
∗ (X)⊗ZΠ(X) OX ,

induced by the obvious map Cn(X̃(x))⊗ZOX(x)→ C
ZΠ(X)
∗ (X)⊗ZΠ(X)OX ,

where X̃ : Π(X)→ SPACES is the universal covering functor defined in (4.2).

We have the group isomorphism α : π1(X,x)
∼=−→ autΠ(X)(x) sending [u] to

[u−]. Recall that Γ operates from the left on X̂ and autΠ(X)(x) operates

from the right on X̃(x) since X̃ is contravariant. We can consider X̃(x) as a

left π1(X,x)-space and C∗(X̃(x)) as left Z[π1(X,x)]-chain complex using α.

From the isomorphism ox : OX(x)
∼=−→ Z we obtain an isomorphism of Z-chain

complexes

(4.8) Zw1(OX) ⊗Z[π1(X,x)] C∗(X̃(x))
∼=−→ C∗(X̃(x))⊗Z[autΠ(X)(x)] OX(x).

From (4.7) and (4.8) we obtain an isomorphism of Z-chain complexes

(4.9) Zw1(OX) ⊗Z[π1(X,x)] C∗(X̃(x))
∼=−→ C

ZΠ(X)
∗ (X)⊗ZΠ(X) OX .

Let q : X̃(x)→ X̂ be the map which is uniquely determined by the properties

q(cx) = x̂ and p̂ ◦ q = p̃, where cx ∈ X̃(x) is the base point represented by

the constant loop with value x and p̃ : X̃(x)→ X is the canonical projection.
We obtain a Γ -homeomorphism of left Γ -spaces

q̂ : Γ ×φ X̃(x)
∼=−→ X̂, g × y 7→ g · q(y).

It induces an isomorphism of ZΓ -chain complexes

(4.10) ZΓ ⊗Z[π1(X,x)] C∗(X̃(x))
∼=−→ C∗(X̂)

and hence an isomorphism of Z-chain complexes

(4.11) Zw◦φ ⊗Z[π1(X,x)] C∗(X̃(x))
∼=−→ Zw ⊗ZΓ C∗(X̂).

Combining (4.9) and (4.10) yields a Z-isomorphism of Z-chain complexes

(4.12) Zw ⊗ZΓ C∗(X̂)
∼=−→ C

ZΠ(X)
∗ (X)⊗ZΠ(X) OX ,

which induces a preferred isomorphism

(4.13) βp̂,x̂,ox,w : HΓ
n (X;Zw) := Hn

(
Zw ⊗ZΓ C∗(X̂)

)
∼=−→ Hn(X;OX) := Hn

(
C

ZΠ(X)
∗ (X)⊗ZΠ(X) OX

)
.
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In the special case, where the choice (BP) is for the universal covering of X,
we get a preferred isomorphism

(4.14) βp̃,x̃,ox : Hn(X;Zw1(OX)) := Hn

(
Zw1(OX) ⊗Zπ1(X,x) C∗(X̃)

)
∼=−→ Hn(X;OX) := Hn

(
C

ZΠ(X)
∗ (X)⊗ZΠ(X) OX

)
.

Let p̂′ : X̂ ′ → X be another Γ -covering together with a Γ -homeomorphism
v̂ : X̂ → X̂ ′ satisfying p̂′ ◦ v̂ = p̂. Let x̂′ ∈ X̂ ′, x′ ∈ X with p̂′(x̂′) = x′, the

isomorphism o′x′ : OX(x′)
∼=−→ Z and the homomorphism w′ : Γ → {±1} be a

choice (BP) for p̂′. Let û be any path from v̂(x̂) to x̂′ in X̂ ′. Let u be the path
from x to x′ in X given by p̂′ ◦ û. Choose a homotopy h : X× [0, 1]→ X such
that h0 = id and h(x, t) = u(t) for every t ∈ [0, 1]. Then h1 : X → X maps x

to x′. Let ĥ1 : X̂ → X̂ ′ be the map uniquely determined by ĥ1(x̂) = x̂′ and

p̂′ ◦ ĥ1 = h1 ◦ p̂. Then ĥ1 is Γ -equivariant and we have φ′ = φ ◦ c[u], where
φ : π1(X,x) → Γ and φ′ : π1(X,x′) → Γ are the homomorphisms associated
to the choices (BP) and c[u] : π1(X,x) → π1(X,x′) is given by conjugation
with u. Let

γp̂,p̂′,x̂,x̂′ : Hn

(
Zw ⊗ZΓ C∗(X̂)

) ∼=−→ Hn

(
Zw
′
⊗ZΓ C∗(X̂

′)
)

be the isomorphism induced by the Z-chain map

id⊗ZΓC∗(ĥ1) : Zw ⊗ZΓ C∗(X̂)→ Zw ⊗ZΓ C∗(X̂
′) = Zw

′
⊗ZΓ C∗(X̂

′),

where the identification Zw ⊗ZΓ C∗(X̂
′) = Zw′ ⊗ZΓ C∗(X̂

′) comes from the

fact that w′ ◦φ′ ◦ c[u] = w ◦φ holds and Zw ⊗ZΓ C∗(X̂
′) and Zw′ ⊗ZΓ C∗(X̂

′)
respectively depend only on w ◦ φ and w′ ◦ φ′ respectively, see (4.11). The
map γp̂,p̂′,x̂,x̂′ is indeed independent of the choice of h and û since for a loop

v̂ at x̂′ in X̂ ′ the loop p̂′ ◦ v̂ at x′ defines an element in π1(X ′, x′) which lies
in the kernel of φ′ : π1(X,x′) → Γ . Let ε ∈ {±1} be the element for which
the composite

Z ox−→ OX(x)
OX([u])−−−−−→ OX(x′)

(o′
x′ )
−1

−−−−−→ Z

is multiplication with ε.
Then the following diagram
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Hn

(
Zw ⊗ZΓ C∗(X̂)

)
βp̂,x̂,ox,w

++
ε·γp̂,p̂′,x̂,x̂′

��

Hn

(
C

ZΠ(X)
∗ (X)⊗ZΠ(X) OX

)

Hn

(
Zw′ ⊗ZΓ C∗(X̂ ′)

) βp̂′,x̃′,o
x′ ,w

′

33
(4.15)

commutes. In the special case, where we consider a choice (BP) for two models
for the universal covering of X, we obtain the commutative diagram

Hn

(
Zw1(X) ⊗Z[π1(X,x)] C∗(X̃)

)
βp̃,x̃,ox

++
ε·γp̃,p̃′,x̃,x̃′

��

Hn

(
C

ZΠ(X)
∗ (X)⊗ZΠ(X) OX

)
.

Hn

(
Zw1(X) ⊗Z[π1(X,x′)] C∗(X̃ ′)

) βp̃′,x̃′,o′
x′

33

(4.16)

Exercise 4.17. If A : Π(X) → Z-MOD is the constant functor with the
abelian group A as value, then Hn(X;A) agrees with the homology Hn(X;A)
of X with coefficients in A.

Exercise 4.18. Let X be a connected CW -complex. Fix x ∈ X. Consider
the local coefficient system Õ : Π(X) → Z-MOD which sends y ∈ X to the
free abelian group generated by the set of homotopy classes relative endpoints
of path from x to y. Show that Hn(X; Õ) is isomorphic as abelian group to

Hn(X̃;Z).

4.4 The determinant line bundle

Definition 4.19 (Determinant line bundle). Let ξ be a d-dimensional
vector bundle. Define its determinant line bundle det(ξ) to be its d-th exterior
power Λdξ.

For a real line bundle µ over a CW -complex X given by a map pµ : Eµ →
X, we define the Z/2-principal bundle µ̂
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pµ̂ : Eµ̂ := (Eµ − {0})/∼ → X(4.20)

where the equivalence relation ∼ is given by identifying e ∈ Eµ with r · e
for all r > 0 and the Z/2-action comes from e 7→ −e for e ∈ Eµ. The fibre
transport yields a covariant functor

Oµ : Π(X)→ Z-MOD(4.21)

by sending an object x to the infinite cyclic group Z×Z/2 p
−1
µ̂ (x), where the

generator of Z/2 acts on Z by − id. For a vector bundle ξ we put

Oξ := Odet(ξ)(4.22)

In the sequel we will denote for a finite-dimensional vector space V by V
the trivial bundle with fibre V .

Lemma 4.23.

(i) Let ξm for m = 0, 1, 2 be vector bundles over X. Let i : ξ0 → ξ1 and
p : ξ1 → ξ2 be maps of vector bundles over X, where we do not require
that the induced maps on the fibers are bijective. Suppose that for any

x ∈ X the sequence 0 → (ξ0)x
ix−→ (ξ1)x

px−→ (ξ2)x → 0 of linear maps is
exact.
Then there is a preferred and natural isomorphism of one-dimensional
vector bundles over X

κ : det(ξ0)⊗ det(ξ2)
∼=−→ det(ξ1),

which induces a natural isomorphism of infinite cyclic local coefficient
systems

Oξ0 ⊗Oξ2
∼=−→ Oξ1 .

In particular we get for two vector bundles ξ and η over X preferred and
natural isomorphisms

det(ξ)⊗ det(η)
∼=−→ det(ξ ⊕ η);

Oξ ⊗Oη
∼=−→ Oξ⊕η,

and for a vector bundle ξ over X and a natural number a preferred and
natural isomorphisms

det(ξ)
∼=−→ det(ξ ⊕ Ra);

Oξ
∼=−→ Oξ⊕Ra ,

and
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det(ξ)
∼=−→ det(Ra ⊕ ξ);

Oξ
∼=−→ ORa⊕ξ;

(ii) Let u, v : ξ
∼=−→ η be isomorphisms of vector bundles over X covering the

identity which are isotopic. Then the induced isomorphisms of infinite
cyclic coefficient systems Ou and Ov from Oξ to Oη agree;

(iii) Let ξ be a vector bundle over X. Then there is a preferred and natural
isomorphism of infinite cyclic local coefficient systems

Oξ∗
∼=−→ Oξ;

(iv) Let M be an n-dimensional manifold (possibly with boundary) together
with an embedding i : M → Rn+k. Then there is a preferred and natural
isomorphism of infinite cyclic local coefficient systems

κ : OTM
∼=−→ Oν(i),

where ν(i) is the normal bundle of i;
(v) Let (i, ∂i) : (M,∂M) → (N, ∂N) be an embedding of manifolds with

boundary. Then there is a preferred and natural isomorphism of vector
bundles over ∂M , where jM : ∂M →M is the inclusion

κ : ν(∂i)
∼=−→ (jM )∗ν(i),

which induces an isomorphism, denoted in the same way,

κ : det(ν(∂i))
∼=−→ (jM )∗ det(ν(i)).

Proof. (i) Let 0 → V0
j−→ V1

q−→ V2 → 0 be an exact sequence of finite-
dimensional vector spaces. Put dm := dim(Vm) for m = 0, 1, 2. Choose a
section s : V2 → V1, i.e., a linear map s with q ◦ s = idV2

. Then we obtain an
isomorphism

Λd1(j ⊕ s) : Λd1(V0 ⊕ V2)
∼=−→ Λd1(V1).

One easily checks that it is independent of the choice of s. The exterior
product ∧ induces an isomorphism

Λd0(V0)⊗ Λd2(V2)
∼=−→ Λd1(V0 ⊕ V2).

The composite of the two isomorphisms above yields a preferred and natural
isomorphism of 1-dimensional vector spaces

Λd0(V0)⊗ Λd2(V2)
∼=−→ Λd1(V1).

Applying this construction fiberwise yields the desired isomorphism κ.
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(ii) We can assume without loss of generality that X is connected. It suffices
to show that Ov−1◦u : Oξ → Oξ is the identity. Hence we can assume without
loss of generality that v is the identity. If u is isotopic to the identity on ξ,
then det(u) is isotopic to the identity on det(ξ). Hence there is a continuous
function f : X → R>0 such that det(u)x = f(x) · idΛdξx , where d is the di-
mension of ξ. Now the claim follows directly from the definitions.

(iii) For a 1-dimensional vector bundle η there is in general no canonical iso-

morphism η
∼=−→ η∗, but there is a canonical isomorphism of infinite cyclic

local coefficient system Oη
∼=−→ Oη∗ since for a 1-dimensional vector space V ,

v ∈ V with v 6= 0, and λ ∈ R with λ 6= 0 we get λ−1 · v∗ = (λv)∗, where
v∗ ∈ V ∗ is defined by v∗(w) · v = w for all w ∈ V .

(iv) Assertion (i) applied to the exact sequence 0 → TM
Ti−→ i∗TRn+k p−→

ν(i) → 0 and the standard isomorphism det(TRn+k)
∼=−→ Rn+k coming

from the standard trivilisation TRn+k
∼=−→ Rn+k yield an isomorphism of

1-dimensional vector bundles det(TM) ⊗ det(ν(i))
∼=−→ R. This is the same

as an isomorphism det(TM)
∼=−→ det(ν(i))∗, where det(ν(i))∗ is the dual

vector bundle. It induces an isomorphism of infinite cyclic local coefficient

systems OM := Odet(TM)

∼=−→ Odet(ν(i))∗ . Now the desired isomorphism
is obtained by the composite of this isomorphism with the isomorphism

Odet(ν(i))∗
∼=−→ Odet(ν(i)) =: Oν(i) coming from assertion (iii).

(v) The desired isomorphism κ is induced by the following commutative di-
agram

T∂M
T∂i //

TjM

��

(∂i)∗T∂N
p0 //

(∂i)∗TjN

��

ν(∂i)

κ

��
j∗MTM

j∗MTi // j∗M i
∗TN = (∂i)∗j∗NTN

(∂i)∗p1 // (jM )∗ν(i)

where pm is the canonical projection and jN : ∂N → N is the inclusion. ut

4.5 The Intrinsic Fundamental Class

In this section we assign to any compact connected manifold M of dimension
n an intrinsic fundamental class, which is a preferred generator [[M ]] of the
infinite cyclic group Hn(M,∂M ;OM ). Intrinsic means that it is a diffeomor-
phism invariant, where no kind of compatibility conditions for orientations
are required for the diffeomorphism.

We will often identify det(ξ) with det(Ra ⊕ ξ) or with det(ξ ⊕ Ra) using
Lemma 4.23 (i).
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Exercise 4.24. Show for a vector bundle ξ over a CW -complex X that
w1(ξ) = w1(det(ξ)) holds in H1(X;Z/2).

Consider a compact n-dimensional manifold M with boundary ∂M . Define

OM : Π(M)→ Z-MOD(4.25)

by Odet(TM). We call it the local orientation coefficient system of M

Exercise 4.26. Let M be a closed n-dimensional manifold. Let p̂M : M̂ →
M be the Z/2-principal bundle given by its orientation covering. Define an
infinite cyclic local coefficient system using the fiber transport

Op̂M : Π(M)→ Z-MOD, x 7→ Z×Z/2 p̂M
−1

(x).

Show that Op̂M and OM are isomorphic.

Example 4.27. Let V be a finite-dimensional vector space. Next we explain
how an orientation on V yields preferred generators of both infinite cyclic

groups Hn(V, V \ {0};Z) and d̂et(V ) ×Z/2 Z, where d̂et(V ) is the transitive

free Z/2-set Λdim(V )V/ ∼ for the equivalence relation ∼ given by identifying
x ∈ Λdim(V )V with r ·x for all r > 0, and the Z/2-action comes from x 7→ −x
for x ∈ Λdim(V )V . Obviously the orientation of V yields a generator [V ] ∈
d̂et(V )×Z/2 Z. Equip Rn with the standard basis and thus with the standard

orientation. Choose an orientation preserving isomorphism u : Rn
∼=−→ V . It

induces an isomorphism Hn(u) : Hn(Rn,Rn \ {0})
∼=−→ Hn(V, V \ {0}) and we

define [V ] ∈ Hn(V, V \ {0}) to be the image of the standard generator of
Hn(Rn,Rn \ {0}). This is independent of the choice of u.

The tensor product of these two generators defines a generator [[V ]] of

the infinite cyclic group Hn(V, V \ {0};Z)⊗Z (d̂et(V )×Z/2 Z). The generator
[[V ]] is independent of the choice of orientation on V since a change of the
orientation on V changes both these generators simultaneously by multiplying
with (−1) and (−1) · (−1) = 1.

Lemma 4.28. Consider a connected compact n-dimensional manifold M
with boundary ∂M . Then the abelian group Hn(M,∂M ;OM ) is an infinite
cyclic group and there is a preferred generator

[[M,∂M ]] ∈ Hn(M,∂M ;OM ).

Proof. Choose a point x ∈ M \ ∂M . The inclusion jx : M = (M,∂M) →
(M,M \ {x}) induces an isomorphism

(jx)∗ : Hn(M,∂M ;OM )
∼=−→ Hn(M,M \ {x};OM ).
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Let expx : TxM → M be an exponential map, i.e., an embedding such that
expx(0) = x and T0 expx : T0TxM → TxM is the identity under the canonical

identification TxM
∼=−→ T0TxM . The induced map

(expx)∗ : Hn(TxM,TxM \ {0}; exp∗xOM )
∼=−→ Hn(M,M \ {x};OM )

is an isomorphism because of excision. Since TxM is simply connected and
T0 expx = idTxM , there is a canonical isomorphism between the constant
functor Π(TxM) → Z-MOD with value OM (x) and the covariant functor
(expx)∗OM . It induces an isomorphism

αx : Hn(TxM,TxM \ {0};OM (x))
∼=−→ Hn(TxM,TxM \ {0}; exp∗xOM ).

The canonical map

βx : Hn(TxM,TxM \ {0};Z)⊗Z OM (x)
∼=−→ Hn(TxM,TxM \ {0};OM (x))

is an isomorphism by the universal coefficient theorem. Define an isomor-
phism

λx : Hn(TxM,TxM \ {0};Z)⊗OM (x)
∼=−→ Hn(M,∂M ;OM )

by the composite of isomorphisms

Hn(TxM,TxM \ {0};Z)⊗Z OM (x)
βx−→ Hn(TxM,TxM \ {0};OM (x))

αx−−→ Hn(TxM,TxM \ {0}; exp∗xOM )

(expx)∗−−−−−→ Hn(M,M \ {x};OM )
((jx)∗)

−1

−−−−−−→ Hn(M,∂M ;OM ).

The map λx is independent of the choice of the exponential map expx since
two such exponential maps are isotopic relative {0}. Let u be a path in M

from x to y. The fibre transport induces a linear isomorphism t[u] : TxM
∼=−→

TyM , unique up to isotopy of linear isomorphisms. Since u defines a morphism
[u] : x→ y in Π(M), it induces an isomorphism OM ([u]) : OM (x)→ OM (y).
Then the following diagram

Hn(TxM,TxM \ {0};Z)⊗Z OM (x)

λx
∼= ++

Hn(t[u];Z)⊗ZOM ([u]) ∼=

��

Hn(M,∂M ;OM )

Hn(TyM,TyM \ {0};Z)⊗Z OM (y)

λy

∼=
33
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commutes. Moreover, the vertical arrow Hn(t[u];Z)⊗ZOM ([u]) is independent
of [u] since for any path v from y to y we have OM ([v]) = w1([v]) · id and
t[v] = w1([v]) · id and w1([v]) · w1([v]) = 1, where w1 : π1(M,y) → {±1} is
given by the first Stiefel-Whitney class of TM .

Applying Example 4.27 to the special case V = TxM , yields a generator
[[TxM ]] of the infinite cyclic group Hn(TxM,TxM \{0};Z)⊗ZOM (x). Define

[[M,∂M ]] = λx([[TxM ]]).

This is independent of the choice of x ∈ X since the vertical isomorphism
Hn(t[u];Z) ⊗OM ([u]) above sends [[TxM ]] to [[TyM ]] and is independent of
[u]. ut

Now suppose that M is a compact n-dimensional manifold with boundary
∂M which is not necessarily connected. Then we get a natural isomorphism⊕

C∈Π0(C)

jC :
⊕

C∈π0(M)

Hn(C, ∂C;OC)
∼=−→ Hn(M,∂M ;OM )

where jC is induced by the inclusion C → M and the identification TC =
TM |C . Notice that we have a preferred generator [[C, ∂C]] for each infinite
cyclic group Hn(C, ∂C;OC).

Definition 4.29 (Intrinsic fundamental class). Define the intrinsic fun-
damental class

[[M,∂M ]] ∈ Hn(M,∂M ;OM )

to be
∑
C∈π0(C) jC([[C, ∂C]]).

The name intrinsic fundamental class is justified by the next result.

Lemma 4.30. Let (f, ∂f) : (M,∂M) → (N, ∂N) be a diffeomorphism of
compact n-dimensional manifolds. Its differential Tf induces an equivalence
f̂ : OM → f∗ON of covariant functors Π(M)→ Z-MOD.

Then the induced isomorphism

Hn(f ; f̂) : Hn(M,∂M ;OM )→ Hn(N, ∂N ;ON )

sends [[M,∂M ]] to [[N, ∂N ]].

Proof. One easily checks that it suffices to treat the case, where M and N
are connected. In the sequel we use the notation of the proof of Lemma 4.28.
If x is any point in M \ ∂M , then the following diagram commutes

Hn(TxM,TxM \ {0};Z)⊗OM (x)
λx
∼=

//

Hn(Txf ;Z)⊗f̂(x) ∼=
��

Hn(M,∂M ;OM )

∼= Hn(f,f̂)

��
Hn(Tf(x)N,Tf(x)N \ {0};Z)⊗ON (f(x))

λf(x)

∼= // Hn(N, ∂N ;ON )
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If we fix orientations for TxM and Tf(x)N , then Hn(Txf ;Z) respects the

induced orientations if and only if f̂(x) respects the induced orientations. This

implies that Hn(f, f̂) : Hn(M,∂M ;OM )→ Hn(N, ∂N ;ON ) sends [[M,∂M ]]
to [[N, ∂N ]]. ut

Definition 4.31 (Outward normal vector field). Let M be a manifold
with boundary. An outward normal vector field is a smooth map v : ∂M →
TM |∂M such that the composite of v with the projection TM |∂M → ∂M
is the identity, for every x ∈ ∂M the vector v(x) does not belong to Tx∂M
and there is a smooth curve u : (−1, 0] → W with u(0) = x and with the
differential du0(1) = v(x).

Let nv : R → TM be the fibrewise injective bundle map covering the
inclusion ∂M →M which sends 1 in the fibre over x ∈ ∂M to v(x).

Figure 4.32 (Outward normal vector field).

Exercise 4.33. Let M be a manifold with boundary ∂M . Let i : ∂M → M
be the inclusion. Show:

(i) There exists an outward normal vector field v;
(ii) Let v be an outward normal vector field on M . The bundle map nv ⊕

Ti : R⊕ T∂M → TM covering i : ∂M →M is fibrewise an isomorphism;
(iii) Let v and v′ be outward normal vector fields on M . Then there is a

preferred isotopy of monomorphisms of vector bundles covering i : ∂M →
M between nv and nv′ ;

(iv) Let v and v′ be outward normal vector fields on M . Then there is a
preferred isotopy of fibrewise bijective maps of vector bundles covering
i : ∂M →M between nv ⊕ Ti and nv′ ⊕ Ti which leaves Ti fixed.

(v) If TM comes with a Riemannian metric, then there is precisely one out-
ward normal vector field v satisfying 〈v(x), v(x)〉x = 1 and 〈v(x), Txi(v)〉x =
0 for all x ∈ ∂M and v ∈ Tx∂M .

Now one easily checks

Lemma 4.34. Let M be a compact n-dimensional manifold with boundary
∂M . Choose an outward normal vector field v.

Then we get a preferred isomorphism of infinite cyclic coefficient systems
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î : O∂M
∼=−→ i∗OM

from the bundle map nv ⊕ Ti : R ⊕ T∂M → TM covering i : ∂M → M

and the isomorphism OT∂M
∼=−→ OR⊕T∂M of Lemma 4.23 (i), such that î is

independent of the choice of v. Moreover, the boundary map

∂n : Hn(M,∂M ;OM )→ Hn−1(∂M ;O∂M )

of the long exact sequence sequence of the pair (M,∂M) with respect to î
sends [[M,∂M ]] to [[∂M ]].

Exercise 4.35. Show that in Lemma 4.34 the map ∂n : Hn(M,∂M ;OM )→
Hn−1(∂M ;O∂M ) is independent of the choice of the outward normal vector
field.

Remark 4.36 (Recovering the classical fundamental class from the
intrinsic one). Consider a compact manifold M . For simplicity assume that
M is connected. Fix a choice (BP) for the universal covering, see Notation 4.6.
Now we have a preferred isomorphism, see (4.14),

βp,x,ox : Hn(M,∂M ;Zw)
∼=−→ Hn(M,∂M ;OM ).

We obtain a fundamental class [M,∂M ] ∈ Hn(M,∂M ;Zw) by requiring
that it is sent by the isomorphism above to the intrinsic fundamental class
[[M,∂M ]].

If we replace ox by −ox, then [M,∂M ] is replaced by −[M,∂M ]. We see
that [M,∂M ] in contrast to [[M,∂M ]] is not an intrinsic invariant of (M,∂M).

Remark 4.37 (Orientation conventions). Let us discuss our orientation
conventions for manifolds. For simplicity we will only consider a connected
compact orientable n-dimensional manifold M , possibly with boundary ∂M ,
where orientable means w1(M) = 0, or, equivalently, that Hn(M ; ∂M) is
infinite cyclic. Here is a list of desired properties or standard conventions.

(i) We use on the vector space Rn for n ≥ 1 the standard orientation given
by the ordered standard basis {e1, e2, . . . , en}, where ei is the vector
(0, 0, . . . , 0, 1, 0, . . . , 0) whose only non-zero entry is at position i. If n = 0,
an orientation on R0 is a choice of an element in {+,−};

(ii) For n ≥ 1 an orientation on TM is a choice of orientation on every TxM
for x ∈ M such that for every x ∈ M there is an open neighbourhood

U together with an isomorphism TM |U
∼=−→ Rn of vector bundles over U

with the property that for every x ∈ U the isomorphism TxM
∼=−→ Rn

respects the given orientation on TxM and the standard orientation of
Rn.
For n = 0 a choice of an orientation on TM is a choice of an element in
{+,−};
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(iii) Since TDn is TRn|Dn and we have the standard trivilisation Rn
∼=−→

TRn, the standard orientation on the vector space Rn induces a standard
orientation on TDn. In particular on D1 = [−1, 1] we use the orientation
on TD1 coming from moving from −1 to 1;

(iv) An orientation on M is a choice of a generator [M,∂M ] of the infinite
cyclic group Hn(M,∂M);

(v) There is a preferred one-to-one-correspondence between the orientations
on TM and the orientations on M which comes from the identification
Hn(TxM,TxM \ {0})

∼=−→ Hn(M,M \ {x}) induced by the exponential
map for x ∈M \ ∂M ;

(vi) The boundary homomorphism Hn(M,∂M)→ Hn−1(∂M) sends [M,∂M ]
to a class [∂M ] which induces for every path component C ∈ ∂M a gen-
erator [C] ∈ Hn−1(C). Thus an orientation on M induces an orientation
on C.

(vii) We use the outward normal vector field and the canonical isomorphism

nv ⊕ Ti : R ⊕ T∂M
∼=−→ TM |∂M in order to assign to an orientation on

TxM an orientation on Tx∂M for x ∈ X. Thus an orientation on TM
induces an orientation on TC for every path component C of ∂M ;

(viii) The items (v), (vi), and (vii) are compatible with one another;
(ix) We use on TS1 the anticlockwise orientation;
(x) With these conventions the standard orientation on T [0, 1] induces on

T∂D1 = T∂[−1, 1] = T{0, 1} the orientation which corresponds to − on
0 and + on 1.

We leave it to the reader to check that this can be arranged if and only if
we use the outward normal field and the convention that in the identification
nv ⊕ Ti : R ⊕ T∂M

∼=−→ TM |∂M we choose the order R ⊕ T∂M and not the
order T∂M ⊕ R. Namely (x) forces us to use the outward normal field and
the order is determined by (iii) and (ix).

4.6 Poincaré Duality

In order to state Poincaré duality on the level we will need, we have to
introduce some algebra. Recall that a ring with involution R is an associative
ring R with unit together with an involution of rings

: R→ R, r 7→ r,

i.e., a map satisfying r = r, r + s = r + s, r · s = s · r and 1 = 1 for r, s ∈ R.
Our main example is the w-twisted involution on the group ring AG for
some commutative associative ring A with unit and a group G together with
a homomorphism w : G→ {±1} which we have defined by sending

∑
g∈G ag ·g

to
∑
g∈G w(g) · ag · g−1 already in (2.25).
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Let M be a left R-module. Then M∗ := homR(M,R) carries a canonical
right R-module structure given by (fr)(m) = f(m) · r for a homomorphism
of left R-modules f : M → R and m ∈ M . The involution allows us to view
M∗ = homR(M ;R) as a left R-module, namely, define rf for r ∈ R and
f ∈M∗ by (rf)(m) := f(m) · r for m ∈M . Given an R-chain complex of left
R-modules C∗ and n ∈ Z, we define its dual chain complex Cn−∗ to be the
chain complex of left R-modules whose p-th chain module is homR(Cn−p, R)
and whose p-th differential is given by

(−1)n−p+1 · homR(cn−p+1, id) : (Cn−∗)p = homR(Cn−p, R)

→ (Cn−∗)p−1 = homR(Cn−p+1, R).

Remark 4.38 (Sign conventions). For a systematic treatment of chain
complexes, rings with involutions and sign conventions see the Chapter 13.

Consider a connected finite CW -complex X with an infinite cyclic local
coefficient system OX : Π(X) → Z-MOD. Recall that it defines an element
w1(OX) ∈ H1(X;F2). Now make the choice (BP) for the universal covering,
see Notation 4.6. Abbreviate π = π1(X,x). Recall that w1(OX) determines
a group homomorphism w : π → {±1} which in turn defines a Zπ-module

Zw. In the sequel we use the w-twisted involution in Zπ. Denote by C∗(X̃)
the cellular Zπ-chain complex of the universal covering. Recall that this is
a free Zπ-chain complex and the cellular structure on X determines a cel-
lular Zπ-basis on it such that each basis element corresponds to a cell in
X. This Zπ-basis is not quite unique, but its equivalence class depends only
on the CW -structure of X (see Section 1.3). The product X̃ × X̃ equipped
with the diagonal π-action is again a π-CW -complex. The diagonal map
D : X̃ → X̃ × X̃ sending x̃ to (x̃, x̃) is π-equivariant but not cellular. By
the equivariant cellular Approximation Theorem (see for instance [134, The-
orem 2.1 on page 32]) there is up to cellular π-homotopy precisely one cellular

π-map D : X̃ → X̃ × X̃ which is π-homotopic to D. It induces a Zπ-chain
map unique up to Zπ-chain homotopy

C∗(D) : C∗(X̃)→ C∗(X̃ × X̃).(4.39)

There is a natural isomorphism of based free Zπ-chain complexes

i∗ : C∗(X̃)⊗Z C∗(X̃)
∼=−→ C∗(X̃ × X̃).(4.40)

Given two finitely generated projective Zπ-chain complexes C∗ and D∗,
we can define the chain complex homZπ(C−∗, D∗), see (13.11), and we obtain
a natural Z-chain map unique up to Z-chain homotopy

s : Zw ⊗Zπ (C∗ ⊗Z D∗)→ homZπ(C−∗, D∗)(4.41)

by sending 1⊗ x⊗ y ∈ Z⊗ Cp ⊗Dq to
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s(1⊗ x⊗ y) : homZπ(Cp,Zπ)→ Dq, (φ : Cp → Zπ) 7→ (−1)pq+pφ(x) · y,

where π acts diagonally on C∗⊗ZD∗. The composite of the chain map (4.41)

for C∗ = D∗ = C∗(X̃), the inverse of the chain map (4.40) and the chain
map (4.39) yields a Z-chain map unique up to Z-chain homotopy

Zw ⊗Zπ C∗(X̃)→ homZπ(C−∗(X̃), C∗(X̃)).

Notice that the n-th homology of homZπ(C−∗(X̃), C∗(X̃)) is the set of Zπ-

chain homotopy classes [Cn−∗(X̃), C∗(X̃)]Zπ of Zπ-chain maps from Cn−∗(X̃)

to C∗(X̃), see Subsection 13.1.3.
Define the homology with coefficients in Zw

Hn(X;Zw) := Hn(Zw ⊗Zπ C∗(X̃)).

Taking the n-th homology group yields a well-defined Z-homomorphism

∩ : Hn(X;Zw)→ [Cn−∗(X̃), C∗(X̃)]Zπ(4.42)

which sends a class u ∈ Hn(X;Zw) = Hn(Zw ⊗Zπ C∗(X̃)) to the Zπ-chain

homotopy class of a Zπ-chain map denoted by − ∩ u : Cn−∗(X̃)→ C∗(X̃).

Definition 4.43 ((Connected simple) finite Poincaré complex). Let
n be a natural number. A connected finite n-dimensional CW -complex X to-
gether with an infinite cyclic coefficient system OX is called a connected finite
n-dimensional Poincaré complex if there is an element [[X]] ∈ Hn(X;OX)
with the following property: For one (and hence every) choice (BP) for the
universal covering, see Notation 4.6, we get for the preimage [X] of [[X]]
under the isomorphism

βp,x̃,ox : Hn(X;Zw)
∼=−→ Hn(X;OX)

of (4.14) that the Zπ-chain map

− ∩ [X] : Cn−∗(X̃)→ C∗(X̃)

is a Zπ-chain homotopy equivalence. We will call this chain map the Poincaré
Zπ-chain homotopy equivalence.

There are precisely two possible choices for [[X]] which generate the in-
finite cyclic group Hn(X;OX) ∼= Hn(X;Zw) ∼= H0(X;Z) ∼= Z. A triple
(X,OX , [[X]]) as above is called a w-oriented connected finite n-dimensional
Poincaré complex. If we talk of an oriented connected finite n-dimensional
Poincaré complex, we mean that X is w-oriented and also satisfies w1(OX) =
0.
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A connected finite n-dimensional Poincaré complex is called simple if the
Poincaré Zπ-chain homotopy equivalence is simple for one (and hence every)
choice (BP) for the universal covering and [[X]].

The chain level Poincaré duality in the above definition leads to duality
in the (co)homology groups of connected Poincaré complexes. Let B be a
left Zπ-module and B′ be a right Zπ-module. The (co)homology groups with
coefficients in B or B′ are the groups

Hm(X;B′) := Hm(B′ ⊗Zπ C∗(X̃)),

and
Hm(X;B) := Hm(homZπ(C∗(X̃), B)).

Let Bop be the right Zπ-module given by b · g := g−1 · b for g ∈ π and b ∈ B.
We have the twisted left Zπ-module Bw := B⊗ZZw, where π acts diagonally.
The following lemma was proven by Wall [246, Lemma 1.1].

Lemma 4.44 ((Co)homological Poincaré duality). Let X be a w-oriented
connected finite n-dimensional Poincaré complex. For any Zπ-module B, cap
product with [X] induces an isomorphism

− ∩ [X] : Hn−∗(X;Bw) ∼= H∗(X;Bop).

Proof. The chain Zπ chain homotopy equivalence−∩[X] : Cn−∗(X̃)→ C∗(X̃)
induces an Z-chain homotopy equivalence

Bop ⊗Zπ − ∩ [X] : Bop ⊗Zπ C
n−∗(X̃)→ Bop ⊗Zπ C∗(X̃).

Moreover, there is a canonical isomorphism of Z-chain complexes

homZπ(Cn−∗(X̃), Bw)
∼=−→ Bop ⊗Zπ C

n−∗(X̃).

and an obvious identification

Hm(homZπ(Cn−∗(X̃), Bw)) = Hn−m(homZπ(C∗(X̃), B)).

ut

Remark 4.45 (Not necessarily connected finite Poincaré complexes).
Definition 4.43 extends in the obvious way to the non-connected case by
considering each path component separately. More precisely, a finite n-
dimensional Poincaré complex X is a finite n-dimensional CW -complex X
with an infinite cyclic local coefficient system OX such that for each path
component C the pair (C,OX |C) is a connected finite n-dimensional Poincaré
complex.

A w-oriented finite n-dimensional Poincaré complex (X, [[X]]) is a finite
n-dimensional Poincaré complex X together with a choice of an element
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[[X]] ∈ Hn(X;OX) such that the restriction of [[X]] to any component C
of X defines a fundamental class [[C]] ∈ Hn(C;OX |C) for C. Often we shall
suppress the choice of [[X]] and OX from the notation and write X instead of
(X,OX , [[X]]). With these conventions, X− will denote the w-oriented finite
Poincaré complex with reversed orientation; obtained from X = (X, [[X]]) by
replacing [[X]] by −[[X]].

If w1(OX) ∈ H1(X;F2) vanishes, we call X orientable following the stan-
dard convention. (This is a little bit confusing since one can choose in any
case an w-orientation, but it is the standard terminology.) When we say that
X is oriented we mean that X is orientable and w-oriented, or, equivalently,
for every path component C of X the abelian group Hn(C;Z) is infinite cyclic
and we have specified a generator. A finite Poincaré complex is called simple
if each of its components is simple.

One might wonder whether X admits the structure of a Poincaré complex
for different choices of OX . But in fact we have

Lemma 4.46. Let X be a finite n-dimensional Poincaré complex. Then iso-
morphism class of the infinite cyclic local coefficient system OX and the ele-
ment w1(OX) ∈ H1(X;F2) are uniquely determined by the homotopy type of
X. If X is connected, we have Hn(X;Zv) 6= 0 for v : π1(X) → {±1} if and
only if v = w1(X).

Proof. Obviously we can assume without loss of generality that X is con-
nected, otherwise treat each component separately. Put

w = w1(OX) : π = π1(X)→ {±1}.

Denote by Cn−∗(X̃)untw the Zπ-chain complex which is analogously defined

as Cn−∗(X̃), but now with respect to the untwisted involution on Zπ. It

can be identified with the Zπ-chain complex Zw ⊗Z C
n−∗(M̃), where π-acts

diagonally. The 0-th homology H0(Cn−∗(X̃)untw) depends only on the ho-
motopy type of X. The Poincaré Zπ-chain homotopy equivalence induces a
Zπ-chain homotopy equivalence Cn−∗(X̃)untw → Zw ⊗Z C∗(X̃). It yields an
isomorphism of Zπ-modules

H0(Cn−∗(X̃)untw) ∼= H0(Zw⊗ZC∗(X̃)) ∼= Zw⊗ZH0(C∗(X̃)) ∼= Zw⊗ZZ ∼= Zw.

Thus we rediscover w = w1(OX) from Hn(Cn−∗(X̃)untw).
By Poincaré duality we have Hn(X;Zv) ∼= H0(X;Zv·w). Since X is ho-

motopy equivalent to a finite CW -complex with precisely one 0-cell, one can
find a Zπ-chain complex D∗ such that C∗(X̃) is Zπ-chain homotopy equiva-
lent to D∗ and for some finite set of generators {s1, s2, . . . sm} of π the first

differential of D∗ looks like
⊕m

i=1 Zπ
(s1−1,s2−1,...,sm−1)−−−−−−−−−−−−−−→ Zπ. Hence we get

an exact sequence
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0→ H0(X;Zv·w)→ Z


v(s1) · w((s1)− 1
v(s2) · w(s2)− 1

...
v(sm) · w(sm)− 1


−−−−−−−−−−−−−−−−→

m∏
i=1

Z.

This implies that H0(X;Zv·w) is non-trivial if and only if v(si) ·w(si)−1 = 0
holds for i = 1, 2, . . .m. Hence we get v = w.

Recall that two infinite cyclic coefficient systems OX and O′X are isomor-
phic if and only if w1(OX) = w1(O′X) holds. ut

Because of Lemma 4.46 we will abbreviate w1(OX) by w and call it the
orientation homomorphism or first Stiefel-Whitney class of X.

Remark 4.47 (Formal dimension versus dimension). There is a weaker
version of Definition 4.43 and its generalisation to the non-connected case
version, where one drops the condition that the number n is the dimension
of X. Then one talks of a finite Poincaré complex X of formal dimension
n. Its dimension as a CW -complex satisfies dim(X) ≥ n, but it is possible
that dim(X) > n holds. For algebraic reasons it is sometimes more conve-
nient to work with the formal dimension. Moreover, if n 6= 2, then a finite
Poincaré complex of formal dimension n is homotopy equivalent to a finite
n-dimensional Poincaré complex, see [246, Theorem 2.2].

Exercise 4.48. Show that for a finite Poincaré complex X of formal dimen-
sion n its dimension as a CW -complex is at least n. Decide when for a finite
CW -complex Y its cone cone(Y ) is a finite simple Poincaré complex of formal
dimension n. If yes, what is n?

Convention 4.49 (Convention about Poincaré complexes). Our ex-
position above is very precise in order to take care of certain inconsistencies
appearing in the literature, but also more complicated than the one which
usually appears in the literature. Indeed, we will often implicitly think of
a connected finite Poincaré complex together with choice (BP) for the uni-
versal covering. Then the fundamental class becomes [X] ∈ Hn(X;Zw) for
the orientation homomorphism w : π = π1(X,x) → {±1}, we can ignore the
fundamental groupoid and work with the fundamental group π instead, and
always consider the Poincaré Zπ-chain homotopy equivalence

− ∩ [X] : Cn−∗(X̃)→ C∗(X̃).

for the universal covering X̃ → X.

Exercise 4.50. Compute w = w1(RPn) : π1(RPn) → {±1}, the orientation
homomorphism of n-dimensional real projective space RPn.
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Theorem 4.51 (Closed manifolds are simple Poincaré complexes).
Let M be a closed manifold of dimension n. Then M admits the struc-

ture of a simple finite n-dimensional Poincaré complex, where the infi-
nite cyclic local coefficient system is OM and the orientation homomor-
phism w1(M) : π1(M) → {±1} agrees with the first Stiefel-Whitney class
w1(TM) ∈ H1(M ;Z/2) of the tangent bundle of M .

Proof. For a proof we refer for instance to [248, Theorem 2.1 on page 23].
The basic idea of the proof in the connected case is as follows.

Any closed manifold admits a smooth triangulation h : K →M , see [180,
260], i.e., a finite simplicial complex together with a homeomorphism h : K →
M such that h restricted to a simplex is a smooth C∞-embedding. Two such
smooth triangulations have common subdivisions. Fix such a triangulation
K. Denote by K ′ its barycentric subdivision. The vertices of K ′ are the
barycenters σ̂r of simplices σr in K. A p-simplex in K ′ is given by a sequence

σ̂i0 σ̂i1 . . . σ̂ip , where σij is a face of σij+1 . Equip M with the structure of a
finite CW -complex coming from K ′. Next we define the dual CW -complex
K∗ as follows. It is not a simplicial complex but shares the property of a
simplicial complex that all attaching maps are embeddings. Each p-simplex
σ in K determines a (n− p)-dimensional cell σ∗ of K∗ which is the union of
all simplices in K ′ which begin with σ̂p. So K has as many p-simplices as K∗

has (n− p)-cells. See Figure 4.52 for illustration.

Figure 4.52 (Dual cell complex).

The cap product with the fundamental cycle, which is given by the sum
of the n-dimensional simplices, yields an isomorphism of Zπ-chain complexes
Cn−∗(K̃∗)→ C∗(K̃). It preserves the cellular Zπ-bases and in particular its
Whitehead torsion is trivial. Since K ′ is a subdivision of K and can also be
viewed as a kind of subdivision of K∗, there are canonical Zπ-chain homotopy
equivalences C∗(K̃ ′) → C∗(K̃) and C∗(K̃ ′) → C∗(K̃∗) which have trivial
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Whitehead torsion, see [168, Theorem 5.2 on page 372]. Thus we can write

the Zπ-chain map − ∩ [M ] : Cn−∗(K̃ ′) → C∗(K̃ ′) as a composite of three
simple Zπ-chain homotopy equivalences up to Zπ-chain homotopy. Hence it
is a simple Zπ-chain homotopy equivalence. ut

From a Morse theoretic point of view, Poincaré duality and the dual cell
decomposition correspond to the dual handlebody decomposition of a mani-
fold which we have already described in (1.39).

Theorem 4.51 gives us the first obstruction for a topological space X to be
homotopy equivalent to a closed n-dimensional manifold (see Problem 3.1).
Namely, X must be homotopy equivalent to a finite simple n-dimensional
Poincaré complex.

Remark 4.53 (Cohomology with compact supports). If Y is a space,
its singular cohomology with compact support is defined to be the cohomology

Hn
c (Y ) := Hn(C∗c (Y ))

of the cochain subcomplex C∗c (Y ) of the singular cochain complex C∗sing(Y )
consisting of those maps φ : Sn(Y ) → Z from the set of n-simplices to Z
for which there exists a compact subset Kφ ⊆ Y such that for any simplex
σ : ∆n → X with σ(∆n) ∩Kφ = ∅ we have φ(σ) = 0. The various inclusions
Y = (Y ; ∅) → (Y, Y \K), where K runs through the compact subsets of Y ,
induce an isomorphism, natural in Y ,

colimK H
n(Y, Y −K)

∼=−→ Hn
c (Y ).

If X is a finite CW -complex, then there is a natural isomorphism of Zπ-
modules

Hn(C∗(X̃)untw)
∼=−→ Hn

c (X̃)

where C∗(X̃)untw = homZπ(C∗(M̃),Zπ) is the Zπ-cochain complex which is
defined with respect to the untwisted involution on Zπ sending

∑
g∈g λg · g

to
∑
g∈g λg · g−1. (See for example the proof of Proposition 3H.5 in [101]). If

X is not finite, the statement above is not true anymore.
There is a version of Poincaré duality for a (not necessarily compact)

orientable manifold N without boundary of dimension n predicting an iso-
morphism

Hn−k
c (N)

∼=−→ Hk(N),

see for instance [101, Theorem 3.35]. Our version implies this version in the
case that N is a covering of a closed orientable manifold M .

Remark 4.54 (No intrinsic fundamental class for Poincaré com-
plexes). In contrast to a closed manifold, which has an intrinsic fundamental
class, see Definition 4.29, we do not see for a finite Poincaré complex a pre-
ferred choice of its fundamental class [[X]]. This is the first hint that there
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is a fundamental difference between a closed manifold and a finite Poincaré
complex. It has to do with the fact that being a manifold is a local structure,
which we have used for the definition of the intrinsic fundamental class and
is not present for a Poincaré complex.

Remark 4.55 (Poincaré duality on homology with R-coefficients).
Suppose that X is an oriented finite Poincaré complex of dimension n. Recall
that this implies w1(X) = 0. Then we obtain for any commutative ring R an
R-isomorphism on (co-)homology with R-coefficients

− ∩ [X] : Hn−∗(X;R)
∼=−→ H∗(X;R).

It suffices to explain this is in the connected case. Then Definition 4.43 of
Poincaré duality implies that we get a R-chain homotopy equivalence

R⊗Zπ (− ∩ [X]) : R⊗Zπ C
n−∗(X̃) = Cn−∗(X)→ R⊗Zπ C∗(X̃) = C∗(X),

which induces the isomorphism above.

Let X be an oriented finite Poincaré complex of dimension n. For any com-
mutative ring R with unit we have the intersection pairing with coefficients
in R

Ip : Hp(X;R)⊗R Hn−p(X;R) → R, (x, y) 7→ 〈x ∪ y, i∗[X]〉,(4.56)

where i∗ is the change of coefficients map associated to Z→ R. This pairing
is non-degenerate, i.e., if for x ∈ Hp(X;R) we have Ip(x, y) = 0 for every
y ∈ Hn−p(X;R), then x = 0. If R is a a field, this is equivalent to the bijec-
tivity of the homomorphism −∩ [X] : Hn−∗(X;R)→ H∗(X;R) appearing in
Remark 4.55.

There is a homological version of the intersection pairing

Ip : Hn−p(X;R)⊗R Hp(X;R)→ R, (x, y) 7→ x · y(4.57)

which is obtained from the cohomological version by applying Poincaré du-
ality, namely, we require that the following diagram

Hp(X;R)⊗R Hn−p(X;R)
Ip //

(−∩[X])⊗R(−∩[X]) ∼=
��

R,

id

��
Hn−p(X;R)⊗R Hp(X;R)

Ip

// R

commutes. IfR = Z, we just talk about the (homological) intersection pairing.

Remark 4.58 (Geometric interpretation of the intersection pair-
ing). For a closed oriented manifold M , the homological intersection pairing
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has the following geometric interpretation, which justifies the name inter-
section pairing. Consider two closed oriented submanifolds N1 and N2 such
that N1 has dimension n − p, N2 has dimension p and N1 and N2 intersect
transversally. The intersection N1 ∩N2 consists of finitely many points since
dim(N1) + dim(N2) = dim(M). For each x ∈ N1 ∩ N2 we obtain a canoni-

cal isomorphism TxN0 ⊕ TxN2

∼=−→ TxM . The given orientations on N1, N2

and M induce orientations on the vector spaces TxN1 ⊕ TxN2 and TxM ,
see Remark 4.37 (v). Define a sign ε(x) ∈ {±1} by requiring that ε(x) = 1
if this isomorphism is orientation preserving, and ε(x) = −1 otherwise. Let
ik : Nk →M be the inclusion for k = 1, 2. Then we get

(i1)∗([N1]) · (i2)∗([N2]) =
∑

x∈N1∩N2

ε(x).(4.59)

Every element in Hp(M ;Z) can be written as i∗([N ]) for an embedded con-
nected closed oriented submanifold N if p ∈ {0, 1, n − 2, n − 1, n}, see [29,
Theorem 11.16 on page 377]. But in general it is not possible to find for an
element x ∈ Hp(M ;Z) a connected closed oriented manifold N with some
map f : N → M satisfying x = f∗([N ]). If one considers singular chains,
one can define the intersection pairing for singular homology for every two
elements by intersecting singular simplices, see [220, Section 73].

Remark 4.60 (Analytic Poincaré duality). From the analytic point of
view Poincaré duality can be explained as follows. Let M be a connected
closed oriented Riemannian manifold. Let (Ω∗(M), d∗) be the de Rham com-
plex of smooth p-forms on M . The p-th Laplacian is defined by

∆p = (dp)∗dp + dp−1(dp−1)∗ : Ωp(M)→ Ωp(M),

where (dp)∗ is the adjoint of the p-th differential dp. The kernel of the p-th
Laplacian is the space Hp(M) of harmonic p-forms on M . The Hodge-de
Rham Theorem yields an isomorphism

Ap : Hp(M)
∼=−→ Hp(M ;R)(4.61)

from the space of harmonic p-forms to the singular cohomology of M with
coefficients in R. Let [M ]R ∈ Hn(M ;R) be the fundamental cohomology class
with R-coefficients which is characterised by the property 〈[M ]R, i∗([M ])〉 = 1
for 〈 , 〉 the Kronecker pairing, see (4.75), and i∗ : Hn(M ;Z) → Hn(M ;R)
the change of rings homomorphism. Then An sends the volume form dvol
to the class 1

vol(M) · [M ]R. The Hodge-star operator ∗ : Ωn−p(M) → Ωp(M)

induces isomorphisms

∗ : Hn−p(M)
∼=−→ Hp(M).(4.62)

We obtain from (4.61) and (4.62) isomorphisms
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Hn−p(M ;R)
∼=−→ Hp(M ;R).

This is the analytic version of Poincaré duality. It is equivalent to the claim
that the R-bilinear pairing

P p : Hp(M)⊗R Hn−p(M)→ R, (ω, η) 7→
∫
M

ω ∧ η(4.63)

is non-degenerate. If we take R = R, then the pairings (4.56) and (4.63) agree
under the Hodge-de Rham isomorphism (4.61).

One basic invariant of a finite CW -complex X is its Euler characteristic
χ(X). It is defined by χ(X) :=

∑
p(−1)p · np, where np is the number of

p-cells. Equivalently it can be defined in terms of its homology by χ(X) =∑
p(−1)p ·dimQHp(X;Q). Another basic invariant for Poincaré complexes is

defined next.
Consider a symmetric R-bilinear pairing s : V ⊗R V → R for a finite-

dimensional real vector space V . Choose a basis for V and let A be the
square matrix describing s with respect to this basis. Since s is symmetric,
A is symmetric. Hence A can be diagonalised by an orthogonal matrix U to
a diagonal matrix whose entries on the diagonal are real numbers. Let n0

be the number of zero entries, n+ be the number of positive entries and n−
be the number of negative entries on the diagonal. These three numbers are
independent of the choice of the basis and the orthogonal matrix U . Namely,
n0 is the dimension of the subvector space called nullspace V0 = {v ∈ V |
s(v, w) = 0 for all w ∈ V } of V , n+ is the maximum of the dimensions of
subvector spaces W ⊂ V on which s is positive-definite, i.e., s(w,w) > 0 for
w 6= 0, and analogous for n−. Obviously n+ + n− + n0 = dimR(V ). Define
the signature of s to be the integer n+ − n−.

Notice that s is non-degenerate if and only if n0 = 0. Moreover, s induces
a non-degenerate symmetric R-bilinear bilinear pairing s : V/V0⊗RV/V0 → R
satisfying sign(s) = sign(s).

Definition 4.64 (Signature). Let X be an oriented finite 4k-dimensional
Poincaré complex. We get from the intersection pairing with real coefficients
for p = 2k of (4.56) a symmetric non-degenerate R-bilinear pairing

I2k : H2k(X;R)⊗R H
2k(X;R)→ R.

Define the signature sign(X) of X to be the signature of I2k. If the dimension
X is not 4k, set sign(X) = 0.

Exercise 4.65. For an oriented finite Poincaré complex, let −X denote the
space with fundamental class −[X]. Show that sign(−X) = − sign(X).

Exercise 4.66. Let X be a finite Poincaré complex of odd dimension. Show
that its Euler characteristic χ(M) vanishes.
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The notion of a Poincaré complex can be extended to a Poincaré pair. Just
as Poincaré complexes give homotopy theoretic models for closed manifolds,
Poincaré pairs give homotopy theoretic models for compact manifolds with
boundary.

Definition 4.67 ((Simple) Poincaré pair). Let X be a connected fi-
nite CW -complex with a subcomplex A ⊂ X, which comes with an in-
finite cyclic local coefficient system OX . We call (X,A) a connected fi-
nite n-dimensional Poincaré pair if there is a so called fundamental class
[[X,A]] ∈ Hn(X,A;OX) such that for one (and hence any) choice (BP) for
the universal covering, see Notation 4.6, the following holds:

(i) Let [X,A] be the preimage of [[X,A]] under the version for pairs

βp,x̃,ox : Hn(X,A;Zw)
∼=−→ Hn(X,A;OX)

of the isomorphism (4.14). Denote by Ã ⊂ X̃ the preimage of A under

the universal covering X̃ → X. We require that the Zπ-chain maps

− ∩ [X,A] : Cn−∗(X̃, Ã)→ C∗(X̃);

− ∩ [X,A] : Cn−∗(X̃)→ C∗(X̃, Ã),

are Zπ-chain equivalences;
(ii) Each component C of the space A inherits from (X,A) the structure of

a connected finite (n−1)-dimensional Poincaré complex for the restric-
tion OX |C to C as follows. The fundamental classes [[C]] of the com-
ponents C ∈ π0(A) are given by the image of the fundamental class
[[X,A]] under the boundary map Hn(X,A;OX) → Hn−1(A;OX |A) ∼=⊕

C∈π0(A)Hn−1(C;OX |C).

We call (X,A) simple if the Whitehead torsion of the Zπ-chain maps

− ∩ [X,A] : Cn−∗(X̃, Ã)→ C∗(X̃) and − ∩ [X,A] : Cn−∗(X̃)→ C∗(X̃, Ã) in
Wh(π) vanishes and if for every component C of A the Whitehead torsion of

the Zπ1(C)-chain map −∩[C] : Cn−1−∗(C̃)→ C∗(C̃) vanishes in Wh(π1(C)).
In general, a finite n-dimensional Poincaré pair (X,A) for an infinite cyclic

local coefficient system OX is defined using the definition above for each
connected pair (C,C ∩ A) for OX |C , where C runs through the components
of X.

Exercise 4.68. Consider a connected finite n-dimensional CW -pair (X,A).
Suppose that for each component C of A the inclusion C → X induces an in-
jection on the fundamental groups. Suppose that there is an infinite cyclic lo-
cal coefficient system OX and a class [[X,A]] ∈ Hn(X,A;OX) such that con-
dition (i) appearing in Definition 4.67 holds. Define [[C]] ∈ Hn−1(C;OX |C)
as in condition (ii) appearing in Definition 4.67.
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Show that then condition (ii) appearing in Definition 4.67 is automatically
satisfied, and the same in the simple setting.

Theorem 4.69 (Compact manifolds are simple Poincaré pairs). Let
M be a compact manifold of dimension n with boundary ∂M . Then (M,∂M)
admits the structure of a simple finite n-dimensional Poincaré pair.

For the proof we refer to [248, Theorem 2.1].

Exercise 4.70. Let M be a closed manifold. Show that (cone(M),M) is
a finite Poincaré pair of formal dimension n for some infinite cyclic local
coefficient system Ocone(M) if and only if M is (n−1)-dimensional, connected,
and orientable and satisfies Hk(M ;Z) ∼= Hk(Sn−1;Z) for k ∈ Z.

Exercise 4.71. Classify up to homeomorphism all simply connected closed
manifolds M for which (cone(M),M) is a finite Poincaré complex of formal
dimension n.

The signature will be the first and the most elementary surgery obstruction
which we will encounter. This is due to the following result.

Theorem 4.72 (Bordism invariance of the signature). Let (X,A) be
a (4k+1)-dimensional oriented finite Poincaré pair. Then

sign(A) =
∑

C∈π0(A)

sign(C) = 0.

For the proof of Theorem 4.72 and later purposes we need the following

Definition 4.73 (Lagrangian). Let s : V ⊗R V → R be a symmetric bi-
linear non-degenerate pairing for a finite-dimensional real vector space V . A
subspace L ⊂ V , for which dimR(V ) = 2 ·dimR(L) and s(a, b) = 0 for a, b ∈ L
holds, is called a lagrangian for s.

Lemma 4.74. Let s : V ⊗R V → R be a symmetric bilinear non-degenerate
pairing for a finite-dimensional real vector space V . Then sign(s) = 0 if and
only if s admits a lagrangian L.

Proof. Suppose that sign(s) = 0. One can find an (with respect to s) or-
thonormal basis {b1, b2, . . . , bn+ , c1, c2, . . . , cn−} such that s(bi, bi) = 1 and
s(cj , cj) = −1 holds. Since 0 = sign(s) = n+ − n−, we can define L to be the
subvector space generated by {bi + ci | i = 1, 2, . . . , n+}. One easily checks
that L has the desired properties.

Suppose such an L ⊂ V exists. Choose subvector spaces V+ and V− of V
such that s is positive-definite on V+ and negative-definite on V−, and that
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V+ and V− are maximal with respect to this property. Then V+ ∩ V− = {0}
and V = V+ ⊕ V−. Obviously V+ ∩ L = V− ∩ L = {0}. From

dimR(V±) + dimR(L)− dimR(V± ∩ L) ≤ dimR(V )

we conclude dimR(V±) ≤ dimR(V )−dimR(L). Since 2·dimR(L) = dimR(V ) =
dimR(V+) + dimR(V−) holds, we get dimR(V±) = dimR(L). This implies

sign(s) = dimR(V+)− dimR(V−) = dimR(L)− dimR(L) = 0.

ut

Proof of Theorem 4.72. Let i : A → X be the inclusion. Then the following
diagram

H2k(X;R)
H2k(i) //

−∩[X,A] ∼=
��

H2k(A;R)
δ2k //

−∩∂4k+1([X,A]) ∼=
��

H2k+1(X,A;R)

−∩[X,A] ∼=
��

H2k+1(X,A;R)
∂2k+1

// H2k(A;R)
H2k(i)

// H2k(X;R)

commutes for n = 4k. This implies dimR(ker(H2k(i))) = dimR(im(H2k(i))).
Since R is a field, we get from the Kronecker pairing for a commutative ring
R

(4.75) 〈−,−〉 : Hi(X,R)×Hi(X,R)→ R

an isomorphism H2k(X;R) ∼= (H2k(X;R))∗ and analogously for A. Under
these identifications H2k(i) becomes (H2k(i))∗. Hence dimR(im(H2k(i))) =
dimR(im(H2k(i))). From

dimR(H2k(A;R)) = dimR(ker(H2k(i))) + dimR(im(H2k(i)))

we conclude
dimR(H2k(A;R)) = 2 · dimR(im(H2k(i))).

We have for x, y ∈ H2k(X;R)

〈H2k(i)(x) ∪H2k(i)(y), ∂4k+1([X,A])〉 = 〈H2k(i)(x ∪ y), ∂4k+1([X,A])〉
= 〈x ∪ y,H2k(i) ◦ ∂4k+1([X,A])〉
= 〈x ∪ y, 0〉 = 0.

If we apply Lemma 4.74 to the non-degenerate symmetric bilinear pairing

H2k(A;R)⊗R H
2k(A;R)

∪−→ H4k(A;R)
〈−,∂4k+1([X,A])〉−−−−−−−−−−−→ R
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with L the image of H2k(i) : H2k(X;R)→ H2k(A;R), we see that the signa-
ture of this pairing, which is sign(A), is zero. One easily checks that sign(A)
is the sum of the signatures of the components of A. ut

Exercise 4.76. Let M be a closed oriented 4k-dimensional manifold. Let
χ(M) be its Euler characteristic. Show sign(M) ≡ χ(M) mod 2.

Definition 4.77 (Signature for finite Poincaré pairs). Let (X, ∂X)
be an oriented finite Poincaré pair of dimension n = 4k. Let [X, ∂X] ∈
H4k(X, ∂X) be its fundamental class. Define a symmetric R-bilinear pairing,
its intersection pairing, by

I2k : H2k(X, ∂X;R)×H2k(X, ∂X;R)→ R, (x, y) 7→ 〈x ∪ y, [X, ∂X]R〉,

where [X, ∂X]R ∈ Hn(X, ∂X;R) is the image of [X, ∂X] under the obvious
change of coefficients map Hn(X, ∂X;Z) → Hn(X, ∂X;R). The pairing I2k

is not in general non-degenerate since its null space is the kernel of the map
jX : H2k(X, ∂X;R)→ H2k(X;R) induced by the inclusion X → (X, ∂X). It

follows that I2k induces a non-degenerate bilinear pairing I2k on the image
of jX , where I2k and I2k have the same signature. The signature of (X, ∂X),

sign(X, ∂X), is defined to be the signature of I2k, equivalently of I2k. If n is
not divisible by 4, we put sign(X, ∂X) = 0.

Of course Definition 4.77 reduces to Definition 4.64 in the special case
∂X = ∅. The signature has the following further properties.

Lemma 4.78.

(i) Let M and N be compact oriented manifolds and f : ∂M → ∂N an ori-
entation reversing diffeomorphism. Then M ∪f N inherits an orientation
from M and N and

sign(M ∪f N) = sign(M,∂M) + sign(N, ∂N);

(ii) Let M and N be compact oriented manifolds. Then

sign(M ×N, ∂(M ×N)) = sign(M,∂M) · sign(N, ∂N);

(iii) Let p : M →M be a finite covering with d sheets of closed oriented man-
ifolds. Then

sign(M) = d · sign(M).

Proof. (i) is due to Novikov. For a proof see for instance [8, Proposition 7.1
on page 588].

(ii) is well known when M and N are closed: see [232, p.220 – 222] which
we follow below. The additional argument for proof in the general case was
communicated to us by Andrew Ranicki.



4.6 Poincaré Duality 119

Let m = dim(M), n = dim(N) and assume that r = m+n = 4k, otherwise
there is nothing to prove. There is a homeomorphism of spaces ∂(M ×N) ∼=
M × ∂N ∪∂M×∂N ∂M × N , and so by the Künneth Theorem the exterior
product in relative cohomology gives the horizontal isomorphisms of graded
R-algebras in the following commutative diagram.

H∗(M,∂M ;R)⊗R H
∗(N, ∂N ;R)

jM×jN
��

∼= // H∗(M ×N, ∂(M ×N);R)

jM×N

��
H∗(M ;R)⊗R H

∗(N ;R)
∼= // H∗(M ×N ;R).

We have to investigate the induced non-degenerate bilinear pairing defined
on

jM×N (H2k(M ×N, ∂(M ×N);R)).

This form splits as an orthogonal sum of forms with the underlying R-vector
spaces the sums of

jM (Hi(M,∂M ;R))⊗R jN (H2k−i(N, ∂N ;R)) and

jM (Hm−i(M,∂M ;R))⊗R jN (H2k+i−m(N, ∂N ;R)),

where i < m/2 and if m and n are both even, there is an additional orthogonal
summand

jM (Hm/2(M,∂M ;R))⊗R jN (Hn/2(N, ∂N ;R)).

We claim that the signatures of the first summands are each zero: To see this,
choose bases of jM (Hi(M,∂M ;R) and jN (H2k−i(N, ∂N ;R)) and their duals
in jM (Hm−i(M,∂M ;R)) and jN (H2k+i−m(N, ∂N ;R)) and observe that the
form whose underlying R-vector space is the sum of the two rows above
contains the lagrangian given by the first row

jM (Hi(M,∂M ;R))⊗R jN (H2k−i(N, ∂N ;R))

and so has signature zero by Lemma 4.74. Since the signature of an orthogonal
sum of forms is the sum of their signatures, sign(M×N, ∂(M×N)) = 0 if one
of m or n is odd. When m and n are both even we have two cases. Either both
m and n are congruent to 0 modulo 4 or both are congruent to 2 modulo 4.
In the first case the forms on jM (Hm/2(M,∂M ;R)) and jN (Hn/2(N, ∂N ;R))
are both symmetric and since the signature of the tensor product of forms is
the product of the signatures, we have

sign(M ×N, ∂(M ×N))

= sign
(
jM (Hm/2(M,∂M ;R))⊗R jN (Hn/2(N, ∂N ;R))

)
+ 0

= sign
(
jM (Hm/2(M,∂M ;R))

)
· sign

(
jN (Hn/2(N, ∂N ;R))

)
= sign(M,∂M) · sign(N, ∂N).
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In the case when both m and n are congruent to 2 modulo 4 then the forms
on jM (Hm/2(M,∂M ;R)) and jN (Hn/2(N, ∂N ;R)) are both skew symmetric
and a special argument as at the bottom of the page 221 in [232] is needed
to complete the argument.
(iii) follows for (smooth) manifolds M from the Hirzebruch signature formula,
see for instance [174, § 19], or from Atiyah’s L2-index theorem, see [6, (1.1)].
(Topological manifolds are treated in [218, Theorem 8].) ut

Example 4.79. Wall has constructed a finite connected Poincaré space X
together with a finite covering with d sheets X → X such that the signature
does not satisfy sign(X) = d · sign(X) (see [201, Example 22.28], [246, Corol-
lary 5.4.1]). Hence X cannot be homotopy equivalent to a closed manifold by
Lemma 4.78.

Exercise 4.80. Let M be an orientable compact manifold. Its double DM
is the closed manifold M ∪id : ∂M→∂M M . Show that DM is orientable and
that for any choice of orientation the signature of DM is trivial.

Exercise 4.81. Compute for n ≥ 1 the signature of the following manifolds:

(i) the complex projective space CPn;
(ii) the total space STM of the sphere tangent bundle of a closed oriented

n-dimensional manifold M ;
(iii) a closed oriented n-dimensional manifold M admitting an orientation

reversing self-homotopy equivalence.

Exercise 4.82. Let M and N be corrected oriented n-manifolds with con-
nected sum M]N . Show that sign(M]N) = sign(M) + sign(N).

Explain that this implies that CP2 ]CP2 is not homotopy equivalent to
−CP2 ]CP2.

We conclude this section by defining the degree of a map between w-
oriented Poincaré pairs. Let (X, ∂X) and (Y, ∂Y ) be w-oriented finite n-
dimensional Poincaré complexes for infinite cyclic local coefficient systems
OX and OY and fundamental classes [[X, ∂X]] ∈ Hn(X, ∂X;OX) and
[[Y, ∂Y ]] ∈ Hn(Y, ∂Y ;OY ). Consider a map (f, ∂f) : (X, ∂X)→ (Y, ∂Y ) and
an isomorphism of infinite cyclic local coefficient systems f : OX → f∗OY .
We obtain a homomorphism

Hn(f, ∂f ; f) : Hn(X, ∂X;OX)→ Hn(Y, ∂Y ;OY ).

We have the canonical isomorphisms
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C∈π0(X)

Hn(C,C ∩ ∂X;OX |C)
∼=−→ Hn(X, ∂X;OX);

⊕
D∈π0(Y )

Hn(D,D ∩ ∂Y ;OY |D)
∼=−→ Hn(Y, ∂Y ;OY ).

Using these isomorphisms the classes [[X, ∂X]] and [[Y, ∂Y ]] define classes

[[C,C ∩ ∂X]] ∈ Hn(C,C ∩ ∂X;OX |C);

[[D,D ∩ ∂Y ]] ∈ Hn(D,D ∩ ∂Y ;OY |D),

which are in all cases generators of infinite cyclic groups. The mapHn(f, ∂f ; f)
induces a map

Hn(f |C , ∂f |C ; f |C) : Hn(C,C ∩ ∂X;OX |C)→ Hn(D,D ∩ ∂Y ;OY |D),

provided that f(C) ⊆ D. Let degC,D(f, ∂f ; f) be the integer defined by

Hn(f |C , ∂f |C ; f |C)
(
[[C,C ∩ ∂X]]

)
= degC,D(f, ∂f ; f) · [[D,D ∩ ∂Y ]].

Definition 4.83 (Degree of a map of w-oriented finite Poincaré
pairs). Define the degree of (f, ∂f ; f) to be the element

deg(f, ∂f ; f) ∈ H0(Y ) =
⊕

D∈π0(Y )

Z

which assigns to D ∈ π0(Y ) the integer
∑
C∈π0(X)
f(C)⊆D

degC,D(f, ∂f ; f).

We will show in Theorem 6.43 that the degree is a bordism invariant.

Example 4.84 (The degree in the connected orientable case). Sup-
pose that (X, ∂X) and (Y, ∂Y ) are oriented connected finite n-dimensional
Poincaré pairs. Then we can choose OX and OY to be the constant functors
with value Z and obtain identifications

Hn(X, ∂X;OX) ∼= Hn(X, ∂X;Z);

Hn(Y, ∂Y ;OY ) ∼= Hn(Y, ∂Y ;Z).

Denote by [X, ∂X] ∈ Hn(X, ∂X;Z) and [Y, ∂Y ] ∈ Hn(Y, ∂Y ;Z) the preim-
ages of [[X, ∂X]] and [[Y, ∂Y ]] under these isomorphism. Then [X, ∂X] and
[Y, ∂Y ] are generator of infinite cyclic groups. Let f : OX → OY be given by
the identity.

Then the definition of deg(f, ∂f ; f) above reduces to the classical definition
of the degree, namely, we have

Hn(f, ∂f ;Z)([X, ∂X]) = deg(f, ∂f ; f) · [Y, ∂Y ].
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Notice that the non-orientable case has to be more complicated since we
cannot choose OX and OY to be constant with value Z.

4.7 Miscellaneous

In this chapter we defined Poincaré duality as a certain chain map which in-
duces isomorphism between cohomology and homology. This was then used
in dimensions n = 4k to define a symmetric bilinear form whose signature
is an important invariant of manifolds. It turns out that it is also possible
to define at the level of chain complexes what is called a symmetric struc-
ture, which is a structure that is an analogue of a symmetric bilinear form
on a module, and a Poincaré complex gives rise to such a structure on its
underlying chain complex. It gives rise to a more refined invariant called the
symmetric signature, due to Ranicki [197],[198]. We will come to this in more
detail in Chapter 14.
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Chapter 5

The Spivak Normal Structure

5.1 Introduction

Recall that our goal is to find a solution to

Problem 5.1. Let X be a finite Poincaré CW -complex. When is X homo-
topy equivalent to a closed n-dimensional manifold?

We explained in Chapter 4 why we have to strengthen the condition finite
CW -complex in Problem 3.1 to finite Poincaré complex in Problem 5.1 above,
see Theorem 4.51.

Recall from Chapter 3 that it will be important that bundle data are
available. In this chapter we address the question whether we can achieve
such bundle data and to which extend they are unique.

Recall that an n-dimensional manifold M can be embedded into an (n+k)-
dimensional Euclidean space Rn+k for k large enough and such an embedding
is unique up to isotopy. Furthermore it possesses a well-defined normal bundle
ν(M), which is a k-dimensional vector bundle, and the Pontrjagin-Thom
construction from Section 3.7 provides us with a collapse map cM : Sn+k →
Th(νM ).

In this chapter we investigate how to obtain analogous data when we start
with a Poincaré complex X instead of a manifold M . It turns out that we
have to relax the bundle statement in that we only obtain a spherical fibration
and not a vector bundle.

For this reason we start with some background on spherical fibrations in
Section 5.2. Section 5.3 is devoted to the Thom Isomorphism Theorem 5.47,
which is an important tool for understanding cohomological properties of
vector bundles and more generally of spherical fibrations. In Section 5.5 we
introduce the notion of a Spivak normal structure which is given by a spher-
ical fibration and a collapse map, see Definition 5.58. We state the main
result of this chapter, Theorem 5.61, saying that such a structure exists on
a finite Poincaré complex and is unique up to stable strong fiber homotopy
equivalence. Its existence is based on the construction of Section 5.4. If X
happens to be a closed manifold, then a Spivak normal structure is given by
the spherical fibration determined by the normal bundle, see Example 5.59.

Thus we obtain a new obstruction from algebraic topology for a positive
answer to Problem 3.1 above, namely, the Spivak normal structure must have
a reduction to a vector bundle, see Remark 5.62.

123
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Guide 5.2. It is crucial to understand the notion of the Spivak normal struc-
ture, see Definition 5.58, and the statement of its existence and uniqueness,
see Theorem 5.61. The rather long proof of Theorem 5.61 is illuminating, but
does not play a role in the rest of the book.

5.2 Spherical Fibrations

A (k−1)-spherical fibration is a (Hurewicz) fibration p : E → X, i.e., a map
having the homotopy lifting property, whose fibres are all homotopy equiva-
lent to Sk−1. The simplest example is the trivial (k−1)-spherical fibration,

p : X × Sk−1 → X, (x, y) 7→ x,

which we denote by Sk−1. If k = 0, then S−1 is defined to be the empty set
and a (−1)-spherical fibration over X is the map ∅ → X. If pξ : E → X is the
projection of a k-dimensional vector bundle ξ with Riemannian metric, its
sphere bundle pSE : SE → X is an example of a (k−1)-spherical fibration.

Hence we regard (k−1)-spherical fibrations as homotopy theoretic ana-
logues of k-dimensional vector bundles.

The analogue of an isomorphism of vector bundles is a strong fibre homo-
topy equivalence of (k−1)-spherical fibrations, which we now define. Given
two fibrations p0 : E0 → X0 and p1 : E1 → X1, a fibre map (f, f) : p0 → p1

consists of maps f : E0 → E1 and f : X0 → X1 satisfying p1◦f = f ◦p0. There
is an obvious notion of fibre homotopy (h, h). A fibre homotopy is called a
strong fibre homotopy if ht : X0 → X1 is stationary for t ∈ [0, 1]. A fibre map
(id, f) : p0 → p1 between two fibrations p0 and p1 over the same base space
is a strong fibre homotopy equivalence if there is a fibre map (id, g) : p1 → p0

such that both compositions are strongly fibre homotopy equivalent to the
identity. In this case we say that p0 and p1 are strongly fibre homotopy equiv-
alent and write p0 'sfh p1.

The familiar constructions of the Thom space, pullbacks and Whitney sum
for vector bundles have analogues for spherical fibrations as we now describe.
To form the Thom space of a (k−1)-spherical fibration p : E → X, we need
the associated disc fibration which is defined by Dp : DE := cyl(p) → X,
where cyl(p) is the mapping cylinder of p and Dp is the obvious map. A
simple application of [53, Proposition 1.3] shows that Dp is a fibration.

Define the Thom space Th(p) of p to be the pointed space cone(p), where
cone(p) is the mapping cone of p with its canonical base point, or, equiva-
lently, put Th(p) = DE/E. If k = 0, then DE = X and Th(p) = X+. If
pξ : E → X is the projection of a k-dimensional vector bundle ξ over X with
sphere bundle pSE : SE → X then we may identify the disc bundle of ξ with
the mapping cylinder of pSE , so that DE = cyl(pSE). Notice that the canon-
ical inclusion of X in cyl(pSE) is a homotopy equivalence, which is analogous
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to the fact that the inclusion defined by the zero-section of ξ is a homo-
topy equivalence. The canonical inclusion of SE into cyl(p) corresponds to
the inclusion of SE ⊂ DE. Hence the definition Th(p) = DE/E = cone(p)
for a (k−1)-spherical fibration p corresponds to Th(ξ) = DE/SE for the
k-dimensional vector bundle ξ.

To define pullbacks, let f : X → Y be a map and let p : E → Y be a
(k−1)-spherical fibration. The pullback of p along f is the (k−1)-spherical
fibration f∗p : f∗E → X with total space

f∗E := {(x, e) | f(x) = p(e)} ⊂ X × E

and projection map (f∗p)(x, e) = x.
If one has two vector bundles ξ0 over X0 and ξ1 over X1, one can form

the exterior Whitney sum ξ0 × ξ1 which is a vector bundle over X1 ×X2. If
X = X0 = X1, then the Whitney sum of ξ0 and ξ1 is the vector bundle over
X defined by ξ0 ⊕ ξ1 := ∆∗(ξ0 × ξ1), where ∆ : X → X × X, x 7→ (x, x) is
the diagonal map.

Notice that (SEξ0×ξ1)(x0,x1) for (x0, x1) ∈ X0 × X1 is homeomorphic to
the join (SEξ0)x0

∗ (SEξ1)x1
. This allows us to recover SEξ1×ξ2 as a spherical

fibration from SEξ0 and SEξ1 by the following fibrewise join construction.
Given a (k−1)-spherical fibration p0 : E0 → X and an (l− 1)-spherical fibra-
tion p1 : E1 → Y , define the (k+l−1)-spherical fibration

(5.3) p0 ∗e p1 : E0 ∗e E1 → X × Y,

called the exterior fibrewise join of p0 and p1, as follows. Suppose that k, l ≥ 1.
Then the total space E0 ∗e E1 is the quotient of the space E0 × E1 × [0, 1]
under the equivalence relation generated by (e0, e1, 0) ∼ (e0, e

′
1, 0), provided

p1(e1) = p1(e′1) and (e0, e1, 1) ∼ (e′0, e1, 1) provided p0(e0) = p0(e′0). The
projection p0 ∗e p1 sends [e0, e1, t], the class of (e0, e1, t), to (p0(e0), p1(e1)).
If k = 0, define the total space to be X × E1 and the projection p0 ∗e
p1 to be idX ×p1 and analogously for l = 0. Another application of [53,
Proposition 1.3] shows that p0 ∗ p1 is a fibration. When X = X0 = X1, the
fibrewise join of p0 and p1 is the (k+l−1)-spherical fibration

p0 ∗ p1 := ∆∗(p0 ∗e p1).

Exercise 5.4. Show that

E0 ∗e E1
∼= DE0 × E1 ∪E0×E1

E0 ×DE1.

For the Thom space of the exterior fibrewise join, there is a natural home-
omorphism
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(5.5) Th(p0 ∗e p1) ∼= Th(p0) ∧ Th(p1).

This is proven in [238, Proposition 12.28] for vector bundles; the proof for
spherical fibrations is similar.

We next define the orientation homomorphism of a spherical fibration.
Given a fibration p : E → X, the fibre transport along loops at x ∈ X
yields a functor from the fundamental groupoid Π(X) to the homotopy cat-
egory of topological spaces sending a point x to p−1(x), see for instance [238,
15.12 on page 343]. In particular we get for every x ∈ X a map of monoids
tx : π1(X,x) → [p−1(x), p−1(x)]. We call p orientable if t is trivial for any
base point x ∈ X. In the case of a (k−1)-spherical fibration over a CW -
complex X, the fibre transport for x ∈ X is the same as a homomorphism
tx : π1(X,x) → {±1} called the orientation homomorphism or first Stiefel-
Whitney class since the degree defines a bijection [Sk−1, Sk−1]× → {±1} for
k ≥ 1. This is the same as an element w1(p) ∈ H1(X;Z/2).

Remark 5.6. Recall from [174, Chapter 4] that every vector bundle ξ with
base space X has Stiefel-Whitney classes wi(ξ) ∈ Hi(X;Z/2). If pSξ : SEξ →
X is the spherical fibration associated to ξ, then w1(pSξ) = w1(ξ).

More generally, the Stiefel-Whitney classes are defined using the Thom-
space Th(ξ) = D(ξ)/S(ξ) only, and hence all the Stiefel-Whitney classes can
be defined for any spherical fibration. In particular wi(ξ) depends only on
the strong fibre homotopy type of pSξ. This is not true for the Pontrjagin
classes of a vector bundle.

Let X be a CW -complex and VBk(X) be the set of isomorphism classes
[ξ] of k-dimensional (real) vector bundles ξ over X. There is a universal k-
dimensional bundle γk over BO(k) such that for any k-vector bundle ξ there
is a up to homotopy one map fξ : X → BO(k) such that ξ is isomorphic
to f∗ξ γk. Moreover, [fξ] depends only on [ξ]. We have, see for instance [174,
Chapter 5]

Theorem 5.7 (Classification of vector bundles). If X is a CW -
complex, then the map

VBk(X)→ [X,BO(k)], [ξ] 7→ [fξ],

is a bijection.

Next we explain the analogous statement for spherical (k−1)-fibrations.
We write [p] for the strong fibre homotopy equivalence class of a (k−1)-
spherical fibration p : E → X and define

SFk(X) := {[p] | p : E → X is a (k − 1)-spherical fibration}

to be the set of strong fibre homotopy equivalence classes of (k−1)-spherical
fibrations over a space X.
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We have the topological monoid of self-equivalences of the (k−1)-sphere

(5.8) G(k) := {f : Sk−1 → Sk−1 | deg(f) = ±1},

where we topologise G(k) using the compact open topology. Stasheff proved
that the topological monoid G(k) plays the role in the theory of (k−1)-
spherical fibrations which the topological group O(k) plays in the theory of
rank k vector bundles. In particular, there is a classifying space BG(k) and
a universal (k−1)-spherical fibration

qSk−1 : ESk−1 → BG(k)

such that BG(k) is a CW -complex and every (k−1)-spherical fibration
p : X → E over a CW -complex X is classified by a map fp : X → BG(k);

i.e., there is a strong fibre homotopy equivalence p
'−→ f∗p qSk−1 . Moreover, the

map fp is uniquely determined up to homotopy by the strong fibre homotopy
type of p. In other words, we have the following theorem of Stasheff [230,
Classification Theorem].

Theorem 5.9 (Classification of spherical fibrations). If X is a CW -
complex, then the map

SFk(X)→ [X,BG(k)], [p] 7→ [fp],

is a bijection.

Remark 5.10. Stasheff’s theorem [230, Classification Theorem] is more gen-
eral, and applying to all fibrations having fibre of the homotopy type of a
finite CW -complex. Given a finite CW -complex F , let G(F ) be the topologi-
cal monoid of self-homotopy equivalences of F ; for example G(k) = G(Sk−1).
For such a monoid, Stasheff constructs a classifying space BG(F ) together
with a fibration qF : EF → BG(F ) with typical fibre F over a CW -complex
BG(F ) such that the pullback construction yields a bijection between the
homotopy classes of maps from X to BG(F ) and the set of strong fibre ho-
motopy classes of fibrations over X with typical fibre F , see [230].

Lemma 5.11. Let F be a finite CW -complex. The space BG(F ) is path con-
nected and for any choice of base point x ∈ BG(F ) and for n ≥ 1 there are
isomorphisms of abelian groups

πn(BG(F ), x) ∼= πn−1(G(F ), idF ).

Proof. There is a principal quasi-fibration G(F ) → EG(F ) → BG(F ) such
that EG(F ) is contractible, see for instance [155, Theorem 1.2 on page 4 and
Theorem 1.5 on page 7]. Since a quasi-fibration admits a long exact homo-
topy sequence, its boundary homomorphism induces the desired isomorphism
πn(BG(F ), x) ∼= πn−1(G(F ), idF ). ut
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Remark 5.12. We briefly describe the isomorphism appearing in Lemma 5.11
in more concrete terms. Consider a pointed map f : (Sn, e) → (BG(F ), x),
where e should be contained in S0 ⊆ Sn. Choose a model for the universal
F -fibration qF : EF → BG(F ). Consider the pullback

E
f //

f∗qF

��

EF

qF

��
Sn

f
// BG(F ).

Put F := q−1
F (x). Let Sn± be the upper and lower hemisphere. Notice that

the inclusion {e} → Sn± is a homotopy equivalence. We obtain a strong fibre
homotopy equivalence

h± : Sn± × F → E|Sn±
such that (h±)e : F → F is the identity. They are unique up to strong fibre
homotopy relative to e ∈ Sn. Proofs of these claims can be derived from [238,

Proposition 15.11 on page 342]. Let h
−1

− : E|Sn− → Sn− × F be a strong fibre

homotopy equivalence with (h
−1

− )e = idF such that h− ◦ h
−1

− and h
−1

− ◦ h−
are strongly fibre homotopic relative e. Then

h
−1

− |Sn−1 ◦ h−|Sn−1 : Sn−1 × F → Sn−1 × F

is a strong fibre homotopy equivalence with (h
−1

− |Sn−1 ◦ h−|Sn−1)e = idF
which is unique up to strong fibre homotopy relative e and which we call
a characteristic map for f∗qF : E → Sn. The characteristic map defines a
unique element in πn−1(G(F ), idF ).

Now for n ≥ 1 consider the bijection

(5.13) chark(Sn) : SFk(Sn) ∼= [Sn,BG(k)] ∼= πn−1(G(k), id),

which, via the isomorphisms of Theorem 5.9 and Lemma 5.11, maps a (k−1)-
spherical fibration to p : E → Sn to the homotopy class of its characteris-
tic map. Fix natural numbers k0 and k1. Let s0 : G(k0) → G(k0 + k1) and
s1 : G(k1)→ G(k0 + k1) respectively be the maps of monoids which send the
class of f0 : Sk0−1 → Sk0−1 and f1 : Sk1−1 → Sk1−1 respectively to the class
of f0 ∗ idSk1−1 : Sk0+k1−1 → Sk0+k1−1 and idSk0−1 ∗f1 : Sk0+k1−1 → Sk0+k1−1

respectively (using the identification Sk0−1 ∗ Sk1−1 = Sk0+k1−1). We get a
bilinear map of abelian groups

(5.14) β : πn−1(G(k0), id)× πn−1(G(k1), id)→ πn−1(G(k0 + k1), id),

([u0], [u1]) 7→ [s0 ◦ u0] + [s1 ◦ u1].
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Let
∗ : SFk0(Sn)× SFk1(Sn)→ SFk0+k1(Sn)

be the map sending [p0], [p1] to [p0 ∗ p1].

Lemma 5.15. The following diagram

SFk0(Sn)× SFk1(Sn)
∗ //

chark0 (Sn)×chark1 (Sn) ∼=
��

SFk0+k1(Sn)

chark0+k1
(Sn)∼=

��
πn−1(G(k0), id)× πn−1(G(k1), id)

β
// πn−1(G(k0 + k1), id)

commutes

Proof. Consider the monoid map

∗ : G(k0)×G(k1)→ G(k0 + k1), (g0, g1) 7→ g0 ∗ g1,

which maps a pair of homotopy equivalences to their join.
For i = 0, 1, let pi be a (ki−1)-spherical fibration over Sn with character-

istic function fi : S
n−1 → G(k). We conclude from Remark 5.12 that p0 ∗ p1

has characteristic function f0 ∗ f1, where for x ∈ Sn−1 we define

(f0 ∗ f1)(x) = f0(x) ∗ f1(x).

Obviously we have

f0 ∗ f1 = (f0 ∗ cid
Sk1−1

) ◦ (cid
Sk0−1

∗ f1),

where cid
Ski−1

is the constant function Sn−1 → G(ki) with value idSki−1 .

Suppose that n ≥ 2. Then πn−1(G(k), id) has two group structures, one from
the co-H-space structure on Sn−1 and the other from the H-space structure
on G(k). These agree and πn−1(G(k), id) is an abelian group, see [238, Propo-
sition 2.25 on page 21]. Hence we get in πn−1(G(k0 + k1), id)

[f0 ∗ f1] = [(f0 ∗ cid
Sk0−1

) ◦ (cid
Sk0−1

∗ f1)]

= [(f0 ∗ cid
Sk0−1

)] + [(cid
Sk0−1

∗ f1)]

= s0([f0]) + s1([f1]).

It remains to consider the case n = 1. Then the degree of a selfmap of Sk

gives a bijection π0(G(k))
∼=−→ Z/2 and the claim follows by a direct inspection

using the fact that the degree of a join of two selfmaps of spheres is the sum
of their degrees. ut

In general, the computation of SFk(X) is a difficult problem. The classi-
fication problem becomes easier if we stabilise spherical fibrations with the
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trivial spherical fibration, as we now explain after having recalled the analo-
gous construction for vector bundles. Let

(5.16) VB(X) := colimk→∞VBk(X)

be the set of stable isomorphism classes of vector bundles over X, where we
call two bundles ξ1 and ξ2 over X stably isomorphic if for appropriate natural
numbers j1 and j2 the vector bundles Rj1 ⊕ ξ1 and Rj2 ⊕ ξ2 are isomorphic.
The stable isomorphism class of a vector bundle ξ in this sense will be denoted
[ξ]s.

From now on suppose that X is finite. This assumption ensures that every
vector bundle ξ over X has an inverse ξ−1, i.e., another vector bundle such
that ξ ⊕ ξ−1 is trivial. Hence the Whitney sum induces the structure of an
abelian group on VB(X). Define BO as the classifying space of the topological
group

O = colimk→∞O(k).

It has the structure of a homotopy associative and homotopy commuta-
tive H-space with homotopy inverse. Hence [X,BO] inherits the structure
of an abelian group. Given an element [ξ]s ∈ VB(X), we can choose a rep-
resentative ξ, let us say of dimension k, choose for it a classifying map
fξ : X → BO(k) and define f[ξ] to be the composite of fξ with the map
BO(k)→ BO. One easily checks that f[ξ] depends only on the stable isomor-
phism class [ξ]s of [ξ] and not on the choice made above. We have, see for
instance [238, Theorem 11.56 on page 210]

Theorem 5.17 (Classification of stable vector bundles over finite
CW -complexes). Let X be a finite CW -complex. Then the map

VB(X)→ [X,BO], [ξ]s 7→ [f[ξ]]

is an isomorphism of abelian groups.

Next we explain the analogous statement for spherical (k−1)-fibrations.
Given a spherical (k−1)-fibration p : E → X, its l-fold suspension Sl−1 ∗ p
is the spherical (k+l−1)-fibration given by the fibrewise join of the trivial
(l−1)-spherical fibration Sl−1 and p. Since we may regard stabilisation as
the exterior fibrewise join with the trivial fibration over a point, we note
that (5.5) specialises to show that there is a natural homeomorphism for a
spherical fibration p

Th(Sl−1 ∗ p) ∼= Sl ∧ Th(p).(5.18)

Stabilisation defines maps

SFk(X)→ SFk+j(X), [p] 7→ [Sj−1 ∗ p]



5.2 Spherical Fibrations 131

and we say that two spherical fibrations p1 : E1 → X and p2 : E2 → X are
stably equivalent if there is a strong fibre homotopy equivalence

Sj1−1 ∗ p1 → Sj2−1 ∗ p2

for some j1, j2. We define SF(X) to be the set of stable equivalence classes
[p]s of spherical fibrations p over X so that

SF(X) := colimk→∞ SFk(X).

Fibrewise join of representatives endows SF(X) with the structure of a com-
mutative monoid with unit the equivalence class of the trivial spherical fibra-
tion. To show that SF(X) has the structure of a group we need to find stable
inverses for a spherical fibration p : E → X; i.e. we need to show that there
is a spherical fibration p′ where p ∗ p′ is trivial.

Lemma 5.19 (Stable inverses for spherical fibrations). For every spher-
ical fibration p over a finite CW -complex X there is a spherical fibration p−1

over X such that p ∗ p−1 is strongly fibre homotopy equivalent to the trivial
spherical fibration.

Proof. Let p be a (k−1)-spherical fibration over X. We use induction over the
number of cells of X. The induction beginning X = ∅ is trivial, the induction
step is done as follows. Suppose that Y is obtained from X by attaching one
cell, i.e., we have a pushout

Sd−1 q //

i
��

X

��
Dd

Q
// Y.

Given a (k−1)-spherical fibration pY : EY → Y , denote by pX : EX → X,
pS : ES → Sd−1 and pD : ED → Dd the (k−1)-spherical fibrations obtained
by the pullback construction for pY applied to the obvious maps to Y . By the
induction hypothesis there is a (l−1)-spherical fibration (p−1

X )′′ : E−1
X → X

over X such that
pX ∗ (p−1

X )′′ 'sfh S
k+l−1.

Since Dd is contractible, we have pD 'sfh S
k−1 and so pS 'sfh S

k−1. Hence
the pullback q∗(p−1

X )′′ of (p−1
X )′′ to Sd−1 satisfies

Sk−1 ∗ q∗(p−1
X )′′ 'sfh S

k+l−1.

We now replace (p−1
X )′′ by the (k+l−1)-fibration (p−1

X )′ := (p−1
X )′′ ∗ Sk−1

which is of course also a stable inverse for pX and which satisfies q∗(p−1
X )′ 'sfh

Sk+l−1. It follows using [53, Proposition 1.3] that (p−1
X )′ extends to a
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(k+l−1)-spherical fibration p′Y . It remains to show that, perhaps after further
stabilisation, that p′Y can be chosen so that pY ∗ p′Y is trivial.

Let c : Y → Sd be the map collapsing X ⊂ Y to a point. For any p′Y we
have that (pY ∗ p′Y )X is trivial. Hence the classifying map for (pY ∗ p′Y )X
is null-homotopic and so we can arrange by a cofibration argument that the
classifying map for pY ∗ p′Y factors over c : Y → Sd. It follows that there is a
spherical (2k+l−1)-fibration pSd : ESd → Sd such that (pY ∗p′Y )X 'sfh c

∗pSd .
Let p′Sd : E′Sd → Sd be a (2k+l−1)-spherical fibration with characteristic
function char2k+l(S

n)(p′Sd) = −char2k+l(S
n)(pSd), see (5.13).

Let
β : πd−1(G(k))× πd−1(G(k))→ πd−1(G(2k))

be the pairing defined in (5.14). Next we show that β(x,−x) = 0 holds for ev-
ery πd−1(G(k)). Unravelling the definition of β we see that it suffices to show
[s0 ◦ x] = [s1 ◦ x] for every [x] ∈ πd−1(G(k)) for the homomorphisms induced
by s0 and s1 appearing in the definition of β. In the proof of Lemma 5.79 we
will construct a homotopy, see (5.80),

h : Sk−1 ∗ Sk−1 × [0, 1]→ Sk−1 ∗ Sk−1

such that h0 = id and h1([v, w, t]) = [−w, v, 1 − t]. Since (idSk−1 ∗f) ◦ h1 =
h1 ◦ (f ∗Sk−1) holds for any self homotopy equivalence f : Sk−1 → Sk−1, the
equality β(x,−x) = 0 follows. Lemma 5.15 implies that p′Sd is an inverse of

pSd . We set p−1
Y := p′Y ∗ c∗(p′Sd) and then we have

pY ∗ p−1
Y 'sfh pY ∗ p′Y ∗ c∗(p′Sd)

'sfh c
∗pSd ∗ c∗p′Sd

'sfh c
∗(pSd ∗ p′Sd)

'sfh c
∗S4k+2l−1

'sfh S
4k+2l−1,

where we have used the associativity and naturality of the fibrewise join of
spherical fibrations. ut

Remark 5.20. A priori the construction of p−1 in Lemma 5.19 need not to
be unique up to strong fibre homotopy equivalence. However by Theorem 5.23
below [p−1] ∈ SF(X) defines a unique stable equivalence class of spherical
fibrations over X and by Lemma 5.25 below there is a unique fibre homotopy
equivalence class p−1 of (k−1)-spherical fibration over X for all k > dim(X).

From the perspective of the structure monoid G(k), stabilising a spherical
fibration corresponds to taking the suspension of a homotopy equivalence
Sk−1 → Sk−1 to obtain a homotopy equivalence Sk → Sk. Repeating this
process j times defines a monoid map Sjk : G(k)→ G(k+j), which induces a
map of classifying spaces
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Sjk : BG(k)→ BG(k+j)

that is compatible with stabilisation of spherical fibrations; i.e., we have
fSj−1∗p = Sjk ◦ fp. We define

BG := hocolimk→∞ BG(k)

and note that given [p] ∈ SF(X) we obtain a map unique up to homotopy
f[p] : X → BG by taking fp : X → BG(k) and composing with the inclusion

BG(k)→ BG. Recall that for a sequence of maps X0
f0−→ X1

f1−→ X2
f2−→ · · ·

a model for the homotopy colimit hocolimk→∞Xk is the infinite mapping
telescope. The canonical map hocolimk→∞Xk → colimk→∞Xk is a homo-
topy equivalence if each map fi is a cofibration. In contrast to the colimit the
homotopy colimit is homotopy invariant in the sense that for a commutative
diagram of the shape

X0
f0 //

u0 '
��

X1
f1 //

u1 '
��

X2
f2 //

u1 '
��

· · ·

Y0
g0 // Y1

g1 // Y2
g2 // · · ·

such that all vertical arrows are (weak) homotopy equivalences, the induced
map

hocolimk→∞ uk : hocolimk→∞Xk → hocolimk→∞Xk

is a (weak) homotopy equivalence, and we have a canonical isomorphism

(5.21) colimk→∞ πi(Xk)
∼=−→ πi

(
hocolimk→∞Xk

)
.

Exercise 5.22. Give an example of a sequence X0
f0−→ X1

f1−→ X2
f2−→ · · ·

for which the canonical map hocolimk→∞Xk → colimk→∞Xk is not a ho-

motopy equivalence and colimk→∞ πi(Xk)
∼=−→ πi

(
hocolimk→∞Xk

)
is a not a

bijection.

The exterior fibrewise join qSk−1∗eqSk−1 : ESk−1∗eESk−1 → BG(k)×BG(k)
of the universal (k−1)-spherical with itself is classified by a map

µk : BG(k)× BG(k)→ BG(2k).

The maps µk fit together to define a map µ : BG×BG → BG which turns
BG into a homotopy associative and homotopy commutative H-space [169,
page 60]. By construction this H-space structure reflects fibrewise join of
stable spherical fibrations. Moreover, up to homotopy the map µ : BG×BG
can be realised as the multiplication map for a loop space structure on BG,
see [26, Example 6.39 (m)]. As a consequence [X,BG] becomes an abelian
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group for any CW -complex X and there is a map i : BG → BG (which
corresponds to reversing the parameter of a loop), such that [f ◦ i] is the
inverse of [f ] for f : X → BG a map from a finite CW -complex to X. Hence
we get

Theorem 5.23 (Classification of stable spherical fibrations over fi-
nite CW complexes). Let X be a finite CW -complex. Then the map

SF(X)→ [X,BG], [p]s 7→ [fp]

is an isomorphism of abelian groups.

The following well-known result follows from the long homotopy sequence
of the fibration O(k)→ O(k+1)→ Sk.

Lemma 5.24. Fix a natural number k ≥ 1. Let X be a CW -complex with
dim(X) ≤ k. Then the natural stabilisation maps VBk(X) → VB(X) and
VBk+1(X)→ VB(X) are onto and bijective respectively, and the same holds
for the natural maps [X,BO(k)]→ [X,BO] and [X,BO(k+1)]→ [X,BO].

The analogue for spherical fibrations is

Lemma 5.25. Fix a natural number k ≥ 3. Let X be a CW -complex with
dim(X) ≤ k. Then the natural stabilisation maps SFk(X) → SF(X) and
SFk+1(X) → SF(X) are onto and bijective respectively, and the same holds
for the natural maps [X,BG(k)]→ [X,BG] and [X,BG(k+1)]→ [X,BG].

Proof. We conclude from Theorem 5.23 that it suffices to prove that the map
BG(k)→ BG(k+1) is k-connected. Lemma 5.11 implies that this is equivalent
to the assertion that G(k) → G(k+1) is (k−1)-connected. This is proved as
follows.

Let y0 ∈ Sk denote a base point and let F(k) ⊂ G(k+1) be the submonoid
of self-equivalences f : Sk → Sk with f(y0) = y0. There is a fibration sequence
(see e.g. [155, Lemma 3.1 on page 46])

F(k)→ G(k+1)
ev−−→ Sk,

where ev(f) = f(y0). Hence the inclusion F(k) → G(k+1) is (k−1)-
connected. Writing Sk = {±y0}∗Sk−1, the stabilisation map G(k)→ G(k+1)
factors through F(k) ⊂ G(k+1). By [97, Remark 7.7] the map G(k) → F(k)
is (2k− 3)-connected, see also [113, Corollary 2.2], where the claim is proved
for (2k−4). Since 2k−4 ≥ k−1 for k ≥ 3, the map G(k)→ G(k+1) is (k−1)-
connected. ut

We now briefly discuss the computation of the homotopy groups of BG.
Define the topological monoid

(5.26) G := colimk→∞G(k).



5.3 The Thom Isomorphism 135

Since G(k) → G(k + 1) is a closed embedding, we get from (5.21) and
Lemma 5.11 isomorphisms

πi(BG) ∼= colimk→∞ πi(BG(k));

πi(G) ∼= colimk→∞ πi(G(k));

πi+1(BG(k)) ∼= πi(G(k));

πi+1(BG) ∼= πi(G).

Notice that we may regard F(k) as a subspace the space of loops ΩkSk and
that we have taken idSk : Sk → Sk as the base point of G(k+1) and F(k). For
the computation of homotopy groups, it is easier to work with the base point
of the constant loop ∗ ∈ ΩkSk. However, since ΩkSk is an H-space all of
its components have the same homotopy type and consequently isomorphic
homotopy groups. We have for i ≥ 1

πi+k(Sk) ∼= πi(Ω
kSk, ∗) ∼= πi(Ω

kSk, idSk) = πi(F(k)),

where the first isomorphism is the standard property of the homotopy groups
of the constant component of a loop space. Since the canonical map F(k)→
G(k+1) is (k−1)-connected as explained in the proof of Lemma 5.24, we get
for 1 ≤ i < k−1 isomorphisms πi+k(Sk) ∼= πi(G(k+1), idSk). The stable
i-stem is defined by

πsi := πsi (S
0) := colimk→∞ πi+k(Sk).(5.27)

Taking the colimit for k →∞ gives an isomorphism for i ≥ 1

(5.28) πi+1(BG) ∼= πi(G) ∼= πsi .

Exercise 5.29. Show π1(BG) ∼= Z/2 and πs0
∼= Z.

For example when X = Si+1, we have SF(Si+1) = [Si+1,BG] ∼= πsi , which,
in general, is non-zero. Hence there are non-trivial spherical fibrations. How-
ever, Serre has proven that πsi is finite for i > 0 and so we have that πi(BG)
is finite for all i. Elementary obstruction theory then gives the following

Corollary 5.30. Let X be a finite CW -complex. Then SF(X) ∼= [X,BG] is
a finite abelian group.

5.3 The Thom Isomorphism

Recall that the classical Thom isomorphism describes a relation between
the (co-)homology of a base space and of the Thom space of a vector bundle,
see [174, Chapter 10]. In this section we will show that an analogous statement
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holds for spherical fibrations. We will relax the orientability condition at the
cost of introducing local coefficients and we will also obtain a chain level
version which is better suited for the proof of the existence and uniqueness
of the Spivak normal fibration.

Let p : E → X be a (k−1)-spherical fibration. Put Ex := p−1(x). It comes
with a preferred infinite cyclic local coefficient system

(5.31) Op : Π(X)→ Z-MOD, x 7→ Hk(cone(Ex), Ex;Z).

It sends a morphism [w] : x→ y to the isomorphism of infinite cyclic groups
Hk(cone(t[w]), t[w];Z) : Hk(cone(Ex), Ex;Z) → Hk(cone(Ey), Ey;Z) induced
by the homotopy class [t[w]] of maps Ex → Ey coming from the fibre trans-
port along w, see for instance [238, 15.12 on page 343]. One easily checks
that w1(Op) agrees with the previously defined first Stiefel-Whitney class
w1(p) of p and that for a k-dimensional vector bundle ξ there is a canonical
isomorphism of infinite cyclic local coefficient systems

(5.32) Oξ
∼=−→ OpSξ

for the (k−1)-spherical fibration pSξ associated to ξ, where Oξ has been
defined in (4.21).

For x ∈ X denote by i(x) : {x} → X the inclusion. Recall that pDE : DE →
X is the canonical projection. Hence we get an infinite local coefficient system
p∗DEOp. We get from i(x) a homomorphism

Hk(DE,E; p∗DEOp)→ Hk(cone(Ex), Ex; i(x)∗p∗DEOp).

Since i(x)∗p∗DEOp is the constant infinite cyclic local coefficient theorem on
cone(Ex) with value Op(x), we get a canonical isomorphism

Hk(cone(Ex), Ex; i(x)∗p∗DEOp)
∼=−→ Hk(cone(Ex), Ex;Op(x)).

The universal coefficient theorem yields a natural isomorphism

Hk(cone(Ex), Ex;Op(x))
∼=−→ homZ(Hk(cone(Ex), Ex),Op(x))

∼=−→ homZ(Op(x),Op(x)).

Putting these isomorphisms together yields a homomorphism

(5.33) αp(x) : Hk(DE,E; p∗DEOp)→ homZ(Op(x),Op(x)).

Consider another point y ∈ X and a path v : [0, 1] → X from x to y. Let
h be a solution of the following homotopy lifting problem, where j0 : Ex →
Ex × [0, 1] sends x to (x, 0) and pr: Ex × [0, 1]→ [0, 1] is the projection
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Ex
i(x) //

j0

��

E

p

��
Ex × [0, 1]

v◦pr
//

h

66

X.

Then h1 : Ex → Ey is a representative of the fibre transport t[v] and using
the homotopy h one shows that the following diagram

homZ(Op(x),Op(x))

homZ(Op([v])−1,Op([v]))

��

Hk(DE,E; p∗DEOp)

αp(x)
55

αp(y)

))
homZ(Op(y),Op(y))

commutes. If v′ : [0, 1] → X is another path from x to y, then Op([v]) =
±Op([v′]) and hence the vertical arrow in the diagram above is independent
of the choice of v. Obviously it sends idOp(x) to idOp(y). If we compose αp(x)

with the inverse of the isomorphism Z
∼=−→ homZ(Op(x),Op(x)) sending n to

n · idOp(x), we get a homomorphism

(5.34) αp : Hk(DE,E; p∗DEOp)→ Z

which is by the observations above indeed independent of the choice of x ∈ X.
By taking each path component separately, we obtain a homomorphism for
a not necessarily connected X

(5.35) αp : Hk(DE,E; p∗DEOp)→ H0(X;Z) =
∏
π0(X)

Z.

Lemma 5.36. Let p : E → X and p′ : E′ → X ′ be (k−1)-spherical fibrations
over CW -complexes X and X ′.

(i) Consider the following commutative diagram

E
f //

p

��

E′

p′

��
X

f
// X ′
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such that fx : Ex → E′f(x) is a homotopy equivalence for every x ∈ X.

Then there is preferred and natural isomorphism u : f∗Op′
∼=−→ Op of

infinite cyclic local coefficient system over X. Moreover, f and u define
a homomorphism

Hk(cone(f), f ;u) : Hk(DE′, E′; p∗DE′Op′)→ Hk(DE,E; p∗DEOp)

such that the following diagram

Hk(DE′, E′; p∗DE′Op′)
Hk(cone(f),f ;u) //

αp′

��

Hk(DE,E; p∗DEOp)

αp

��
H0(X ′;Z)

H0(f ;Z)

// H0(X;Z)

commutes;
(ii) We have Hi(DE,E; p∗DEOp) = {0} for i ≤ k − 1;

(iii) The homomorphism αp is bijective;

Proof. (i) In order to define u we have to specify for every x ∈ X an isomor-

phism ux : Op′(f(x)) = Hk(cone(E′f(x)), E
′
f(x))

∼=−→ Op(x) = Hk(cone(Ex), Ex).

Since (cone(fx), fx) : (cone(Ex), Ex) → (cone(E′f(x)), E
′
f(x)) is a homotopy

equivalence of pairs, we can take the inverse of the induced isomorphism
Hk(cone(fx), fx). Now the commutativity of the diagram follows from the
definitions using the fact that the homomorphism

homZ(Op′(f(x)),Op′(f(x)))→ homZ(Op(x),Op(x)), v 7→ ux ◦ v ◦ u−1
x

sends idOp′ (f(x)) to idOp(x).

(ii) and (iii) We first prove the claim for finite-dimensional X by induction
over the dimension d. The induction beginning d = −1 is trivial, since then
X = ∅. The induction step is done as follows. Choose a pushout∐

i∈I S
d−1 //

��

Xd−1

��∐
i∈I D

d // Xd.

(5.37)

If we pullback the fibration over X to
∐
i∈I S

d−1,
∐
i∈I D

d, Xd−1 and Xd,
we obtain a pushout on the level of total spaces
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ES //

��

Ed−1

��
ED // Ed

with the left vertical arrow a cofibration again, see [259, Theorem 7.14 in I.7
on page 33]. Denote the resulting (k−1)-spherical fibrations by pS , pD, pd−1

and pd. Up to homotopy one can arrange that this is a pushout of CW -
complexes with the left vertical arrow an inclusion of CW -complexes, see for
instance [85, Section 3]. Now one extends this to a pushout of pairs of finite
CW -complexes

(DES , ES) //

��

(DEd−1, Ed−1)

��
(DED, ED) // (DEd, Ed).

(5.38)

Since the inclusion {•} → Dd is a homotopy equivalence, we conclude from
assertion (i) that the claim holds for ED if it holds for the trivial spherical
fibration Sk−1 → {•} over {•} where the claim is obviously true. By induc-
tion hypothesis the claim is true for ES and Ed−1. Using the Mayer-Vietoris
sequence one easily checks that Hi(DEd, Ed; p

∗
DEd
Opd) = {0} for i ≤ k − 1

and that we obtain a commutative diagram

0

��

0

��
Hk(DEd, SEd; p

∗
DEd
Opd)

αpd //

��

H0(Xd;Z)

��
Hk(DED, SED; p∗DEDOpD )

⊕
Hk(DEd−1, SEd−1; p∗DEd−1

Opd−1
)

αpD⊕αpd−1 //

��

H0(
∐
i∈I D

d;Z)
⊕

H0(Xd−1;Z)

��
Hk(DES , SES ; p∗DESOpS )

αpS // H0(
∐
i∈I S

d−1;Z)

where the rows are exact and the middle and lowermost horizontal arrow are
isomorphisms. Hence the uppermost horizontal arrow is an isomorphism.

Finally we treat arbitrary CW -complexes. We can write X as the union
of its skeletons Xn. Let pn : En → Xn the restriction of p to Xn. Then the
natural maps
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Hk(DE,SE; p∗DEOp)
∼=−→ invlimn→∞Hk(DEn, SEn; p∗DEnOpn);

H0(X;Z)
∼=−→ invlimn→∞H0(Xn;Z),

are isomorphisms. Since the inverse limit of isomorphisms is again an isomor-
phism, the proof of Lemma 5.36 is finished. ut

Definition 5.39. Let p : E → X be a (k−1)-spherical fibration. Its intrinsic
Thom class

Up ∈ Hk(DE,SE; p∗DEOp)

is defined to be the preimage of 1 ∈ H0(X;Z) under the isomorphism
αp : Hk(DE,SE; p∗DEOp)→ H0(X;Z) =

∏
π0(X) Z of (5.35).

Exercise 5.40. Consider the situation of Lemma 5.36 (i). Then the homo-
morphism

Hk(cone(f), f ;u) : Hk(DE′, E′; p∗DE′Op′)→ Hk(DE,E; p∗DEOp)

sends Up′ to Up.

For further statements it is again convenient to choose base points and
work over the group ring instead of the fundamental groupoid. Analogously
to choice (BP) for the universal covering of Notation 4.6 we will often make
the following choice

Notation 5.41 (Choice (SBP)). Suppose that the CW -complex X is con-

nected. Choose a model for the universal covering qX : X̃ → X. Its pullback
along pDE : DE = cyl(p)→ X

D̃E
p̃DE //

qDE

��

X̃

qX

��
DE

pDE
// X

is a model for the universal covering of DE which we will use. Let Ẽ be the
preimage of E under qDE . (Notice that this is not necessarily the universal

covering of E unless k ≥ 3.) Choose base points x̃ ∈ X̃ and x ∈ X with

qX(x̃) = x and an isomorphism ox : Op(x)
∼=−→ Z.

With these choices put π = π1(DE, x) = π1(X,x) and let w : π → {±1}
be the group homomorphism determined by w1(Op).

With these choices we obtain an identification

Hk
π(DE,SE;Zw)

∼=−→ Hk(DE,SE; p∗DEOp),

and we denote by
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(5.42) Up ∈ Hk(DE,SE;Zw)

the preimage of Up under this identification. If we pass from ox to −ox, then

we pass from Up to −Up. In the sequel we denote by Cn−∗(X̃), Cn+k−∗(D̃E)

and Cn+k−∗(D̃E, Ẽ) the Zπ-chain complex given by the dual of the Zπ-chain

complexes C∗(X̃), C∗(D̃E) and C∗(D̃E, Ẽ) with respect to the untwisted
involution

Zπ → Zπ,
∑
g∈π

λg · g 7→
∑
g∈π

λg · g−1.

Given any Zπ-chain complex D∗, we write Dw
∗ for the Zπ-chain complex

D∗ ⊗Z Zw, where π acts diagonally. Now using a relative version of (4.42)
we obtain the following composite of Zπ-chain maps, unique up to Zπ-chain
homotopy,

(5.43) C∗(D̃E, Ẽ)
Up∩−−−−−→ ΣkC∗(D̃E)w

ΣkC∗(D̃p)
w

−−−−−−−−→ ΣkC∗(X̃)w.

Taking duals yields a Zπ-chain map

(5.44) Cn−∗(X̃)w
Cn−∗(D̃p)w−−−−−−−−→ Cn−∗(D̃E)w

−∪Up−−−−→ Cn+k−∗(D̃E, S̃E).

Theorem 5.45 (Thom chain homotopy equivalence). Let p : E → X
be a (k−1)-spherical fibration of connected finite CW -complexes with the first
Stiefel-Whitney class w : π = π1(X) = π1(E)→ {±1}.

Then the Zπ-chain maps (5.43) and (5.44) are Zπ-chain homotopy equiv-
alences.

Proof. Since the Zπ-chain map (5.44) is essentially the Zπ-dual of the Zπ-
chain map (5.43), it remains to show that the Zπ-chain map (5.43) is a
Zπ-chain homotopy equivalence. This is obviously true if p is fibre homo-
topy equivalent to the trivial fibration Sk−1. The general case is proved by
induction over the number of cells of X as carried out next.

The induction beginning X = ∅ is trivial, the induction step is done as
follows. As in the proof of Lemma 5.36 we obtain the pushout (5.38), where
all spaces are pairs of finite CW -complexes and the left arrow is an inclusion
of CW -pairs.

Now consider the universal covering D̃E → DE. We can pull back D̃E →
DE to all of the pairs in the pushout (5.38), and we obtain a pushout of free
π-CW -complexes

(DES , ES) //

��

(DEd−1, Ed−1)

��
(DED, ED) // (DEd, Ed).
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It projects to the pushout diagram obtained from the pushout (5.37) by

pulling back X̃ → X

Sl−1 //

��

Xd−1

��
Dl // Xd.

The induction hypothesis applies for the fibration over Xd−1 and the claim
holds for the fibrations over Dl and Sl−1 since these are trivial. Notice that
the claim in Theorem 5.45 for the universal covering automatically implies
it for any covering of E. We obtain a commutative diagram of free Zπ-chain
complexes

0

��

0

��
C∗(DES , ES) //

��

ΣkC∗(Sl−1)w

��
C∗(DED, ED)⊕ C∗(DEd−1, Ed−1) //

��

ΣkC∗(Dl−1)w ⊕ΣkC∗(Xd−1)w

��
C∗(DEd, Ed) //

��

ΣkC∗(Xd)
w

��
0 0

whose columns are exact and whose horizontal arrows are the appropriate
versions of the maps (5.43). Since the upper two horizontal arrows are Zπ-
chain homotopy equivalences, the lowermost horizontal arrow is a Zπ-chain
homotopy equivalence. This finishes the proof of Theorem 5.45. ut

Remark 5.46. One can actually show that the Zπ-chain homotopy equiv-
alence appearing in Theorem 5.45 is simple. This makes sense and can be
proved by the following argument. Since the Whitehead group of the trivial
group and of Z is trivial, any space F which is homotopy equivalent to Sk−1

has a preferred simple structure in the sense of [85, Section 3]. Hence the
total space of a (k−1)-spherical fibration over a finite CW -complex inher-
its a simple structure. The diagram (5.38) is compatible with these simple
structures. Details are left to the reader since we will not need this fact.

The advantage of the formulation in terms of a Zπ-chain homotopy equiv-
alences is, just as in the case of Poincaré complexes, that this implies the
corresponding versions of homology and cohomology with respect to coeffi-
cients in any Zπ-module M . Often we will take M to be Zπ or to be Zv for
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some homomorphism v : π → {±1}. We mention the following direct conse-
quence of Theorem 5.45.

Theorem 5.47 (Thom Isomorphism Theorem). Let p : E → X be a
(k−1)-spherical fibration of connected finite CW -complexes with first Stiefel-
Whitney class w : π = π1(X) = π1(E)→ {±1}.

Then the composites

Hp(DE,E;Z)
Up∩−−−−−→ Hπ

p−k(DE;Zw)
Hπp−k(pDE)
−−−−−−−→ Hπ

p−k(X;Zw);(5.48)

Hπ
p (DE,E;Zw)

Up∩−−−−−→ Hp−k(DE;Z)
Hp−k(pDE)−−−−−−−→ Hp−k(X;Z);(5.49)

Hp(X;Z)
Hp(pDE)−−−−−−→ Hp(DE;Z)

−∪Up−−−−→ Hp+k
π (DE,SE;Zw);(5.50)

Hp
π(X;Zw)

Hpπ(pDE)−−−−−−→ Hp
π(DE;Zw)

−∪Up−−−−→ Hp+k(DE,SE;Z),(5.51)

are bijective. These maps are called Thom isomorphisms.

Exercise 5.52. Let f : Sk → Sk be a self homotopy equivalence of Sk for
k ≥ 2. Let Tf be the mapping torus of f and p : Tf → S1 be the projection.
Let q : E → S1 be the fibration associated to p. Show that q is a k-spherical
fibration with the first Stiefel-Whitney class w(q) : π1(S1) → {±1} given
by the homomorphism sending a generator to the degree of f and compute
H∗(Tf ;Z), H∗(Tf ;Z), Hπ

∗ (Tf ;Zw), and H∗π(Tf ;Zw).

Finally we explain an inverse of the Thom Isomorphism Theorem.

Theorem 5.53 (Converse of the Thom Isomorphism Theorem).
Let p : E → X be a fibration of connected finite CW -complexes such that
its fiber F is simply connected. Consider an integer k ≥ 3. Suppose that
there exists a homomorphism w : π = π1(X) → {±1} and an element
u ∈ Hp+k

π (DE,E;Zw) such that the Zπ-chain map of (5.43)

T̃∗ : C∗(D̃E, Ẽ)
Up∩−−−−−→ ΣkC∗(D̃E)w

ΣkC∗(p̃)−−−−−→ ΣkC∗(X̃)w

is a Zπ-chain homotopy equivalence.
Then F is homotopy equivalent to Sk−1 and w is the first Stiefel Whitney

class of the (k−1)-spherical fibration p : E → X.

Proof. The covering Ẽ → E can also be obtained by the following pullback

Ẽ
p̃ //

��

X̃

��
E

p // X.
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The map p̃ : Ẽ → X̃ is again a fibration with fibre F . The Zπ-chain homo-
topy equivalence T̃∗ yields after forgetting the π-action a Z-chain homotopy
equivalence. Thus we have reduced the claim to the special case, where X is
a simply connected CW -complex, but is not necessarily a finite CW -complex
anymore, and we have a Z-chain homotopy equivalence

T∗ : C∗(DE,E)
'−→ ΣkC∗(X).

It is compatible with the two Leray-Serre spectral sequences, see for in-
stance [238, Theorem 15.27 on page 350], associated to the pair of fibrations
(DE,E)→ X and the trivial fibration id: X → X. Notice that X is simply
connected so that we will encounter no twistings anymore. Since X and E are
not necessarily finite, we will work in the sequel with homology. The following
argument is the homological version of the one by Browder [35, Lemma I.4.3
on page 17]. The chain homotopy equivalence T∗ induces isomorphisms

Hn(DE,E)
∼=−→ Hn−k(X)

for all n ∈ Z. This implies that Hn(DE,E) = 0 for n < k and Hn(DE,E) ∼=
Z. Since E and DE are simply-connected, the relative Hurewicz theorem
implies that πn(DE,E) = 0 for n < k and πk(DE,E) ∼= Z. Since the fibre
of p : E → X is F , we conclude that F is (k−1)-connected and πk(F ) ∼= Z.
Hence it remains to show by induction over l = k, k + 1, . . . that Hj(F ) = 0
holds for j ∈ Z with k < j ≤ l. The induction beginning l = k is trivial, the
induction step from l − 1 ≥ k to l is done as follows.

Recall that the Leray-Serre spectral sequence converges to Hp+q(DE,E)
and its E2-term is E2

p,q = Hp(X;Hq(cone(F ), F )). Consider the following
commutative diagram

Hl(cone(F ), F )

∼=
��

0 // Hl−k(cone(F ))

∼=
��

E2
0,l(DE,E) = H0(X,Hl(cone(F ), F ))

q

��

// E2
0,l−k(X) = H0(X,Hl−k(cone(F )))

=

��
E∞0,l(DE,E)

i

��

// E∞0,l−k(X)

j

��
Hl(DE,E)

∼= // Hl−k(X)

where the left column and the right column come from the two spectral
sequences mentioned above and the vertical maps are induced by T∗. The
map q is the canonical epimorphism and the maps i and j are the canonical
inclusions. They are due to the fact that spectral sequence is a first quad-
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rant spectral sequence and we are looking at the place (0, l) on the vertical
axis. The identity appearing on the right side is due to the fact that it be-
longs to the spectral sequence associated to the trivial fibration id: X → X.
The uppermost two vertical arrows are isomorphisms since we are dealing
here with untwisted homology groups and X is connected. The lowermost
horizontal arrow is bijective by assumption. Hence it remains to show that
q : E2

0,l(DE,E)→ E∞0,l(DE,E) is injective.
Consider the following commutative diagram

E∞p,k(DE,E) //

i1

��

E∞p,0(X)

=

��
Erp,k(DE,E) //

i2

��

Erp,0(X)

=

��
E2
p,k(DE,E) // E2

p,0(X).

The left vertical arrows are the canonical inclusions which come from the fact
that every ingoing differential at (p, k) starts at zero because of E2

p,q(DE,E) =
Hp(X,Hq(cone(F ), F )) = 0 for q < k. The maps on the right side are iden-
tities since they belong to the spectral sequence associated to the trivial fi-
bration id: X → X. Since E2

p,q(DE,E) = Hp(X,Hq(cone(F ), F )) = 0 holds
for q < k, we get for the filtration of Hp+k(DE,E)

Fp,kHp+k(DE,E) = Hp+k(DE,E).

Since the map Hp+k(DE,E)→ Hp(X) induced by T∗ is surjective and com-
patible with the spectral sequences, the induced map Fp,kHp+k(DE,E) →
Fp,0Hp(X) and hence the induced map Ep,k∞ (DE,E) → Ep,0∞ (X), which is
the uppermost horizontal arrow in the diagram above, are surjective. The
lowermost horizontal arrow in the diagram above

E2
p,k(DE,E) = Hp(X;Hk(cone(F ), F ))

∼=−→ E2
p,0(X) = Hp(X;H0({•}))

is bijective since it is induced by the isomorphism Hk(cone(F ), F )
∼=−→

H0({•}). This implies that the map induced by T∗, which is the middle hor-
izontal arrow in the diagram above,

Erp,k(DE,E)
∼=−→ Erp,0(X)

is bijective for all p ∈ Z and r ∈ {2, 3, . . . , } q {∞}. Since all differentials
in the spectral sequence associated to the trivial fibration id: X → X are
trivial, all differentials starting or ending at Erp,k(DE,E) are trivial. Since

E2
p,q(DE,E) = Hp(X;Hq(cone(F ), F )) = 0 for all q ∈ Z with q < l and
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q 6= k, we conclude that all differentials ending at Er0,l(DE,E) are trivial

and hence q : E2
0,l(DE,E)→ Er0,l(DE,E) is bijective. This finishes the proof

that F is homotopy equivalent to Sk−1.
From the Zπ-chain homotopy equivalence T̃∗ we obtain an isomorphism of

Zπ-modules

Hk(D̃E, Ẽ) := Hk(C∗(D̃E, Ẽ))
∼=−→ Hk(ΣkC∗(X̃)w) ∼= H0(X̃)w ∼= Zw.

Hence we can read off w from the π-action on the infinite cyclic group
Hk(D̃E, Ẽ). Since we do know that the first Stiefel-Whitney class of p also

gives such a Zπ-chain homotopy equivalence T̃∗ by Theorem 5.45, we conclude
w = w1(p). This finishes the proof of Theorem 5.53. ut

5.4 The Normal Fibration of a Connected Finite
CW -Complex

We give a construction which works for arbitrary finite CW -complexes and
will later give the Spivak fibration. Starting with a finite n-dimensional CW -
complex X we construct a fibration pN : SN → X, see (5.54), and a class cN ∈
πn+k(Th(pN )), see (5.57)), which are unique in a suitable sense explained in
more detail in the text.

Consider a finite n-dimensional CW -complex X. One can always find an
embedding iX : X ↪→ Rn+k for k ≥ n+ 1 together with a regular neighbour-
hood (N, ∂N) of the image if iX . The regular neighbourhood is a compact
manifold N with boundary ∂N such that there is a strong deformation re-
traction r : N × [0, 1]→ N of the inclusion iX : X → N , see [214, Chapter 3].
That is, r is a homotopy from r0 = idN to a retraction r1 : N → iX(X) and
consequently the inclusion iX : X → N is a homotopy equivalence. In the
case, where X is a closed manifold M , such a regular neighbourhood is given
by a tubular neighbourhood (N(M), ∂N(M)) ∼= (Dν(M), Sν(M)).

Let iN : ∂N → N be the inclusion. Denote by

qN : EN → N

the associated fibration. An element in EN consists of a pair (y, w) for an
element y ∈ ∂N and a path w : [0, 1]→ N in N with w(0) = y. The map qN
sends (y, w) to w(1). We have the embedding

jN : ∂N ↪→ EN , y 7→ (y, cy),

where cy is the constant path cy with value y. Define a map

rN : EN → ∂N, (y, w) 7→ y
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We have rN ◦ jN = id∂N . The composite jN ◦ rN is homotopic to the identity
on EN , a homotopy is given by EN×[0, 1]→ EN sending ((x,w), t) to (x,wt),
where wt is the path defined by wt(s) := w(ts). In particular rN : EN → ∂N
is a homotopy equivalence. We define the normal fibration of (N,X)

(5.54) pN : SN → X

to be the pull back of pN : EN → N with iX :

SN = i∗XEN
iX,N //

pN

��

EN

qN

��
X

iX
// N.

Explicitly an element in SN is a triple (y, w, x) consisting of y ∈ ∂N , x ∈ X,
and a path w : [0, 1] → N with w(0) = y and w(1) = iX(x). The map pN
sends (y, w, x) to x and the map iX,N sends (y, x, w) to (y, w). Since ix is a
homotopy equivalence and qN is a fibration, iX,N : SN → EN is a homotopy
equivalence.

Consider the following diagram

SN
pN //

rN◦iX,N
��

X

iX
��

∂N
iN
// N.

It does not commute but there is a preferred homotopy from iN ◦ rN ◦ iX,N
to iX ◦ pN , namely

h : SN × [0, 1]→ N, ((y, w, x), t) 7→ w(t).

Since the vertical arrows in the diagram above are homotopy equivalences,
we obtain a homotopy equivalence of pairs

(5.55) (wN , pN ) : (cyl(pN ), SN )→ (N, ∂N),

and a pointed homotopy equivalence

(5.56) vN : Th(pN ) := cone(pN : SN → X)→ N/∂N.

If (Rn+k)c is the pointed space given by the one point compactification of
Rn+k, there is the canonical base point preserving Thom collapse map

c′N : (Rn+k)c → N/∂N,
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which is defined to be the identity on N − ∂N and maps any point outside
N − ∂N to the base point ∂N/∂N in N/∂N . Define an element

(5.57) cN ∈ πn+k(Th(pN ))

by requiring that it is sent under the isomorphism πn(vN ) : πn(Th(pN ))
∼=−→

πn+k(N/∂N) to the class represented by [c′N ].
It remains to check the dependency of the pair (pN , cN ) on N . Suppose

we have another embedding i′X : X ↪→ Rn+k and a regular neighbourhood
(N ′, ∂N ′) of iX′(X). Suppose that there is a compact subset K ⊆ Rn+k and
a homeomorphism

F : Rn+k → Rn+k

satisfying

• F is the identity outside K
• F (N) = N ′;
• F ◦ iX = i′X ;

Then F induces a fibre homotopy equivalence SF : pN → p′N

SN
F //

pN   

SN ′

pN′}}
X

such that the induced map πn+k(Th(F )) : πn+k(Th(pN ))
∼=−→ πn+k(Th(pN ′))

sends cN to cN ′ . Namely, put SF (y, w, x) = (F (y), F ◦w, x). Since SF itself is
a homeomorphism and obviously compatible with the projections onto X, it
is a fibre homotopy equivalence of fibrations over X. One easily checks that
the following diagram

(Rn+k)c
F c //

cN

��

(Rn+k)c

cN′

��
N/∂N

F |N/F |∂N // N ′/∂N ′

Th(pN )

vN

OO

Th(SF ) // Th(pN ′)

uN′

OO

commutes. Since πn+k(F c) is the identity on πn+k((Rn+k)c), we conclude

that the induced map πn+k(Th(F )) : πn+k(Th(pN ))
∼=−→ πn+k(Th(pN ′) sends

cN to cN ′ .
The standard uniqueness results about regular neighbourhoods, see [214,

Chapter 3] will give the desired map F if k ≥ n+ 2.
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We leave it to the reader to interpret and then check the statement that a
homotopy Ft of two such maps F and F ′, which is the identity outside some
compact subset L containing the compact subsets K and K ′ belonging to F
and F ′, induces a fibre homotopy between SF and SF ′ .

5.5 The Existence of the Spivak Normal Fibration

In Section 3.7 we saw that every embedding i : Mn ↪→ Rn+k of a closed n-
manifold into Euclidean space gave rise to a unique homotopy class of collapse
maps

cM : Sn+k → Th(ν(M)),

where ν(M) is the normal k-disc bundle of the embedding i and h([cM ]),
the image of [cM ] ∈ πn+k(Th(ν(M))) under the Hurewicz homomorphism
h : πn+k(Th(ν(M)))→ Hn+k(Th(ν(M))), generates the infinite cyclic group
Hn+k(Th(ν(M))). We want to generalise this to finite Poincaré complexes.

Definition 5.58 (Spivak normal structure). A Spivak normal (k−1)-
structure for a connected finite n-dimensional Poincaré complex (X,OX) is a
pair (p, c) where p : E → X is a (k−1)-spherical fibration with w1(p) = w1(X)
called the Spivak normal fibration, and c : Sn+k → Th(p) is a map satis-
fying the condition that the Hurewicz homomorphism h : πn+k(Th(p)) →
Hn+k(Th(p)) sends [c] to a generator of the infinite cyclic groupHn+k(Th(p)).

This definition extends in the obvious way to the non-connected case by
considering each path component separately.

Recall that any (k−1)-spherical fibration p : E → X comes with a pre-
ferred infinite cyclic local coefficient system Op and intrinsic Thom class
Up ∈ Hk(DE,SE; p∗DEOp), see Definition 5.39, whereas the choice of OX is
part of the structure of a finite Poincaré complex, see Definition 4.43. The
fact that Hn+k(Th(p)) is an infinite cyclic group follows from the Thom iso-
morphism Theorem 5.47 (5.48). Notice that [c] is not determined by its image
under the Hurewicz homomorphism h : πn+k(Th(p))→ Hn+k(Th(p)).

Example 5.59 (Closed manifolds have canonical Spivak normal struc-
tures). Let M be a closed n-manifold and let pM be the spherical fibration
underlying the normal bundle ν(M) of an embedding i : Mn ↪→ Rn+k. This
together with the collapse map cM : Sn+k → Th(ν(M)) = Th(pM ) is a Spivak
normal (k−1)-structure for M , where we regard M as a finite n-dimensional
Poincaré complex as explained in Theorem 4.51.

We call the triple
(pM , cM )

the Spivak normal structure of M .
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Lemma 5.60. (i) In the situation of Definition 5.58 the so called Wu for-
mula holds, i.e., for any generator [[X]] of the infinite cyclic group

Hn(X;OX) there is precisely one isomorphism o : Op
∼=−→ OX of infi-

nite cyclic local coefficient systems such that the element h([c]) ∩ Up is
sent under the isomorphism

Hn(DE; p∗DEOp)
Hn(pDE)−−−−−−→ Hn(X;Op)

Hn(idX ;o)−−−−−−−→ Hn(X;OX)

to [[X]];
(ii) In the situation of Example 5.59 the Wu formula holds for the intrinsic

fundamental class and the intrinsic Thom class, i.e., the element h([c])∩
UpM is sent under the isomorphism

Hn(DE; p∗DEOpM )
Hn(pDE)−−−−−−→ Hn(M ;OpM )

Hn(idM ;oM )−−−−−−−−→ Hn(M ;OM )

to [[M ]], where oM : OpM
∼=−→ OM is the canonical isomorphism of infinite

cyclic local coefficient systems coming from Lemma 4.23 (iv) and (5.32).

Proof. By assumption the infinite cyclic group Hn+k(Th(p)) ∼= Hn+k(DE,E)
is generated by h([c]). We conclude from Theorem 5.47 that h([c]) ∩ Up
is a generator of the infinite cyclic group Hn(DE; p∗DEOp). Since the map

Hn(pDE) : Hn(DE; p∗DEOp)
∼=−→ Hn(X,Op) is an isomorphism, Hn(X,Op)

is infinite cyclic. Because of the condition w1(p) = w1(X) there exists an

isomorphism κ : Op
∼=−→ OX . Now define the isomorphism o : Op

∼=−→ OX by
o = ±κ if

Hn(DE; p∗DEOp)
Hn(pDE)−−−−−−→ Hn(X;Op)

Hn(idX ;κ)−−−−−−−→ Hn(X;OX)

sends h([c]) ∩ Up to ±[[X]].

(ii) One has to check this near a point x ∈M by unravelling the definitions.
Namely, there is a small neighbourhood U of x in Rn+k which comes with
a preferred identification by the various exponential maps with DTxM ×
Dν(M)x. Choose an orientation on TxM , which is the same as a choice of
a generator [DTxM,STxM ] ∈ Hn(DTxM,STxM), and an orientation on
ν(M)x which is the same as a choice of a generator [Dν(M)x, Sν(M)x] ∈
Hn(Dν(M)x, Sν(M)x), such that the orientations fit with the standard ori-

entation on TxRn+k under the isomorphism TxM ⊕ ν(M)x
∼=−→ TxRn+k.

Then the collapse map Sn+k → Th(pM ) composed with the projection
Th(pM ) → U/∂U defines, using the Hurewicz homomorphism, an ele-
ment in Hn+k(U/∂U) whose image under the isomorphism Hn+k(U/∂U) ∼=
Hn(DTxM,STxM)⊗Hn(Dν(M)x, Sν(M)x) corresponds to [DTxM,STxM ]⊗
[Dν(M)x, Sν(M)x]. The details of the proof are left to the reader. ut

One of the main results of this chapter is
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Theorem 5.61 (Existence and Uniqueness of Spivak Normal Fibra-
tions). Let X be a finite n-dimensional Poincaré complex.

(i) If k is a natural number satisfying k ≥ dim(X) + 1, then there exists a
Spivak normal (k−1)-structure (p, c), namely the normal fibration con-
structed in Section 5.4;

(ii) For i = 0, 1 let pi : Ei → X and ci : S
n+ki → Th(pi) be Spivak normal

(ki−1)-structures for X.
Then there exists an integer k with k ≥ k0, k1 such that there is up to
strong fibre homotopy precisely one strong fibre homotopy equivalence

(id, f) : p0 ∗ Sk−k0 → p1 ∗ Sk−k1

for which πn+k(Th(f))(sk−k0([c0])) = sk−k1([c1]) holds.

Remark 5.62 (Lifting the Spivak normal fibration to a vector bun-
dle). Recall that we want to address Problem 3.1, whether a space X is
homotopy equivalent to a connected closed n-dimensional manifold. We have
already seen in Theorem 4.51 that we have to consider a connected finite
n-dimensional Poincaré complex X. From Theorem 5.61 and Remark 5.59
we get the following new necessary condition. Namely, we must be able to
find for k > n a k-dimensional vector bundle ξ : E → X such that the asso-
ciated sphere bundle SE → X is strongly fibre homotopy equivalent to the
Spivak normal (k−1)-fibration of X. This obstruction can be non-trivial, see
Remark 6.9.

The remainder of this section is devoted to the proof of assertion (i),
the existence of the Spivak normal fibration, which was originally proven by
Spivak in [227]. Assertion (ii), the uniques of the Spivak normal fibrations was
was proven by Wall in [246, Theorem 3.5], and will be covered in Section 5.7.
Browder gives a detailed exposition of the proof of Theorem 5.61 in [35, I.4],
but where the proof of existence only covers the simply-connected case.

Recall that we often will implicitly make the choices (BP) and (SBP), see
Notation 4.6 and 5.41. Also, let sl : πi(X) → πi+l(Σ

lX) denote the suspen-
sion homomorphism.

Theorem 5.63 (Characterisation of Poincaré duality in terms of the
normal fibration). Let X be a n-dimensional finite CW -complex. Consider
any embedding iX : X ↪→ Rn+k together with a regular neighbourhood (N, ∂N)
for k ≥ 3.

Then X is a finite Poincaré complex if and only if the fibre p−1
N (x) of the

normal fibration pN : SN → X of (5.54) is homotopy equivalent to Sk−1 for
every x ∈ X. If this is the case, we have w1(X) = w1(pN ).

Proof. We can assume without loss of generality that X is connected, other-
wise treat each path component separately. Let F be p−1

N (x) for some x ∈ X.
We first show that the fibre F is simply-connected. Since j : X → N is a

homotopy equivalence, we have πi(F ) ∼= πi+1(N, ∂N). Since N is a regular
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neighbourhood of X, the inclusion ∂N → N −X is a homotopy equivalence.
Hence it suffices to prove that πi(N,N−X) vanishes for i ≤ 2. Since X ⊂ N is
an n-dimensional subcomplex of an (n+k)-dimensional manifold, we conclude
by a general position argument that for i < k any map of pairs

φ : (Di, Si−1)→ (N,N −X)

is homotopic relative Si−1 to a map φ : (Di, Si−1)→ (N −X,N −X). Thus
we have πi(N,N − X) = 0 for all i < k. Since k ≥ 3, the fibre F is simply
connected.

Notice in the sequel that we can identify π = π1(N) = π1(∂N) = π1(X) =
π1(SN ) = π1(DSN ) using the isomorphisms induced by the inclusions X ⊆
N , ∂N ⊆ N , and EN ⊆ DEN and the projection DEN → X. Moreover the

universal coverings ∂̃N → ∂N , Ñ → N , S̃N → EN and D̃SN → DEN are
obtained by restricting or pulling back the universal covering X̃ → X with
the obvious inclusions or projections.

Choose a fundamental class [N, ∂N ] ∈ Hn+k(N, ∂N) for the orientable
compact (n+ k)-dimensional manifold (N, ∂N). By Poincaré duality we ob-
tain a Zπ-chain homotopy equivalence, unique up to Zπ-chain homotopy,

− ∩ [N, ∂N ] : Cn+k−∗(Ñ , ∂̃N)
'−→ C∗(Ñ).

The homotopy equivalence (wN , pN ) : (DSN , SN )→ (N, ∂N) of (5.55) yields
a Zπ-chain homotopy equivalence

Cn+k−∗(w̃N , p̃N ) : Cn+k−∗(Ñ , ∂̃N)
'−→ Cn+k−∗(D̃SN , S̃N )

The homotopy equivalence iX : X → N induces a Zπ-chain homotopy equiv-
alence

C∗(ĩX) : C∗(X̃)
'−→ C∗(Ñ).

Recall that Cn−∗(X̃), Cn+k−∗(D̃EN , ẼN ) and Cn+k−∗(Ñ , ∂̃N) are the dual
Zπ-chain complexes with respect to the untwisted involution Zπ → Zπ send-
ing

∑
g∈π λg · g to

∑
g∈π λg · g−1, and that we can twist a Zπ-chain complex

by w, i.e., by taking −⊗Z Zw.
Now consider any homomorphism w : π → {±1} and any class u ∈

Hk
π(DSN , SN ;Zw). Define the element uX ∈ Hπ

n (X;Zw) to be the image
of [N, ∂N ] under the composite

Hn+k(N, ∂N)
Hn(wN ,pN )−1

∼=
// Hn+k(DSN , SN )

−∩u // Hπ
n (DN ;Zw)

Hπn (DpN ;Zw)

∼=
// Hπ

n (X;Zw)

Then we obtain Zπ-chain maps, unique up to Zπ-chain homotopy,
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(5.64) (− ∪ u) ◦ Cn−∗(D̃p)w : Cn−∗(X̃)w → Cn+k−∗(D̃EN , ẼN )

and

(5.65) − ∩uX : Cn−∗(X̃)w → C∗(X̃).

All these Zπ-chain maps fit together to an up to Zπ-chain homotopy com-
mutative diagram of up to Zπ-chain homotopy uniquely defined Zπ-chain
maps

Cn−∗(X̃)w
−∩uX //

(−∪u)◦Cn−∗(D̃p)w
��

C∗(X̃)

C∗(ĩX)'

��

Cn+k−∗(D̃EN , ẼN )

C∗(w̃N ,p̃N ) '
��

Cn+k−∗(Ñ , ∂̃N)
−∩[N,∂N ]

' // C∗(Ñ).

(5.66)

Now suppose that X is a Poincaré complex with orientation homomor-
phism w : π → {±} and fundamental class [X] ∈ Hπ

n (X;Zw). We conclude
from the diagram (5.66) that we have the composite of isomorphisms (or their
inverses) of infinite cyclic groups

Hk
π(DSN , SN ;Zw)

Hkπ(wN ,pN )−−−−−−−−→ Hk(N, ∂N ;Zw)
−∩[N,∂N ]−−−−−−−→ Hn(N ;Zw)

Hn(iX ;Zw)←−−−−−−− Hn(X;Zw)
(−∩[X])−−−−−−−→ H0(X).

Choose u ∈ Hk
π(DSN , SN ;Zw) to be the preimage of the generator 1 ∈

H0(X). Then the class uX agrees with the fundamental class [X]. Again by
diagram (5.66) we see that the chain map Zπ-chain map (5.64) is a Zπ-chain
homotopy equivalence since the Zπ-chain map (5.65) is a Zπ-chain homo-
topy equivalence because of Poincaré duality. The Zπ-dual of the Zπ-chain
map Zπ-chain map (5.64) is a Zπ-chain homotopy equivalence and is up to
Zπ-chain homotopy the Zπ-chain map appearing in Theorem 5.53. Hence
Theorem 5.53 implies that the fibre F is homotopy equivalent to Sk−1 and
w is the first Stiefel-Whitney class of pN : SN → X.

Now suppose that the fibre F of p : SN → X is homotopy equivalent to
Sk−1. Let w : π = π1(X) = π1(E)→ {±1} be the first Stiefel-Whitney class
of pN . We conclude from Theorem 5.45 that Hk(DSN , SN ;Zw) is an infinite
cyclic group and for a choice of generator u ∈ Hk(DE,SE;Zw) the Zπ-chain
map (5.64) is a Zπ-chain homotopy equivalence. Then the map (5.65) is a Zπ-
chain homotopy equivalence. This implies that Hn(X;Zw) is infinite cyclic
with uX a generator. Hence X is a Poincaré complex with respect to the first
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Stiefel-Whitney class of p and one can choose uX as a fundamental class.
This finishes the proof of Theorem 5.63. ut

Proof of Theorem 5.61 (i). We can assume without loss of generality that
X is connected, otherwise treat each path component separately. Theo-
rem 5.63 implies that the fibre of the normal fibration pN : SN → X is
homotopy equivalent to Sk−1 and w1(pN ) = w1(X). Recall that by the
Thom Isomorphism Theorem 5.47 the group Hn+k(Th(pn)) is isomorphic
to Hn(X;Zw1(X)) and hence infinite cyclic. It remains to show that the im-
age of the class cN ∈ πn+k(Th(pN )) under the Hurewicz homomorphism is a
generator of Hn+k(Th(pn)). This follows from the fact that cN was given as
a collapse map and for this collapse map each element in the interior of N is
a regular value with precisely one preimage. ut

5.6 Spanier-Whitehead Duality

In this subsection we review another type of duality between homology and
cohomology, namely the Spanier-Whitehead duality, or S-duality for short,
which is crucially used in the proof of the uniqueness of the Spivak normal
structure of a Poincaré complex. Unlike Poincaré duality which only works
for Poincaré complexes (and hence manifolds), S-duality works for any fi-
nite CW -complex. However, if that CW -complex turns out to be a Poincaré
complex, then we obtain an illuminating relationshop between S-duality, the
Thom isomorphism of the Spivak normal fibration and Poincaré duality and
this is a key observation that is needed later. We only state the properties of
S-duality which we need for our purposes, for more details the reader may
consult [35, Section I.4] or [238, Chapter 14], which is written in a more
general setting.

In the sequel we will often work with pointed spaces. For a pointed space
X = (X,x) define its reduced homology

(5.67) H̃n(X) := Hn(X,x).

Notice that for an unpointed space Z we get an identification H̃n(Z+) =
Hn(Z). For two pointed spaces X and Y we have the canonical isomorphism

H̃n(X ∧ Y ) = Hn(X × Y,X ∨ Y ) We will need the following versions of the
so called slant product.

−/− : H̃n(X ∧ Y )⊗ H̃k(Y )→ H̃n−k(X);

−/− : H̃n(X ∧ Y )⊗ H̃k(Y )→ H̃n−k(X).
(5.68)

In this section we work in the stable category of finite pointed CW -
complexes. Let A and B be finite pointed CW -complexes. One says that
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two (pointed) maps f, g : A → B are stably homotopic if for some k their
(reduced) suspensions Σkf,Σkg : ΣkA→ ΣkB are (pointed) homotopic. We
write

{A,B} = {[f ] | f : ΣkA→ ΣkB}

for the set of stable homotopy classes of maps from A to B. Note that a class
[f ] ∈ {A,B} need not be realised by a map f : A→ B.

A map α : A∧B → Sm is called an m-duality map if for [Sm]∗ ∈ H̃m(Sm)

a generator the slant product with α∗([Sm]∗) ∈ H̃∗(A ∧ B) induces an iso-
morphism

α∗([Sm]∗)/− : H̃i(A)
∼=−→ H̃m−i(B)

for all i. Here and for this subsection we adopt the convention that if coef-
ficients are omitted from (co)homology groups, they are untwisted integral
coefficients. For every pointed finite CW -complex A there is a space B such
that an m-duality map as above exists for m large enough, see [238, Theo-
rem 14.34 on page 329]. It is given by the complement of the interior of a
regular neighbourhood of some embedding of A in Sm+1 for large enough m.
Moreover, the stable homotopy type of B is unique, see [238, Corollary 14.25
on page 324]. We call B an m-dual of A or just the S-dual of A and denote
it by A∗.

Exercise 5.69. Find an m-dual of the sphere Sn for n ≤ m.

There is a duality functor which for a stable homotopy class of maps [f ]
represented by f : A → B gives a stable homotopy class of maps [g] = [Df ]
represented by g : B∗ → A∗. Indeed S-duality gives rise to a contravariant
homotopy functor on the stable category of finite pointed CW -complexes

D : {A,B} → {B∗, A∗}, [f ] 7→ [Df ].

The map D is a bijection, so that for every map f : A→ B there is an m-dual
Df : B∗ → A∗ whose stable homotopy class is uniquely defined by the stable
homotopy class of f . See [238, 14.19 on page 321].

A basic property of S-duality is the following lemma which follows easily
from [237, Lemma 14.29 on page 326].

Lemma 5.70. Let α : A∧A∗ → Sm and β : B∧B∗ → Sm be m-duality maps
and let f : A → B have S-dual Df : B∗ → A∗. Then the following diagram
commutes

H∗(A)

α∗([Sm]∗)/−
��

H∗(f) // H∗(B)

β∗([Sm]∗)/−
��

Hm−∗(A) Hm−∗(B)
H∗(Df)

oo
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Following [35, page 24], Lemma 5.70 allows us to dualise and obtain an
equivalent formulation of S-duality: An m-duality map β : Sm → A ∧ B is
a map such that β∗([S

m])/ : Hi(A) → Hm−i(B) is an isomorphism for all i
with [Sm] ∈ Hm(Sm) a generator.

The following theorem of Browder [35, Theorem I.4.14 on page 25], extend-
ing a theorem of Spanier [225], gives a criterion for recognising the S-dual
Df of a map f : A→ B.

Theorem 5.71 (Recognising the S-dual of a map). Let the maps
α : Sm → A ∧ A∗ and β : Sm → B ∧ B∗ be m-duality maps. Then two maps
f : A → B and g : B∗ → A∗ are m-dual if the following diagram commutes
up to homotopy:

Sm

β

��

α // A ∧A∗

f∧idA∗

��
B ∧B∗

id∧g
// B ∧A∗.

Next we recall the promised illuminating relation between the Thom iso-
morphism, S-duality and Poincaré duality which turns out to play a key role
in surgery theory. It was first identified by Milnor and Spanier [173], see
also [238, 14.41, 14.42, 14.43].

Theorem 5.72 (Poincaré duality and S-duality). Let M be a closed
manifold of dimension n. Let νM be the normal bundle of some embedding
M ↪→ Rn+k. Then the Thom complex Th(νM ) is an (n+k)-dual of M+ and
we have the commutative diagram

H l(M ;Zw)
Thom //

−∩[M ] ))

H̃ l+k(Th(νM ))

α∗[S
n+k]/−uu

Hn−l(M) = H̃n−l(M+)

where Thom comes from the Thom isomorphism, see Theorem 5.47.

The next theorem we discuss gives a generalisation of the first part of The-
orem 5.72 to the Poincaré category. This generalisation is due to Wall [246,
Theorem 3.3] , who in turn was building on Atiyah’s extension of the results
of Milnor and Spanier [5, Theorem 3.3].

Theorem 5.73 (Generalised Atiyah duality). Consider a finite n-
dimensional Poincaré complex X. Let pX : ES → X be a (k−1)-spherical
fibration which is part of a Spivak normal structure on X in the sense of Def-
inition 5.58. Let p : E → X be a (l1−1)-spherical fibration and p−1 : E → X
be a (l2−1)-spherical fibration such that p ∗ p−1 ∼sfh S

l1+l2−1.
Then an (n+k+l1+l2)-dual of Th(p) is Th(pX ∗ p−1). The special case

l1 = l2 = 0 shows that an (n+ k)-dual of X+ is Th(pX).
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Proof. Let ∆ : X → X ×X be the diagonal map and consider the spherical
fibration pX ∗ (pX ∗p−1) over X. We note that p∗ (pX ∗p−1) is obtained from
p ∗e (pX ∗ p−1) over X ×X by pulling back along ∆. Hence there is a map of
spherical fibrations (∆,∆) : p ∗ (pX ∗ p−1)→ p ∗e (pX ∗ p−1). We fix a strong
fibre homotopy equivalence (id, g) : Sl1+l2−1 ∗pX → p∗pX ∗p−1 and consider
the map of Thom spaces

Th(∆◦g) : Th(Sl1+l2−1 ∗pX)→ Th(p∗e (pX ∗p−1)) ' Th(p)∧Th(pX ∗p−1).

Taking the canonical identification Sl1+l2−1 ∗ Th(pX) = Σl1+l2 Th(pX) and
precomposing Th(∆◦g) with the mapΣl1+l2cX : Sn+k+l1+l2 = Σl1+l2Sn+k →
Σl1+l2 Th(pX) yields a map

αX := Th(∆ ◦ g) ◦Σl1+l2(cX) : Sn+k+l1+l2 → Th(p) ∧ Th(pX ∗ p−1),

which we now show induces an (n+k+l1+l2)-duality. Let Op, OpX∗p−1 and
OpX be the local coefficient systems induced by p, pX ∗ p−1 and pX respec-
tively. The proof boils down to the following commutative diagram

Hn(X ×X;OpX )
−/− //

Thom
��

hom
(
Hi(X;Op), Hn−i(X;OpX∗p−1)

)
hom(Thom,Thom)

��
H̃n+j(Th(p) ∧ Th(pX ∗ p−1))

−/−
// hom

(
H̃i+j(Th(p)), H̃n−i(Th(pX ∗ p−1))

)
where we set j := k + l1 + l2 and the upper arrow is a twisted version of
the slant product which is well-defined because of OpX = Op ⊗ OpX∗p−1 .
The left hand vertical arrow sends the diagonal class ∆∗([X]) to the class
αX∗([S

n+j ]). On the other hand the upper horizontal arrow sends ∆∗([X]) to
the Poincaré duality isomorphism. Since the Thom maps in the right vertical
map are isomorphisms, the slant product with αX∗([S

n+j ]) gives the required

isomorphism from H̃i+j(Th(p)) to H̃n−i(Th(pX ∗ p−1)) for all i. ut

5.7 The Uniqueness of the Spivak Normal Fibration

In this section we prove Theorem 5.61 (ii). Before giving the proof we need
some basic facts about spherical fibrations and their automorphisms.

Lemma 5.74. Let pi : Ei → X be fibrations over the CW -complex X for
i = 0, 1. Consider a map f : E0 → E1 satisfying p1 ◦ f = p0. Suppose that for
each x ∈ X the induced map p−1

0 (x)→ p−1
1 (x) is a homotopy equivalence.

Then (id, f) is a strong fibre homotopy equivalence.

Proof. See [74, Theorem 6.3 and Theorem 6.4]. ut
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A feature of spherical fibrations which distinguishes them from vector bun-
dles is that it is possible to give purely homotopy theoretic conditions for their
triviality and stable triviality. Let p : E → X be a (k−1)-dimensional spheri-
cal fibration over a connected finite CW -complex X, and let ix : p−1(x)→ E
be the inclusion of the fibre over x.

Lemma 5.75. Let t : E → Sk−1 be a map such that t ◦ ix0 : p−1(x0)→ Sk−1

is a homotopy equivalence for some x0 ∈ X, i.e. t ◦ ix0 has degree ±1. Then
p is trivial.

Proof. Consider an x ∈ X and any path u from x to x0. Then the fiber
transport gives a homotopy equivalence tu : p−1(x)→ p−1(x0) together with
a homotopy ix0

◦tu ' ix. Hence t◦ix is a homotopy equivalence for all x ∈ X.
The product map p × t : E → X × Sk−1 covers the identity id : X → X

and the paragraph above shows that it is fibrewise a homotopy equivalence.
Hence it is a strong fibre homotopy equivalence by Lemma 5.74. ut

If x is a point in X, the restriction of p to {x} is a spherical fibration over
a point, and we get a map Th(ix) : Th(p−1(x))→ Th(p) which is the induced
map of Thom spaces. The spherical fibration p is called coreducible if X is
a connected CW -complex and for one x ∈ X there is a map rx : Th(p) →
Th(p−1(x)) such that rx ◦ Th(ix) is a homotopy equivalence.

Lemma 5.76 (Cf. [5, Theorem 2.8]). If X is a connected finite CW -
complex and p : E → X is coreducible, then p ∗ S0 is trivial.

Proof. Let r : Th(p) → Th(p−1(x)) be a map whose composition with the
inclusion Th(ix) : Th(p−1(x)) → Th(p) is a homotopy equivalence. Let E0

be the total space of p ∗ S0. Fix a base point s0 ∈ S0. We define the
section s : X → E0 by s−(x) = [e, s0, 1], where p(e) = x. This is well-
defined since by definition of the fibrewise join, [e, s0, 1] = [e′, s0, 1] holds
for all e, e′ ∈ p−1(x). Let pr : E0 → E0/s−(X) be the projection. There
is a homeomorphism f : E0/s(X) → Th(p) such that the restriction of
t := rx ◦ f ◦ pr: E0 → Th(p−1(x)) to the fiber of p ∗ S0 over x is a ho-
motopy equivalence. By Lemma 5.75, p ∗ S0 is trivial. ut

We now discuss the automorphisms of spherical fibrations. Let p : E → X
be a (k−1)-spherical fibration over a finite CW -complex. We call a strong
fibre homotopy equivalence (id, f) : p→ p a strong fibre homotopy automor-
phism of p. It is straightforward to verify that strong fibre homotopy defines
an equivalence relation on strong fibre homotopy automorphisms of p which is
compatible with composition. We let [f ] denote the homotopy class of (id, f)
and define the group

aut(p) := {[f ] | (id, f) : p→ p}

with identity element the homotopy class of the identity [idp] and inverses
given by taking the homotopy class of the fibre homotopy inverse.
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If f is a strong fibre homotopy automorphism of p, then idS0 ∗f is a strong
fibre homotopy automorphism of S0 ∗ p. In this way we obtain a well-defined
stabilisation homomorphism

S : aut(p)→ aut(S0 ∗ p), [f ] 7→ [idS0 ∗ f ].

Lemma 5.77. If k ≥ dim(X)+2 then S : aut(p)→ aut(S0∗p) is a bijection.

Proof. The same statement for k ≥ dim(X)+3 is proven in [35, Theo-
rem I.4.12 on page 23] using induction over the cells of X and the fact that
πi(G(k) → G(k+1)) = 0 for i ≤ k−2. But in the proof of Lemma 5.25 we
saw that πi(G(k) → G(k+1)) = 0 for i ≤ k−1 and so Browder’s proof can
be repeated with the dimension restriction improved by one. ut

Define
aut∞(p) := colimk→∞ aut(Sk−1 ∗ p).

By Lemma 5.77, we can equivalently define aut∞(p) to be the set of stable
homotopy classes of stable strong fibre homotopy automorphisms of p where
two strong fibre homotopy automorphisms f0 : Sk0−1 ∗ p → Sk0−1 ∗ p and
f1 : Sk1−1 ∗ p → Sk1−1 ∗ p are stably fibre homotopic if for some k ≥ k0, k1,
idSk−k0−1 ∗f0 and idSk−k1−1 ∗f1 are strongly fiber homotopic.

Example 5.78. Let p = Sk−1 be the trivial (k−1)-spherical fibration.
Restricting a strong fibre homotopy automorphism f : p → p to a fibre
p−1(x) = Sk−1 gives a continuously varying element fx of G(k) for every
point x ∈ X. Conversely, given any map α : X → G(k), we define the strong
fibre homotopy automorphism, see Lemma 5.74,

(id, fα) : X × Sk−1 → X × Sk−1, (x, v) 7→ (x, α(x)v).

This gives a natural bijection between map(X,G(k)) and the topological
monoid of strong fibre homotopy automorphisms of Sk−1 and so

aut(Sk−1) = [X,G(k)].

This bijection is compatible with stabilisation by the identity and it follows
that there is a natural identification

aut∞(S−1) = colimk→∞ aut(Sk−1) = colimk→∞[X,G(k)]

= [X,hocolimk→∞G(k)] = [X,G].

Our next goal is Lemma 5.84 which shows that the isomorphism class of
aut∞(p) does not depend upon p but only on X. To prove this we need the
following result which shows, as in other contexts, that stabilisation has the
effect of abelianisation.

Lemma 5.79. The group aut∞(S−1) is abelian.
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Proof. Given [f0], [f1] ∈ aut∞(S−1), we find l such that that [f i] has a rep-
resentative f i : S

l−1 → Sl−1 for i = 0, 1. We stabilise by idSl−1 to obtain the
fibre homotopy equivalences

idSl−1 ∗f i : Sl−1 ∗ Sl−1 → Sl−1 ∗ Sl−1.

We now rotate f1 to the first factor of the join preserving its fibre homotopy
class as follows. Let V be a finite dimensional Hilbert space. We have the
standard homeomorphism

g : SV ∗ SV
∼=−→ S(V ⊕ V ), [v, w, s] 7→ 1

||(sv, (1− s)w)||
· (sv, (1− s)w)

defined in terms of join coordinates [v, w, t] for v, w ∈ V and t ∈ [0, 1] and
the standard definition of V ∗ V as quotient for V × V × [0, 1]. For t ∈ [0, 1]
consider the homeomorphism

h′t : S(V ⊕ V )
∼=−→ S(V ⊕ V ),

(v, w) 7→ (cos(tπ/2)v + sin(tπ/2)w,− sin(tπ/2)v + cos(tπ/2)w) .

Conjugating h′t with g yields a homotopy

(5.80) h : SV ∗ SV × [0, 1]→ SV ∗ SV

such that h0 = id and h1([v, w, t]) = [−w, v, 1 − t] Take V = Rl. Since this
construction applies fiberwise, it yields a strong fibre homotopy equivalence

(5.81) R : Sk−1 ∗ Sk−1 → Sk−1 ∗ Sk−1, [v, w, t] 7→ [−w, v, 1− t],

which is strongly fiber homotopy equivalent to the identity idSk−1∗Sk−1

One easily checks (idSl−1 ∗f1) ◦ R = R ◦ (f1 ∗ idSl−1). This implies

idSl−1 ∗f1 'sfh f1 ∗ idSl−1 . Since f1 ∗ idSl−1 commutes with idSl−1 ∗f0,

we get (idSl−1 ∗f0) ◦ (idSl−1 ∗f1) 'sfh (idSl−1 ∗f1) ◦ (idSl−1 ∗f0) and hence

[f0]s · [f1]s = [f1]s · [f0]s in aut∞(S−1). ut

Lemma 5.82. Let p be a (k−1)-spherical fibration over the finite CW -
complex X. Then we obtain an isomorphism of abelian groups

cp : aut∞(S−1)
∼=−→ aut∞(p)

by sending the class [f ]s in aut∞(S−1) represented by the strong fiber homo-
topy equivalence f : Sl−1 → Sl−1 to the class [f ∗ idp]s represented by the
strong fiber homotopy equivalence f ∗ idp : Sl−1 ∗ p→ Sl−1 ∗ p.

Proof. One easily checks that cp is a well-defined homomorphism of groups
since stabilisation is done from the left and the map cp is given by taking the
join with p from the right. More generally we can consider a (k−1)-spherical
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fibration p and spherical (l − 1)-fibration q over X and consider the group
homomorphism

(5.83) cq,p : aut∞(q)→ aut∞(q ∗ p), [f ]s 7→ [f ∗ idp]s.

By Lemma 5.19 we can choose a (k′− 1)-spherical fibration p′, a strong fiber

homotopy equivalence g : p ∗ p′ '−→ Sk+k′−1 and a strong fiber homotopy
inverse g−1 of g. Define an isomorphism

ω : aut∞(q ∗ p ∗ p′)
∼=−→ aut∞(q ∗ Sk+k′−1),

by sending the class [f ]s of the strong fiber homotopy equivalence

f : q ∗ p ∗ p′ → q ∗ p ∗ p′

to the class of the strong fiber homotopy equivalence

(idSl′−1∗q ∗g) ◦ f ◦ (idSl′−1∗q ∗g
−1) : Sl

′−1 ∗ q ∗ Sk+k′−1 → Sl
′−1 ∗ q ∗ Sk+k′−1.

One easily checks that the composite

aut∞(q)
cq,p−−→ aut∞(q ∗ p)

cq∗p,p′−−−−→ aut∞(q ∗ p ∗ p′) ω−→ aut∞(q ∗ Sk+k′−1)

agrees with cq,Sk+k′−1 . Hence it suffices to show for all natural numbers k
that

cq,Sk−1 : aut∞(q)→ aut∞(q ∗ Sk−1)

is bijective because then one can consider the string of homomorphisms

aut∞(S−1)
cp−→ aut∞(p)

cp,p′−−−→ aut∞(p ∗ p′)
cp∗p′,p−−−−→ aut∞(p ∗ p′ ∗ p)

and use the fact that cp,p′ ◦ cp and cp∗p′,p ◦ cp,p′ are isomorphisms to show
that cp is bijective. Notice that this also implies that cq,p is bijective since
cq,p ◦ cp = cq∗p.

We begin with the surjectivity of the homomorphism cq,Sk−1 . Consider a

class y ∈ aut∞(q ∗Sk−1) represented by a strong fiber homotopy equivalence
f : Sl−1 ∗ q ∗ Sk−1 → Sl−1 ∗ q ∗ Sk−1. Then we get another representative of
y by the strong fiber homotopy equivalence

idSk−1 ∗ f : Sk−1 ∗ Sl−1 ∗ q ∗ Sk−1 → Sk−1 ∗ Sl−1 ∗ q ∗ Sk−1.

In the sequel we use implicitly the fact that the join is associative and ignore
the corresponding homeomorphism. The following diagram of strong fiber
homotopy equivalences commutes
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Sk−1 ∗ Sl−1 ∗ q ∗ Sk−1
g∗id

Sk−1 //

fl1 ∗ id
Sk−1 ∼=

��

Sk−1 ∗ Sl−1 ∗ q ∗ Sk−1

fl1 ∗ id
Sk−1∼=

��
Sl−1 ∗ q ∗ Sk−1 ∗ Sk−1

f∗id
Sk−1 //

fl2
∼=
��

Sl−1 ∗ q ∗ Sk−1 ∗ Sk−1

fl2
∼=
��

Sk−1 ∗ Sl−1 ∗ q ∗ Sk−1
id
Sk−1 ∗f //

− id ∗ id ∗ id ∗ id ∼=
��

Sk−1 ∗ Sl−1 ∗ q ∗ Sk−1

− id ∗ id ∗ id ∗ id∼=
��

Sk−1 ∗ Sl−1 ∗ q ∗ Sk−1
id
Sk−1 ∗f // Sk−1 ∗ Sl−1 ∗ q ∗ Sk−1

where fl1 : Sk−1 ∗ Sl−1 ∗ q → Sl−1 ∗ q ∗ Sk−1 permutates the three factors
in the obvious way, fl2 puts the fourth factor in front of the others and
g : Sk−1 ∗Sl−1 ∗ q → Sk−1 ∗Sl−1 ∗ q is defined by fl−1

1 ◦f ◦ fl1. The composite
of the three vertical arrows on the left and on the right side is a map

Sk−1 ∗ Sl−1 ∗ q ∗ Sk−1 → Sk−1 ∗ Sl−1 ∗ q ∗ Sk−1

which becomes after conjugation with the map putting the last factor at the
second position

Sk−1 ∗ Sl−1 ∗ q ∗ Sk−1 ∼=−→ Sk−1 ∗ Sk−1 ∗ Sl−1 ∗ q

the join R ∗ idSl−1 ∗ idq for the strong fiber homotopy equivalence R defined
in (5.81). Since R is fiber homotopic to the identity, the composition of the
three vertical arrows on the left side and on the right side are fiber homotopic
to the identity. Hence g ∗ idSk−1 and idSk−1 ∗f are fiber homotopic and hence

[g ∗ idSk−1 ]s = [idSk−1 ∗f ]s = y holds in aut∞(q ∗Sk−1). By definition cq,Sk−1

sends [g]s to [g ∗ idSk−1 ]s. This proves that cq,Sk−1 is surjective.
Finally we show that cq,Sk−1 is injective. Consider an element x ∈ aut∞(q)

which is mapped under cq,Sk−1 to the unit in aut∞(q∗Sk−1). Choose a strong

fiber homotopy equivalence g : Sl−1 ∗ q → Sl−1 ∗ q with [g]s = x. Since
cq,Sk−1(x) is the unit, we can arrange by possibly enlarging l that the strong
fiber homotopy equivalence

idSk−1 ∗g ∗ idSk−1 : Sk−1 ∗ Sl−1 ∗ q ∗ Sk−1 → Sk−1 ∗ Sl−1 ∗ q ∗ Sk−1

is strongly fiber homotopic to the identity. Conjugating it with the permuta-
tion map

Sk−1 ∗ Sl−1 ∗ q ∗ Sk−1 ∼=−→ Sk−1 ∗ Sk−1 ∗ Sl−1 ∗ q

which puts the last factor to the second position yields the strong fiber ho-
motopy equivalence
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idSk−1 ∗ idSk−1 ∗g : Sk−1 ∗ Sk−1 ∗ Sl−1 ∗ q → Sk−1 ∗ Sk−1 ∗ Sl−1 ∗ q

which is strongly fiber homotopic to the identity. We conclude that x is the
unit in aut∞(q). This finishes the proof of Lemma 5.82. ut

Combining the above discussion with Lemmas 5.77, 5.79 and 5.82. imply

Lemma 5.84. If k ≥ dim(X) + 2 then for any (k−1)-spherical fibration p
over X there are natural isomorphisms of abelian groups

aut(p) ∼= aut∞(p) ∼= aut∞(S−1).

Assume now that X is a connected w-oriented n-dimensional Poincaré
complex and that k ≥ n+2. Define

πsn+k(Th(p))±1 ⊂ πsn+k(Th(p))

to be the set of stable homotopy classes c : Sn+k → Th(p) whose image under
the Hurewicz map h : πsn+k(Th(p)) → Hn+k(Th(p)) is a generator of the
infinite cyclic group Hn+k(Th(p)), or, equivalently, satisfy the Wu formula of
Lemma 5.60. The group aut(p) acts on πsn+k(Th(p))±1 via

aut(p)× πsn+k(Th(p))±1 → πsn+k(Th(p))±1, ([f ], [c]) 7→ Th(f)∗([c]).

Lemma 5.85. Let pX be a Spivak normal fibration of X for k ≥ n+2. Then
the action of aut(pX) on πsn+k(Th(pX))±1 is free and transitive.

We defer the proof of Lemma 5.85 until the end of this subsection and first
use it in the proof of the uniqueness of the Spivak normal fibration.

Proof of Theorem 5.61 (ii). We can assume without loss of generality that X
is connected. Let p−1

1 be an inverse (l−1)-spherical fibration for p1 and fix a
strong fibre homotopy equivalence p1 ∗ p−1

1 'sfh S
k1+l−1.

Applying Theorem 5.73, we see that an (n+k0+k1 + l)-dual of c1 is given
by a map

Dc1 : Th(p0 ∗ p−1
1 )→ Sk0+l.

Since Hn+k1(c1) : Hn+k1(Sn+k1) → Hn+k1(Th(p1)) is an isomorphism, the
same holds for Hn+k0+l(Dc1) : Hn+k0+l(Th(p0 ∗ p−1

1 )) → Hk0+l(S
k0+l) by

Lemma 5.70 and the universal coefficient theorem. Consider x ∈ X. Then the
inclusion Th(p0 ∗ p−1

1 (x))→ Th(p0 ∗ p−1
1 ) induces an isomorphism on Hk0+l

by Theorem 5.47. Hence p0 ∗ p−1
1 ∗ S0 is trivial by Lemma 5.76 applied to

Dc1. This implies that p0 ∗Sk1+l1 and p1 ∗Sk0+l1 are strongly fiber homotopy
equivalent. Hence we can choose a natural number k large enough such that
k ≥ dim(X) + 2 and k ≥ k0, k1 hold and there is a strong fibre homotopy
equivalence

g′ : p0 ∗ Sk−k0 → p1 ∗ Sk−k1 .

Consider the homotopy classes
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Th(g′)∗(s
k−k0([c0])) , sk−k1([c1]) ∈ πn+k(Th(p1 ∗ Sk−k1))±1.

As k ≥ dim(X) + 2 Lemma 5.85 applied to p1 ∗ Sk−k1 yields a strong fibre
homotopy automorphism f : p1 ∗ Sk−k1 → p1 ∗ Sk−k1 such that the induced
map of Thom spaces satisfies Th(f)∗

(
Th(g′)∗(s

k−k0([c0]))
)

= sk−k1([c1]).
Hence

g := f ◦ g′ : p0 ∗ Sk−k0 → p1 ∗ Sk−k1

is the desired strong fibre homotopy equivalence satisfying

Th(g)∗(s
k−k0([c0])) = sk−k1([c1]) ∈ πn+k(Th(p1 ∗ Sk−k1))±1.

Moreover, the last equation determines g up to strong fibre homotopy by
Lemma 5.85. ut

We conclude this subsection with the proof of Lemma 5.85, which takes
some time. We first consider an action which is S-dual to the action of
Lemma 5.85. To define this S-dual action we recall that the jth cohomo-
topy set of a space X, denoted πj(X), is the set of homotopy classes [X,Sj ]
of maps from X to the j-sphere. If X is a co-H-space, e.g. if X is a suspension,
then πj(X) has a natural group structure. The jth stable cohomotopy group
of X is defined by

πjs(X) := {X,Sj}.

Fix a base point x ∈ X. Let ix : {x} → X be the inclusion and denote by
Th(ix) : Th(p−1(x))→ Th(p) the induced map. Define

πks (Th(p))±1 :=
{

[r : Th(p)→ Sk] | r ◦ Th(ix) is a homotopy equivalence
}

⊂ πks (Th(p)).

The group aut(p) acts on πks (Th(p)) and hence also on πks (Th(p))±1 via pre-
composition with the induced map of the Thom space:

πks (Th(p))±1 × aut(p)→ πks (Th(p))±1, ([r], [f ]) 7→ [r ◦ Th(f)].

Lemma 5.86. Let p : X ×Sk−1 → X be the (k−1)-spherical fibration over a
connected finite CW -complex satisfying k ≥ dim(X) + 2. Then the action of
aut(p) on πks (Th(p))±1 is free and transitive.

Proof. We have the adjunction homeomorphism of (unpointed) mapping
spaces

Ad: map(X × Sk, Sk)
∼=−→ map(X,map(Sk, Sk))

defined by Ad(u)(x) : Sk → Sk, s 7→ u(x, s) for u ∈ map(X × Sk, Sk) and
x ∈ X. For s0 ∈ Sk the base point, X+∧Sk is the quotient of X×Sk obtained
by identifying X×{s0} to a single point. Hence Ad induces a homeomorphism
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Ad: map∗(X+ ∧ Sk, Sk)
∼=−→ map(X,map∗(S

k, Sk)),

where map∗ always denotes pointed mapping spaces. Let ix : {x} → X be
the inclusion of the base point. We get a commutative diagram

map∗(X+ ∧ Sk, Sk)
Ad //

i∗x ))

map(X,map∗(S
k, Sk))

uu
map∗(S

k, Sk)

where i∗x is the obvious map induced by ix and the right diagonal arrow is
given by evaluating at x. Hence we obtain a homeomorphism

map∗(X+ ∧ Sk, Sk)±
∼=−→ map(X,F(k)),

where map∗(X+ ∧ Sk, Sk)± is the subspace of those elements in map∗(X+ ∧
Sk, Sk) for which the image under i∗x is given by a homotopy equivalence
Sk → Sk. Taking path components yields a bijection

π0

(
map∗(X+ ∧ Sk, Sk)±

) ∼=−→ [(X,F(k))].

Since k ≥ dim(X)+2 and the inclusion F(k)→ G(k+1)) is (k−1)-connected
as explained in the proof of Lemma 5.25, the canonical maps

π0

(
map∗(X+ ∧ Sk, Sk)±

) ∼=−→ πks (Th(p))±1

and
[X,F(k)]→ [X,G(k + 1)]

are bijective. Since we have the identification Th(Sk−1) = X+∧Sk, the three
isomorphisms above yield an isomorphism

A : πks (Th(Sk−1))±1 ∼=−→ [X,G(k+1)].

It is easy to check that the map A is compatible with the action of aut(Sk−1)
on πk(Th(Sk−1))±1 and the identification aut(Sk−1) = [X,G(k)], namely,
we have for any element α ∈ [X,G(k)] and the corresponding element [fα] ∈
aut(Sk−1) the equality

A ◦ πks (Th([fα]) = (S ◦ α)∗ ◦A,

where S : G(k)→ G(k + 1) is given by suspension. This finishes the proof of
Lemma 5.86. ut

Now let pX be the Spivak normal fibration of the Poincaré complex X
defined in Section 5.5 above. Let p−1

X be (l−1)-spherical fibration which is a
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stable inverse for pX Recall Theorem 5.73 stating that Th(pX) is (n+2k+ l)-
dual to Th(Sk+l−1). This implies that S-duality gives a bijection

D : πsn+k(Th(pX))±1
∼= πk+l

s (Th(Sk+l−1))±1.

Choose a strong fibre homotopy equivalence u : Sk+l−1 'sfh pX ∗ p−1
X and a

homotopy inverse u−1 : pX ∗ p−1
X

'sfh−−−→ Sk+l−1 Consider the isomorphism

γ : aut(pX)
∼=−→ aut(Sk+l−1), [f ] 7→ [u ◦ (f ∗ idp−1

X
) ◦ u−1].

It is indeed an isomorphism by Lemma 5.77 and Lemma 5.82, see also (5.83).
Lemma 5.87 below states that the actions of aut(pX) on πsn+k(Th(pX))±1

and aut(Sk+l−1) on πk+l
s (Th(Sk+l−1))± are equivalent actions under the iso-

morphisms γ : aut(pX) ∼= aut(Sk+l−1) and S-duality.

Lemma 5.87. For all [f ] ∈ aut(pX) and all [c] ∈ πsn+k(Th(pX))±1

D(Th(f) ◦ c) = D([c]) ◦ Th(γ([f ])) ∈ πk+l
s (Th(Sk+l−1))±1.

Proof. For a spherical fibration p we define the homomorphism

Th: aut(p)→ {Th(p),Th(p)}, [f ] 7→ [Th(f)].

Let c ∈ πn+k(Th(pX))±1 and consider the following diagram,

(5.88) aut(pX)

Th

��

γ // aut(Sk+l−1)

Th

��
{Th(pX),Th(pX)}

c∗

��

D // {Th(Sk+l−1),Th(Sk+l−1)}

D(c)∗

��
{Sn,Th(pX)} D // {Th(Sk+l−1), S0},

where c∗ and D(c)∗ denote the maps induced by pre- and post-composition
respectively. If diagram (5.88) commutes the Lemma 5.87 follows immedi-
ately.

We now prove that the diagram commutes. For the lower square, this is
just the functoriality of S-duality. The commutativity of upper square is more
involved: we shall need to apply the condition of Theorem 5.71 to prove it.

We consider the exterior fibrewise join pX ∗e (pX ∗p−1
X ) which is a spherical

fibration over X ×X with

Th(pX ∗e (pX ∗ p−1
X )) = Th(pX) ∧ Th(pX ∗ p−1

X ) = Th(pX) ∧ Th(S2+l−1).
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Let ∆ : X → X × X be the diagonal map and (∆,∆) the map of spherical
fibrations

(∆,∆) : pX ∗ pX ∗ p−1
X → pX ∗e (pX ∗ p−1

X ), u ∗ v ∗ w = u ∗e v ∗ w.

The S-duality between Th(pX) and Th(pX ∗p−1
X ) is defined via a composition

Sn+2k+l c′−−→ Th(pX ∗ pX ∗ p−1
X )

Th(∆)−−−−−→ Th(pX) ∧ Th(pX ∗ p−1
X ),

where c′ belongs to πn+2k+l(Th(pX ∗ pX ∗ p−1
X ))±1, see the proof of Theo-

rem 5.73. Hence it suffices to show that the following diagram commutes up
to homotopy

Sn+2k+l

∆◦c′
��

∆◦c′ // pX ∗e (pX ∗ p−1
X )

f∗eid
��

pX ∗e (pX ∗ p−1
X )

id∗eγ(f) // pX ∗e (pX ∗ p−1
X ).

because then an application of Theorem 5.71 yields the desired equality
D(Th(f)) = Th(γ(f)). This will be achieved by proving that the following
diagram of spherical fibrations commutes up to homotopy

pX ∗ pX ∗ p−1
X

∆
��

∆ // pX ∗e (pX ∗ p−1
X )

f∗eid
��

pX ∗e (pX ∗ p−1
X )

id ∗eγ(f) // pX ∗e (pX ∗ p−1
X ).

Let f
−1

be a strong fiber homotopy inverse of f . Then a direct inspection

shows that (f ∗e id)◦∆ and (id ∗eγ(f))◦∆◦(f ∗f−1 ∗ idp−1
X

) are strongly fiber

homotopy equivalent. Hence it suffices to show that f∗f−1
: pX∗pX → pX∗pX

is the identity element in aut(pX ∗ pX). For this purpose it suffices to show
that f ∗ id and id ∗f define the same element in aut(pX ∗ pX). Since they are
conjugated by the obvious flip map fl: pX ∗ pX → pX ∗ pX and aut(pX ∗ pX)
is abelian by Lemma 5.84 and the assumption k ≥ dim(X) + 2, the proof of
Lemma 5.87 is finished. ut

Finally, Lemma 5.85 is an immediate consequence of Lemmas 5.86 and 5.87.

5.8 Miscellaneous

Further references for spherical fibrations are [71, 166, 227, 225, 230].
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Chapter 6

Normal Maps and the Surgery
Problem

6.1 Introduction

Recall we started in Chapter 3 with the problem

Problem 3.1. Let X be a finite CW -complex. When is X homotopy equiv-
alent to a closed n-dimensional manifold?

By Remark 5.62, see also Remark 6.9, we are forced to modify it to

Problem 6.1. Let X be an n-dimensional finite Poincaré complex whose
Spivak normal fibration has a reduction to a vector bundle. When is X ho-
motopy equivalent to a closed n-dimensional manifold?

In Section 6.2 we systematically study the set of reductions of the Spivak
normal fibration to a vector bundle by studying the set NIn(X) of normal
invariants of a finite n-dimensional Poincaré complex X. We give a homotopy
theoretic criterion in terms of classifying maps to decide whether NIn(X) is
non-empty in Lemma 6.8 and Remark 6.9 and explain that NIn(X) can be
empty. In the case that it is non-empty we construct a bijection, see (6.18),

[X,G/O]
∼=−→ NIn(X).

In Section 6.3 we introduce the notion of a normal map of degree one:
This is a map of degree one f : M → X from a closed n-dimensional mani-
fold M to a w-oriented finite n-dimensional Poincaré complex X covered by
some bundle data, which can be given in terms of normal bundles or, equiv-
alently, tangent bundles. We show that elements in NIn(X) correspond to
normal bordism classes of normal maps of degree one, see Theorem 6.26 and
Lemma 6.39.

The surgery problem is to modify the source manifold M and the map f to
achieve a homotopy equivalence, while leaving the target fixed without losing
the structure of a closed manifold on the source. In Section 3.6 we introduced
the surgery step. This is analogue for manifolds of attaching a cell to a CW -
complexes in order to kill an element in a homotopy group. Since the normal
maps of degree one introduced in this chapter can be fed into the setup of
Chapter 3, we will be able to show that we can make a normal map f : M → X
highly connected, that is bn/2c-connected, by carrying out a finite number
of surgery steps, see Theorem 6.49. The surgery obstructions will later arise
as obstructions to increase the connectivity by one, namely to make f to be

169
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(bn/2c + 1)-connected. If f is (bn/2c + 1)-connected, then Poincaré duality
implies that f is a homotopy equivalence from a closed manifold to X.

Finally we explain that our setting for normal maps contains a coupling
of the bundle data and the degree one condition which is often neglected in
the literature, see Remark 6.53.

Remark 6.2 (Uniqueness is the relative version of existence). We
mention that while Problem 3.1 addresses the important problem of the exis-
tence of manifold structures on Poincaré complexes, surgery theory also ad-
dresses the uniqueness problem to decide, whether two closed manifolds are
diffeomorphic, see the surgery program in Remark 1.9, and yields the con-
struction of exotic structures, i.e., different smooth structures on the same
topological manifold, see Chapter 11. In fact it turns out that the uniqueness
problem can be viewed thanks to the s-Cobordism Theorem 1.1 as a rela-
tive version of Problem 3.1. The realisation of this philosophy is achieved in
Chapter 10 which gives a systematic approach to the uniqueness question in
this spirit. Examples for concrete manifolds are presented in Chapters 11, 17,
and 18.

Guide 6.3. It is crucial to understand the notion of a normal map (with
respect to the tangent bundle) of degree one, see Definition 6.29, and to get
the idea of the normal bordism relation (with cylindrical ends), see Defini-
tion 6.31 and Definition 6.32. One needs to know the mere facts that there is
a bijection [X,G/O]

∼=−→ NIn(X), that every normal map of degree one can
be made highly connected, see Theorem 6.49, and that the surgery obstruc-
tion arises when raising this connectivity by one, which by Poincaré duality
already implies that we have a homotopy equivalence, see Problem 6.50.

6.2 Rank k Normal Invariants

In this section we introduce and study the set of rank k normal invariants
which is essentially the set of all possible reductions to a vector bundle of the
Spivak normal structure.

Recall that we have defined the notion of a connected finite n-dimensional
Poincaré complex (X,OX) in Definition 4.43. We have also explained how
it extends to the non-connected case, essentially by considering each path
component separately, see Remark 4.45. Recall that part of the structure is
an infinite cyclic local coefficient system OX over X.

A vector bundle ξ over X determines an infinite cyclic local coefficient
system Oξ, see (4.22). Recall that OX and Oξ are isomorphic if and only if
w1(OX) = w1(Oξ) holds in H1(X;F2), see (4.5).

We get isomorphisms
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Hn+k(Th(ξ))
∼=−→ Hn(X;OX)

∼=−→ H0(X;Z)
∼=−→

∏
C∈π0(X)

Z

from Theorem 5.47 and from Poincaré duality, see Convention 4.49. The cup
product induces a ring structure on H0(X) which corresponds under the

canonical bijection H0(X)
∼=−→
∏
C∈π0(X) Z to the product ring structure on

the target. Let H0(X)× be the abelian group of units in H0(X). It corre-
sponds under the isomorphism above to

∏
C∈π0(X){±1}.

Definition 6.4 (Componentwise generator). We will say that an ele-
ment x ∈ Hn+k(Th(ξ)) or an element y ∈ Hn(X;OX) is a componentwise
generator if its image in H0(X) lies in H0(X)×.

If X is connected, this means simply that x or y respectively is a generator
of the infinite cyclic group Hn+k(Th(ξ)) or Hn(X;OX) respectively. Recall
that a w-orientation on X is a choice of a componentwise generator [[X]] ∈
Hn(X;OX), which we will call a fundamental class, compare Remark 4.45.

Lemma 6.5. Let (X,OX , [[X]]) be a w-oriented finite n-dimensional Poincaré
complex.

(i) There is an isomorphism of groups

ν : H0(X)× =
∏
π0(X)

{±1}
∼=−→ aut(OX);

(ii) For ε = {εC ∈ {±1} | C ∈ π0(X)} the following diagram commutes

⊕
C∈π0(X)Hn(C;OX |C)

∼=
��

⊕
C∈π0(X) εC ·idHn(C;OX |C ) //⊕

C∈π0(X)Hn(C;OX |C)

∼=
��

Hn(X;OX)
Hn(idX ;ν(ε))

// Hn(X;OX)

where the vertical isomorphisms are induced by the inclusions C → X for
C ∈ π0(X);

(iii) If Hn(idX ; o)([[X]]) = [[X]] holds for o ∈ aut(OX), then o = idOX .

Proof. Obviously it suffices to treat the case where X is connected.

(i) Define ν by sending ε ∈ H0(X)× = {±1} to ε · idOX .

(ii) This follows from the obvious equation Hn(idX ;−o) = −Hn(idX , o) for
o ∈ aut(OX).

(iii). This follows directly from assertion (ii) since Hn(C;OC) is infinite cyclic
for all C ∈ π0(X). ut
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Definition 6.6 (Rank k normal invariant). Let X = (X,OX , [[X]]) be a
w-oriented finite n-dimensional Poincaré complex. A rank k normal invariant
(ξ, c, o) consists of

• A k-dimensional vector bundle ξ : E → X;
• An element c ∈ πn+k(Th(ξ));

• An isomorphism o : Oξ
∼=−→ OX of infinite cyclic local coefficient systems

over X such that the image of h([c])∩UpSξ for the intrinsic Thom class UpSξ
of the spherical fibration pSξ associated to ξ in the sense of Definition 5.39
under the isomorphism

Hn(idX ; o) : Hn(X;Oξ)
∼=−→ Hn(X;OX)

is [[X]].

We conclude from Lemma 6.5 (iii) that o is uniquely determined by the
above equation

Hn(idX ; o)(h([c]) ∩ UpSξ) = [[X]].

We call a rank k normal invariant (ξ0, c0, o0) and a rank k normal invariant

(ξ1, c1, o1) equivalent if there is a bundle isomorphism (id, f) : ξ0
∼=−→ ξ1 such

that
πn+k(Th(f)) : πn+k(Th(ξ0))

∼=−→ πn+k(Th(ξ1))

maps [c0] to [c1]. Notice that this already implies o1 ◦ Of = o0 because of
Lemma 6.5 (iii).

The set of rank k normal invariants NIn(X, k) is the set of equivalence
classes of rank k normal invariants of X.

Given a rank k normal invariant (ξ, c, o), we obtain a rank (k+1) nor-
mal invariant (ξ ⊕ R, Σc,Σo), where Σ : πk(Th(ξ)) → πk+1(Σ Th(ξ)) =
πk+1(Th(ξ ⊕ R)) is the suspension homomorphism and Σo comes from o
using Lemma 5.60 (i). Define

Definition 6.7 (Normal invariant). Let X = (X,OX , [[X]]) be a w-
oriented finite n-dimensional Poincaré complex X. Define the set of normal
invariants NIn(X) of X to be colimk→∞NIn(X, k).

Let Jk : BO(k)→ BG(k) be the classifying map for the universal k-dimen-
sional vector bundle γk over BO(k) viewed as a spherical fibration. Taking the
Whitney sum with R or the fiberwise join with SR yields stabilisation maps
BO(k) → BO(k + 1) and BG(k) → BG(k + 1). Recall we have introduced
earlier

BG = hocolimk→∞ BG(k),

and we have a natural homotopy equivalence

hocolimk→∞ BO(k)
'−→ BO .
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Define
J : BO→ BG

by hocolimk→∞ Jk.
Let G/O be the homotopy fiber of J : BO→ BG. This is the fiber of the

fibration Ĵ : EJ → BG associated to J .
From Theorem 5.61 we get for a connected finite n-dimensional Poincaré

complex X a map sX : X → BG which is given by the classifying map of
the Spivak normal (k−1)-fibration for large k and is unique up to homo-
topy. We obtain from the universal properties of the classifying spaces and
Lemma 5.60 (i)

Lemma 6.8. Let X be a w-oriented finite n-dimensional Poincaré complex.
Then NIn(X) is non-empty if and only if there is a map S : X → BO such
that J ◦ S is homotopic to sX .

Remark 6.9 (Exotic Poincaré complexes). In view of Remark 5.62 we
see that a necessary condition for a finite n-dimensional Poincaré com-
plex to be homotopy equivalent to a closed manifold is that the classify-
ing map s : X

sX−−→ BG(k) lifts along J : BO → BG. There is a fibration
BO → BG → B(G/O). Hence this condition is equivalent to the statement

that the composite X
sX−−→ BG→ B(G/O) is homotopic to the constant map.

There exists a finite Poincaré complex X for which the composite X
sX−−→

BG → B(G/O) is not nullhomotopic, and hence X cannot be homotopy
equivalent to a closed manifold. Examples were constructed by Gitler and
Stasheff in [93, Theorem 5.2], see also [155, page 32]. We give our own con-
struction based on an idea by John Klein below.

Let p : X → B be a (k−1)-spherical fibration. If B is an n-dimensional
Poincaré complex, then by a theorem of Gottlieb [94], the total space X is
an (n+k−1)-dimensional Poincaré complex.

Suppose that ξ is a smooth vector bundle p : E → B over a smooth n-
manifold B. Then E is a smooth manifold and there is an obvious isomor-
phism of vector bundles ξ ⊕ TB

∼=−→ TE|B . It induces an isomorphism of

vector bundles p∗TB ⊕ p∗ξ
∼=−→ TE. If Sξ is the associated smooth sphere

bundle Sp : SE → B, then we obtain an isomorphism of vector bundles

T (SE)⊕ R ∼= (Sp)∗TB ⊕ Sp)∗ξ.

If we choose embeddings SE ↪→ Rl and B ↪→ Rl′ for large enough l and l′,
we obtain an isomorphism of vector bundles

(SP )∗ν(B ⊆ Rl
′
)⊕ Rl+1 ∼=−→ ν(SE ⊆ Rl)⊕ (Sp)∗ξ ⊕ Rl

′

In the sequel we are a little bit sloppy and speak of stable vector bundles
without giving the precise definition, but it should be clear what we mean.
Hence the stable normal bundle of SE is given by
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νSE ∼= (Sp)∗(νB ⊕ (−ξ)),

where formally (−ξ) stands for the class of a stable bundle whose Whitney
sum with ξ is stably trivial.

First we prove that the same formula holds in full generality for the Spivak
normal fibration of X:

Lemma 6.10. Let p : X → B be a stable spherical fibration over a Poincaré
complex. Then there is a stable fiber homotopy equivalence

νX ' p∗(νB ∗ p−1).

To prove this we shall use the following lemma, whose statement for vector
bundles can be found as equation (3.2) in [91].

Lemma 6.11. Let p1 : X1 → B and p2 : X2 → B be stable spherical fibrations
over the same base space. There is a homotopy cofibration sequence of spectra
where the maps are induced by the canonical maps of stable spherical fibrations
p∗2(p1)→ p1 and p1 → p1 ∗ p2.

Proof. Let us write X1 ∗ X2 for the total space of p1 ∗ p2. We consider the
following diagram of homotopy cofibration sequences:

X1

��

// X1 ∗X2

��

// C1

��
B

��

= // B

��

// ∗

��
Th(p1) // Th(p1 ∗ p2) // C2

Here C1 and C2 denote the cofibers of the corresponding maps. Hence it
suffices to prove that there is a homotopy equivalence C1 ' Th(p∗2(p1)).
Recall the k-disc fibration associated to pi is Di → B = cyl(pi). With this
notation there is a homeomorphism

X1 ∗X2 = (X1 ×B D2) ∪X1×X2 (D1 ×B X2),

where X1×BD2 deformation retracts to X1 = X1×BB. It follows that there
are homotopy equivalences

C1 ' (X1 ∗X2)/X1 ' (D1 ×B X2)/(X1 ×B X2).

But (D1 ×B X2)/(X1 ×B X2) = Th(p∗2(p1)) and so C1 ' Th(p∗2(p1)) as
required. ut

Proof of Lemma 6.10. Consider the stable spherical fibrations p1 = νB ∗ (−p)
and p2 = p over B. By Lemma 6.11 there is a homotopy cofibration sequence
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of spectra

Th(p∗(νB ∗ (−p)))→ Th(νB ∗ (−p))→ Th(νB ∗ (−p) ∗ p).

Now νB ∗ (−p) ∗ p ' νB ∗ S2k−1, and so there is a map c : Sn+i+2j →
Th(νB ∗ S2j−1) splitting off the top cell. We consider the following com-
mutative diagram

πn+i+2j(Th(νB ∗ (−p) ∗ p))

��

∂ // πn+i+2j−1(Th(p∗(νB ∗ (−p))))

��
Hn+i+2j(Th(νB ∗ (−p) ∗ p)) ∂ // Hn+i+2j−1(Th(p∗(νB ∗ (−p))))

Since Th(νB ∗ (−p)) has dimension n + i + j, it follows that the boundary
map ∂ : Hn+i+2j(Th(νB ∗ (−p) ∗ p)) → Hn+i+2j−1(Th(p∗(νB ∗ (−p))) is an
isomorphism. Hence the class ∂(c) ∈ πn+i+2j−1(Th(p∗(νB ∗ (−p)))) maps
to a generator of the group Hn+i+2j−1(Th(p∗(νB ∗ (−p)))) ∼= Z and so the
pullback p∗(νB ∗ (−p)) is the Spivak normal fibration of X. ut

Another ingredient we need is some information about the space B(G/O).
Recall that we have the fibration BO → BG → B(G/O). Homotopy groups
of the spaces involved in low dimensions are depicted in the following table
which is taken from Remark 9.22 in the book [203].
(6.12)

n 1 2 3 4 5 6 7 8 9 10

πn(G/O) 0 Z/2 0 Z 0 Z/2 0 Z/2⊕ Z/2 (Z/2)2 Z/2⊕ Z/3

πn(BO) Z/2 Z/2 0 Z 0 0 0 Z Z/2 Z/2

πn(BG) Z/2 Z/2 Z/2 Z/24 0 0 Z/2 Z/240 (Z/2)2 (Z/2)3

Example 6.13 (5-dimensional exotic Poincaré complex). Lemma 6.10
allows us to construct examples of exotic Poincaré complexes as follows. Since
for any sphere Sm with m ≥ 1 the stable normal bundle νSm ∼= Sl we
obtain from Lemma 6.10 that the total space X of any spherical fibration p
over Sm such that the composition of the classifying map of p with BG →
B(G/O) is homotopically non-trivial is the desired exotic Poincaré complex.
For example, from the long exact sequence of homotopy groups it follows
that the induced map π3(BG)→ π2 B(G/O) is the isomorphism Z/2 ∼= Z/2.
It is also well known that the non-trivial element of π3(BG) comes from
π4(S2) ∼= Z/2, see for example [101], and so our element is realised by a
2-dimensional spherical fibration. Hence we obtain the desired example of a
5-dimensional Poincaré complex. In a similar way one can obtain examples in
other dimensions whenever we have that the map πm(BG)→ πm−1(B(G/O))
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is non-zero. For example in the above table such a situation obviously occurs
when m = 7, 9.

In [155] a 5-dimensional example was constructed by attaching a 5-
dimensional cell to S2 ∨S3 via the attaching map obtained using the White-
head product and well-known non-trivial elements of the homotopy groups
of low-dimensional spheres.

Let X be a finite CW -complex. Define an abelian group G/O(X) as fol-
lows. We consider pairs (ξ, t) consisting of a k-dimensional vector bundle ξ
over X for some k ≥ 1 and a strong fiber homotopy equivalence t : Sξ → Sk−1

from the associated spherical fibration given by the sphere bundle Sξ to the
trivial spherical (k−1)-fibration over X. We call two such pairs (ξ0, t0) and
(ξ1, t1) equivalent, if for some k which is greater or equal to both k0 = dim(ξ0)

and k1 = dim(ξ1) there is a bundle isomorphism f : ξ0⊕Rk−k0
∼=−→ ξ1⊕Rk−k1

covering the identity on X such that Σk−k1t1 ◦ Sf is fiber homotopic to
Σk−k0t0. Let G/O(X) be the set of equivalence classes [ξ, t] of such pairs
(ξ, t). Notice that [ξ, t] for a pair (ξ, t) depends only on ξ and the fiber homo-
topy class of t. Addition is given by the Whitney sum. The neutral element
is represented by (Rk, id) for some k ≥ 1. The existence of inverses follows
from the fact that for a vector bundle ξ over X we can find another vector
bundle η such that ξ⊕ η is trivial and from the result formulated in the next
exercise.

Exercise 6.14. In the sequel all fibrations are supposed to live over the finite
CW -complex X. Consider a strong fiber homotopy equivalence f : Sk−1 →
Sk−1. Show that we can find a strong fiber homotopy equivalence g : Sk−1 →
Sk−1 such that f ∗ g : Sk−1 ∗Sk−1 → Sk−1 ∗Sk−1 is strongly fiber homotopy
equivalent to the identity.

Let X = (X,OX , [[X]]) be a w-oriented finite n-dimensional CW -complex.
Next we describe an action

(6.15) ρ : G/O(X)×NIn(X)→ NIn(X).

Consider a pair (ξ, t) representing an element [ξ, t] ∈ G/O(X) and a rank k
normal invariant (η, c, o) representing an element [η, c, o] ∈ NIn(X). If k0

is the dimension of ξ, then ξ ⊕ η is a (k0 + k1)-dimensional vector bundle.
Consider the composition

Th(ξ ⊕ η)
∼=−→ Th(Sξ ∗ Sη)

t∗id−−→ Th(Sk0−1 ∗ Sη)
∼=−→ Σk0 Th(η).

This and the suspension Σk0c yield an element d ∈ πn+k0+k1(Th(ξ ⊕ η)).

Let o′ : Oξ⊕η → OX be the composite of o : Oη
∼=−→ OX with the obvious

isomorphism Oξ⊕η
∼=−→ Oη coming from t, Lemma 4.23 (i) and (5.32). One

easily checks that (ξ ⊕ η, d, o′) is a normal (k0+k1)-invariant for X. Define
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ρ([ξ, t], [η, c]) := [ξ ⊕ η, d, o′].

We leave it to the reader to check that this is a well-defined group action.

Exercise 6.16. Let X = (X,OX) be a finite n-dimensional Poincaré com-
plex X. Let [[X]] and [[X]]′ be two fundamental classes in Hn(X;OX). Con-
struct a bijection

NIn(X,OX , [[X]])
∼=−→ NIn(X,OX , [[X]]′)

which is compatible with the G/O(X)-actions of (6.15).

Theorem 6.17 (Normal invariants and G/O). Let X be a w-oriented
finite n-dimensional Poincaré complex.

(i) There is a bijection of sets

µ : [X,G/O]
∼=−→ G/O(X);

(ii) Suppose that NIn(X) is non-empty. Then the action ρ of (6.15) is a
transitive free operation of the abelian group G/O(X) on the set NIn(X).

Proof. Recall that G/O is the fiber of the fibration Ĵ : EJ → BG associ-
ated to J : BO → BG over some point z ∈ BG. By definition this is the
space {(y, λ) ∈ BO×map([0, 1],BG) | J(y) = λ(0), λ(1) = z}. Hence a map
F : X → G/O is the same as a pair (f, h) consisting of a map f : X → BO
and a homotopy h : X × [0, 1] → BG such that h0 = J ◦ f and h1 is the
constant map cz. Since X is compact, we can find k such that the image
of f and h lie in BO(k) and BG(k). Recall that Jk : BO(k) → BG(k) is
covered by a fiber map Jk : Sµk → pk which is fiberwise a homotopy equiva-
lence, where µk is the universal k-dimensional bundle over BO(k) and pk is
the universal spherical (k−1)-fibration. By the pullback construction applied
to f and µk and h and pk, we get a vector bundle ξ over X and a spherical
(k−1)-fibration p : E → X×[0, 1] over X×[0, 1] together with fiber homotopy
equivalences (pr−1

0 , u) : Sξ → p|X×{0} and (pr1, v) : p|X×{1} → X × Sk−1 for

pri : X×{i}
∼=−→ X the obvious homeomorphism. Up to fiber homotopy there

is precisely one fiber homotopy equivalence (idX×[0,1], t) : p→ X×[0, 1]×Sk−1

for pr : X × [0, 1] → X the projection, whose restriction to X × {1} = X is
v (see [237, Proposition 15.11 on page 342]). Thus we obtain a fiber homo-
topy equivalence (pr0, t|X×{0}) : p|X×{0} → X × Sk−1, which is unique up to
fiber homotopy. Composing t|X×{0} and u yields a fiber homotopy equiva-

lence unique up to fiber homotopy (id, u ◦ t|X×{0}) : Sξ → X × Sk−1. Thus
we can assign to a map F : X → G/O an element [ξ, u ◦ t|X×{0}] ∈ G/O(X).
We leave it to the reader to check that this induces the desired bijection

µ : [X,G/O]
∼=−→ G/O(X).
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(ii) Next we show transitivity. Consider two elements [ξ0, c0, o0] and [ξ1, c1, o1]
in NIn(X). Since we can stabilise the representatives without changing their
classes, we can assume without loss of generality by Theorem 5.61 (ii) that
for some natural number k we have k = dim(ξ0) = dim(ξ1) and there
is a strong strong fiber homotopy equivalence t : Sξ0 → Sξ1 such that
πn+k(Th(t)) : πn+k(Th(ξ0)) → πn+k(Th(ξ1)) sends [c0] to [c1]. Since X is
finite, we can choose a vector bundle η1 of dimension l together with isomor-

phism u : ξ1 ⊕ η1

∼=−→ Rk+l. Put µ = ξ0 ⊕ η1. Define a strong fiber homotopy
equivalence

s : Sµ = S(ξ0 ⊕ η1)
∼=−→ Sξ0 ∗ Sη1

t∗idSη1−−−−−→ Sξ1 ∗ Sη1

∼=−→ S(ξ1 ⊕ η1)
Su−−→ SRk+l = Sk+l−1.

Thus we obtain an element [µ, s] in G/O(X). Using the bundle isomorphism

ξ1 ⊕ µ = ξ1 ⊕ ξ0 ⊕ η1
flip−−→ ξ0 ⊕ ξ1 ⊕ η1

idξ0 ⊕u−−−−−→ ξ0 ⊕ Rk+l

one easily checks that ρ([µ, s], [ξ1, c1, o1]) = [ξ0, c0, oo] holds.
The proof that the action is free is left to the reader. It uses the fact

that the strong fiber homotopy equivalence appearing in Theorem 5.61 (ii)
is unique up to stable strong fiber homotopy equivalence. This finishes the
proof of Theorem 6.17. ut

Notice that in the case that NIn(X) is non-empty Theorem 6.17 yields
after a choice of an element in NIn(X) a bijection of sets

(6.18) [X,G/O]
∼=−→ NIn(X).

Remark 6.19. The bijection (6.18) is important from the calculational point
of view. However, to really use it, knowledge about the homotopy type of
the space G/O is needed, which requires some deep results from algebraic
topology. We will give more information in Chapters 11 and 16.

It is interesting to observe that, when we extend surgery theory to the
PL and TOP category, there are analogous bijections and in those cases we
have a much better knowledge of the spaces G/PL and G/TOP which are
the analogues of G/O in those categories. This will be discussed in detail in
Chapter 16 and then applied in the calculations in Chapters 17 and 18.

6.3 Normal Maps

The next definition is related to the one of ξ-bordism for a vector bundle over
a space X as defined before Theorem 3.52. We will now additionally have a w-
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oriented finite n-dimensional Poincaré complex X = (X,OX , [[X]]) as target,
require an identification of Oξ and OX , impose a degree one condition, and
will be more flexible concerning the vector bundle for a bordism. This is the
setting which is needed if we want to apply the techniques of Chapter 3 to
Problem 6.1.

Definition 6.20 (Rank k normal map (of degree one)). Let X =
(X,OX , [[X]]) be a w-oriented finite n-dimensional Poincaré complex.

(i) A rank k normal map (M, i, f, ξ, f , o) with target (X,OX) consists of

• A closed manifold M of dimension n;
• An embedding i : M ↪→ Rn+k;
• A map f : M → X;
• A k-dimensional vector bundle ξ over X;
• A bundle map (f, f) : ν(i) → ξ covering f , where ν(i) is the normal

bundle of the embedding i;

• An isomorphism of infinite cyclic local coefficient systems o : Oξ
∼=−→

OX ;

(ii) The isomorphism
α : OM → f∗OX

of infinite cyclic local coefficient systems over M associated to the rank
k normal map (M, i, f, ξ, f , o) is given by the canonical isomorphism

κ : OM
∼=−→ Oν(i) of Lemma 4.23 (iv), the isomorphisms Oν(i)

∼=−→ f∗Oξ
induced by f and the isomorphism f∗Oξ

∼=−→ f∗OX induced by o;
(iii) A rank k normal map of degree one with target (X,OX , [[X]]) is a rank

k normal map with target (X,OX) such that the image of the intrinsic
fundamental class [[M ]] of M , see Definition 4.29, under the map

Hn(f, α) : Hn(M ;OM )→ Hn(X;OX)

is [[X]].

Remark 6.21 (Degree one). The name degree one makes sense since con-
dition (iii) appearing Definition 6.20 is equivalent to the statement that the
degree of f : M → X in the sense of Definition 4.83 with respect to [[M ]],
[[X]], and α is 1 ∈ H0(X).

Next we define the relevant bordism relation. There will be two versions.
We begin with the one, where the targets of the two rank k normal maps
under consideration are not necessarily the same and therefore the target of
the bordism is not necessarily a cylinder.

Definition 6.22 (Bordism of rank k normal maps (of degree one)).
For m = 0, 1, let (Xm,OXm , [[Xm]]) be a w-oriented finite n-dimensional
Poincaré complex and let (Mm, im, fm, ξm, fm, om) be a rank k normal map
(of degree one) with target (Xm;OXm , [[Xm]]).
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(i) A normal bordism of normal maps

(W, I, F,Ξ, F ,O)

from (M0, i0, f0, ξ0, f0, o0) to (M1, i1, f1, ξ1, f1, o1) consists of:

• A compact manifold W of dimension n+1 whose boundary ∂W is the
disjoint union ∂0W q ∂1W ;

• An embedding of manifolds with boundary I : W ↪→ Rn+k × [0, 1]
sending ∂mW to Rn+k × {m} for m = 0, 1;

• Diffeomorphisms um : Mm → ∂mW and Um : Rn+k → Rn+k×{m} for
m = 0, 1 satisfying I ◦ um = Um ◦ im;

• A finite (n+1)-dimensional Poincare pair (Y, ∂Y ;OY ) such that ∂Y is
the disjoint union ∂0Y q ∂1Y ;

• Isomorphisms of CW -complexes vm : Xm → ∂mY for m = 0, 1;
• A map F : W → Y satisfying lm ◦ vm ◦ fm = F ◦ km ◦ um, where
km : ∂mW → W and lm : ∂mY → Y are the obvious inclusions for
m = 0, 1;

• A k-dimensional vector bundle Ξ over Y together with a bundle map
(F, F ) : ν(I)→ Ξ;

• Bundle maps (lm ◦ vm, lm ◦ vm) : ξm → Ξ for m = 0, 1 such that
F ◦ν(um, Um) = lm ◦ vm ◦fm holds, where (um, ν(um, Um)) : ν(im)→
ν(I) is composite of the bundle map ν(im)→ u∗mν(I|∂mW ) induced by
Tum and TUm and the pullback of the canonical bundle isomorphism

κ : ν(I|∂mW )
∼=−→ ν(I)|∂mW of Lemma 4.23 (v) with um.

• Isomorphism O : OΞ
∼=−→ OY over Y and Olm◦vm : OXm → (lm ◦

vm)∗OY over Xm for m = 0, 1 of infinite cyclic local coefficient sys-

tems such that for m = 0, 1 the isomorphisms Oξm
om−−→ OXm

Olm◦vm−−−−−→

(lm◦vm)∗OY andOXm
Olm◦vm−−−−−→ (lm◦vm)∗OΞ

(lm◦vm)∗O−−−−−−−→ (lm◦vm)∗OY
agree for m = 0, 1.

(ii) The isomorphism
β : OW → F ∗OY

of infinite cyclic local coefficient systems over W associated to the bor-
dism of rank k normal maps above is given by the canonical isomorphism

OW
∼=−→ Oν(I) of Lemma 4.23 (iv), the isomorphism Oν(I)

∼=−→ F ∗Ξ in-

duced by F and the isomorphism F ∗Ξ
∼=−→ F ∗OY induced by O;

(iii) If (Mm, im, fm, fm) is a rank k normal maps of degree one for m = 0, 1,
a bordism (W, I, F,Ξ, F ,O) as above is called a normal bordism of rank
k normal maps of degree one, if the following holds for some fundamental
class [[Y, ∂Y ]] of (Y, ∂Y ):

• The image of the intrinsic fundamental class of (W,∂W ) under the
map induced by F and β
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Hn+1(W,∂W ;OW )→ Hn+1(Y, ∂Y ;OY )

is [[Y, ∂Y ]];
• The image of [[Y, ∂Y ]] under the composite

Hn+1(Y, ∂Y ;OY )
∂−→ Hn(∂Y ;OY |∂Y )

∼=−→ Hn(X0;OX0
)⊕Hn(X1;OX1

)

is (−[[X0]], [[X1]]), where the second arrow is the inverse of the isomor-

phism induced by lm ◦ vm : Xm → ∂mY and OXm
o−1
m−−→ Oξm

Olm◦vm−−−−−→
(lm ◦ vm)∗OY for m = 0, 1.

The second version of the relevant bordism relation makes only sense,
when the targets of the two rank k normal maps under consideration agree.
The only difference is now that in this case we can demand the target of the
bordism to be the cylinder.

Definition 6.23 (Bordism of a rank k normal map with cylindrical
target (of degree one)). Let X = (X,OX , [[X]]) be a w-oriented finite
n-dimensional Poincaré complex. Let (Mm, im, fm, ξm, fm, om) be a rank k
normal map with the same target (X,OX , [[X]]) for m = 0, 1.

Then a normal bordism of normal maps (of degree one) (W, I, F,Ξ, F ,O)
from (M0, i0, f0, ξ0, f0, o0) to (M1, i1, f1, ξ1, f1, o1) in the sense of Defini-
tion 6.22 is called a normal bordism with cylindrical target of normal maps
(of degree one) if

• (Y, ∂Y ) is the cylinder (X × [0, 1], X × {0, 1}), we have ∂mY = X × {m},
and vm : X → ∂mY sends x to (x,m) for m = 0, 1;

• The bundle Ξ over Y is Ξ = pr∗X ξ for the projection pr : X × [0, 1]→ X;
• The isomorphisms O : OΞ := Opr∗X ξ = pr∗X OX → OY := pr∗X OX is

pr∗X o.

Denote by NMn(X, k) the set of normal bordism classes of rank k normal
maps of degree one to X, where the bordism relation is the one with cylindri-
cal ends in the sense of Definition 6.23. Define NMn(X, k)→ NMn(X, k+1)

by sending the class of (M, i, f, ξ, f , o) to the class of (M, i′, f, ξ ⊕ R, f ′, o′),
where i′ : M → Rn+k+1 is the composite of i with the standard inclusion

Rn+k → Rn+k+1, f
′

is ν(i′) = ν(i)⊕R ν(f)⊕id−−−−−→ ξ⊕R and o′ is obtained from
o using Lemma 4.23 (i).

Definition 6.24 (Set of normal maps). Let X = (X,OX , [[X]]) be a
w-oriented finite n-dimensional Poincaré complex. Define the set of normal
maps to X

NMn(X) := colimk→∞NMn(X, k).
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Exercise 6.25. Let (M, i, f, ξ, f , o) be a rank k normal map of degree one
for k large. Show that there exists a fiber homotopy equivalence Sξ → νX
where νX is the Spivak normal k-fibration.

The proof of the next result is similar to the proof of Theorem 3.52 and
uses Exercise 5.40 and Lemma 5.60 (ii).

Theorem 6.26 (Normal maps and normal invariants). Let X =
(X,OX , [[X]]) be a w-oriented finite n-dimensional Poincaré complex. Then
the Pontrjagin-Thom construction yields for each k ≥ 1 a bijection

Pk(X) : NMn(X, k)
∼=−→ NIn(X, k).

and a bijection

P (X) : NMn(X)
∼=−→ NIn(X).

Exercise 6.27. Let X = (X,OX , [[X]]) be a w-oriented finite n-dimensional
Poincaré complex. Let VB(X) be the set of stable isomorphism classes of
vector bundles over X, see (5.16). Show that we get a well-defined map

β : NMn(X)→ VB(X)

by sending the class of the normal map of degree one (M, i, f, ξ, f , o) to the
class of ξ. Characterise its image in terms of the Spivak normal fibration.

Remark 6.28 (Tangential versus normal data). In view of the Pontrja-
gin-Thom construction it is convenient to work with the normal bundle. On
the other hand one always needs an embedding and one would prefer an
intrinsic definition. This is possible if one defines the normal map in terms
of the tangent bundle which we will do below. Both approaches are equiva-
lent, as is shown in Lemma 6.39. We will use in the sequel the one which is
adequate for the concrete purpose. We mention that for a generalisation to
the equivariant setting the approach using the tangent bundle is more useful,
see [144, 145].

Definition 6.29 (Normal maps with respect to the tangent bun-
dle (of degree one)). Let X = (X,OX , [[X]]) be a w-oriented finite n-
dimensional Poincaré complex.

(i) A normal map of degree one with respect to the tangent bundle (M,f, a, ξ, f , o)
with target (X,OX , [[X]]) consists of the following data:

• A closed manifold M of dimension n;
• A map f : M → X;
• A vector bundle ξ over X;
• A bundle map (f, f) : TM ⊕ Ra → ξ for some natural number a;
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• An isomorphism of infinite cyclic local coefficient systems o : Oξ
∼=−→

OX ;

(ii) The isomorphism
α : OM → f∗OX

of infinite cyclic local coefficient systems over M associated to the nor-
mal map with respect to the tangent bundle (M, i, f, ξ, f , o) is given

by the canonical isomorphism OM = OTM
∼=−→ OTM⊕Ra coming from

Lemma 4.23 (i), the isomorphisms OTM⊕Ra
∼=−→ f∗ξ induced by f and

the isomorphism f∗ξ
∼=−→ f∗OX induced by o;

(iii) A rank k normal map of degree one with respect to the tangent bundle
with target (X,OX , [[X]]) is a rank k normal map with respect to the
tangent bundle with target (X,OX) such that the image of the intrinsic
fundamental class [[M ]] of M , see Definition 4.29, under the map

Hn(f, α) : Hn(M ;OM )→ Hn(X;OX)

is [[X]].

Remark 6.30 (Role of o). The class [[X]] is determined by the other data
because of

condition (iii) appearing in Definiton 6.29. However, when X is a manifold,
we will have to take [[X]] to be the intrinsic fundamental class. All this will
fit nicely together when we will deal with the surgery exact sequence in
Chapter 10.

Suppose that π0(f) : π0(M) → π0(X) is bijective. Then the isomorphism

o : Oξ
∼=−→ OX appearing in part (i) of Definition 6.29 is uniquely determined

by the other data and the condition (iii). This is not true in general without
the assumption that π0(f) : π0(M) → π0(X) is bijective. In the general o
determines [[X]] but not vice versa.

If (M,f, a, ξ, f , o) is a normal map of degree one with respect to the tangent
bundle with target (X,OX , [[X]]), then (M,f, a, ξ, f ,−o) is normal map of
degree one with respect to the tangent bundle with target (X,OX ,−[[X]]).
Notice that the passage from [[X]] to −[[X]] requires to change o as well.

The notion of bordism is now rather obvious but for the reader’s conve-
nience we state it explicitly. We will again have two versions.

Definition 6.31 (Bordism of normal maps with respect to the tan-
gent bundle (of degree one)).

For m = 0, 1, let (Xm,OXm , [[Xm]]) be a w-oriented finite n-dimensional
Poincaré complex and let (Mm, fm, am, ξm, fm, om) be a normal map with
respect to the tangent bundle (of degree one) with target (Xm,OXm , [[Xm]]).

(i) A normal bordism of normal maps with respect to the tangent bun-
dle (W,F, b, Ξ, F ,O) from (M0, f0, a0, ξ0, f0, o0) to (M1, f1, a1, ξ1, f1, o1)
consists of:
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• A compact manifold W of dimension n+1 whose boundary ∂W is the
disjoint union ∂0W q ∂1W ;

• A finite (n+1)-dimensional Poincare pair (Y, ∂Y,OY ) such that ∂Y is
the disjoint union ∂0Y q ∂1Y ;

• Diffeomorphisms um : Mm → ∂mW and isomorphisms of CW -complexes
vm : Xm → ∂mY for m = 0, 1;

• A map F : W → Y satisfying lm ◦ vm ◦ fm = F ◦ km ◦ um, where
km : ∂mW → W and lm : ∂mY → Y are the obvious inclusions for
m = 0, 1;

• A vector bundle Ξ over Y and a bundle map (F, F ) : TW
⊕

Rb → Ξ
for some natural number b satisfying b ≥ am for m = 0, 1;

• Bundle maps (lm ◦ vm, lm ◦ vm) : ξm ⊕ Rb+1−am → Ξ such that

(F, F ) ◦
(
(um, um ⊕ (um, idRb+1−am )

)
◦ (idTM ⊕flip, idM )

= (lm ◦ vm, lm ◦ vm) ◦
(
(fm, fm)⊕ (fm, idRb+1−am )

)
holds, where (um, um) : R ⊕ TMm → TW is the bundle map induced
by Tum with respect to some inward normal vector field field for m = 0
and for some outward normal vector field for m = 1, and flipm : Rb+1 =
Ram ⊕ R⊕ Rb−am → Rb+1 = R⊕ Ram ⊕ Rb−am is the flip map;

• Isomorphisms O : OΞ
∼=−→ OY over Y and Olm◦vm : OXm → (lm ◦

vm)∗OY over Xm for m = 0, 1 of infinite cyclic local coefficient systems

such that for m = 0, 1 the isomorphisms Oξm
om−−→ OXm

Olm◦vm−−−−−→ (lm ◦

vm)∗OY and Oξm
κ−→ Oξm⊕Rb+1−am

Olm◦vm−−−−−→ (lm ◦ vm)∗OΞ
(lm◦vm)∗O−−−−−−−→

(lm ◦ vm)∗OY agree for m = 0, 1 where κ comes from Lemma 4.23 (i);

(ii) The isomorphism
β : OW → F ∗OY

of infinite cyclic local coefficient systems over W associated to the bor-
dism of rank k normal maps above is given by the canonical isomor-

phism κ : OW
∼=−→ OTW⊕Rb coming from Lemma 4.23 (i), the isomorphism

OTW⊕Rb
∼=−→ F ∗Ξ induced by F , and the isomorphism F ∗O : F ∗OΞ

∼=−→
F ∗OY ;

(iii) A bordism (W,F, b, Ξ, F ,O) as above is called a normal bordism with
respect to the tangent bundle of degree one, if the following holds for
some fundamental class [[Y, ∂Y ]] of (Y, ∂Y ):

• The image of the intrinsic fundamental class of (W,∂W ) under the
map induced by F and β

Hn+1(W,∂W ;OW )→ Hn+1(Y, ∂Y ;OY )

is [[Y, ∂Y ]];
• The image of [[Y, ∂Y ]] under the composite



6.3 Normal Maps 185

Hn+1(Y, ∂Y ;OY )
∂−→ Hn(∂Y ;OY |∂Y )

∼=−→ Hn(X0;OX0
)⊕Hn(X1;OX1

)

is (−[[X0]], [[X1]]), where the second arrow is the inverse of the isomor-

phism induced by lm ◦ vm : Xm → ∂mY and OXm
o−1
m−−→ Oξm

Olm◦vm−−−−−→
(lm ◦ vm)∗OY for m = 0, 1.

Definition 6.32 (Bordism of normal maps with cylindrical target
with respect to the tangent bundle (of degree one)).

Let (X,OX , [[X]]) be a w-oriented finite n-dimensional Poincaré complex

together with a bundle ξ over X and an isomorphism o : Oξ
∼=−→ OX of infinite

cyclic coefficient systems. Let (Mm, fm, am, ξm, fm, om) be a normal map
with respect to the tangent bundle (of degree one) with the same target
(X,OX , [[X]]) for m = 0, 1 such that ξ = ξ0 ⊕ Rb−a0 = ξ1 ⊕ Rb−a1 holds for
some natural number b ≥ a0, a1 and o = o0 = o1.

Then a bordism of normal maps with respect to the tangent bundle (of de-
gree one) (W,F, b, Ξ, F ,O) from (M0, f0, a0, ξ0, f0, o0) to (M1, f1, a1, ξ1, f1, o1)
in the sense of Definition 6.31 is called normal bordism of normal maps with
cylindrical target with respect to the tangent bundle (of degree one) if

• (Y, ∂Y ) is the cylinder (X × [0, 1], X × {0, 1}), we have ∂mY = X × {m},
and vm : X → ∂mY sends x to (x,m) for m = 0, 1;

• The bundle Ξ over Y is Ξ = pr∗X ξ for the projection pr : X × [0, 1]→ X;
• The isomorphism O : OΞ := Opr∗X ξ = pr∗X Oξ → OX×[0,1] := prX OX is

pr∗X o.

We need the different choice of inward and outward normal vector field in
Definition 6.31 (i) in order to be able to glue two normal bordism together
when proving transitivity of the equivalence relation given by normal bor-
dism. Moreover, it ensures that the bordism relation is reflexive and gives
the right interpretation between bordism and nullbordism due to the follow-
ing observations.

Example 6.33 (The role of the inward and the outward normal vec-
tor field). Let M be a closed manifold. Let prM : M × [0, 1] → M and

pr[0,1] : M × [0, 1]→ [0, 1] be the projections. Let a : T [0, 1]
∼=−→ R be the stan-

dard trivialisation of T [0, 1] coming from the unit tangent vector pointing to
the right at each point in [0, 1]. We get a preferred isomorphism of vector
bundles over M × [0, 1]

b : T (M × [0, 1])
∼=−→ pr∗M TM ⊕ pr∗[0,1] T [0, 1]

idpr∗
M
TM ⊕ pr∗[0,1] a

−−−−−−−−−−−−→ pr∗M TM ⊕R.

For m = 0, 1 we have the inclusion vm : M →M × [0, 1] sending x to (x,m).
Its differential together with the inward normal vector field for m = 0 or the
outward normal vector field for m = 1 induces an isomorphism im : TM ⊕
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R → T (M × [0, 1]) covering im. For both m = 0 and m = 1 the composite

b ◦ im induces an isomorphism of vector bundles over M from TM ⊕ R
∼=−→

v∗m pr∗M TM⊕R which is under the obvious identification v∗m pr∗M TM = TM
the identity.

Now it is easy to see that normal bordism is reflexive.

Example 6.34 (Bordism and nullbordism). Consider for m = 0, 1 a w-
oriented finite n-dimensional Poincaré complex (Xm,OXm , [[Xm]]) and a rank
k normal map (Mm, im, fm, ξm, fm, om) with respect to the tangent bundle
of degree one with target (Xm;OXm , [[Xm]]). We obtain a rank k normal map
with respect to the tangent bundle of degree one (M1, i1, f1, ξ1, f1,−o1) with
target (X1;OX1

,−[[X1]]), from (M1, i1, f1, ξ1, f1, o1) by inserting a sign in
front of o1 and [[X1]]. We obtain by the disjoint union of (M0, i0, f0, ξ0, f0, o0)
and (M1, i1, f1, ξ1, f1,−o1) a normal map with respect to the tangent bundle
of degree one with target (X0;OX0

, [[X0]])q(X1;OX1
,−[[X1]]). It is normally

nullbordant, i.e., normally bordant to the empty normal map in the sense of
Definition 6.31, if and only if (M0, i0, f0, ξ0, f0, o0) and (M1, i1, f1, ξ1, f1, o1)
are bordant in the sense of Definition 6.31. The passage from o1 to −o1 and
from [[X1]] to −[[X1]] comes from the fact that we have to distinguish between
the inward and outward normal vector fields.

This has already an interesting consequence. Namely, consider the special
case (M0, i0, f0, ξ0, f0, o0) = (M1, i1, f1, ξ1, f1, o1). Then we conclude that the
disjoint union of (M1, i1, f1, ξ1, f1, o1) and (M1, i1, f1, ξ1, f1,−o1) is normally
nullbordant.

Remark 6.35. One reason for the complexity of Definitions 6.22 and 6.31
is that one has to take all the various isomorphisms, for instance between
Mm and ∂mW , into account, to ensure that the normal bordism relation is
transitive. Transitivity is proved by glueing two normal bordisms together.
The result of the glueing and the possibility to extend all the data to the new
bordism depends on the glueing maps and a lot of compatibility conditions.
Since normal bordism is obviously symmetric, it is an equivalence relation.

Remark 6.36. In Definition 6.31 there is a sign appearing in (−[[X0]], [[X1]])
when dealing with the condition degree one. There are two explanations for
it. Because we use an inward and an outward normal field in Definition 6.31,
this is compatible with Lemma 4.34. Another argument is that we have for
a w-oriented finite n-dimensional Poincaré complex (X;OX , [[X]]) the exact
sequence

Hn+1(X × [0, 1], X × {0, 1}; pr∗X OX)
∂n+1−−−→ Hn(X × {0, 1}; j∗ pr∗X OX)

→ Hn(X × [0, 1],prM ∗OX)

where prX : X × [0, 1]→ X is the projection and j : X × {0, 1} → X × [0, 1]
the inclusion. Under the obvious identifications
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Hn(X × {0, 1}; j∗ prX OX) = Hn(X;OX)⊕Hn(X;OX);

Hn(X × [0, 1],prM ∗OX) = Hn(X;OX),

the latter map is id⊕ id. Hence the image of [[X, ∂X]] under ∂n+1 cannot be
([[X]], [[X]]), but turns out to be with our conventions (−[[X]], [[X]]).

Denote byNT n(X) the set of bordism classes of normal maps with respect
to the tangent bundle of degree one.

Exercise 6.37. Let (M,f, a, ξ, f , o) be normal map with respect to the tan-
gent bundle of degree one. Show that the following modifications do not
change its class in NT n(X):

(i) Let u : ξ
∼=−→ ξ be a bundle automorphism covering idX . It induces an

isomorphism Ou : Oξ
∼=−→ Oξ. Now we can replace (M,f, a, ξ, f , o) by

(M,f, a, ξ, u ◦ f,Ou ◦ o);
(ii) Let (h, h) : TM ⊕ Ra × [0, 1] → ξ be a homotopy of bundle maps from

(f, f) to (g, g). Now replace (M,f, a, ξ, f , o) by (M, g, a, ξ, g, o);

(iii) Let g : M ′ →M be a diffeomorphism. Replace (M,f, a, ξ, f , o) by (M ′, f◦
g, a, ξ, f ◦ Tg ⊕ idRa , o);

(iv) Replace (M,f, a, ξ, f , o) by (M,f, a + 1, ξ ⊕ R, f ⊕ idR, o ◦ v), where the

isomorphism v : Oξ⊕R
∼=−→ Oξ comes from Lemma 4.23 (i).

Remark 6.38 (ξ-bordism versus normal bordism). Notice that there is
one important difference between the notion of ξ-bordism and normal bor-
dism. Consider a normal ξ-map (M, i, f, f) in the sense of Definition 3.50.

Let u : ξ
∼=−→ ξ be any bundle automorphism covering idX such that the

induced isomorphism Ou : Oξ
∼=−→ Oξ is the identity. Then (M, i, f, f) and

(M, i, f, u ◦ f) are not necessarily ξ-bordant in the sense of Definition 3.50.
This is in sharp contrast to property (i) appearing in Exercise 6.37. See also
Exercise 6.27.

Lemma 6.39. Let X be a finite n-dimensional Poincaré complex. There is
a natural bijection

NMn(X,OX) ∼= NT n(X,OX).

Proof. We define a map

φn(k) : NMn(X, k)→ NT n(X)

as follows. Consider a rank k normal map (M, i, f, ξ, f , o). Since X is compact,

we can find a bundle η together with an isomorphism u : Ra
∼=−→ ξ⊕η. Choose

a section of the canonical projection Rn+k = i∗TRn+k → ν(i). It yields
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together with Ti : TM → i∗TRn+k an isomorphism v : TM ⊕ ν(i)
∼=−→ Rn+k.

We get from f , u and v an isomorphism of bundles covering the identity on
M

TM ⊕Ra = TM ⊕ f∗Ra idTM ⊕f∗u−−−−−−−→ TM ⊕ f∗(ξ⊕ η)
flip−−→ f∗η⊕TM ⊕ f∗ξ

idf∗η ⊕ idTM ⊕f
−1

−−−−−−−−−−−−→ f∗η⊕ TM ⊕ ν(i)
idf∗η ⊕v−−−−−→ f∗η⊕Rn+k = f∗(η⊕Rn+k).

This is the same as a bundle map (f, g) : TM ⊕ Ra → η ⊕ Rn+k cover-

ing f . We obtain a preferred isomorphism w : Oη⊕Rn+k

∼=−→ Oξ from u and

Lemma 4.23 (iv). Define the image of the class of (M, i, f, a, ξ, f , o) un-
der φn(k) to be the class of (M,f, a, η ⊕ Rn+k, g, o ◦ w) One easily checks
that this is well-defined and that the maps φn(k) fit together to a map
φn : NMn(X) → NT n(X). By the analogous construction one gets an in-
verse. ut

Notation 6.40. In view of Theorem 6.26 and Lemma 6.39 we often identify
for a w-oriented finite n-dimensional Poincaré complex X = (X,OX , [[X]])
the sets NIn(X) = NMn(X) = NT n(X) and write N (X) for short.

Theorem 6.41 (Normal Maps and G/O).

(i) Let X be a w-oriented finite n-dimensional Poincaré complex. If Nn(X)
is non-empty, then there is a free transitive action of [X,G/O] on Nn(X).
Hence any choice of an element in Nn(X) gives a bijection

[X,G/O] ∼= Nn(X);

(ii) Let M be a closed n-dimensional manifold. Then the set Nn(M), which is
to be understood with respect to OM and the intrinsic fundamental class
[[M ]], is non-empty and comes with a preferred base point, and there is
a canonical bijection

[M,G/O] ∼= Nn(M)

Proof. (i) This follows from Theorem 6.17.

(ii) The preferred base point in Nn(M) is given by idM , idTM , and idOM .
Now the claim follows from assertion (i). ut

Exercise 6.42. Let S be a connected closed 2-dimensional manifold. Using
the fact that G/O is simply connected and π2(G/O) is Z/2 show that N2(S)
consists of precisely two elements.

The next theorem essentially says that the degree is a bordism invari-
ant. Actually, it contains the stronger statement that also the degree of the
bordism (with cylindrical target) itself is fixed.
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Theorem 6.43 (Bordism invariance of the degree). Let (X,OX) be
a finite n-dimensional Poincaré complex. For m = 0, 1, let Mm be a closed
n-dimensional manifold, f : Mm → X be a map and om : OM → f∗mOX be
an isomorphism of infinite cyclic local coefficient systems over Mm. Suppose
that (M0, f0, o0) and a (M1, f1, o1) are bordant in the following sense:

• There is a compact manifold W of dimension n+1 whose boundary ∂W is
the disjoint union ∂0W q ∂1W ;

• There are diffeomorphisms um : Mm → ∂mW for m = 0, 1;
• There is a map F : W → X× [0, 1] satisfying lm ◦fm = F ◦km ◦um, where
km : ∂mW →W is the inclusion and lm : X → X× [0, 1] sends x to (x,m)
for m = 0, 1;

• Let pr: X × [0, 1]→ X be the projection. Let (um, um) : R⊕ TMm → TW
be the bundle map induced by Tum with respect to some inward normal
vector field field for m = 0 and for some outward normal vector field for
m = 1. Let κm : OMm

= OTMm
→ OTMm⊕R be the isomorphism coming

from Lemma 4.23 (i). Put ̂lm ◦ um = oum ◦ κm : OMm

∼=−→ u∗ml
∗
mOW .

We require the existence of an isomorphism of infinite cyclic local coeffi-
cient systems O : OW → F ∗ pr∗OX , such that for m = 0, 1 the following
diagram

OMm

om //

̂lm◦um
��

f∗mOX

id

��
u∗ml

∗
mOW u∗ml

∗
mO

// u∗ml
∗
mF
∗ pr∗OX

commutes.

Then we get in Hn(X;OX) the equality

Hn(f0, o0)([[M0]]) = Hn(f1, o1)([[M1]]) = σ ◦Hn+1(F, ∂F ;O)([[W ; ∂W ]]),

where σ : Hn+1(X × [0, 1], X ×{0, 1}; pr∗X OX)
∼=−→ Hn(X;OX) is the suspen-

sion isomorphism and ∂F = F |∂W : ∂W → X × {0, 1}.

Proof. The following diagram
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Hn+1(W,∂W ;OW )
Hn(F,∂F ;O) //

∂n+1

��

Hn+1(X × [0, 1], X × {0, 1}; pr∗X OX)

∂n+1

��
Hn(∂W ;OW |∂W )

Hn(∂F ;O|∂W ) // Hn(X × {0, 1}; pr∗X OX |X×{0,1})

Hn(M0,OM0
)

⊕
Hn(M1,OM1)

Hn(l0 ◦ u0; l̂0 ◦ u0)
⊕

Hn(l1 ◦ u1; l̂1 ◦ u1)

∼=

OO

Hn(f0; o0)
⊕

Hn(f1; o1)
//
Hn(X;OX)

⊕
Hn(X;OX)

Hn(l0; l̂0)
⊕

Hn(l1; l̂1)

∼=

OO

commutes. Moreover, we get using Lemma 4.30 and Lemma 4.34

∂n+1 ◦Hn(F ;O)([[W ]])(6.44)

= Hn(∂F ;O|∂W ) ◦ ∂n+1([[W ]])

= Hn(∂F ;O|∂W )([[∂W ]])

= Hn(∂F ;O|∂W ) ◦
(
Hn(u0; û0)⊕Hn(u1; û1)

)
(−[[M0]], [[M1]]))

= Hn(l0; l̂0)⊕Hn(l1; l̂1)
(
−Hn(f0, o0)([[M0]]), Hn(f1, o1)([[M1]])

)
,

where we get two different signs in front of [[Mi]] because of the different
choice of inward and outward normal vector field. The sequence

Hn+1(X×[0, 1], X×{0, 1}; pr∗X OX)
∂n+1−−−→ Hn(X×{0, 1}; pr∗X OX |∂X×[0,1])

Hn(j;j)−−−−−→ Hn(X × [0, 1]; pr∗X OX)

for j : ∂(X × [0, 1]) → X × [0, 1] the inclusion and j : pr∗X OX |∂X×[0,1]

∼=−→
j∗ pr∗X OX the obvious isomorphism is exact. The composite

Hn(X;OX)⊕Hn(X;OX)
Hn(l0;l̂0)⊕Hn(l1;l̂1)−−−−−−−−−−−−−→ Hn(X×{0, 1}; pr∗X OX |X×{0,1})

Hn(j;j)−−−−−→ Hn(X × [0, 1]; pr∗X OX)
Hn(prX)−−−−−−→ Hn(X;OX)

agrees with idHn(X;OX)⊕ idHn(X;OX). SinceHn(l0; l̂0)⊕Hn(l1; l̂1) andHn(prX)
are bijective, the image of

(6.45)

Hn+1(X×[0, 1], X×{0, 1}; pr∗X OX)
∂n+1−−−→ Hn(X×{0, 1}; pr∗X OX |X×{0,1})

(Hn(l0;l̂0)⊕Hn(l1;l̂1))−1

−−−−−−−−−−−−−−−−→ Hn(X;OX)⊕Hn(X;OX)
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is {(x,−x) | x ∈ Hn(X;OX)}. This implies

Hn(f0, o0)([[M0]]) = Hn(f1, o1)([[M1]]).

Since the suspension isomorphism σ is the composite of the map (6.45) with
the projection onto the second factor, we get

Hn(f1, o1)([[M1]]) = σ ◦Hn(F ;O)([[W ; ∂W ]]).

ut

Lemma 6.46. Let (X,OX , [[X]]) be a w-oriented finite n-dimensional Poin-
caré complex. Let (M0, f0, a0, ξ0, f0, o0) and (M1, f1, a1, ξ1, f1, o1) be normal
maps with respect to the tangent bundle with target (X,OX). Suppose that
(M0, f0, a0, ξ0, f0, o0) has degree one and (M1, f1, a1, ξ1, f1, o1) is obtained
from (M0, f0, a0, ξ0, f0, o0) by a finite sequence of surgery steps described in
Definition 3.40.

Then also (M1, f1, a1, ξ1, f1, o1) has degree one and there is a normal bor-
dism with cylindrical target with respect to the tangent bundle of degree one
from (M0, f0, a0, ξ0, f0, o0) to (M1, f1, a1, ξ1, f1, o1).

Proof. Obviously we can assume without loss of generality that we have per-
formed precisely one surgery step. The desired normal bordism is described
in Theorem 3.39 (iv). The normal map (M1, f1, a1, ξ1, f1, o1) and the normal
bordism are of degree one by Theorem 6.43. ut

Lemma 6.47. Let X = (X,OX , [[X]]) be a w-oriented finite Poincaré com-
plex of dimension n. Then there exists a closed manifold M homotopy equiv-
alent to X only if there exists a normal map of degree one with target X.

Proof. Suppose f : M → X is a homotopy equivalence with a closed manifold
as source. Choose a homotopy inverse f−1 : X → M . Put ξ = (f−1)∗TM .
Then we can cover f by a bundle map f : TM → ξ. Since w1(OX) = w1(X) =

w1(M), we can choose an isomorphism o : Oξ
∼=−→ OX . Thus we get a normal

map of degree one with target X. By possibly composing o with some auto-
morphism of OX , we can arrange by Lemma 6.5 that it has degree one. ut

Recall that we started with Problem 3.1, then figured out that we have
to pass to Problem 6.1. since the conditions appearing in Problem 6.1 are
necessary. By Lemma 6.47 we come to the following

Problem 6.48 (Surgery problem). Suppose we have some normal map of
degree one from a closed n-dimensional manifold M to a w-oriented finite
n-dimensional Poincaré complex X. Can we modify it via a normal bordism
leaving X fixed to get a normal map such that the underlying map M → X
is a homotopy equivalence?



192 6 Normal Maps and the Surgery Problem

This is an important step forward since we now for the first time have
a candidate for a manifold which hopefully can be changed so that we can
solve Problem 6.48. Moreover, we know by Theorem 6.41 (i) how big the set
of normal maps N (X) is.

We have explained the surgery step in Definition 3.40. We get from The-
orem 3.43 and Lemma 6.47

Theorem 6.49 (Making a normal map highly connected). Let X be a
w-oriented connected finite n-dimensional Poincaré complex. Consider a nor-
mal map of degree one with respect to the tangent bundle (M0, f0, a0, ξ0, f0, o0)
with target X of degree one.

Then we can carry out a finite sequence of surgery steps to obtain a normal
map of degree one and (M1, f1, a1, ξ1, f1, o1) such that (M0, f0, a0, ξ0, f0, o0)
and (M1, f1, a1, ξ1, f1, o1) are normally bordant with cylindrical target and f1

is k-connected, where n = 2k or n = 2k + 1.

So we are finally confronted with the following

Problem 6.50 (Surgery problem for a highly connected map). Sup-
pose we have some normal map of degree one with respect to the tangent bun-
dle (M,f, a, ξ, f , o) from a closed n-dimensional manifold M to a w-oriented
connected finite Poincaré complex X of dimension n such that the map f is
(bn/2c)-connected. Can we change M and f by finitely many surgery steps

to get a normal map (M ′, f ′, a′, ξ′, f
′
, o′) from a closed manifold M ′ to X

such that f ′ is a homotopy equivalence?

This problem cannot always be solved, there will be surgery obstructions.
Here is a first and very basic example for a surgery obstruction

Remark 6.51 (The signature as a surgery obstruction). Suppose that
X appearing in Problem 6.50 is orientable, i.e., w1(X) = 0, connected, and
of dimension n = 4k. Recall that we have the isomorphism α : OM → f∗OX .

Fix an isomorphism ω : OX
∼=−→ Z, where Z is the trivial local coefficient sys-

tem on X with value Z. Hence we also get an isomorphism ωM : OM
∼=−→ Z

of local coefficient systems over M by the composite f∗ω ◦ α. From ωM and

ωX we obtain isomorphisms Hn(M ;OM )
∼=−→ Hn(M ;Z) and Hn(X;OX)

∼=−→
Hn(X;Z) and denote by [M ] ∈ Hn(M ;Z) and [X] ∈ Hn(X;Z) the im-
ages of [[M ]] and [[X]]. Then [M ] and [X] are fundamental classes for
M and X and Hn(f ;Z) : Hn(M ;Z) → Hn(X;Z) sends [M ] to [X]. Let
sign(M ; [M ]) and sign(X; [X]) be the signatures of M and X with re-
spect to these fundamental classes. We leave it to the reader to check that
sign(M ; [M ])−sign(X; [X]) is a normal bordism invariant using Theorem 4.72
and that sign(M ; [M ]) − sign(X; [X]) vanishes, if f is a homotopy equiva-
lence. Hence we see an obstruction to solve the Surgery Problem 6.50, namely
sign(M ; [M ])− sign(X; [X]) must be zero.

We will see that this is the only obstruction if X is a simply connected
orientable 4k-dimensional Poincaré complex for k ≥ 2. If X is not simply
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connected, the vanishing of sign(M ; [M ])−sign(X; [X]) will not be sufficient,
more complicated surgery obstructions will occur.

Example 6.52 (The degree 3 Example). Let M be a closed connected
n-dimensional manifold. Then we obtain a normal map (with respect to the
tangent bundle) with target (M,OM ) by the map

idM q idM q idM : N := M qM qM →M

covered by the bundle map

idTM q idTM q idTM : TM q TM q TM → TM

and o = idOM . Obviously the image of the intrinsic fundamental class of
[[M qM qM ]] under the map Hn(M qM qM ;OMqMqM )→ Hn(M ;OM )
is 3 · [[M ]].

We conclude from Theorem 6.43 that the normal map above is not nor-

mally bordant to a normal map (M ′, f ′, a′, ξ′, f
′
, o′) of degree one with target

(M,OM ) such that M ′ is connected.

Remark 6.53 (Coupling between the bundle data and the degree
one condition). Example 6.52 seems to contradict on the first glance some
of the folklore statements one can find in the literature. Namely, choose a
fundamental class [M ] ∈ Hn(M ;Z). Let M+ be M with the orientation
given by [M ] and let M− be M with the orientation given by −[M ]. Then
idM q idM q idM qM+ qM− qM+ → M+ has degree one in the classical
sense and there is the claim that one can apply surgery so that the resulting
normal map using the bundle map idTM q idTM q idTM : TMqTMqTM →
TM has a connected source and degree one. However, Example 6.52 predicts
that this is not true.

So what is going wrong in the naive setting? Suppose that we want to
perform surgery to connect the first and the second summand in M+qM−q
M+ →M+. This essentially means that we want to pass from M+ qM− q
M+ → M+ to (M+]M−) q M+ → M+. Notice that the connected sum
M+]M− depends on the choice of orientation of the two summands since
depending on this choice we have to use a specific embedding of Dn into
M+ and M− to create M+]M−. It turns out that the bundle data cannot
be extended in the case M+ qM−, they can only be extended in the case
M+ qM+.

Roughly speaking, in our setting there is a coupling between the bundle
data and the condition degree one, since α : OM → OX does depend on the
bundle data. This coupling is missing in the naive setting, where we just
changed the fundamental class of the second summand, and this lack causes
the wrong conclusion mentioned above.

The necessary coupling can be seen in the naive setting as follows. Let
M be a (not necessarily connected) closed manifold of dimension n with
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w1(M) = 0 coming with a choice of a fundamental class [M ] ∈ Hn(M ;Z).
Let X be a connected finite Poincaré complex of dimension n with w1(X) = 0
coming with a choice of fundamental class [X] ∈ Hn(X;Z). Let f : M → X
be a map of degree one covered by bundle data f : TM ⊕ Ra → ξ such that
w1(ξ) = w1(X). Consider any two points x0 and x1 in M and any path
w from f(x0) to f(x1). The fundamental class [M ] determines fundamen-
tal classes [Cm] ∈ Hn(Cm;Z) for m = 0, 1, where Cm is the component
of M containing xm. They determine a preferred orientation on TxmM and
hence also on (TM ⊕ Ra)xm for m = 0, 1. We get from the fiber trans-

port along w an isomorphism ξf(x0)

∼=−→ ξf(x1). This together with the iso-

morphism fxm : (TM ⊕ Ra)xm
∼=−→ ξm for m = 0, 1 yield an isomorphism

u : Tx0
M⊕Ra

∼=−→ Tx1
M⊕Ra. The coupling is the requirement that u respects

the orientations above coming from [M ]. The requirement is independent of
the choice of the path w because of the assumption w1(ξ) = w1(X) = 0.

This coupling is automatically satisfied if M is connected and it is com-
patible with surgery. However, this coupling is not satisfied in the case
idM q idM q idM : M+ q M− q M+ → M+ covered by the bundle map
idTM q idTM q idTM : TM q TM q TM → TM . Hence

(idM q idM q idM , idTM q idTM q idTM )

cannot be viewed as a normal map of degree one in the sense of Defini-
tion 6.29.

We remark that it also follows from the above discussion that if u : TM →
TM is an orientation reversing bundle map covering the identity on M then

(idM q idM q idM , idTM q(u ◦ idTM )q idTM )

gives a degree one normal map in the sense of Definition 6.29.

6.4 Miscellaneous

We give more information about the space G/O in Section 11.7 and about
its analogues G/PL and G/TOP in Chapter 16. This information will then
be applied in Chapters 11, 17 and 18.
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Chapter 7

The Even Dimensional Surgery
Obstruction

7.1 Introduction

In this chapter we shall give the solution to the surgery problem in even
dimensions. Let (f, f) : M → X be a degree one normal map from a closed
2k-dimensional manifold M to a Poincaré complex X. The surgery prob-
lem, stated as Problem 6.50, is to determine whether we can change the
normal map (f, f) by finitely many surgery steps to obtain a normal map
(g, g) : N → X from a closed manifold N to X such that g is a homotopy
equivalence. We have already seen in Theorem 6.49 that we can arrange f to
be k-connected. So it remains to achieve that f is (k+ 1)-connected because
then f is a homotopy equivalence by Poincaré duality, see Lemma 7.38 (iii)
and (iv) below. We now want to do further surgery on elements in πk+1(f)
to turn f into a (k + 1)-connected map. It will turn out that this is not pos-
sible in general and that we will encounter an obstruction, called the surgery
obstruction,

σ(f, f) ∈ L2k(Zπ,w).

Here (Zπ,w) is the group ring Zπ with w-twisted involution defined in (2.25)
and the even dimensional L-groups L2k(Zπ,w) are defined in Section 7.5 as
certain equivalence classes of non-singular quadratic forms over (Zπ,w).

Theorem 7.109 and its intrinsic version Theorem 7.164 state that if k ≥ 3,
then σ(f, f) is a complete obstruction to converting (f, f) into a normal map
such that f is a homotopy equivalence and that σ(f, f) depends only on the
normal bordism class with cylindrical target.

7.1.1 The Nature of the Surgery Obstruction

The surgery obstruction will arise from the following two facts. Firstly, given
elements ω0 and ω1 in πk+1(f) defining immersions qi : S

k #M , i = 0, 1, we
cannot in general find regular homotopies of the qi so that their images in M
are disjoint: this is a necessary condition to kill both ω0 and ω1 via simulta-
neous surgeries. If we put q0 and q1 in general position, we may encounter
intersection points which are measured by the equivariant intersection pairing
of M defined in Subsection 7.3.1. This is a pairing

λ : Ik(M)× Ik(M)→ Zπ,
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where Ik(M) is the Zπ-module of regular homotopy classes of immersions
of the k-sphere in M , see Lemma 7.18. Secondly, even if all the elements
ω ∈ πk+1(f) on which we want to do surgery are represented by disjoint
immersions, we cannot in general do surgery on each element ω ∈ πk+1(f).
The main obstacle is that an immersion q : Sk # M associated to ω may
not be regularly homotopic to an embedding. This assumption appears in
Theorem 3.39 (iii). To handle this problem, we introduce in Subsection 7.3.2
equivariant self-intersection elements µ(q) for immersions q : Sk →M . These
define a function

µ : Ik(M)→ Q(−1)k(Zπ,w),

where the abelian group Q(−1)k(Zπ,w) is a quotient of Zπ, see (7.21). A
fundamental theorem of Wall states that for k ≥ 3 we have µ(q) = 0 if
and only f is regularly homotopic to an embedding, see Theorem 7.27. The
main tool in the proof is the Whitney trick which allows us to get rid of two
of the double points under certain algebraic conditions. To place λ and µ
in a wider algebraic setting, we introduce the kernel Zπ-modules K∗(M̃) in

Subsection 7.4.1. The kernel Zπ-module Ki(M̃) is defined to be the kernel

of the homomorphism f̃∗ : Hi(M̃) → Hi(X̃) where X̃ → X is the universal

covering of X and M̃ →M is the induced cover of M . When f is k-connected,
there is an Zπ-module homomorphism

α : Kk(M̃)→ Ik(M),

defined in (7.57), which relates Kk(M̃) and Ik(M). Moreover, if the induced
homomorphism f∗ : π1(M) → π1(X) is an isomorphism, then Whitehead’s
Theorem implies that f is a homotopy equivalence if and only if all the
kernel groups vanish, see Lemma 7.38 (iv).

In Subsection 7.4.3 we show that if f is k-connected, then λ and µ induce
via α the structure of a non-singular (−1)k-quadratic form on the surgery

kernel Kk(M̃). This form is denoted by (Kk(M̃), s, t). We also show that we

are able to kill the surgery kernel Kk(M̃) by finitely many surgery steps if and
only if, after perhaps adding a standard (−1)k-hyperbolic form H(−1)k(Zπa)

for some a, the (−1)k-quadratic form (Kk(M̃), s, t) is isomorphic to a stan-
dard (−1)k-hyperbolic form H(−1)k(Zπb) for some b, see Theorem 7.88. We
point out that surgery on a standard generator of a hyperbolic summand
not only kills that generator, or equivalently one direct summand Zπ in the
surgery kernel, but in fact such a surgery kills an entire hyperbolic summand
H(−1)k(Zπ); i.e., we kill two generators with such a surgery, or, equivalently,
a summand Zπ ⊕ Zπ.

This leads naturally to the definition of the even-dimensional L-groups in
Section 7.5 as the groups generated by isomorphism classes of non-singular
(−1)k-quadratic forms over finitely generated free Zπ-modules, modulo the
relation defined by setting the standard hyperbolic form to zero. The surgery
obstruction in even dimensions is then defined in Section 7.6 by
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σ(f, f) = [(Kk(M̃), s, t)] ∈ L2k(Zπ,w).

7.1.2 The Intrinsic Versions

The descriptions above make sense only after certain choices including base
points which one has to get rid off. This is very easy for instance for the White-
head group and the Whitehead torsion, compare Definition 2.21, whereas in
L-theory this is a deeper problem which has to be taken serious. One diffi-
culty is that the conjugation cg : G → G with g ∈ G induces on Ln(ZG,w)
the automorphisms w(g) · id and not just the identity, see Lemma 7.149.
To get the functoriality of the L-groups right, one may think that one can
consider the category R whose objects are pairs (X,w1(X)) consisting of a
path connected space X and an element w1(X) ∈ H1(X;Z/2) and whose
morphisms f : (X,w1(X)) → (Y,w1(Y )) are given by maps f : X → Y with
f∗w1(Y ) = w1(X), and to define the associated functor R → Z-MOD by
sending (X,w1(X)) to L2k(Zπ1(X,x), w1(X)) for some choice of base points
x ∈ X. However, it turns out that one has to replace R by the follow-
ing larger category R. Objects are pairs (X,OX) consisting of a space X
and an infinite cyclic coefficient system OX over X, i.e., a covariant func-
tor OX : Π(X) → Z-MOD, such that that its value at each object is an
infinite cyclic group. A morphism (u, u) : (X0,OX0

)→ (X1,OX1
) consists of

a map u : X0 → X1 and a natural transformation u : OX0 → OX1 ◦ Π(u).
Notice that R is a quotient of R. All of this is explained and carried out
in Section 7.7 and leads to the intrinsic L-groups L2k(ZΠ(X);OX) and the
intrinsic surgery obstruction, see Definition 7.155 and Theorem 7.164.

7.1.3 The Simply Connected Case

The simply connected case is comparatively easy and fully understood. The
values of the L-groups and the surgery obstruction in the simply connected
case are presented in Subsections 7.5.2, 7.5.3 and 7.7.6. The L-groups vanish
in odd dimensions, so there are no surgery obstructions in the simply con-
nected case. In even-dimensions L4k(Z) = Z and the surgery obstruction is
given by the difference of signatures, and L4k+2(Z) = Z/2 and the surgery
obstruction is given by the Arf invariant. In Theorem 7.170 we describe the
solution to the Problem 6.1 when a finite Poincaré complex is homotopy
equivalent to a closed manifold, in the simply connected case.
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7.1.4 The Surgery Problem Relative Boundary and
Wall’s Realisation Theorem

In Section 7.8 we consider the surgery problem for normal maps of degree one
relative boundary, of pairs (f, f) : (M,∂M) → (X, ∂X), where (X, ∂X) is a
2k-dimensional connected Poincaré pair, (M,∂M) is a compact 2k-manifold
with boundary ∂M and the restriction of f to the boundary ∂f : ∂M → ∂X
is a homotopy equivalence. The surgery problem is now to convert (f, f) into
a normal homotopy equivalence of pairs via a finite number of surgery steps
in the interior of the domain manifold. As in the closed case, the techniques
of surgery below the middle dimension ensure that we can arrange f to be
k-connected. Again, however, we encounter a surgery obstruction

σ(f, f) ∈ L2k(Zπ,w).

Theorem 7.186 states that when k ≥ 3, σ(f, f) is a complete obstruction to
converting (f, f) into a homotopy equivalence of pairs by a finite sequence of
surgeries in the interiors of the domain manifolds.

The surgery problem relative boundary plays a key role in the surgery clas-
sification of manifolds as suggested by the Surgery Program, see Remark 1.9.
Here we are interested in deciding whether two homotopy equivalent man-
ifolds M0 and M1 of dimension (2k − 1) are diffeomorphic. Surgery theory
first asks us to determine whether M0 and M1 are normally cobordant over
M0 × I and then analyses the normal cobordisms between M0 and M1 via
their surgery obstructions.

In this setting a fundamental fact is Wall’s Realisation Theorem 7.192. A
consequence of Wall Realisation Theorem in even dimensions is that if X is a
compact connected (2k−1)-manifold, then every element x ∈ L2k(Zπ,w) can
be realised as the surgery obstruction relative boundary of some degree one
normal map of pairs relative boundary (f, f) : (M,∂M)→ (X×I, ∂(X×I)).
An application of this result is then given in Chapter 10 where the geometric
surgery exact sequence is constructed providing us with the final solution of
the Surgery Program.

Guide 7.1. This chapter is written in such a way that one can start reading
it without knowing the previous chapters. For this purpose one should ignore
the material about intrinsic versions and not worry about all the necessary
choices such as the choice (BNP), see Notation 7.5. One can just start with
the definition of a normal Γ -map and consider only the universal covering
case, see Notation 7.33. The goal of this chapter is then to understand the
definition of the quadratic L-groups L2k(Zπ,w) for the group ring Zπ with
the w-twisted involution and of the surgery obstruction as it appears in The-
orem 7.109.
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One may also skip the detailed reading of Subsections 7.5.2, 7.5.3 and 7.6.2
and just believe the main statements. Subsections 7.7.7 and 7.8.4 can be
skipped without harm.

An equivalent geometric approach to the surgery groups and the surgery
obstruction is presented in Chapter 12.

7.2 Normal Γ -Maps

Recall that we have introduced the notion of a connected finite Poincaré
complex in Definition 4.43 and could pass from the category of modules over
the fundamental groupoid to the more familiar category of modules over a
group ring, see Convention 4.49. We want to introduce a similar simplification
for normal maps.

Let X be a finite n-dimensional Poincaré complex with Stiefel-Whitney
class w1(X) ∈ H1(X;Z/2). For simplicity we suppose that X is connected.

Let Γ be a group and w : Γ → {±1} be a group homomorphism. Let p̂X : X̂ →
X be a Γ -covering such that for the classifying map up̂X : X → BΓ the
induced map u∗p̂X : H1(BΓ ;Z/2) → H1(X;Z/2) sends w to w1(X). Let [X]

be a generator of the infinite cyclic group HΓ
n (X;Zw) = Hn(Zw⊗ZΓ C∗(X̂)).

Exercise 7.2. Show that HΓ
n (X;Zw) is infinite cyclic.

Definition 7.3 (Normal Γ -map of degree one).

A normal Γ -map of degree one (M, [M ], f, f̂ , a, ξ, f) with target (X, [X], p̂X)
consists of the following data:

• A connected closed manifold M of dimension n with a generator [M ] of
the infinite cyclic group HΓ

n (M ;Zw);
• A map f : M → X such that the map H1(f) : H1(X;Z/2)→ H1(M ;Z/2)

sends w1(X) to w1(M);

• A Γ -covering p̂M : M̂ →M and a Γ -map f̂ : M̂ → X̂ covering f ;
• We require that the map HΓ

n (M ;Zw) → HΓ
n (X;Zw) induced by f̂ sends

[M ] to [X];
• A vector bundle ξ over X;
• A bundle map (f, f) : TM ⊕ Ra → ξ covering f for some natural number
a.

Sometimes we abbreviate (M, [M ], f, f̂ , a, ξ, f) by (f, f). The following di-
agram reflects all the data appearing in Definition 7.3 above:



200 7 The Even Dimensional Surgery Obstruction

TM ⊕ Ra
f //

��

ξ

��

M̂

p̂Mzz

f̂ // X̂

p̂X��
M

f // X

where the square involving the Γ -coverings is a pull back. Moreover, we have
fundamental classes and the degree one condition.

Of course the most important choice for Γ and p̂X is π1(X,x) and the

universal covering p̃X : X̃ → X, see Notation 7.33. One can also consider
Γ = {1} and p̂ = idX .

Remark 7.4 (Comparing Definition 6.29 and Definition 7.3). We rec-
ommend the reader to work with Definition 7.3 as long as possible. It is closer
to the standard definition as it appears in the literature and easier to handle
than Definition 6.29. However, in the long run we will have to deal with Def-
inition 6.29, namely, when we want to define the L-groups and the surgery
obstructions intrinsically without choosing base points. We will see that this
is not only for cosmetic reasons later, see Remarks 7.141, 7.157 and 7.159.

At this point we at least want to explain how the more general Defini-
tion 6.29 boils down to Definition 7.3 as long as we assume that M and X
are connected and we make choices.

Consider a normal map with respect to the tangent bundle of degree one
(M,f, a, ξ, f , o) in the sense of Definition 6.29 such that M and X are con-

nected, and a Γ -covering p̂X : X̂ → X. Next we explain how it determines a
normal Γ -map in the sense of Definition 7.3 after we have made the following
choice:

Notation 7.5 (Choice (NBP)).

• Base points m ∈M , x̂ ∈ X̂ and x ∈ X with pX(x̂) = x = f(m);

• An isomorphism ox : OX(x)
∼=−→ Z;

• A group homomorphism w : Γ → {±1} such that for the classifying map
up̂X : X → BΓ of p̂ the induced map u∗p̂X : H1(BΓ ;Z/2) → H1(X;Z/2)
sends w to w1(X).

We define f̂ and p̂M by the pullback

M̂

p̂M

��

f̂ // X̂

p̂X

��
M

f
// X
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Let m̂ ∈ M̂ be the point uniquely determined by p̂M (m̂) = m and f̂(m̂) = x̂.

We get an isomorphism Of (m) : OM (m)
∼=−→ OX(x) from the bundle data

and hence ox : OX(x)→ Z defines also an isomorphism

om : OM (m)
∼=−→ Z.

Thus we have made a choice (BP), see Notation 4.6, for p̂M and p̂X ,
namely (m, m̂, om, w) and (x, x̂, ox, w). Recall that we obtain from the various
maps (4.13) isomorphisms

βM : HΓ
n (Zw ⊗ C∗(M̂))

∼=−→ Hn(M ;OM );

βX : HΓ
n (Zw ⊗ C∗(X̂))

∼=−→ Hn(X;OX),

and the following diagram commutes

HΓ
n (Zw ⊗ C∗(M̂))

βM

��

HΓn (f̂ ;Zw) // HΓ
n (Zw ⊗ C∗(X̂))

βX

��
Hn(M ;OM )

Hn(f ;α)
// Hn(X;OX).

Define [M ] ∈ HΓ
n (Zw ⊗C∗(M̂)) to be the image of the intrinsic fundamental

class [[M ]] of Definition 4.29 and [X] to be the image of [M ] under Hn(f̂ ;Zw).
Also note that the map o : Oξ → OX together with ox induce an isomo-

prhism
Hn+a(Th(ξ); p∗Oξ)→ Hn+a(Th(ξ); p∗Zw)

and we define uξ to be the image of the intrinsic orientation Uξ.
Then [M ] and [X] and uξ are generators and we obtain a normal Γ -

map of degree one with target (X, [X], p̂X) in the sense of Definition 7.3 by

(M, [M ], f, f̂ , a, ξ, f).

Next we describe the relevant bordism relation, where we allow the target
of the bordism also to vary and not necessarily be the cylinder.

Namely, for m = 0, 1, let Xm be a finite n-dimensional Poincaré com-
plex with Stiefel-Whitney class w1(Xm) ∈ H1(Xm;Z/2). Let Γ be a group,

and w : Γ → {±1} be a group homomorphism. Let p̂m : X̂m → Xm be
a Γ -covering such that for the classifying map up̂m : Xm → BΓ the in-
duced map u∗p̂m : H1(BΓ ;Z/2) → H1(Xm;Z/2) sends w to w1(Xm). Let

[Xm] ∈ Hn
Γ (Xm;Zw) = Hn(Zw ⊗ZΓ C∗(X̂m)) be a componentwise generator,

see Definition 6.4.

Definition 7.6 (Bordism of normal Γ -maps of degree one). Consider

two normal Γ -maps of degree one (M0, [M0], f0, f̂0, a0, ξ0, f0) with target

(X0, [X0], p̂0) and (M1, [M1], f1, f̂1, a1, ξ1, f1) with target (X1, [X1], p̂1).
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A normal bordism of normal Γ -maps of degree one

(W, [W,∂W ], Y, ∂Y, [Y, ∂Y ], F, F̂ , a, Ξ, F )

from (M0, [M0], f0, f̂0, a0, ξ0, f0) to (M1, [M1], f1, f̂1, a1, ξ1, f1) consists of:

• A compact manifold W of dimension (n+1) whose boundary ∂W is the
disjoint union ∂0W q ∂1W ;

• A finite (n+1)-dimensional Poincare pair (Y, ∂Y ) such that ∂Y is the dis-
joint union ∂0Y q ∂1Y ;

• Diffeomorphisms um : Mm → ∂mW and isomorphisms of CW -complexes
vm : Xm → ∂mY for m = 0, 1;

• A map F : W → Y satisfying lm ◦ vm ◦ fm = F ◦ km ◦ um, where the
map km : ∂mW → W and lm : ∂mY → Y are the obvious inclusions for
m = 0, 1;

• A Γ -covering p̂Y : Ŷ → Y and Γ -maps ̂lm ◦ vm : X̂m → Ŷ covering lm ◦vm
for m = 0, 1;

• A Γ -covering p̂W : Ŵ →W and a Γ -map F̂ : Ŵ → Ŷ covering F : W → Y ;

• There are Γ -maps ̂km ◦ um : M̂m → Ŵ covering km ◦ um for m = 0, 1

satisfying ̂lm ◦ vm ◦ f̂m = F̂ ◦ ̂km ◦ um;
• A choice of a componentwise generator [Y, ∂Y ] ∈ HΓ

n+1(Y, ∂Y ;Zw);
• A choice of a componentwise generator [W,∂W ] ∈ HΓ

n+1(W,∂W ;Zw);
• We require that the map HΓ

n+1(W ; ∂W,Zw)→ HΓ
n+1(Y ; ∂Y ;Zw) induced

by f̂ sends [W,∂W ] to [Y, ∂Y ] and that the image of [W,∂W ] under the
map

HΓ
n+1(W,∂W ;Zw)

∂−→ HΓ
n (∂W ;Zw)

∼=−→ HΓ
n (∂0W ;Zw)⊕HΓ

n (∂1W ;Zw)
∼=−→ HΓ

n (M0;Zw)⊕HΓ
n (M1;Zw)

is (−[M0], [M1]) and analogously for [Y, ∂Y ], −[X0], and [X1];
• A vector bundle Ξ over Y and a bundle map (F, F ) : TW

⊕
Rb → Ξ for

some natural number b satisfying b ≥ am for m = 0, 1;
• Bundle maps (lm ◦ vm, lm ◦ vm) : ξm ⊕ Rb+1−am → Ξ such that

(F, F ) ◦
(
(um, um)⊕ (um, idRb+1−am )

)
◦ (idTM ⊕flip, idM )

= (lm ◦ vm, lm ◦ vm) ◦
(
(fm, fm)⊕ (fm, idRb+1−am )

)
holds, where (um, um) : TMm ⊕ R → TW is the bundle map induced by
Tum with respect to some inward normal vector field for m = 0 and for
some outward normal vector field for m = 1, and flipm : Rb+1 = Ram ⊕
R⊕ Rb−am → Rb+1 = R⊕ Ram ⊕ Rb−am is the flip map.

Let us illustrate this complicated definition. The following diagram reflects
the data we have on the space level
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M0
f0 //

u0 ∼=
��

X0

v0∼=
��

∂0W

k0
��

∂0Y

l0
��

W
F // Y

∂0W

k1

OO

∂0Y

l1

OO

M1
f1 //

u1 ∼=

OO

X1.

∼= v1

OO

Moreover, there is a Γ -covering pY : Ŷ → Y such that all other Γ -coverings
are (up to Γ -isomorphism) given by the pullback with the various maps or
composite of maps with target Y , namely, we have the commutative diagram
of Γ -spaces

M̂0
f̂0 //

k̂0◦u0
��

X̂0

l̂0◦v0
��

Ŵ
F̂ // Ŷ

M̂1
f̂1 //

k̂1◦u1

OO

X1.

l̂1◦v1

OO

Moreover, everything is covered by appropriate bundle data and we have
fundamental classes and the degree one condition.

If the normal Γ -maps of degree one have the same target, we will also
consider the following more restrictive bordism relation.

Definition 7.7 (Bordism of normal Γ -maps with cylindrical target of

degree one). Let (M0, [M0], f0, f̂0, a0, ξ0, f0) and (M1, [M1], f1, f̂1, a1, ξ1, f1)
be two normal Γ -map of degree one which have the same target (X, p̂, [X]).

A normal bordism of normal Γ -maps with cylindrical target of degree one

(W, [W,∂W ], Y, ∂Y, [Y, ∂Y ], F, F̂ , a, Ξ, F )

from (M0, [M0], f0, f̂0, a0, ξ0, f0) to (M1, [M1], f1, f̂1, a1, ξ1, f1) is a normal
bordism of normal Γ -maps of degree one in the sense of Definition 7.6 such
that

• (Y, ∂Y ) is the cylinder (X × [0, 1], X × {0, 1});
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• We have ∂mY = X × {m}, and lm ◦ vm : X → Y = X × [0, 1] sends x to
(x,m) for x ∈ X and m = 0, 1;

• The Γ -covering p̂Y : Ŷ → Y is the pullback of the Γ -covering p̂X : X̂ → X
with the projection Y = X × [0, 1]→ X;

• For m = 0, 1, the Γ -map ̂lm ◦ vm : (lm ◦ vm)∗p̂Y → p̂X covering the inclu-
sion lm ◦ vm : X → Y = X × [0, 1] is the obvious one.

7.3 Intersection and Self-intersection Pairings

Let (f, f) : M → X be a k-connected normal Γ -map of degree one where
M and X have dimension 2k. In order to solve the surgery problem for
(f, f), we have to understand the obstruction to representing a collection
of elements ω1, ω2, . . . , ωa ∈ πk+1(f) by disjoint embeddings qi : S

k ↪→ M
with trivial normal bundle (and with null-homotopies of the maps f ◦ qi).
By Theorem 3.39, the homotopy classes ∂ωi ∈ πk(M) can be represented
by immersions qi : S

k # M , and by general position we can assume that
the images of the qi intersect transversally in isolated points. The key idea
is to assign to each intersection point d ∈ D := qi(S

k) ∩ qj(Sk) both a sign
ε(d) ∈ {±1}, and an element g(d) ∈ π = π1(M), which lies in the fundamental
group of M . If the sum Σd∈Dε(d)g(d) vanishes in Zπ, then the Whitney trick
leads to the existence of a regular homotopy of qi, ending at an immersion q′i
which is disjoint from qj . We describe these ideas in detail in Subsection 7.3.1.

In Subsection 7.3.2 we investigate the question when each qi is regular
homotopic to an embedding. Here we find that the obstruction is more subtle
and takes values in Q(−1k)(Zπ,w), a certain quotient of Zπ; defined in (7.21).

7.3.1 Intersections of Immersions

We are facing the problem to decide whether we can change an immersion
q : Sk # M within its regular homotopy class to an embedding, where M
is a compact manifold (possibly with non-empty boundary) of dimension
n = 2k. This problem occurs when we want to carry out a surgery step in
the middle dimension, see Theorem 3.39. We first deal with the necessary
algebraic obstructions and then address the question whether their vanishing
is also sufficient.

Notation 7.8 (Choice (GBP)). We fix base points s ∈ Sk and m ∈ M
and an orientation of TmM .

Assume that M is connected and k ≥ 2. We will consider pointed immer-
sions (q, w). These are immersions q : Sk # M together with a path w from
m to q(s). A pointed regular homotopy from (q0, w0) to (q1, w1) is a regular
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homotopy h : Sk × [0, 1]→M from h0 = q0 to h1 = q1 such that w0 ∗ h(s,−)
and w1 are homotopic paths relative end points. Here h(s,−) is the path
from q0(s) to q1(s) given by restricting h to {s}× [0, 1]. We denote by Ik(M)
the set of pointed regular homotopy classes of pointed immersions from Sk

to M :

Ik(M) := {(q, w) | q : Sk #M}/pointed regular homotopy.

We need the paths w to define the structure of an abelian group on Ik(M).
The sum of [(q0, w0)] and [(q1, w1)] is given by the connected sum along the
path w−0 ∗w1 from q0(s) to q1(s), where one has to arrange q0(s) 6= q1(s) by
a general position argument. The zero element is given by the composition
of the standard embedding Sk ↪→ Rk+1 ↪→ Rk+1 × Rk−1 = Rn with some
embedding Rn ↪→M and any path w from m to the image of s. The inverse
of the class of (q, w) is the class of (q ◦ a,w) for any base point preserving
diffeomorphism a : Sk → Sk of degree −1.

The fundamental group π = π1(M,m) operates on Ik(M) by composing
the path w with a loop at m. Thus Ik(M) inherits the structure of a Zπ-
module. Now suppose that (f, f) : M → X is a degree one normal Γ -map
from a 2k-manifold. The following lemma relates the relative homotopy group
πk+1(f) of f to the group of pointed immersions Ik(M).

Lemma 7.9. There is a natural Zπ-homomorphism tk : πk+1(f) → Ik(M)
for which the following diagram commutes

πk+1(f)
tk //

∂k+1 %%

Ik(M)

rkzz
πk(M)

where rk assigns to the regular homotopy class of an immersions tk(x) its
underlying homotopy class.

Proof. The construction of tk is analogous to the proof of Theorem 3.39 (ii)
which was based on Theorem 3.30. One must also take the paths to the
base point into account. Notice that an element in πk+1(f,m) is given by a
commutative diagram

Sk
q //

��

M

��
Dk+1

Q
// X

together with a path w from m to f(s) for a fixed base point s ∈ Sk. The
commutativity of the diagram above is obvious. ut

Next we want to define the geometric intersection pairing
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λ : Ik(M)× Ik(M)→ Zπ.(7.10)

Consider α0 = [(q0, w0)] and α1 = [(q1, w1)] in Ik(M). Choose represen-
tatives (q0, w0) and (q1, w1). We can arrange without changing the pointed
regular homotopy class that D = im(q0)∩ im(q1) is finite, for any y ∈ D both
the preimage f−1

0 (y) and the preimage f−1
1 (y) consists of precisely one point

and for any two points x0 and x1 in Sk with q0(x0) = q1(x1) we have

Tx0
q0(Tx0

Sk) + Tx1
q1(Tx1

Sk) = Tq0(x0)M.

The situation is illustrated in the following figure.

Figure 7.11 (Intersection pairing).

d

f(s0)

w0

f(s1)

w1m

Consider d ∈ D. Let x0 and x1 in Sk be the points uniquely determined
by q0(x0) = q1(x1) = d. Let ui be a path in Sk from s to xi. Then we
obtain an element g(d) ∈ π by the loop at m given by the composition
w1 ∗ q1(u1) ∗ q0(u0)− ∗w−0 . Recall that we have fixed an orientation of TmM .
The fiber transport along the path w0∗q0(u0) yields an isomorphism TmM ∼=
TdM which is unique up to isotopy. Hence TdM inherits an orientation from
the given orientation of TmM . The standard orientation of Sk determines an
orientation on Tx0

Sk and Tx1
Sk. We have the isomorphism of oriented vector

spaces

Tx0
q0 ⊕ Tx1

q1 : Tx0
Sk ⊕ Tx1

Sk
∼=−→ TdM.

Define ε(d) = 1 if this isomorphism respects the orientations and ε(d) = −1
otherwise. The elements g(d) ∈ π and ε(d) ∈ {±1} are independent of the
choices of u0 and u1 since Sk is simply connected for k ≥ 2. Define

λ(α0, α1) :=
∑
d∈D

ε(d) · g(d).

Notice that reversing the orientation of TmM has the effect that λ is replaced
by −λ.
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Now we want to consider the algebraic analogue of the geometric intersec-
tion pairing, For this we have to make the following choice:

Notation 7.12 (Choice (ABP)). We fix a model for the universal covering

pM : M̃ →M , base points m̃ ∈ M̃ and m ∈M with pM (m̃) = m and a choice
of a fundamental class [M ] ∈ Hn(Zw ⊗Zπ C∗(M)).

Recall that by the choice of m̃ ∈ M̃ we have a preferred action of π =
π1(M ;m) on M̃ . We have the algebraic Z-valued intersection pairing

(7.13) sZ : Hk(M̃ ;Z)⊗Hk(M̃ ;Z)
∼=−→ Hk

c (M̃, ∂̃M ;Z)⊗Hk
c (M̃, ∂̃M ;Z)

∪−→ H2k
c (M̃, ∂̃M ;Z)

∼=−→ H0(M̃ ;Z)
∼=−→ Z,

where the first and the third isomorphism come from Poincaré duality for
open manifolds with respect to our choice of [M ], see Remark 4.53. It yields
the Zπ-valued pairing

(7.14) s : Hk(M̃ ;Z) ⊗ Hk(M̃ ;Z) → Zπ, (u, v) 7→
∑
g∈π

sZ(u, lg−1v) · g,

where lg−1 denotes left multiplication with g−1. If we replace [M ] by −[M ],
then s is replaced by −s.

In order to relate λ and s, we need to relate our choices of orientation of
TmM and of the fundamental class [M ], see also Remark 4.37 (v).

Definition 7.15 (Compatible local orientation of the tangent space).
We call an orientation on TmM , which is the same as a choice of an iso-

morphism oM (m) : OM (m)
∼=−→ Z, compatible with [M ] ∈ Hn(M ;Zw) if the

preferred isomorphism βm,om : Hn(M ;Zw)
∼=−→ Hn(M ;OM ) given by oM (m)

and m̃ ∈ M̃ , see (4.13), sends [M ] to the intrinsic fundamental class [[M ]],
see Definition 4.29.

Exercise 7.16. Identify an open neighborhood of m ∈ M with DTmM via
the exponential map. Since we have chosen a base point m̃ ∈ M̃ , we get an
identification of the restriction of pM : M̃ → M to DTmM with the trivial
π-covering π×DTmM → DTmM . Thus we obtain an isomorphism of infinite
cyclic groups

Hn(Zw ⊗Zπ C∗(M̃))
∼=−→ Hn

(
Zw ⊗ C∗(M̃, p−1

M (M − {m}))
)

∼=−→ Hn

(
Zw ⊗Zπ C∗(p

−1
M (TmM), p−1

M (TmM − {0}))
)

∼=−→ Hn

(
Zw ⊗Zπ C∗(π × (TmM,TmM − {0}))

)
∼=−→ Hn

(
Zw ⊗Zπ Zπ ⊗Z C∗(TmM,TmM − {0})

)
∼=−→ Hn(C∗(TmM,TmM − {0}))

∼=−→ Hn(TmM,TmM − {0})
∼=−→ OM (m),
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where the second isomorphism is given by excision and the last isomorphism
comes from the fact that for a finite-dimensional vector space V a choice of
an orientation on V is the same as a choice of a generator Hn(V, V − {0}),
see Example 4.27.

Show that [M ] and the orientation on TmM are compatible if and
only if the composite of the isomorphism above with the isomorphism

oM (m) : OM (m)
∼=−→ Z determined by the orientation on TmM sends [M ]

to 1.

Let q̃i : S
k → M̃ be the unique lift of qi determined by wi and m̃ for

i = 0, 1. Let λZ(q̃0, q̃1) be the geometric Z-valued intersection number of q̃0

and q̃1 which is given by counting intersections with signs. Then λZ(q̃0, q̃1)
is the same as the algebraic intersection number sZ([q̃0], [q̃1]) of the classes
in the k-th homology defined by q̃0 and q̃1, which obviously depends only
on the homotopy classes of q̃0 and q̃1; the proof in [29, Theorem 11.9 in
Chapter VI on page 372] can be extended to our setting. Since we have
λ(α0, α1) =

∑
g∈π λZ(q̃0, lg−1 ◦ q̃1) · g, we get

(7.17) λ(α0, α1) = s([q̃0], [q̃1]).

Notice that for equation (7.17) we need the compatibility of the choice of
the orientation of TmM with [M ], see Definition 7.15, since changing the
orientation of TmM changes λ but not s, and changing the fundamental class
changes s but not λ.

Recall that we have treated equation (7.17) on the level of M instead of

M̃ already in Remark 4.58. Equation (7.17) implies that λ(α0, α1) depends
only on the pointed regular homotopy classes of (q0, w0) and (q1, w1).

In the sequel we use the w = w1(M)-twisted involution on Zπ which sends∑
g∈π ag · g to

∑
g∈π w(g) · ag · g−1. One easily checks

Lemma 7.18. For α, β, β1, β2 ∈ Ik(M) and u1, u2 ∈ Zπ we have

λ(α, β) = ε · λ(β, α);

λ(α, u1 · β1 + u2 · β2) = u1 · λ(α, β1) + u2 · λ(α, β2).

Remark 7.19 (Intersection pairings and embeddings). Suppose that
the normal bundle of the immersion q : Sk # M has a nowhere vanishing
section. (In our situation it actually will be trivial.) Suppose that q is regular
homotopic to an embedding r. Then the normal bundle of r has a nowhere
vanishing section σ. Let r′ be the embedding obtained by moving r a little
bit in the direction of this normal vector field σ. Choose a path wq from q(s)
to m. Then for appropriate paths wr and wr′ we get pointed embeddings
(r, wr) and (r′, wr′) such that the pointed regular homotopy classes of (q, w),
(r, wr) and (r′, wr′) agree. Since r and r′ have disjoint images, we conclude

λ([q, w], [q, w]) = 0.
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Hence the vanishing of λ([q, w], [q, w]) is a necessary condition for finding
an embedding in the regular homotopy class of q, provided that the normal
bundle of q has a nowhere vanishing section. It is not a sufficient condition. To
get a sufficient condition we have to consider self-intersections of immersions,
which we do in the next subsection.

7.3.2 Self-intersections of Immersions

Let α ∈ Ik(M) be an element. Let (q, w) be a pointed immersion representing
α. Recall that we have fixed base points s ∈ Sk, m ∈M and an orientation of
TmM which has to be compatible with [M ]. Since we can find arbitrarily close
to q an immersion which is in general position, we can assume without loss of
generality that q itself is in general position. This means that there is a finite
subset D of im(q) such that q−1(y) consists of precisely two points for y ∈ D
and of precisely one point for y ∈ im(q)−D and for two points x0 and x1 in
Sk with x0 6= x1 and q(x0) = q(x1) we have Tx0

q(Tx0
Sk) + Tx1

q(Tx1
Sk) =

Tq0(x0)M . The situation is illustrated in the following figure.

Figure 7.20 (Self-intersections).

d

f(s)

w

m

Now fix for any d ∈ D an ordering x0(d), x1(d) of q−1(d). Analogously to the
construction above one defines ε(x0(d), x1(d)) ∈ {±1} and g(x0(d), x1(d)) ∈
π = π1(M, b). Consider the element

∑
d∈D ε(x0(d), x1(d)) · g(x0(d), x1(d)) of

Zπ. It does not only depend on q but also on the choice of the ordering of
q−1(d) for d ∈ D. One easily checks that the change of ordering of q−1(d) has
the following effect for w = w1(M) : π → {±1}
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g(x1(d), x0(d)) = g(x0(d), x1(d))−1;

w(g(x1(d), x0(d))) = w(g(x0(d), x1(d)));

ε(x1(d), x0(d)) = (−1)k · w(g(x0(d), x1(d))) · ε(x0(d), x1(d));

ε(x1(d), x0(d)) · g(x1(d), x0(d)) = (−1)k · ε(x0(d), x1(d)) · g(x0(d), x1(d)).

Define an abelian group, where we use the w-twisted involution on Zπ

Q(−1)k(Zπ,w) := Zπ/{u− (−1)k · u | u ∈ Zπ}.(7.21)

Define the self-intersection element for α ∈ Ik(M)

µ(α) :=
[∑

d∈D ε(x0(d), x1(d)) · g(x0(d), x1(d))
]
∈ Q(−1)k(Zπ,w).(7.22)

The passage from Zπ to Q(−1)k(Zπ,w) ensures that the definition is inde-
pendent of the choice of the order on q−1(d) for d ∈ D. It remains to show
that it depends only on the pointed regular homotopy class of (q, w). Let h
be a pointed regular homotopy from (q, w) to (r, v). We can arrange that h is
in general position which means that the double point set of h is a compact
one dimensional manifold W consisting of circles and arcs joining points in
D0 ∪D1 to points in D0 ∪D1.

Suppose that the point e and the point e′ in D0∪D1 are joined by an arc.
Then one easily checks that their contributions to

µ(f, w)− µ(r, w) :=

[ ∑
d0∈D0

ε(x0(d0), x1(d0)) · g(x0(d0), x1(d0))

−
∑
d1∈D1

ε(x0(d1), x1(d1)) · g(x0(d1), x1(d1))

]

cancel out. This implies that µ(q, w) = µ(r, w), and hence there is a well-
defined function, called the self-intersection function,

(7.23) µ : Ik(M)→ Q(−1)k(Zπ,w), α 7→ µ(α).

In Lemma 7.25 below we establish some basic properties of the self-
intersection function µ. Consider the pairing

(7.24) ρ : Zπ ×Q(−1)k(Zπ,w)→ Q(−1)k(Zπ,w), (u, [v]) 7→ [uvu].

It is well-defined since for x, y, z ∈ ZG we get if we put z′ = xzx

x
(
y + (z − (−1)k · z)

)
x = xyx+

(
z′ − (−1)k · z′

)
.

It is additive in the second variable, i.e., ρ(x, [y1]−[y2]) = ρ(x, [y1])−ρ(x, [y2]),
but it is not additive in the first variable and in particular ρ does not give the
structure of a left Zπ-module on Q(−1)k(Zπ,w). Sometimes in the literatur
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ρ(x, [y]) is denoted by x[y]x, but this is a little bit misleading since it might
lead to the wrong impression that Q(−1)k(Zπ,w) is a left or right Zπ-module.

Lemma 7.25. Let µ : Ik(M) → Q(−1)k(Zπ,w) be the self-intersection func-
tion of (7.23), and let λ : Ik(M) × Ik(M) → Zπ be the intersection pairing
of (7.10). Then the following hold.

(i) Let (1+(−1)k ·T ) : Q(−1)k(Zπ,w)→ Zπ be the homomorphism of abelian

groups which sends [u] to u + (−1)k · u. For α ∈ Ik(M), let χ(α) ∈ Z
denote the Euler number of the normal bundle ν(q) for any representative
(q, w) of α with respect to the orientation of ν(q) given by the standard
orientation on Sk and the orientation on q∗TM given by the fixed orien-
tation on TmM and w. Then

λ(α, α) = (1 + (−1)k · T )(µ(α)) + χ(α) · 1;

(ii) We get for pr: Zπ → Q(−1)k(Zπ,w) the canonical projection and α, β ∈
Ik(M)

µ(α+ β)− µ(α)− µ(β) = pr(λ(α, β));

(iii) For α ∈ Ik(M) with trivial normal bundle and x ∈ Zπ, we have

µ (x · α) = ρ(x, α),

where ρ is defined in (7.24).

Notice that there is a more complicated formula in assertion (iii) if one
drops the assumption that the normal bundle is trivial, see [248, Theorem
5.2 on page 45] with the correction by Peter Teichner.

Proof. (i) Represent α ∈ Ik(M) by a pointed immersion (q, w) which is in
general position. Choose a section σ of ν(q) which meets the zero section
transversally. Notice that then the Euler number satisfies

χ(q) =
∑

y∈N(σ)

ε(y),

where N(σ) is the (finite) set of zero points of σ and ε(y) is a sign which
depends on the local orientations. We can arrange that no zero of σ is the
preimage of an element in the set of double points Dq of q. Now move q a
little bit in the direction of this normal field σ. We obtain a new immersion
r : Sk → M with a path v from m to r(s) such that (q, w) and (r, v) are
pointed regularly homotopic.

We want to compute λ(α, α) using the representatives (q, w) and (r, v).
Notice that any point in d ∈ Dq corresponds to two distinct points x0(d) and
x1(d) in the set D = im(q) ∩ im(r) and any element n ∈ N(σ) corresponds
to one point x(n) in D. Moreover any point in D occurs as xi(d) or x(n) in
a unique way. Now the contribution of d to λ([(q, w)], [(r, v)]) is ε(d) · r(d) +
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(−1)k ·ε(d) ·r(d) and the contribution of n ∈ N(σ) is ε(n) ·1. The assertion (i)
follows. The elementary proof of assertions (ii) and (iii) is left to the reader.
This finishes the proof of Lemma 7.25. ut

Proposition 7.26. When M = D2k, then µ : Ik(D2k)
∼=−→ Q(−1)k(Z) is an

isomorphism of abelian groups.

Proof. Since the intersection form λ on Dn is trivial, µ is a homomorphism
of abelian groups.

Since D2k is simply connected, we omit the paths w from the notation.
By [203, Proposition 7.12] there is an immersion q1 : Sk # D2k such that
µ(q1) = [1] and the normal bundle of q1 is given by ν(q1) ∼= −τk, where τk is
the tangent bundle of the k-sphere. The construction of this immersion goes
back to Whitney [262, §2].

When k is odd and k ≥ 3, we deduce from Example 3.38 that the source
and target of µ are cyclic groups of order two and µ maps q1 to a generator.
Actually, there are only two regular homotopy classes of immersions which
must be distinguished by the count of their double points modulo two.

When k is even or k = 1, we deduce from Example 3.38 that the source and
target of µ are infinite cyclic groups and µ maps q1 to a generator. Actually,
we conclude from Example 3.36 that the normal bundle of an immersion
q1 : Sk # D2k is a complete invariant of its regular homotopy class. ut

Since µ(f) = 0 for an embedding f : Sk ↪→ D2k, Proposition 7.26 implies
that an immersion g : Sk # D2k is regularly homotopic to an embedding if
and only if µ(g) = 0. The following theorem of Wall taken from [248, Theorem
5.2 on page 45] is a far reaching and fundamental generalisation of this fact
from M = D2k to any even dimensional manifold M of dimension 2k ≥ 6.

Theorem 7.27 (Wall Embedding Theorem). Let M be a compact con-
nected manifold of dimension n = 2k ≥ 6. Fix base points s ∈ Sk and m ∈M
and an orientation of TmM . Let (q, w) be a pointed immersion of Sk in M .
Suppose that k ≥ 3. Then (q, w) is pointed homotopic to a pointed immersion
(r, v) for which r : Sk →M is an embedding, if and only if µ(q, w) = 0.

Proof. If q is represented by an embedding, then µ(q, w) = 0 by definition.
Suppose that µ(q, w) = 0. We can assume without loss of generality that q is
in general position. Since µ(q, w) = 0, we can find d and e in the set of double
points Dq of q and a numeration x0(d), x1(d) of q−1(d) and x0(e), x1(e) of
q−1(e) such that

ε(x0(d), x1(d)) = −ε(x0(e), x1(e));

g(x0(d), x1(d)) = g(x0(e), x1(e)).

Therefore we can find arcs u0 and u1 in Sk such that u0(0) = x0(d), u0(1) =
x0(e), u1(0) = x1(d) and u1(1) = x1(e), the paths u0 and u1 are disjoint
from one another, q(u0((0, 1))) and q(u1((0, 1))) do not meet Dq and q(u0)
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and q(u1) are homotopic relative endpoints. We can change u0 and u1 without
destroying the properties above and find a smooth map U : D2 → M whose
restriction to S1 is an embedding (ignoring corners on the boundary), and is
given on the upper hemisphere S1

+ by u0 and on the lower hemisphere S1
− by

u1 and which meets im(q) transversally. There is a compact neighbourhood
K of S1 such that U |K is an embedding. Since k ≥ 3 we can find arbitrarily
close to U an embedding which agrees with U on K. Hence we can assume
without loss of generality that U itself is an embedding. The Whitney trick,
see [167, Theorem 6.6 on page 71], [263], makes it possible to change q within
its pointed regular homotopy class to a new pointed immersion (r, v) such
that Dr = Dq − {d, e} and µ(r, v) = 0. By iterating this process we achieve
Dq = ∅. ut

Figure 7.28 (Whitney trick).

before embedded disk after

Remark 7.29 (The Whitney trick fails in low dimensions). The con-
dition dim(M) ≥ 5 which arises in high-dimensional manifold theory ensures
in the proof of Theorem 7.27 that k ≥ 3 and hence we can arrange U to be
an embedding. If k = 2, one can achieve that U is an immersion but not nec-
essarily an embedding. This is the technical reason why surgery in dimension
4 is much more complicated than in dimensions ≥ 5.

We conclude this section with several examples of immersions with non-
trivial self-intersection invariant.

Example 7.30 (The “diagonal” immersion in Sk × Sk). Let M =
Sk × Sk. For i = 1, 2 define qi : S

k ↪→ M to be the coordinate embeddings
q1(x) = (x, s) and q2(x) = (s, x) for a base point s ∈ Sk. Orient M so that
q1 and q2 have intersection number λ(q1, q2) = 1. Assuming k ≥ 2, M is sim-
ply connected and we omit the paths w from the notation. The “diagonal”
immersion qd := q1 + q2 has self-intersection

µ(qd) = µ(q1) + µ(q2) + pr(λ(q1, q2)) = [1] ∈ Q(−1)k(Z).

Notice that the diagonal embedding, ∆ : Sk → M,x 7→ (x, x) has trivial self-
intersection number and hence ∆ and qd are not regularly homotopic.
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Example 7.31 (An elaboration of the diagonal immersion). The fol-
lowing example shows that every element of Q(−1)k(Zπ,w) arises as the self-
intersection of some immersion. It is taken from the proof of [198, Proposi-
tion 5.2 (v)].

Let X be a manifold with fundamental group π and M be the connected
sum M := X](Sk × Sk). We let qi : S

k → M be the composition of the
coordinate embeddings from Example 7.30, which we assume are disjoint
from the connected sum locus, composed with the inclusion into M . For any
u ∈ Zπ we set qd,u = u · q1 + q2 and then

µ(qd) = µ(q1) + µ(q2) + pr(λ(q1, q2)) = [u] ∈ Q(−1)k(Zπ,w).

The previous example gave examples of immersions q where the self-
intersection invariant µ(q, w) could be any element of Q(−1)(Zπ,w), but
this was an artefact of the choice of path w. In the following example we
give an immersion q such that the self-intersection number µ(q, w) does not
depend on the choice of path w and where µ(q, w) maps non-trivially to
Q(−1)k(Zπ)/Q(−1)k(Z).

Example 7.32 (The covering immersion Sk → RPk). The following ex-
ample is due to [206, §5]; see also [203, Ex. 11.33]. Denote points in RPk by
homogeneous coordinates [x0, . . . , xk] where (x0, . . . , xk) ∈ Sk. We define an
immersion q : Sk # RPk ×Dk by

q(x0, . . . , xk) =
(

[x0, . . . , xk], (
x1

2
, . . . ,

xk
2

)
)
.

Notice that q has one pair of double points {(1, 0, . . . , 0), (−1, 0, . . . , 0)} and
that the great circle in Sk connecting these double points maps to the gen-
erator of π1(RPk) = Z/2 under the canonical projection Sk → RPk. For any
choice of w we get

µ([q, w]) = [0, T ] 6= 0 ∈ Q(−1)k(Z[Z/2], wk),

where T generates Z/2, wk : Z/2→ {±1} is trivial if k is odd, and non-trivial
if k is even, and by definition

Q(−1)k(Z[Z/2], wk) =

 Z(e)⊕ Z/2(T ) if k is even,

Z/2(e)⊕ Z/2(T ) if k is odd,

where Z(e), Z/2(e), and Z/2(T ) denote Z, Z/2, and Z/2 with the correspond-
ing generator.
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7.4 Surgery Kernels and Forms

Consider a normal Γ -map of degree one (M, [M ], f, f̂ , a, ξ, f) with tar-
get (X, p̂X , [X]) in the sense of Definition 7.3. Recall that X is a finite
n-dimensional Poincaré complex with first Stiefel-Whitey class w1(X) in
H1(X;Z/2), we have a group homomorphism w : Γ → {±1} and a Γ -covering

p̂X : X̂ → X such that for the classifying map up̂X : X → BΓ the induced
map u∗p̂X : H1(BΓ ;Z/2)→ H1(X;Z/2) sends w to w1(X). Moreover, we have

a componentwise generator [X] ∈ HΓ
n (X̂;Zw).

Notation 7.33 (Universal covering case). We say that we are looking at
the universal covering case if

• M and X are connected;
• The map π1(f,m) : π1(M,m) → π1(X, f(m)) is an isomorphism for one

(and hence every) base point m ∈M ;

• The space X̂ is simply connected;

We then write p̃M : M̃ → M , p̃X : X̃ → X and f̃ respectively instead of
p̂M : M̂ →M , p̂X : X̂ → X, and f̂ respectively.

Moreover, we make choices of base points m ∈ M , m̃ ∈ M̃ , x ∈ X and
x̃ ∈ X̃ with p̃X(x̃) = x, p̃M (m̃) = m, f(m) = x and f̃(m̃) = x̃ and thus get
an identification

π1(M,m) = π1(X,x) = Γ.

We often abbreviate π = π1(X,x) = π1(M,m).

Notice in the situation of Notation 7.33 that p̃M : M̃ → M , p̃X : X̃ → X
are models for the universal coverings of M and X and f̃ is π-equivariant.

The main aim of this section is to relate the topology of intersections and
self-intersections of immersions from Section 7.3 to the homological algebra
over the group ring ZΓ of the chain complexes of M̂ and X̂.

7.4.1 Surgery Kernels

For the remainder of this subsection we fix a normal Γ -map of degree one
(M, [M ], f, f̂ , a, ξ, f) with target (X, p̂X , [X]) in the sense of Definition 7.3.

In Chapter 6 we used the homotopy groups πj+1(f) = πj+1(cyl(f),M) to
measure the failure of f to be a homotopy equivalence. In this subsection we
look at the (co)homology groups of f̂ , which are isomorphic to the surgery

kernel groups of M̂ .
We obtain maps of ZΓ -chain complexes

C∗(f̂) : C∗(M̂)→ C∗(X̂)
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and
C∗(f̂) : C∗(X̂)→ C∗(M̂).

They induce ZΓ -homomorphisms f̂∗ : H∗(M̂) → H∗(X̂) and f̂∗ : H∗(X̂) →
H∗(M̂). The failure of f̂∗ or f̂∗ to be isomorphisms is measured by the ZΓ -
(co)homology modules

H∗(f̂) := H∗
(
cone∗(C∗(f̂))

)
;

H∗(f̂) := H∗
(
cone∗(C∗(f̂))

)
,

where cone∗(C∗(f̂)) and cone∗(C∗(f̂)) are the algebraic mapping cones of

C∗(f̂) and C∗(f̂) respectively. The precise definition of the chain complex
given by the mapping cone cone∗(f∗) of a map f∗ of chain complexes has
been given in (2.11). The definition of the cochain complex given by the
mapping cone cone∗(f∗) of a map of cochain complexes f∗ : C∗ → D∗ is
analogous namely,
(7.34)

conep+1(f∗) := Dp ⊕ Cp+1 conep(f∗) := Dp−1 ⊕ Cp

dp−1 fp

0 −cp


oo

If f∗ is a chain map with dual cochain map f∗, then cone∗(f∗) is the dual of
cone∗(f∗).

There are long exact sequences of ZΓ -modules

· · · → Hj+1(M̂)
f̂∗−→ Hj+1(X̂)→ Hj+1(f̂)→ Hj(M̂)

f̂∗−→ Hj(X̂)→ · · · ,

and

· · · → Hj(X̂)
f̂∗−→ Hj(M̂)→ Hj+1(f̂)→ Hj+1(X̂)

f̂∗−→ Hj+1(M̂)→ · · · .

Definition 7.35 (Surgery Kernel). Define the surgery kernel

Kj(M̂) := ker
(
f̂∗ : Hj(M̂)→ Hj(X̂)

)
,

and
Kj(M̂) := coker

(
f̂∗ : Hj(X̂)→ Hj(M̂)

)
.

Notice that in the definition of the dual chain complex C∗(M̂) the orienta-
tion character w : π → {±1} enters, since the involution on ZΓ depends on it.

Since we define H∗(M̂) by H∗(C∗(M̂)), the same remark applies to H∗(M̂)

and K∗(M̂). Moreover, notice that H∗(M̂) is cohomology with compact sup-

ports on M̂ , see Remark 4.53. For the definition of the surgery kernels of f ,
the bundle data and the manifold structure on M play no role.
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Exercise 7.36. Suppose that Ki(M̂) = 0 holds for i ≤ j. Show that then

Ki(M̂) = 0 holds for i ≤ j.

Example 7.37. Suppose that X is a closed oriented manifold, M is given
by a connected sum M = X]N for some closed oriented manifold N , and
f : M → X is given by the collapse map. Then

Kj(M̂) =

{
Hj(N ;Z)⊗Z ZΓ 0 < j < n;

{0} otherwise.

The main result of this subsection is that the surgery kernels behave very
much like the groups of a third space satisfying Poincaré duality.

Lemma 7.38. (i) The ZΓ -homomorphism f̂∗ : Hj(M̂) → Hj(X̂) is a split

surjection, whereas the ZΓ -homomorphism f̂∗ : Hj(X̂) → Hj(M̂) is a
split injection. There are natural ZΓ -isomorphisms

Hj(M̂)
∼=−→ Kj(M̂)⊕Hj(X̂);

Hj(M̂)
∼=−→ Kj(M̂)⊕Hj(X̂);

Kj(M̂)
∼=−→ Hj+1(f̂);

Kj(M̂)
∼=−→ Hj+1(f̂) = Hj+1

(
cone∗(C∗(f̂))

)
;

(ii) Cap product with [M ] induces a ZΓ -isomorphism

− ∩ [M ] : Kn−j(M̂) ∼= Kj(M̂)

which fits into a commutative diagram of split short exact sequences

0 Kn−j(M̂)

−∩[M ]∼=
��

oo Hn−j(M̂)

−∩[M ]∼=
��

oo Hn−j(X̂)

−∩[X]∼=
��

f̂∗oo 0oo

0 // Kj(M̂) // Hj(M̂)
f̂∗ // Hj(X̂) // 0;

(iii) Consider j ≥ 1. If the map f is j-connected, then Ki(M̂) = 0 for all
i < j.
Suppose that we are in the universal covering case, see Notation 7.33.
Then f is j-connected if and only if Ki(M̃) = 0 for all i < j. In this case
there is a composition of natural Zπ-isomorphisms

hj : πj+1(f)
∼=−→ πj+1(f̃)

∼=−→ Hj+1(f̃)
∼=−→ Kj(M̃);

such that the following diagram of Zπ-modules commutes
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πk+1(f)
hj // Kj(M̃)

��

πj+1(f̃)

∂j+1

��

∼=

OO

πj(M̃) // Hj(M̃)

where the lower horizontal arrow is the Hurewicz homomorphism and the
right vertical arrow is the inclusion;

(iv) If f is a homotopy equivalence, then Ki(M̂) = 0 for all i.
Suppose that we are in the universal covering case. Let k be the natural
number defined by n = dim(X) = 2k or n = dim(X) = 2k+1. Then f is

a homotopy equivalence if and only if Ki(M̂) = 0 for all i ≤ k.

Proof. (i) Now we come to a fundamental feature that the compatible
Poincaré duality isomorphisms in the source and target allow us to define
Umkehr maps, or “wrong way maps”. For example, for x ∈ Hj(X̂), we define

(7.39) f̂! : Hj(X̂)→ Hj(M̂), x 7−→ f̂∗
(
(− ∩ [X])−1(x)

)
∩ [M ].

By standard properties of cap products, f̂∗f̂!(x) = x and so f̂∗ is a split
surjection. Similarly we define the cohomology Umkehr map

f̂ ! : Hj(M̂)→ Hj(X̂), α 7−→ (− ∩ [X])−1
(
f̂∗(α ∩ [M ])

)
,

which satisfies f̂ !f̂∗(β) = β for all β ∈ Hj(X̂). This proves that we obtain

from the long exact sequences of f̂ split short exact sequences

0← Hn−j+1(f̂)
δn−j←−−− Hn−j(M̂)

f̂∗←− Hn−j(X̂)← 0,

0→ Hj+1(f̂)
∂j+1−−−→ Hj(M̂)

f̂∗−→ Hj(X̂)→ 0.

This yields the first two isomorphisms of assertion (i). The other two isomor-
phisms are induced by the two boundary maps above.

(ii) Let r : Hj(M̂) → Kj(M̂) be the retraction of the inclusion Kj(M̂) →
Hj(M̂) induced by the Umkehr map f!, that is, r(x) = x− f!f∗(x). Capping
with [M ] composed with r induces a homomorphism

− ∩ [M ] : Kn−j(M̂)
∼=−→ Kj(M̂), [α] 7−→ r(α ∩ [M ]).

Hence we have constructed the maps and the diagram appearing in asser-
tion (ii). Since the second and third vertical arrows are bijections, also the
first vertical arrow is a bijection by the Five-Lemma.
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(iii) From assertion (ii) we get Hi(f̂) ∼= Ki−1(M̂). Since f and hence f̂ are

j-connected, we conclude Hi(f̂) = 0 for i ≤ j and therefore Ki(M̂) = 0 for
all i < j.

Now suppose that we are in the universal covering case. Then f is j-
connected if and only if f̃ is j-connected which is equivalent to Hi(f̃) = 0 for
i ≤ j, see [259, Theorem IV.7.13 on page 181]. Hence f is j-connected if and

only if only if Ki(M̂) = 0 for all i < j. Suppose that f is j-connected. Then
the Hurewicz homomorphism

πi(f̃)
∼=−→ Hi(f̃)

is bijective for i ≤ j + 1, see [259, Corollary IV.7.10 on on page 181]. The

obvious map πj+1(f̃) → πj+1(f) is bijective. From assertion (ii) we get

Hi(f̃) ∼= Ki−1(M̃). The composition of the isomorphisms above or their

inverses yields a natural Zπ-isomorphism hj : πj+1(f)→ Kj(M̃).

(iv) If f is a homotopy equivalence, then clearly all surgery kernels vanish.

Suppose that we are in the universal covering case and that Ki(M̃) = 0

for i ≤ k. This implies that Ki(M̃) = 0 for i ≤ k. Now by assertion (ii)

Ki(M̃) ∼= Kn−i(M̃) for all i. Hence f̃∗ : Hi(M̃)→ Hi(X̃) is an isomorphism
for all i. We conclude from [259, Theorem IV.7.13 on page 181, Theorem V.3.1
and Theorem V.3.5 on page 230] that f is a homotopy equivalence. ut

In the light of Lemma 7.38 we can now reformulate Theorem 6.49.

Theorem 7.40 (Killing the surgery kernels of a normal map). We
can arrange by carrying out a finite sequence of surgery steps that f is k-
connected. In this case Ki(M̂) = 0 = Ki(M̂) unless n = 2k and i = k, or
n = 2k + 1 and i = k, k + 1.

Proof. By Theorem 6.49 we may assume that f : M → X is k-connected. By
Lemma 7.38 (iii), Ki(M̂) = 0 for i < k and hence Ki(M̂) = 0 for i < k.

Applying Lemma 7.38 (ii) we conclude that Ki(M̂) = 0 = Ki(M̂) for i > k
if n = 2k or i > k + 1 if n = 2k + 1. ut

We conclude this subsection by introducing the chain level Umkehr map
which is a map of ZΓ -chain complexes C !

∗(f̂) : C∗(X̂) → C∗(M̂) inducing

the homology Umkehr map f̂! : H∗(X̂) → H∗(M̂) of (7.39). The chain level
Umkehr map leads to a deep explanation of the Poincaré duality isomorphism
of surgery kernels in Lemma 7.38 (ii), plays an important role in the theory
of algebraic surgery in Chapter 14, and is given by the following composition
of ZΓ -chain maps
(7.41)

C !
∗(f̂) : C∗(X̂)

(−∩[X])−1

−−−−−−−→ Cn−∗(X̂)
Cn−∗(f̂)−−−−−→ Cn−∗(M̂)

−∩[M ]−−−−→ C∗(M̂).
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Here (− ∩ [X])−1 : C∗(X̂) → Cn−∗(X̂) is a ZΓ -chain homotopy inverse of

−∩ [X] : Cn−∗(X̂)→ C∗(X̂). There are of course many choices for the chain
map (−∩[X])−1, but by standard arguments they are all ZΓ -chain homotopic

and so the ZΓ -chain homotopy class of C !
∗(f̂) is well-defined. We write

Cn−∗! (f̂) : Cn−∗(M̂)→ Cn−∗(X̂)

for the dual of C !
∗(f̂). From the definition of the chain level Umkehr map we

see that

f̂! = Hj(C
!
∗(f̂)) : Hj(X̂)→ Hj(M̂);(7.42)

f̂ ! = Hj(C
n−∗
! (f̂)) : Hj(M̂)→ Hj(X̂).(7.43)

The mapping cone of the chain level Umkehr map C !
∗(f̂), see (2.11), plays

an important role in surgery theory. It is the ZΓ -chain complex

cone∗(C
!
∗(f̂)).

Since C∗(M̂) is the target of C !
∗(f̂), we have the canonical chain map

e∗ : C∗(M̂)→ cone∗(C
!
∗(f̂)).

If we use e∗ to push forward the fundamental class [M ] ∈ Hn(M ;Zw) of M ,

we obtain e∗([M ]) ∈ Hn(cone∗(C
!
∗(f̂));Zw). Put

(7.44) conen−∗(C !
∗(f̂)) =

(
cone∗(C

!
∗(f̂))

)n−∗
.

This is the same as cone∗(C
n−∗
! (f̂)). We obtain a ZΓ -chain map

− ∩ e∗([M ]) : conen−∗(C !
∗(f̂))→ cone∗(C

!
∗(f̂)).

In the following lemma and its proof, we shall see that the fact that the
map f : M → X has degree one means that the surgery kernels K∗(M̂) are

isomorphic to the homology groups of cone∗(C
!
∗(f̂)) and that the chain map

−∩ e∗([M ]) behaves very much like the cap product map of the fundamental
class of a Poincaré complex. This gives a deeper explanation of the fact that
the surgery kernels K∗(M̂) behave in many respects like the homology groups
of a third space satisfying Poincaré duality.

Lemma 7.45. (i) There are natural ZΓ -isomorphisms

Kj(M̂)
∼=−→ Hj

(
cone∗(C

!
∗(f̂))

)
;

Kj(M̂)
∼=−→ Hn−j

(
conen−∗(C !

∗(f̂))
)
;

(ii) Cap product with e∗([M ]) induces a ZΓ -chain homotopy equivalence
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− ∩ e∗([M ]) : conen−∗(C !
∗(f̂))

'−→ cone∗(C
!
∗(f̂)),

which fits into a commutative diagram of isomorphisms

Kn−j(M̂)

−∩[M ]∼=
��

∼= // Hj

(
conen−∗(C !

∗(f̂))
)

−∩e∗([M ])∼=
��

Kj(M̂)
∼= // Hj

(
cone∗(C

!
∗(f̂))

)
.

Proof. By definition, the chain level Umkehr map fits into the following ho-
motopy commutative diagram of chain maps:

conen−∗(C !
∗(f̂))

−∩e∗([M ])

��

en−∗ // Cn−∗(M̂)

−∩[M ]

��

Cn−∗(X̂)
Cn−∗(f̂)oo

−∩[X]

��
cone∗(C

!
∗(f̂)) C∗(M̂)

C∗(f̂) //e∗oo C∗(X̂)

C!
∗(f̂)

xx

Applying (7.42) and (7.43), a diagram chase in the above diagram proves as-
sertion (i). The commutativity of the diagram in assertion (ii) follows from the
commutativity of the above diagram. Now assertion (i) and Lemma 7.38 (ii)
show that the chain map − ∩ e∗([M ]) induces an isomorphism on homology
groups and so −∩e∗([M ]) is a chain homotopy equivalence: see [209, Theorem
1.7.7]. This proves assertion (ii). ut

7.4.2 Symmetric Forms and Surgery Kernels

For the remainder of this subsection we fix a normal Γ -map of degree one
(M, [M ], f, f̂ , a, ξ, f) with target (X, p̂X , [X]) in the sense of Definition 7.3.
Furthermore, we will assume that we are in the universal covering case, see
Notation 7.33. In particular Γ will be identified with the fundamental group
π of the connected CW -complex X.

Our aim in this subsection is to relate the topology of intersections of
immersions from Section 7.3 with Poincaré duality for kernel groups from
Subsection 7.4.1. Specifically, we shall show that the kernel groups Kk(M̃)
defined in Definition 7.35 admit the structure of a symmetric pairing

s : Kk(M̃)×Kk(M̃)→ Zπ,

called the algebraic intersection form on Kk(M̃). Moreover, there is a ho-

momorphism α : Kk(M̃) → Ik(M) so that the algebraic intersection form s
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and the geometric intersection pairing λ : Ik(M)×Ik(M)→ Zπ of (7.10) and
Lemma 7.18 are compatible under α, see Lemma 7.58 below.

We begin by defining the purely algebraic notion of a symmetric form over
a unital ring with involution R. Then we show how to define the symmetric
form (Kk(M̃), s). Finally we relate the pairings (Kk(M̃), s) and (Ik(M), λ).

Definition 7.46 (Symmetric forms). An ε-symmetric form (P, φ) over an
associative ring R with unit and involution and ε = ±1 is a finitely generated
projective R-module P together with an R-homomorphism φ : P → P ∗ such

that the composition P
e(P )−−−→ (P ∗)∗

φ∗−→ P ∗ agrees with ε · φ. Here and
elsewhere e(P ) is the canonical isomorphism sending p ∈ P to the element
in (P ∗)∗ given by the homomorphism P ∗ → R, f 7→ f(p). We call (P, φ)
non-singular if φ is an isomorphism.

Recall that non-degenerate stands for the weaker condition that φ is in-
jective.

There are obvious notions of isomorphisms and direct sums of ε-symmetric
forms.

We can rewrite (P, φ) as a pairing

(7.47) λ : P × P → R, (p, q) 7→ φ(p)(q).

Then the condition that φ is R-linear becomes the conditions

λ(p, r1 · q1 + r2 · q2, ) = r1 · λ(p, q1) + r2 · λ(p, q2);

λ(r1 · p1 + r2 · p2, q) = λ(p1, q) · r1 + λ(p2, q) · r2.

The condition φ = ε · φ∗ ◦ e(P ) translates to λ(q, p) = ε · λ(p, q).

Example 7.48 (Standard hyperbolic symmetric form). Let P be a
finitely generated projective R-module. The standard hyperbolic ε-symmetric
form Hε(P ) is given by the R-module P ⊕ P ∗ and the R-isomorphism

φ : (P ⊕ P ∗)

0 1
ε 0


−−−−−→ P ∗ ⊕ P id⊕e(P )−−−−−→ P ∗ ⊕ (P ∗)∗ = (P ⊕ P ∗)∗.

If we write it as a pairing we obtain

(P ⊕ P ∗)× (P ⊕ P ∗)→ R, ((p, f), (p′, f ′)) 7→ f(p′) + ε · f ′(p).

Example 7.49 (Intersection form of a 2k-dimensional Poincaré com-
plex). Let X be a oriented connected finite 2k-dimensional Poincaré com-
plex with middle dimensional integral homology group Hk(X;Z) and let
torsHk(X;Z) be the torsion subgroup. The abelian group Hk(X)F :=
Hk(X;Z)/ torsHk(X;Z) is a finitely generated free Z-module, and the inter-
section pairing of X is the non-singular bilinear form over Z
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λX : Hk(X)F ×Hk(X)F → Z, ([x], [y]) 7→ 〈x ∪ y, [X]〉.

The intersection form of X = Sk × Sk is canonically isomorphic to the stan-
dard (−1)k-symmetric hyperbolic form over Z

(Hk(Sk × Sk;Z), λSk×Sk) = H(−1)k(Z).

Now we show how to equip the Zπ-module Kk(M̃) with the structure of
a symmetric form over the group ring Zπ equipped with the w = w1(X)-

twisted involution We first show that Kk(M̃) is a stably finitely generated
free module. Recall that an R-module V is called stably finitely generated free
if for some non-negative integer l the R-module V ⊕Rl is a finitely generated
free R-module.

By Lemma 7.38 (i), the kernel group Kk(M̃) is isomorphic to the homology

group Hk+1

(
cone∗(C∗(f̃))

)
of the algebraic mapping cone of the induced map

of Zπ chain complexes C∗(f̃) : C∗(M̃) → C∗(X̃). Since f is k-connected, we

have by Lemma 7.38 (iii) that the homology groups of cone∗(C∗(f̃)) vanish
below dimension k+1. Hence we begin by establishing some purely algebraic
facts about chain complexes with vanishing homology groups below a given
degree.

Let D∗ be a finite projective chain complex over a ring with involution R.
The Kronecker pairing

〈−,−〉 : Hj(D∗)×Hj(D∗)→ R

is induced by the evaluation pairing Dj×Dj → R which sends a pair (φ, x) ∈
homZπ(Dj , R) × Dj to φ(x). The Kronecker pairing is the same as a Zπ-
homomorphism, see (7.47),

κj : Hj(D∗)→ Hj(D∗)
∗(7.50)

Lemma 7.51. Let D∗ be a finite projective R-chain complex. Consider an
integer j and suppose that Hi(D∗) = 0 for i < j.

(i) Let E∗ be the R-subchain complex of D∗ given by

· · · dj+2−−−→ Dj+1
dj+1−−−→ ker(dj)→ 0→ 0→ · · · → 0.

Then E∗ is finite projective and the inclusion i∗ : E∗ → D∗ is a R-chain
homotopy equivalence;

(ii) The homomorphism κj : Hj(D∗) → Hj(D∗)
∗ from (7.50) is an isomor-

phism;
(iii) Suppose that Hj+1(homR(D∗, V )) = 0 for any R-module V . Then im(dj+1)

is a direct summand in Dj and Hj(D∗) is finitely generated projective;
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(iv) Suppose that Di is stably finitely generated free for i ≥ 0, Hi(D∗) = 0 for
i 6= j and Hj+1(homR(D∗, V )) = 0 for any R-module V . Then Hj(D∗)
is stably finitely generated free.

Proof. (i) We have the long exact sequence

0→ im(dj)→ Dj−1
dj−1−−−→ Dj−2

dj−2−−−→ · · · d1−→ D0 → 0.

Hence im(dj) is finitely generated projective. From the short exact sequence
0 → ker(dj) → Dj → im(dj) → 0 we conclude that ker(dj) is finitely gen-
erated projective. Hence E∗ is finite projective. The inclusion i∗ : E∗ → D∗
induces isomorphisms on all homology modules. Since both D∗ and E∗ are
finite projective, i∗ is a R-chain homotopy equivalence.

(ii) Let E∗ be the finite projective R-chain complex from part (i), which
satisfies Ei = 0 for i ≤ j − 1, and let i∗ : E∗ → D∗ be the R-chain ho-
motopy equivalence given by the inclusion. We have the exact sequence

Ej+1
ej+1−−−→ Ej → Hj(E∗) → 0. Dualising yields the short exact sequence of

R-modules 0→ Hj(E∗)
∗ → E∗j

e∗j+1−−−→ E∗j+1. Hence we obtain an isomorphism

Hj(E∗)
∗ → Hj(E∗). Since i∗ : E∗ → D∗ is a R-chain homotopy equivalence,

it induces an R-cochain homotopy equivalence i∗ : D∗ → E∗. Thus we obtain
an isomorphism

(7.52) Hj(D∗)
∗ → Hj(D∗).

This yields an inverse to the homomorphism κj : Hj(D∗) → Hj(D∗)
∗

from (7.50).

(iii) If we apply the assumption Hj+1(homR(D∗, V )) = 0 in the case
V = im(dj+1), we obtain an exact sequence

homZπ(Dj , im(dj+1))
homZπ(dj+1,id)−−−−−−−−−−→ homZπ(Dj+1, im(dj+1))

homZπ(dj+2,id)−−−−−−−−−−→ homZπ(Dj+2, im(dj+1)).

Since dj+1 ∈ homZπ(Dj+1, im(dj+1)) is mapped to zero under homZπ(dj+2, id),
we can find an R-homomorphism ρ : Dj → im(dj+1) with ρ ◦ dj+1 = dj+1.
Hence im(dj+1) is a direct summand in Dj and also in ker(dj).

(iv) From the condition Hi(D∗) = 0 for i > j we obtain an exact sequence

. . .→ Dj+3
dj+3−−−→ Dj+2

dj+2−−−→ Dj+1
dj+1−−−→ im(dj+1)→ 0.

Since im(dj+1) is a direct summand of the projective R-module Dj by asser-
tion (iii), im(dj+1) is projective. Hence we obtain an isomorphism



7.4 Surgery Kernels and Forms 225

im(dj+1)⊕
⊕
i≥0

Dj+2i+2
∼=
⊕
i≥0

Dj+2i+1.

Since there exists a natural number N with Di = 0 for i ≥ N and Di is
stably finitely generated free for i > j by assumption, im(dj+1) is stably
finitely generated free. From the long exact sequence

0→ ker(dj)→ Dj
dj−→ Dj−1

dj−1−−−→ · · · d1−→ D0 → 0,

we conclude that ker(dj) is stably finitely generated free. From the short
exact sequence 0 → im(dj+1) → ker(dj) → Hj(D∗) → 0, we conclude that
Hj(D∗) is stably finitely generated free. ut

We now apply Lemma 7.51 to the chain complex D∗ = cone∗(C∗(f̃)).

Identifying Kk(M) = Hk+1

(
cone∗(C∗(f̃))

)
, we have the Kronecker pairing

〈 , 〉 : Kk(M̃)×Kk(M̃)→ Zπ,

which is induced by the evaluation pairing

homZπ(Ck+1(cone∗(C∗(f̃),Zπ)× Ck+1(cone∗(C∗(f̃)))→ Zπ.

The Kronecker pairing is the same as a Zπ-homomorphism, see (7.47),

κk : Kk(M̃)→ Kk(M̃)∗.(7.53)

Lemma 7.54. Suppose that f is k-connected. Then:

(i) The Kronecker homomorphism κk : Kk(M̃) → Kk(M̃)∗ of (7.53) is an
isomorphism;

(ii) The kernel Kk(M̃) is stably finitely generated free.

Proof. (i) Let D∗ := cone∗(C∗(f̃)). By Lemma 7.38 (i) we identify H∗(D∗) =

K∗−1(M̃). Since f is k-connected, we conclude from Lemma 7.38 (iii) that
Hi(D∗) = 0 for i < k + 1. Now apply Lemma 7.51 (ii).

(ii) We now set D∗ := cone∗(C
!
∗(f̃)), the mapping cone of the chain level

Umkehr map. By Lemma 7.45 (ii), there is a chain homotopy equivalence

− ∩ e∗([M ]) : Dn−∗ → D∗, and by Lemma 7.45 (i), H∗(D∗) ∼= K∗(M̃) and

H∗(D
n−∗) ∼= Kn−∗(M̃). Since we assume that the map f : M → X is k-

connected, Ki(M̃) = 0 = Ki(M̃) for i < k by Lemma 7.38 (iii). Hence
Hi(D∗) = 0 for i < k and Hi(Dn−∗) = 0 for i > k. Now let i∗ : E∗ → D∗ be
as in the statement of Lemma 7.51 (i) so that i∗ is a chain homotopy equiva-
lence and Ei = 0 for i < k. Since E∗ → D∗ is a chain homotopy equivalence,
it follows that the dual chain map Dn−∗ → En−∗ is a chain homotopy equiv-
alence where En−i = 0 for i > k. Since − ∩ e∗([M ]) : Dn−∗ → D∗ is a chain
equivalence, Hi(D∗) ∼= Hi(D

n−∗) = 0 for i > k, and there are isomorphisms
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Hi(homR(D∗, V )) ∼= Hi(homR(Dn−∗, V )) ∼= Hi(homR(En−∗, V )) for all i
and for any R-module V . As En−i = 0 for i > k, we have

Hn−i(homR(D∗, V )) ∼= Hn−i(homR(En−∗, V )) = 0 for i ≤ k − 1.

In summary, we have

Hi(D∗) ∼=

{
Kk(M̃) , if i = k;

0 , if i 6= k;

Hk+1(homR(D∗, V )) = 0,

and now we apply Lemma 7.51 (iv) to D∗. ut

We can now give the main example from this subsection, which is a crucial
step in the definition of the even dimensional surgery obstruction.

Example 7.55 (Symmetric form on Kk(M̃)). Let (f, f) : M → X be
a k-connected normal Γ -map of degree one with n = 2k in the sense of
Definition 7.3, and suppose that we are in the universal covering case, see
Notation 7.33. We take the inverse of the Poincaré duality isomorphism,

(− ∩ [M ])−1 : Kk(M̃)
∼=−→ Kk(M̃)

of Lemma 7.38 (ii), and compose it with the Kronecker homomorphism

κk : Kk(M̃) ∼= Kk(M)∗ of (7.53) which is an isomorphism by Lemma 7.54 (i).
This yields a non-singular (−1)k-symmetric form

κk ◦ (− ∩ [M ])−1 : Kk(M̃)
∼=−→ Kk(M̃)

∼=−→ Kk(M̃)∗.

This form can be rewritten using (7.47) as the algebraic intersection form

s : Kk(M̃)×Kk(M̃)→ Zπ.(7.56)

The pairing s of (7.56) is a non-singular (−1)k-symmetric form over the group
ring Zπ with the w1(M)-twisted involution. Notice that the form s appearing
in (7.56) is the restriction of the pairing s of (7.14).

By Lemma 7.38 (iii) there is an isomorphism hk : πk+1(f)
∼=−→ Kk(M̃) and

from Lemma 7.9 we have the homomorphism tk : πk+1(f) → Ik(M). Hence
we have the Zπ-homomorphism α := tk ◦ h−1

k ,

(7.57) α : Kk(M̃)
h−1
k−−−−→ πk+1(f)

tk−−→ Ik(M).

We get from (7.17) the following result.

Lemma 7.58. Equip TmM with the orientation which is compatible with [M ]
in the sense of Definition 7.15.
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Then the algebraic intersection form and the topological intersection form
agree under α : Kk(M̃)→ Ik(M). That is, the following diagram commutes:

Kk(M̃)×Kk(M̃)

α×α
��

s // Zπ

id

��
Ik(M)× Ik(M)

λ
// Zπ

Here s is defined in (7.56), and λ in (7.10).

We conclude this subsection with the following simple but important ob-
servation about the effect of trivial (k−1)-surgeries on the symmetric surgery
kernel in even dimensions n = 2k.

Example 7.59 (Effect of trivial surgery). Let (f, f) : TM ⊕ Ra → ξ be
a normal π-map covering a k-connected map of degree one f : M → X with
target an n-dimensional Poincaré complex for n = 2k. If we do surgery on
the zero element in πk(f), then the effect on M is that M is replaced by

the connected sum M ′ = M](Sk × Sk). The effect on Kk(M̃) is that it is

replaced by Kk(M̃ ′) = Kk(M̃)⊕ (Zπ⊕Zπ). The intersection pairing on this

new kernel is the orthogonal sum of the given intersection pairing on Kk(M̃)

together with the standard hyperbolic symmetric form H(−1)k(Zπ). Since by

Lemma 7.54 (ii), Kk(M̃) is stably finitely generated free, we can arrange by

finitely many surgery steps on the trivial element in πk(f) that Kk(M̃) is a
finitely generated free Zπ-module.

Remark 7.60 (The general case). So far we have only considered the
universal covering case. We briefly explain what happens in general. Consider
a normal Γ -map of degree one (M, [M ], f, f̂ , a, ξ, f) with target (X, p̂X , [X])
in the sense of Definition 7.3. We assume that X is connected, the dimension
n satisfies n = 2k for a natural number k ≥ 2, and the map f : M → X is
k-connected.

Let p̃M : M̃ →M and p̃X : X̃ → X be models for the universal coverings.
Fix base points m̃ ∈ M̃ , m ∈ M , x̃ ∈ X̃, and x ∈ X such that f(m) = x.

Let f̃ : M̃ → X̃ be the lift of f uniquely determined by f̃(m̃) = x̃. Since f is
k-connected for k ≥ 2, we can identify π = π1(X,x) with π1(M,m) using the

isomorphism π1(f,m) : π1(M,m)
∼=−→ π1(X,x). We obtain from these choices

π-actions of M̃ and X̃. There is a preferred group homomorphism u : π → Γ

and preferred Γ -homeomorphisms Γ×uM̃
∼=−→ M̂ and Γ×uX̃

∼=−→ X̂ such that
idΓ ×uf̃ corresponds to f̂ . There are isomorphisms of ZΓ -chain complexes

ZΓ ⊗Zπ C∗(M̃)
∼=−→ C∗(M̂);

ZΓ ⊗Zπ C∗(X̃)
∼=−→ C∗(X̂),
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where we consider ZΓ as a right Zπ-module using u. They induce a ZΓ -chain
isomorphism

ZΓ ⊗Zπ cone∗(f̃)
∼=−→ cone∗(f̂).

The canonical ZΓ -homomorphism

ZΓ ⊗Zπ ⊗Hk+1(cone∗(f̃))
∼=−→ Hk+1(ZΓ ⊗Zπ cone∗(f̃))

is bijective since Hi(cone∗(f̃)) vanishes for i ≤ k. This follows from a spectral
sequence argument or from Lemma 7.51 (ii) and the fact that the functor
ZΓ ⊗Zπ − is right exact. Hence we get a ZΓ -isomorphism

ZΓ ⊗Zπ ⊗Hk+1(cone∗(f̃))
∼=−→ Hk+1(cone∗(f̂)).

Now Lemma 7.38 (ii) implies that we get a ZΓ -isomorphism

ZΓ ⊗Zπ Kk(M̃)
∼=−→ Kk(M̂).(7.61)

In particular we conclude from Lemma 7.54 that Kk(M̂) is a stably finitely
generated free ZΓ -module and the Kronecker homomorphism

(7.62) κk : Kk(M̂)
∼=−→ Kk(M̂)∗

is a ZΓ -isomorphism.
The pairing s : Kk(M̃)×Kk(M̃)→ Zπ of (7.56) descends to a pairing

(7.63) sΓ : Kk(M̂)×Kk(M̂)→ ZΓ,

the pairing λ of (7.10) descends to a pairing

(7.64) λΓ : ZΓ ⊗Zπ Ik(M)× ZΓ ⊗Zπ Ik(M)→ ZΓ,

the Zπ-homomorphism α : Kk(M̃)
∼=−→ Ik(M) of (7.57) descends to the ZΓ -

isomorphism

(7.65) αΓ : Kk(M̂)
∼=−→ ZΓ ⊗Zπ Ik(M),

and the commutative diagram appearing in Lemma 7.58 yields the commu-
tative diagram of ZΓ -modules

Kk(M̂)×Kk(M̂)

αΓ×αΓ
��

sΓ // ZΓ

id

��
ZΓ ⊗Zπ Ik(M)× ZΓ ⊗Zπ Ik(M)

λΓ

// ZΓ.
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Remark 7.66. In this subsection we have not used the bundle data f at all.
They come in when we deal with quadratic structures in the next subsection,
see Example 7.85.

7.4.3 Quadratic Forms and Surgery Kernels

For the remainder of this subsection we fix a normal Γ -map of degree one
(M, [M ], f, f̂ , a, ξ, f) with target (X, p̂X , [X]) in the sense of Definition 7.3.
(f, f) : M → X. Furthermore, we will assume that we are in the universal
covering case, see Notation 7.33. In particular Γ will be identified with the
fundamental group π of the connected CW -complex X.

We have already seen that it will not be enough to study intersections of
different immersions, we must also deal with self-intersections of one immer-
sion. We have seen in Lemma 7.25 that we can enrich the intersection pairing
by the self-intersection function. This leads to the following algebraic ana-
logue of the self-intersection function, defined when R is an associative ring
with unit and involution and ε ∈ {±1}. For a finitely generated projective
R-module P define an involution of R-modules

T : homR(P, P ∗)→ hom(P, P ∗), φ 7→ φ∗ ◦ e(P )(7.67)

where e(P ) : P → (P ∗)∗ is the canonical isomorphism from Definition 7.46.
Let P be a finitely generated projective R-module. For ε ∈ {±1}, define

abelian groups

Qε(P ) := ker ((1− ε · T ) : homR(P, P ∗)→ homR(P, P ∗)) ;(7.68)

Qε(P ) := coker ((1− ε · T ) : homR(P, P ∗)→ homR(P, P ∗)) .(7.69)

Let

(7.70) (1 + ε · T ) : Qε(P )→ Qε(P )

be the homomorphism which sends the class represented by f : P → P ∗

to the element f + ε · T (f). An R-homomorphism f : P → Q of finitely
generated projective R-modules induces homomorphisms of abelian groups
Qε(f) : Qε(Q) → Qε(P ) and Qε(f) : Qε(Q) → Qε(P ) by sending the class of
φ : P → P ∗ to the class of f∗ ◦ φ ◦ f .

We have the isomorphism of R-modules R∗ → R, φ 7→ φ(1). It yields an
identification in the special case P = R

Qε(R) = ker
(
R→ R, r 7→ r − εr

)
;(7.71)

Qε(R) = coker
(
R→ R, r 7→ r − εr

)
.(7.72)
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Under the identifications (7.71) and (7.72) the map (1 + ε · T ) of (7.70) is
the map induced by R→ R, r 7→ r + ε · r.

Exercise 7.73. Let G be a group, and w : G → {±1} be a group homo-
morphism. Equip ZG with the w-twisted involution. Show that there are
canonical identifications between the abelian groups Qε(ZG,w) of (7.21) and
Qε(ZG) of (7.69) for P = ZG.

Exercise 7.74. Let Λ be a commutative ring. Consider a group G with an
orientation homomorphism w : G → {±1} and an element ε ∈ {±1}. Equip
ΛG with the involution sending

∑
g∈G rg · g to

∑
g∈G rg · w(g) · g−1. Equip

G with the Z/2-action sending g → g−1. Let S = {g ∈ G | g = g−1} be the
Z/2-fixed point set. Let T ⊆ G \ S be a subset such that each Z/2-orbit of
G \S meets T in exactly one element. Prove that we obtain isomorphisms of
Λ-modules

Qε(ΛG) =
⊕
g∈S

coker((1− w1(g) · ε) · idΛ : Λ→ Λ)⊕
⊕
g∈T

Λ;

Qε(ΛG) =
⊕
g∈S

ker((1− w1(g) · ε) · idΛ : Λ→ Λ)⊕
⊕
g∈T

Λ.

Consider the pairing

(7.75) ρ : R×Q(−1)k(R)→ Q(−1)k(R), (r, [s]) 7→ [rsr].

It is well-defined, since for r, s, t ∈ R we get if we put t′ = rtr

r
(
s+ (t− (−1)k · t)

)
r = rsr +

(
t′ − (−1)k · t′

)
.

It is additive in the second variable, i.e., ρ(r, [s1]− [s2]) = ρ(r, [s1])−ρ(r, [s2]),
but it is not additive in the first variable and in particular ρ does not give
the structure of a left R-module on Q(−1)k(R). Sometimes in the literature
ρ(r, [s]) is denoted by r[s]r. As an aside, we point out that Q(−1)k(R) does
admit the structure of a quadratic R-module in the sense of [22, Definition
3.1].

Definition 7.76 (Quadratic form). An ε-quadratic form (P,ψ) is a finitely
generated projective R-module P together with an element ψ ∈ Qε(P ). It is
called non-singular if the associated ε-symmetric form (P, (1 + ε · T )(ψ)) is
non-singular, i.e., (1 + ε · T )(ψ) : P → P ∗ is bijective.

There is an obvious notion of the direct sum of two ε-quadratic forms.
An isomorphism f : (P,ψ) → (P ′, ψ′) of two ε-quadratic forms is an R-

isomorphism f : P
∼=−→ P ′ such that the induced map Qε(f) : Qε(P

′)→ Qε(P )
sends ψ′ to ψ.
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Remark 7.77 (Writing a quadratic form as a triple (P, λ, µ)). We can
rewrite this as follows. An ε-quadratic form (P,ψ) is equivalent to a triple
(P, λ, µ) consisting of a pairing

λ : P × P → R

satisfying

λ(p, r1 · q1 + r2 · q2) = r1 · λ(p, q1) + r2 · λ(p, q2);

λ(r1 · p1 + r2 · p2, q) = λ(p1, q) · r1 + λ(p2, q) · r2;

λ(q, p) = ε · λ(p, q),

and a map
µ : P → Qε(R) = R/{r − ε · r | r ∈ R}

satisfying

µ(rp) = ρ(r, µ(p));

µ(p+ q)− µ(p)− µ(q) = pr(λ(p, q));

λ(p, p) = (1 + ε · T )(µ(p)),

where pr : R→ Qε(R) is the projection and (1 + ε · T ) : Qε(R)→ R the map
sending the class of r to r + ε · r. Namely, put

λ(p, q) =
(
(1 + ε · T )(ψ)(p)

)
(q);

µ(p) = ψ(p)(p).

where the pairing ρ has been introduced in (7.75).

Example 7.78 (Standard hyperbolic quadratic form). Let P be a
finitely generated projective R-module. The standard hyperbolic ε-quadratic
form Hε(P ) is given by the Zπ-module P ⊕ P ∗ and the class in Qε(P ⊕ P ∗)
of the R-homomorphism

φ : (P ⊕ P ∗)

 0 1
0 0


−−−−−→ P ∗ ⊕ P id⊕e(P )−−−−−→ P ∗ ⊕ (P ∗)∗ = (P ⊕ P ∗)∗.

The ε-symmetric form associated to Hε(P ) is Hε(P ). If we rewrite the
standard hyperbolic ε-quadratic form as a triple (P, λ, µ) according to Re-
mark 7.77, then we get

(P ⊕ P ∗)× (P ⊕ P ∗) → R, ((p, f), (p′, f ′)) 7→ f(p′) + ε · f ′(p);
µ : P ⊕ P ∗ → Qε(R), (p, f) 7→ [f(p)].
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Example 7.79 (Linear ε-quadratic form). An ε-quadratic form (P,ψ) is
called linear if the associated ε-symmetric form vanishes: (P, (1 + ε · T )ψ) =
(P, 0). In this case ψ(p+ q) = ψ(p) + ψ(q) for all p, q ∈ P .

Notice that ε-quadratic forms (P,ψ0) and (P,ψ1) have equal associated
ε-symmetric forms, (P, (1 + ε · T )ψ0) = (P, (1 + ε · T )ψ1), if and only if there
is a linear ε-quadratic form (P,ψ) such that ψ1 = ψ0 +ψ. In this case we call
(P,ψ1) a linear perturbation of ψ0 by ψ.

Remark 7.80 (Rings containing 1/2). Suppose that 1/2 ∈ R. Then the
homomorphism

(1 + ε · T ) : Qε(P )
∼=−→ Qε(P ), [ψ] 7→ [ψ + ε · T (ψ)]

is bijective. The inverse sends [u] to [u/2]. Hence any ε-symmetric form car-
ries a unique ε-quadratic structure and there is no difference between the
symmetric and the quadratic setting if 2 is invertible in R.

Definition 7.81 (Even ε-symmetric form). An ε-symmetric form (P, φ)
is called even, if the pairing λ associated to it in (7.47) satisfies for p ∈ P

λ(p, p) ∈ im
(
(1 + εT ) : Qε(R)→ Qε(R)

)
.

The underlying ε-symmetric form of an ε-quadratic form is always even.

Lemma 7.82. Suppose that the map (1 + εT ) : Qε(R) → Qε(R) is injective.
Then the category of ε-quadratic forms and of even ε-symmetric forms are
isomorphic.

Proof. Consider an even ε-symmetric form (P, φ). Consider p ∈ P . The pairing
λ associated to it in (7.47) satisfies λ(p, p) ∈ im

(
1+εT ) : Qε(R)→ Qε(R)

)
by

definition. Hence there is by assumption precisely one element µ(p) ∈ Qε(R)
which is sent under (1 + εT ) : Qε(R) → Qε(R) to λ(p, p). One easily checks
that (P, µ, λ) defines an ε-quadratic form (P,ψ) using Remark 7.77 such that
its underlying ε-symmetric form is (P, φ). Since (1 + εT ) : Qε(R) → Qε(R)
is injective, this is the only ε-quadratic form whose underlying ε-symmetric
form is (P, φ). ut

Example 7.83 (Even ε-symmetric forms over Z). Take R = Z.
We begin with the case ε = +1. Then Q+1(Z) = Z and Q+1(Z) = Z

and the symmetrisation map 1 + T : Q+1(Z)→ Q+1(Z) becomes under this
identification the injective map 2 · idZ : Z → Z. Hence an (+1)-symmetric
form (P, λ) is even if and only if λ(p, p) ∈ Z is even for all p ∈ P . Moreover,
a (+1)-quadratic form over Z is the same as an even (+1)-symmetric form
over Z.

Now put ε = −1. Then Q+1(Z) = Z/2 and Q+1(Z) = 0. Hence a (−1)-
symmetric form (P, λ) is even if and only if λ(p, p) is even for all p ∈ P .
Moreover, it can happen that there are two non-singular (−1)-quadratic forms
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which are not isomorphic as (−1)-quadratic forms but have the same under-
lying (−1)-symmetric form, see Theorem 7.108 and its proof.

Exercise 7.84. Show that for any group G equipped with the trivial orien-
tation homomorphism G → {±1} the map (1 + T ) : Q+1(ZG) → Q+1(ZG)
defined in (7.70) is injective.

The following example is of fundamental importance in surgery, and brings
together all the main ideas of Sections 7.3 and 7.4.

Example 7.85 (Quadratic form coming from a surgery problem).
An example of a non-singular (−1)k-quadratic form over Zπ with the w-
twisted involution is given as follows for a normal Γ -map of degree one
(M, [M ], f, f̂ , a, ξ, f) with target (X, p̂X , [X]) in the sense of Definition 7.3,
for which f is k-connected, provided that we are in the universal covering
case, see Notation 7.33, and have made choices (GBP) and (ABP) with the
same m ∈M , see Notations 7.8 and 7.12, which are compatible in the sense
of Definition 7.15. Namely, take the triple (Kk(M̃), s, t) with the pairing s
of (7.56) and quadratic refinement

t : Kk(M̃)
α−−→ Ik(M)

µ−−→ Q(−1)k(Zπ,w),(7.86)

where µ : Ik(M) → Q(−1)k(Zπ,w) is the self-intersection function defined
in (7.22) and α is the map defined in (7.57). We need the compatibility of
[M ] and the orientation TmM in order to be able to apply Lemma 7.58.

Notice that the bundle data are not needed to define the non-singular
(−1)k-symmetric form (Kk(M̃), s), but play a key role for the non-singular

(−1)k-quadratic form (Kk(M̃), s, t) since they appear in definition of the
self-intersection function µ.

The next result is the key step in translating the geometric question of,
whether we can change a normal map by a finite sequence of surgery steps to
a homotopy equivalence, into an algebraic question about quadratic forms. It
will naturally lead to the definition of the surgery obstruction groups L2k(R).

Definition 7.87 (Normal homotopy equivalence). A normal map is
called a normal homotopy equivalence if the underlying map of spaces is a
homotopy equivalence.

Theorem 7.88 (Surgery and hyperbolic kernels). Suppose that k ≥ 3
holds and we are in the situation of Example 7.85. Moreover, assume that
for the non-singular (−1)k-quadratic form (Kk(M̃), s, t) there are integers
u, v ≥ 0 together with an isomorphism of non-singular (−1)k-quadratic forms

(Kk(M̃), s, t)⊕H(−1)k(Zπu) ∼= H(−1)k(Zπv).

Then we can perform a finite number of surgery steps resulting in a normal
homotopy equivalence (f ′, f ′).
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Proof. If we do a surgery step on the trivial element in πk+1(f), we have

explained the effect on (Kk(M̃), t) in Example 7.59. The effect on the

quadratic form (Kk(M̃), s, t) is analogous, one adds a copy of Hε(Zπ). Hence
we can assume without loss of generality that the non-singular quadratic
form (Kk(M̃), s, t) is isomorphic to Hε(Zπv). Thus we can choose a Zπ-basis

{b1, b2, . . . , bv, c1, c2, . . . , cv} for Kk(M̃) such that

s(bi, ci) = 1 for i ∈ {1, 2, . . . , v};
s(bi, cj) = 0 for i, j ∈ {1, 2, . . . , v}, i 6= j;
s(bi, bj) = 0 for i, j ∈ {1, 2, . . . , v};
s(ci, cj) = 0 for i, j ∈ {1, 2, . . . , v};
t(bi) = 0 for i ∈ {1, 2, . . . , v}.

Notice that f is a homotopy equivalence if and only if the number v is zero,
see Lemma 7.38 (iii). Hence it suffices to explain how we can lower the num-
ber v to (v − 1) by a surgery step on an element in πk+1(f). Of course our
candidate is the element ω in πk+1(f) which corresponds under the isomor-

phism hk : πk+1(f) → Kk(M̃), see Lemma 7.38 (iii), to the element bv. By
construction the composition

πk+1(f)
tk−−→ Ik(M)

µ−−→ Qε(Zπ,w)

of the maps defined in (7.22) and in Lemma 7.9 sends ω to zero. Now Theo-
rem 3.39 and Theorem 7.27 ensure that we can perform surgery on ω. Notice
that the assumption k ≥ 3 and the quadratic structure on the kernel become
relevant exactly at this point. Finally it remains to check whether the effect
on Kk(M̃) is the desired one, namely, that we get rid of one of the hyperbolic
summands Hε(Zπ), or equivalently, v is lowered to v − 1.

We have explained earlier that doing surgery yields not only a new mani-
fold M ′ but also a bordism from M to M ′. Namely, take

W :=
(
M × [0, 1]

)
∪Sk×Dn−k

(
Dk+1 ×Dn−k),

where we attach Dk+1 × Dn−k by an embedding Sk × Dn−k ↪→ M × {1},
put M ′ := ∂W −M , and identify M = M × {0}. The manifold W comes
with a map F : W → X × [0, 1] whose restriction to M is the given map
f : M = M × {0} → X = X × {0} and whose restriction to M ′ is a map
f ′ : M ′ → X × {1}.

We have introduced the surgery kernel for a normal map of closed mani-
folds in Subsection 7.4.1. We will treat their generalisations to pairs in detail
in Subsections 7.6.2. At this place we only need the following input. Namely,
we put
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Kj(W̃ ) = ker
(
Hj(W̃ )→ Hj(X̃ × [0, 1])

)
;

Kj(M̃) = ker
(
Hj(M̃)→ Hj(X̃ × {0})

)
;

Kj(M̃ ′) = ker
(
Hj(M̃ ′)→ Hj(X̃ × {1})

)
;

Kj(W̃ , M̃) = ker
(
Hj(W̃ , M̃)→ Hj(X̃ × [0, 1], X̃ × {0})

)
;

Kj(W̃ , M̃ ′) = ker
(
Hj(W̃ , M̃ ′)→ Hj(X̃ × [0, 1], X̃ × {1})

)
;

Kj(W̃ , ∂̃W ) = ker
(
Hj(W̃ , ∂̃W )→ Hj(X̃ × [0, 1], X̃ × {0, 1})

)
.

where ∂̃W is the restriction of the universal covering W̃ →W to ∂W which is
indeed over each component of ∂W the universal covering. Define M̃ ′ analo-
gously. The inclusion of the kernels into the homology groups, which they are
submodules of, are always split injections and the kernels above vanish except
in one dimension which is either k or k+ 1. The various long exact sequences
of pairs yield then the following exact braid. To get the full detailed proof of
its existence, one has to combine Lemma 7.38 (ii) and Lemma 7.113 (ii)

0

##

��

Kk+1(W̃ , M̃)

##

��

Kk(M̃)

##

��

Kk(W̃ , M̃ ′)
  

��

0

0

@@

��

Kk+1(W̃ , ∂̃W )

@@

��

Kk(W̃ )

@@

��

0

@@

0

@@

==
Kk(M̃ ′)

@@

>> 0

@@

The (k+ 1)-handle Dk+1×Dn−k defines an element φk+1 in Kk+1(W̃ , M̃)
and the associated dual k-handle, see (1.38), defines an element ψk ∈
Kk(W̃ , M̃ ′). These elements constitute a Zπ-basis for Kk+1(W̃ , M̃) ∼= Zπ
and Kk(W̃ , M̃ ′) ∼= Zπ. The Zπ-homomorphism Kk+1(W̃ , M̃) → Kk(M̃)

maps φk+1 to bv. The Zπ-homomorphism Kk(M̃) → Kk(W̃ , M̃ ′) sends x
to s(bv, x) ·ψk. Hence we can find elements b′1, b′2, . . ., b′v and c′1, c′2, . . ., c′v−1

in Kk+1(W̃ , ∂̃W ) uniquely determined by the property that b′i is mapped

to bi and c′i to ci under the Zπ-homomorphism Kk+1(W̃ , ∂̃W ) → Kk(M̃).

Moreover, these elements form a Zπ-basis for Kk+1(W̃ , ∂̃W ) and the ele-

ment φk+1 is mapped to b′v under the Zπ-homomorphism Kk+1(W̃ , M̃) →
Kk+1(W̃ , ∂̃W ). Define b′′i and c′′i for i = 1, 2, . . . , (v − 1) to be the image

of b′i and c′i under under the Zπ-homomorphism Kk+1(W̃ , ∂̃W ) → Kk(M̃ ′).
Then {b′′i | i = 1, 2 . . . , (v − 1)}

∐
{c′′i | i = 1, 2 . . . , (v − 1)} is a Zπ-basis for

Kk(M̃ ′). One easily checks for the quadratic structure (s′, t′) on Kk(M̃ ′)
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s′(b′′i , c
′′
i ) = s(bi, ci) = 1 for i ∈ {1, 2, . . . , (v − 1)};

s′(b′′i , c
′′
j ) = s(bi, cj) = 0 for i, j ∈ {1, 2, . . . , (v − 1)}, i 6= j;

s′(b′′i , b
′′
j ) = s(bi, bj) = 0 for i, j ∈ {1, 2, . . . , (v − 1)};

s′(c′′i , c
′′
j ) = s(ci, cj) = 0 for i, j ∈ {1, 2, . . . , (v − 1)};

t′(b′′i ) = t(bi) = 0 for i ∈ {1, 2, . . . , (v − 1)}.

This finishes the proof of Theorem 7.88. ut

7.5 Even Dimensional L-Groups

Let R be an associative unital ring with involution. In this section we define
the even dimensional L-groups L2k(R) of R for k ∈ Z. When R = (Zπ,w)
is a group ring with w-twisted involution, then the surgery obstruction for
even dimensional surgery problems with fundamental group π and orientation
character w will take values in L2k(Zπ,w).

The general definition of L2k(R) occurs in Subsection 7.5.1. In Subsec-
tions 7.5.2 and 7.5.3 we give the computation of L0(Z) and L2(Z).

7.5.1 The Definition of L2k(R) via Forms

Definition 7.89 (Quadratic L-groups in even dimensions). Let R be
an associative ring with unit and involution. For k ∈ Z, define the abelian
group L2k(R) called the 2k-th quadratic L-group of R to be the abelian
group of equivalence classes [(F,ψ)] of non-singular (−1)k-quadratic forms
(F,ψ) whose underlying R-module F is a finitely generated free R-module
with respect to the following equivalence relation. We call (F,ψ) and (F ′, ψ′)
equivalent if and only if there exist integers u, u′ ≥ 0 and an isomorphism of
non-singular ε-quadratic forms

(F,ψ)⊕Hε(R)u ∼= (F ′, ψ′)⊕Hε(R)u
′
.

Addition is given by the sum of two ε-quadratic forms. The zero element is
represented by [Hε(R)u] for any integer u ≥ 0. The inverse of [(F,ψ)] is given
by [(F,−ψ)] because of Lemma 7.92.

Remark 7.90 (Functoriality of L-groups in even dimensions). A
morphism u : R → S of rings with involution induces homomorphisms
u∗ : Lk(R)→ Lk(S) for k = 0, 2 by induction.

Explicitly, given a finitely generated projective R-module, we obtain a map

indu : homR(P, P ∗)→ homS(u∗P, (u∗P )∗)
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by sending f ∈ homR(P, P ∗) to indu(f) ∈ homS(u∗P, (u∗P )∗) given by the
S-homomorphism S ⊗u P → homS(S ⊗u P, S) which sends s0 ⊗ p0 ∈ S ⊗u P
to the following S-homomorphism

indu(s0 ⊗ p0) : S ⊗u P → S, (s1 ⊗ p1) 7→ s1 · u
(
f(p0)(p1)

)
· s0.

One easily checks that the following diagram commutes

homR(P, P ∗)
TR //

indu

��

homR(P, P ∗)

indu

��
homS(S ⊗u P, (S ⊗u P )∗)

TS

// homS(S ⊗u P, (S ⊗u P )∗).

Hence we can assign to a non-singular ε-quadratic form (P,ψ) over R a non-
singular ε-quadratic form (S ⊗u P, indu(ψ)) over S. Obviously a standard
hyperbolic form is mapped under indu to a standard hyperbolic form and
everything is compatible with direct sums in the P variable.

This shows that indu yields a well-defined homomorphism u∗ : L2k(R) →
L2k(S) for k ∈ Z. One easily checks (u ◦ v)∗ = u∗ ◦ v∗ for homomorphisms
of rings with involutions u : R → S and v : S → T and (idR)∗ = idL2k(R) for
k ∈ Z.

Notice that Remark 7.90 allows to extend Remark 7.60 from the symmetric
setting to the quadratic setting.

Next we present a criterion for an ε-quadratic form (P,ψ) to represent
zero in Lε(R) which we will later need at several places. Let (P, φ) be an
ε-symmetric form. A sublagrangian L ⊂ P is an R-submodule such that
the inclusion i : L → P is split injective and the image of φ under the map
Qε(i) : Qε(P )→ Qε(L) is zero. The second condition is equivalent to L being
contained in its annihilator

L⊥ = {p ∈ P | λ(p, q) = 0 for all q ∈ L},

which is the same as the kernel of

P
φ−−→ P ∗

i∗−−→ L∗,

A sublagrangian L ⊂ P is called a lagrangian if L = L⊥. Equivalently, a
lagrangian L ⊂ P is an R-submodule L with inclusion i : L → P such that
the sequence

0→ L
i−→ P

i∗◦φ−−−→ L∗ → 0.

is exact. An ε-symmetric form (P, φ) admitting a lagrangian is called metabolic.
In the quadratic case, let (P,ψ) be an ε-quadratic form. A sublagrangian

L ⊂ P of (P,ψ) is a sublagrangian of the induced symmetric form (P, (1 +
εT )ψ) such that the inclusion i : L → P satisfies Qε(i)(ψ) = 0. A subla-
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grangian L ⊂ P is called a lagrangian if L = L⊥; i.e., it is a lagrangian of
(P, (1 + εT )ψ).

Exercise 7.91. Let (P, λ, µ) be ε-quadratic form given in the form described
in Remark 7.77. Show that a submodule L ⊆ P is a lagrangian if and only if
it satisfies the following conditions:

• L is a direct summand in P ;
• λ(l, l) = 0 for every l ∈ L;
• If p ∈ P satisfies λ(p, l) = 0 for all l ∈ L, then p ∈ L;
• µ : P → Qε(P ) is trivial on L.

Lemma 7.92. Let (P,ψ) be a non-singular ε-quadratic form. Let L ⊂ P be a
sublagrangian. Then L is a direct summand in L⊥ and ψ induces the structure
of a non-singular ε-quadratic form (L⊥/L, ψ⊥/ψ) on L⊥/L. Moreover, the
inclusion i : L→ P extends to an isomorphism of ε-quadratic forms

Hε(L)⊕ (L⊥/L, ψ⊥/ψ)
∼=−→ (P,ψ).

In particular a non-singular ε-quadratic form (P,ψ) is isomorphic to Hε(Q)
if and only if it contains a lagrangian L ⊂ P which is isomorphic as an
R-module to Q.

The analogous statement holds for ε-symmetric forms except that Hε(L)
is replaced by some metabolic ε-symmetric form M ε(L) with lagrangian L ⊂
Mε(L).

Proof. Choose an R-homomorphism s : L∗ → P such that i∗ ◦ (1+ ε ·T )(ψ)◦s
is the identity on L∗. Our first attempt is the obvious split injection i ⊕
s : L⊕L∗ → P . The problem is that it is not necessarily compatible with the
ε-quadratic structure. To be compatible with the ε-quadratic structure it is
necessary to be compatible with the ε-symmetric structure, i.e., the following
diagram must commute

L⊕ L∗ i⊕s // 0 1
ε 0


��

P

ψ+ε·T (ψ)

��
L∗ ⊕ L P ∗

(i∗⊕s∗)◦∆P∗oo

where ∆P∗ : P ∗ → P ∗ ⊕ P ∗ is the diagonal map and we write s∗ for the

composition P ∗
s∗−→ (L∗)∗

e(L)−1

−−−−→ L. The diagram above commutes if and
only if s∗ ◦ (ψ + ε · T (ψ)) ◦ s = 0. Notice that s is not unique, we can replace
s by s′ = s + i ◦ v for any R-map v : L∗ → L. For this new section s′ the
diagram above commutes if and only if s∗ ◦ (ψ+ ε · T (ψ)) ◦ s+ v∗ + ε · v = 0.
This suggests to take v = −εs∗ ◦ ψ ◦ s. Now one easily checks that
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g := i⊕ (s− ε · i ◦ s∗ ◦ ψ ◦ s) : L⊕ L∗ → P

is split injective and compatible with the ε-quadratic structures and hence
induces a morphism g : Hε(L)→ (P,ψ) of ε-quadratic forms.

Let im(g)⊥ be the annihilator of im(g). Denote by j : im(g)⊥ → P the
inclusion. We obtain an isomorphism of ε-quadratic forms

g ⊕ j : Hε(L)⊕ (im(g)⊥, j∗ ◦ ψ ◦ j)→ (P,ψ).

The projection L⊥ → im(g)⊥ induces an isomorphism h : L⊥/L → im(g)⊥.
Let ψ⊥/ψ be the ε-quadratic structure on L⊥/L for which h becomes an
isomorphism of ε-quadratic forms. This finishes the proof in the quadratic
case.

The proof in the symmetric case is analogous. ut

Remark 7.93 (Metabolic versus hyperbolic). We shall also call an ε-
quadratic form (P,ψ) which admits a lagrangian metabolic. Then Lemma 7.92
states that every metabolic ε-quadratic form is hyperbolic; i.e., isomorphic
to a standard hyperbolic ε-quadratic form.

The corresponding statement for symmetric forms is not true in general.
Namely, the following (+1)-symmetric form over the integers

(P, λ) =

(
Z2,

(
0 1
1 1

))
is metabolic, a lagrangian is given by {0} × Z, but it is not hyperbolic since
there are elements x ∈ P , e.g., x = (0, 1), such that λ(x, x) = 1, which is not
true for the hyperbolic form H+(Z).

7.5.2 The L-Groups of Z in Dimensions n = 4k

We work in the setting of non-singular symmetric bilinear forms (P, λ) over
Z. Recall that such a form is called even if the integer λ(x, x) is even for
all x ∈ P . An element [P, θ] in L0(Z) is represented by the (+1)-quadratic
form (P, θ) = (P, λ, µ) over Z, which is nothing but the even symmetric form

(P, λ) since µ(x) is determined by λ via the equation µ(x) = λ(x,x)
2 ∈ Z.

Exercise 7.94. Show that a non-singular symmetric bilinear form (P, λ) over
Z is metabolic if and only if there is a Z-submodule L ⊂ P with dimZ(P ) =
2 · dimZ(L) such that λ vanishes on L, i.e., λ(x, y) = 0 for x, y ∈ L.

By Lemma 7.92, every metabolic (+1)-quadratic form is hyperbolic.
The Witt group

(7.95) W (Z)
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of Z is defined to be the abelian group of equivalence classes of non-singular
symmetric forms over Z, where we call two non-singular symmetric forms
equivalent if they become isomorphic after adding some metabolic form. The
addition is given by orthogonal sum of forms: There is an obvious homomor-
phism

L0(Z)→W (Z).

The crucial invariant of forms we shall need is the signature. By tensoring
a symmetric form (P, λ) over Z with R we obtain a non-singular symmetric
R-bilinear pairing λR : (R⊗Z P )× (R⊗Z P )→ R. Recall from the discussion
just prior to Definition 4.64, that a symmetric bilinear form over R has a
signature which is defined to be the difference n+ − n−, where n+ and n−
are respectively the number of positive entries and the number of negative
entries on the diagonal of a diagonalisation of a real matrix representing the
form.

Theorem 7.96 (L4k(Z)). The signature defines isomorphisms

sign: W (Z)
∼=−→ Z, [P, λ] 7→ sign(R⊗Z P, λR);

sign: L0(Z)
∼=−→ 8 · Z, [P, λ, µ] 7→ sign(R⊗Z P, λR).

The proof of Theorem 7.96 rests on the following fact from the algebra of
symmetric bilinear forms over Z. For the proof we refer to [172, Lemma 4.1 in
Chapter II on page 22]. Recall that a symmetric bilinear form (P, λ) is called
definite if for all x ∈ P, x 6= 0 we have λ(x, x) > 0 or for all x ∈ P, x 6= 0 we
have λ(x, x) < 0. This is equivalent to the condition | sign(P,ψ)| = rank(P ).
It is called indefinite otherwise.

Theorem 7.97. An indefinite non-singular symmetric bilinear form (P, λ)
possesses an element x ∈ P \{0} such that λ(x, x) = 0.

Proof of Theorem 7.96. We first show that sign: W (Z)
∼=−→ Z is bijective and

sign: L0(Z)→ Z is injective. Note that if (P, λ) is metabolic then sign(P, λ) =
0. It follows that for any (P, λ), sign(P, λ) only depends on [P,ψ] ∈ W (Z).
Since sign(Z, (1)) = 1, sign(W (Z))→ Z is onto.

We now suppose that sign(P, λ) = 0. We show by induction on the rank
of P that [P, λ] = 0 ∈ W (Z); in addition, if λ is even we show that [P, λ] =
0 ∈ L0(Z). If rank(P ) = 0 then trivially [P, λ] = 0 in either W (Z) or L0(Z).
If rank(P ) > 0, then (P, λ) is indefinite and so by Theorem 7.97 it has a
non-trivial zero x. The submodule Lx ⊂ P defined by

Lx := {p ∈ P | kp = jx, k, j ∈ Z}

is a sublagrangian of (P, λ). By Lemma 7.92, there is an isomorphism of
forms (P, λ) ∼= M(Lx)⊕ (P ′, ψ′), where M(Lx) is a metabolic form on Lx. If
λ is even then again by Lemma 7.92, M(Lx) = H+(Lx) is hyperbolic. Since
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sign(M(Lx)) = 0 and rank(P ′) = rank(P )− 2 we have proven our inductive
step and hence sign: W (Z) → Z is injective. Moreover, in the case that λ
is even, the above argument shows that there is an isomorphism (P, λ) ∼=
H+(Zr) where rank(P ) = 2r, and so sign: L0(Z)→ Z is also injective.

It remains to prove that sign(L0(Z)) = 8 · Z. The following non-singular
even form is of fundamental importance in many areas in mathematics, it is
the E8-form, (P, λ) = (Z8, λE8

) where λE8
is represented by the matrix

λE8
=



2 1 0 0 0 0 0 0
1 2 1 0 0 0 0 0
0 1 2 1 0 0 0 0
0 0 1 2 1 0 0 0
0 0 0 1 2 1 0 1
0 0 0 0 1 2 1 0
0 0 0 0 0 1 2 0
0 0 0 0 1 0 0 2


The matrix λE8

may be understood as the incidence matrix of the following
E8-graph. Another point of view on this graph is that it is the Dynkin diagram
of the exceptional Lie group E8, see for instance [90].

Figure 7.98 (The E8-graph).

We have that sign(Z8, λE8
) = 8 and so it remains to show that sign(L0(Z)) ⊂

8 · Z: This is van der Blij’s Lemma, see [172, Lemma 5.2, Chapter II §5 on
page 24]. Let (P, λ) be a non-singular symmetric bilinear form and notice
that the map

χ∗ : P → Z/2, x 7→ λ(x, x) mod 2,

is a homomorphism of abelian groups. Since P is finitely generated free, χ∗

lifts (not uniquely) to a homomorphism of abelian groups χ∗ : P → Z and we
define χ ∈ P by

χ∗(x) = λ(χ, x), ∀x ∈ P.

Any such χ ∈ P is called a characteristic element for (P, λ). Next we show
that the map

ω : W (Z)→ Z/8, (P, λ) 7→ λ(χ, χ) mod 8

is a well-defined homomorphism such that

sign(P, λ) = ω(P, λ) mod 8.
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To prove the claim, we note that any two lifts χ∗ and χ′∗ of χ∗ differ by a
homomorphism P → 2 ·Z and hence for the corresponding elements χ, χ′ ∈ P
we have

χ = χ′ + 2x,

for some x ∈ P . It follows that

λ(χ, χ)− λ(χ′, χ′) = 2λ(χ′, 2x) + λ(2x, 2x)

= 4(λ(χ′, x) + λ(x, x)).

Since χ′ is characteristic for λ, (λ(χ′, x) + λ(x, x)) ∈ 2Z, proving that
ω(P, λ) ∈ 8Z is well defined. It is clear that ω is additive under orthogo-
nal sums and one checks that ω(P, λ) = 0 for any metabolic form (P, λ).
Hence ω : W (Z) → Z/8 is a well defined homomorphism. To check that ω
agrees with the signature homomorphism, we need only check on the gener-
ator [Z, (1)] of W (Z), where the agreement is clear. ut

Remark 7.99. We point out that Lemma 4.74, Remark 7.80 and Lemma 7.92

imply that the signature defines an isomorphism L0(R)
∼=−→ Z.

7.5.3 The L-Groups of Z in Dimensions n = 4k + 2

We begin with classifying the non-singular (−1)-symmetric forms over R for
R = Z,F2.

Lemma 7.100. Let R be Z or F2. Consider any non-singular (−1)-symmetric
form (P, λ) over R.

Then it is hyperbolic and admits a symplectic basis {e1, f1, . . . , em, fm},
which means

λ(ei, fi) = 1;

λ(ei, fj) = 0, if i 6= j,

λ(ei, ej) = 0;

λ(fi, fj) = 0.

Proof. We use induction over the rank r of the finitely generated free Z-
module P . The induction beginning r = 0, which is equivalent to P = {0},
is trivial. The induction step is done as follows.

We have λ(x, x) = 0 for any x ∈ P since λ is (−1)-symmetric. Choose
an element e1 ∈ P such that e1 = m · e for m ∈ R and e ∈ P implies
m ∈ {±1}. Then L = {n · e1 | n ∈ R} is a sublagrangian of (P, λ). We get
from Lemma 7.92 an isomorphism of non-singular (−1)-symmetric forms

M−1(L)⊕ (L⊥/L, φ′) ∼= (P, λ).
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where M−1(L) is metabolic with lagrangian L. One easily checks that
M−1(L) = H−1(L) and possesses a symplectic basis. Since from the in-
duction hypothesis applied to (L⊥/L, φ′) we conclude that the non-singular
(−1)-symmetric form (L⊥/L, φ′) is hyperbolic and has a symplectic basis,
(P, λ) is hyperbolic and has a symplectic basis. ut

Next we classify the non-singular (−1)-quadratic forms over R for R =
Z,F2. Recall that non-singular (−1)-quadratic form (P,ψ) over R is equiva-
lent to a triple (P, λ, µ) where (P, λ) is a non-singular (−1)-symmetric form
over R and µ : P → Q−(R) = Z/2 is a function such that

µ(x+ y) = µ(x) + µ(y) + pr(λ(x, y)) ∈ Z/2.

We have the (−1)-quadratic hyperbolic form H−1(R) over R2. There is also
the following non-singular (−1)-quadratic form A(R) = (R2, λA, µA) over R2

whose underlying non-singular (−1)-symmetric form is H−1(R), by

λ((m1,m2), (n1, n2)) = (m1n2 −m2n1);

µ(m,n) = 0, if m and n are even;

µ(m,n) = 1, if m or n is odd.

Theorem 7.101. Let R be Z or F2. Let (P, λ, µ) be a non-singular (−1)-
quadratic form over the ring R such that P is different from {0}.

(i) Then P is isomorphic to R2k for some natural number k ≥ 1, and
(P, λ, µ) is isomorphic to precisely one of the non-singular (−1)-quadratic
forms over the ring R given by H−1(Rk) and H−1(Rk−1)⊕A(R);

(ii) We have the isomorphism of non-degnerate (−1)-quadratic forms over
the ring R

A(R)⊕A(R) ∼= H−1(R2).

Proof. We first prove that there are precisely two isomorphism classes of non-
singular (−1)-quadratic forms with underlying R-module R2, namely, H−(R)
and A(R). By Lemma 7.100 every non-singular (−1)-symmetric form (R2, λ)
over R2 is isomorphic to H−(R). Now for any invertible matrix X ∈ GL(2, R)

with X =

(
a b
c d

)
, we have

(
a b
c d

)(
0 1
−1 0

)(
a b
c d

)t
= det(X)

(
0 1
−1 0

)
.

Hence, using aut(B) to denote the group of automorphisms of a form B, we
see that aut(H−(R)) = SL2(R), the group of invertible 2×2 matrices over R
with determinant one. It is also easy to see that aut(H−(R)) ⊂ aut(H−(R))
is given by

aut(H−(R)) =

{(
a b
c d

)∣∣∣∣ b, c ∈ 2 ·R
}
,
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and that aut(H−(R)) ⊂ aut(H−(R)) is a subgroup of index three. Indeed
there are precisely four quadratic refinements µ : R2 → Z/2 of H−(R) which
we list for the reader’s convenience:

(7.102)

x = (0, 0) x = (1, 0) x = (0, 1) x = (1, 1)

µH1
(x) 0 0 0 1

µH2
(x) 0 0 1 0

µH3
(x) 0 1 0 0

µA(x) 0 1 1 1

These four quadratic refinements sit in two orbits under of the action of
aut(H−(R)): the orbit {µH1 , µH2 , µH3} corresponds to H−(R), and the orbit
{µA} corresponds to A(R). Hence every non-singular (−1)-quadratic form
with underlying R-module R2 is isomorphic to H−(R) or A(R)

In particular, if −A(R) is the (−1)-quadratic form (R2,−λA(R),−µA(R)),
then there is an isomorphism f : A(R) ∼= −A(R). Hence assertion (ii) follows,
namely, we get

A(R)⊕A(R) ∼= A(R)⊕−A(R) ∼= H−(R2),

by applying Lemma 7.92 to the diagonal lagrangian ∆ ⊂ A(R)⊕−A(R).
The following definition is taken from from Browder [35, III.1.5-1.12]. Let

(Q,λ, µ) be a non-singular (−1)-quadratic form over F2. We define the so
called democratic invariant of (Q,λ, µ) by

(7.103) Arf ′(Q,λ, µ) :=

{
0 if |µ−1(0)| > |µ−1(1)|;
1 if |µ−1(1)| ≥ |µ−1(0)|.

We note that Arf ′(Q,µ) is manifestly an isomorphism invariant. Since a direct
computation shows Arf ′(H−(F2)) = 0 and Arf ′(A(F2)) = 1, we conclude
that H−(F2) and A(F2) are not isomorphic. Since H−1(F2) and A(F2) are
obtained from H−1(Z) and A(Z) by induction with the projection Z → F2,
we conclude that H1(Z) and A(Z) are not isomorphic. This finishes the proof
of assertion (i) in the special case that P = R2.

Consider any non-singular (−1)-quadratic form (Q,λ, µ) over the ring R
with Q 6= {0}. The underlying non-singular (−1)-symmetric form (Q,λ) is
isomorphic to H−(Rk) for some k ≥ 1 by Lemma 7.100. Hence we can choose
an isomorphism of non-singular (−1)-symmetric forms

α : (Q,λ)
∼=−→ ⊕ki=1H

−(R).

From the equation µ(x + y) = µ(x) + µ(y) + pr(λ(x, y)) ∈ Z/2, we deduce
that µ is compatible with this isomorphism. We explain this at least in the
case k = 2, the general case is then obvious. Namely, we get for (x1, x2) ∈ R2



7.5 Even Dimensional L-Groups 245

µ(x1, x2) = µ(x1, 0) + µ(0, x2) + pr(λ((x0, 0), (0, x1)))

= µ(x1, 0) + µ(0, x2) + pr(0)

= µ(x1, 0) + µ(0, x2).

Hence we get from α an isomorphism of non-singular (−1)-quadratic forms

α̃ : (Q,λ, µ) ∼= ⊕ki=1(Qi, λi, µi)

where each R-module Qi is isomorphic to R2. Hence each (Qi, λi, µi) is
isomorphic to H−(R) or A(R). Because of assertion (ii), we conclude that
(Q,λ, µ) is isomorphic to H−1(Rk) or H−1(Rk−1)⊕A(R).

It remains to show that H−1(Rk) and H−1(Rk−1)⊕A(R) are not isomor-
phic. Since H−1(Fk2) and H−1(Fk−1

2 )⊕A(F2) are obtained from H−1(Zk) and
H−1(Zk−1) ⊕ A(Z) by induction with the projection Z → F2, it suffices to
do this for R = F2. A simple counting exercise shows that for a non-singular
(−1)-quadratic form (Q,λ, µ) over the ring F2

|(µ⊕ µH−1(R))
−1(1)| = 3|µ−1(1)|+ |µ−1(0)|,

and that
|(µ⊕ µA(R))

−1(1)| = 3|µ−1(0)|+ |µ−1(1)|.

We deduce that for (Q1, λ1, µ1) = H−(F2) or A(F2)

(7.104) Arf ′((Q,λ, µ)⊕ (Q1, λ1, µ1)) = Arf ′(Q,λ, µ) + Arf ′(Q1, λ1, µ1).

Since Arf ′(H−1(F2)) = 0 and Arf ′(A(F2)) = 1, we conclude Arf ′(H−1(Fk) =
0 and Arf ′(H−1(Fk−1)⊕A(F)) = 1. This finishes the proof of Theorem 7.101.

ut

Let R = Z or R = F2. Consider a non-singular (−1)-quadratic form
(P, λ, µ) over R together with a symplectic basis B = {e1, f1, . . . , ek, fk}
of the underlying non-singular (−1)-symmetric form (P, λ) over R. Define

Arf(P, λ, µ,B) :=

k∑
i=1

µ(ei) · µ(fi) ∈ Z/2.(7.105)

We want to show that this definition is independent of the choice of the
symplectic basis B. This follows directly from the following result

Lemma 7.106. Let (P, λ, µ) be a non-singular (−1)-quadratic form over R.
Then we get for any choice of symplectic basis B of (P, λ)

Arf(P, λ, µ,B) = Arf ′(P, λ, µ),

where Arf ′(P, λ, µ) has been introduced in (7.103).
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Proof. Let {e1, f1, . . . , em, fm} be a symplectic basis for (P, λ, µ). It yields an
isomorphism of non-singular (-1)-symmetric forms

α : (Q,λ)
∼=−→ ⊕ki=1H

−(R).

As explained in the proof of Theorem 7.101 we find an isomorphism of non-
singular (-1)-quadratic forms

α̃ : (Q,λ, µ)
∼=−→

k⊕
i=1

(Qi, µi, λi)

which reduces to α if we only remember the (−1)-symmetric structure. Hence
we get

Arf(Q,λ, µ,B) =

k∑
i=1

Arf(Qi, λi, µi, Bi)

for the symplectic basis Bi = {ei, fi} of (Qi, λi, µi). We get from the proof
of Theorem 7.101

Arf ′(Q,λ, µ) =

k∑
i=1

Arf ′(Qi, λi, µi)

Arf ′(H−1(R)) = 0;

Arf ′(A(R)) = 1.

Hence it suffices to show that for any choice of symplectic basis B we get

Arf(H−1(R), B) = 0;

Arf(A(R);B) = 1.

We have

Arf ′(H−1(Z), B) = Arf ′(H−1(F2), B′);

Arf ′(A(Z), B) = Arf ′(A(F2), B′),

where B′ is the obvious symplectic basis obtained from B using the projection
Z→ F2. Hence it suffices to show Arf(H−1(F2), B) = 0 and Arf(A(F2), B) =
1 for any choice of a symplectic basis B, which is done by a straightforward
calculation. ut

In view of Lemma 7.106 the following definition makes sense.

Definition 7.107 (Arf invariant). Let R = Z or R = F2. Define the Arf
invariant of a non-singular (−1)-quadratic form (P, λ, µ) over R for any
choice of symplectic basis B = {e1, f1, . . . , em, fm} of the non-singular (−1)-
symmetric form (P, λ) over R by
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Arf(P, λ, µ) := Arf(P, λ, µ,B) = Arf ′(P, λ, µ) ∈ Z/2,

where Arf(P, λ, µ,B) is defined in (7.105) and Arf ′(P, λ, µ) in (7.103).

Since we have shown above that for R = Z,F2 the Arf invariant is com-
patible with direct sums, vanishes for hyperbolic non-singular (−1)-quadratic
forms and two non-singular (−1)-quadratic forms over R are isomorphic if
and only their Arf invariants agree, we get

Theorem 7.108 (L4k+2(Z)). The Arf invariant defines isomorphisms

Arf : L2(Z)
∼=−→ Z/2, [(P, λ, µ)] 7→ Arf(P, λ, µ) = Arf(F2 ⊗Z (P, λ, µ));

Arf : L2(F2)
∼=−→ Z/2, [(P, λ, µ)] 7→ Arf(P, λ, µ),

and the change of rings homomorphism Z→ F2 induces an isomorphism

L2(Z)
∼=−→ L2(F2).

7.6 The Even Dimensional Surgery Obstruction in the
Universal Covering Case

For the remainder of this subsection we fix a normal Γ -map of degree
one (M, [M ], f, f̂ , a, ξ, f) with target (X, p̂X , [X]) in the sense of Defini-
tion 7.3, where the dimension n = 2k is even. We will often abbreviate
(M, [M ], f, f̂ , a, ξ, f) by (f, f). Moreover, we will assume that we are in the
universal covering case, see Notation 7.33 and that k ≥ 3.

The main result of this section is

Theorem 7.109 (Surgery Obstruction Theorem in Even Dimensions
in the universal covering case). Suppose that N = dim(M) = dim(X) =
2k for k ≥ 3 and that we are in the universal covering case, see Notation 7.33.

Then there is a well defined surgery obstruction

σ(f, f) ∈ L2k(Zπ1(X,x), w1(X))

taking values in the even dimensional algebraic L-group in the sense of Defi-
nition 7.89 of the ring Zπ1(X,x) equipped with the w1(X)-twisted involution
sending

∑
g∈Γ λg · g to

∑
g∈Γ λg · w1(X)(g) · g−1. It has the following prop-

erties:

(i) It depends only on the normal bordism with cylindrical ends class of (f, f)
in the sense of Definition 7.7;

(ii) We have σ(f, f) = 0 ∈ L2k(Zπ1(X,x), w1(X)) if and only if we can do a
finite number of surgery steps to obtain a normal homotopy equivalence
(f ′, f ′).
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Before we give its proof in Subsection 7.6.3, we consider as preparation for
its proof normal maps of pairs and their surgery kernels in Subsections 7.6.1
and 7.6.2.

7.6.1 Normal Maps of Pairs

The remainder of this section is devoted to the proof of Theorem 7.109 which
needs some preparations.

So far we have only considered normal Γ -maps (M, [M ], f, f̂ , a, ξ, f) of
degree one in the sense of Definition 7.3 for a closed manifold M and a
finite Poincaré complex X. This definition makes also sense, when we re-
place M by a compact manifold (M,∂M) with boundary ∂M and X by a
Poincaré pair (X, ∂X). The only difference is that f has to be replaced by
a map of pairs (f, ∂f) : (M,∂M) → (X, ∂X), and fundamental classes have
to be replaced by the fundamental classes [M,∂M ] ∈ HΓ

n (M,∂M ;Zw) and

[X, ∂X] ∈ HΓ
n (X, ∂X;Zw). Moreover, we get Γ -coverings p∂M : ∂̂M → ∂M

and p∂X : ∂̂X → ∂X from the Γ -coverings pX : X̂ → X and pM : M̂ → M

by restriction to ∂X and ∂M and a Γ -map ∂̂f : ∂̂M → ∂̂X covering ∂f from
the Γ -map f̂ : M̂ → X̂.

The definitions concerning the bundle data are unchanged. This makes
sense since TM is defined also for a manifold with boundary. The case of the
universal covering appearing in Notation 7.33 is also unchanged. Notice that
we are not requiring anything about ∂M and ∂f and ∂X. It is possible that
∂M consists of more than one component and no connectivity assumptions
about ∂f are made, unless stated explicitly differently. In particular the re-
striction of p̃M : M̃ → M to ∂M is not necessarily the universal covering of
∂M and analogously for X.

7.6.2 Surgery Kernels for Maps of Pairs

For the remainder of this subsection we fix a normal Γ -map of pairs of degree
one (M,∂M, [M,∂M ], f, ∂f, f̂ , a, ξ, f) with target (X, ∂X, [X, ∂X], p̂X) in the
sense of Subsection 7.6.1. We extend the material of Subsection 7.4.1 to this
more general setting. This will be needed for instance when we deal with the
bordism invariance of the surgery obstruction.

The Γ -map of pairs (f̂ , ∂̂f) induces maps of ZΓ -(co)chain complexes

C∗(f̂ , ∂̂f) : C∗(M̂, ∂̂M)→ C∗(X̂, ∂̂X)

and
C∗(f̂ , ∂̂f) : C∗(X̂, ∂̂X)→ C∗(M̂, ∂̂M).
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They induce ZΓ -homomorphisms (f̂ , ∂̂f)∗ : H∗(M̂, ∂̂M) → H∗(X̂, ∂̂X) and

(f̂ , ∂̂f)∗ : H∗(X̂, ∂̂X) → H∗(M̂, ∂̂M). The failures of (f̂ , ∂̂f)∗ and (f̂ , ∂̂f)∗

to be isomorphisms are measured by the ZΓ -(co)homology modules

H∗(f̂ , ∂̂f) := H∗
(
cone∗(C∗(f̂ , ∂̂f))

)
;

H∗(f̂ , ∂̂f) := H∗
(
cone∗(C∗(f̂ , ∂̂f))

)
,

where cone∗(C∗(f̂ , ∂̂f)) and cone∗(C
∗(f̂ , ∂̂f)) are the algebraic mapping

cones of C∗(f̂ , ∂̂f) and C∗(f̂ , ∂̂f) respectively. There are long exact sequences
of ZΓ -modules

(7.110) · · · → Hj+1(M̂, ∂̂M)
(f̂ ,∂̂f)∗−−−−−→ Hj+1(X̂, ∂̂X)→ Hj+1(f̂ , ∂̂f)

→ Hj(M̂, ∂̂M)
(f̂ ,∂̂f)∗−−−−−→ Hj(X̂, ∂̂X)→ · · · ,

and

(7.111) · · · → Hj(X̂, ∂̂X)
(f̂ ,∂̂f)∗−−−−−→ Hj(M̂, ∂̂M)→ Hj+1(f̂ , ∂̂f)

→ Hj+1(X̂, ∂̂X)
(f̂ ,∂̂f)∗−−−−−→ Hj+1(M̂, ∂̂M)→ · · · .

Definition 7.112 (Kernels of degree one maps of pairs). Define the
kernels by

Kj(M̂) := ker(f̂∗ : Hj(M̂)→ Hj(X̂));

Kj(M̂) := coker(f̂∗ : Hj(X̂)→ Hj(M̂));

Kj(M̂, ∂̂M) := ker((f̂ , ∂̂f)∗ : Hj(M̂, ∂̂M)→ Hj(X̂, ∂̂X));

Kj(M̂, ∂̂M) := coker((f̂ , ∂̂f)∗) : Hj(X̂, ∂̂X)→ Hj(M̂, ∂̂M)).

The following lemma shows that the surgery kernels of a degree one map
of pairs behave very much like the (co)homology groups of a third Poincaré
pair.

Lemma 7.113. (i) The ZΓ -homomorphisms

f̂∗ : Hj(M̂)→ Hj(X̂) and (f̂ , ∂̂f)∗ : Hj(M̂, ∂̂M)→ Hj(X̂, ∂̂X)

are split surjections, whereas the homomorphisms

f̂∗ : Hj(X̂)→ Hj(M̂) and (f̂ , ∂̂f)∗ : Hj(X̂, ∂̂X)→ Hj(M̂, ∂̂M)

are split injections. Hence there are natural isomorphisms
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Hj(M̂)
∼=−→ Kj(M̂)⊕Hj(X̂);

Hj(M̂)
∼=−→ Kj(M̂)⊕Hj(X̂);

Hj(M̂, ∂̂M)
∼=−→ Kj(M̂, ∂̂M)⊕Hj(X̂, ∂̂X);

Hj(M̂, ∂̂M)
∼=−→ Kj(M̂, ∂̂M)⊕Hj(X̂, ∂̂X);

and also natural isomorphisms

Kj(M̂)
∼=−→ Hj+1

(
cone∗(C∗(f̂))

)
;

Kj(M̂)
∼=−→ Hj+1

(
cone∗(C∗(f̂))

)
;

Kj(M̂, ∂̂M)
∼=−→ Hj+1

(
cone∗(C∗(f̂ , ∂̂f))

)
;

Kj(M̂, ∂̂M)
∼=−→ Hj+1

(
cone∗(C∗(f̂ , ∂̂f))

)
.

(ii) The cap products with [M,∂M ] and [∂M ] induce isomorphisms

− ∩ [M,∂M ] : Kn−j(M̂)
∼=−→ Kj(M̂, ∂̂M);

− ∩ [M,∂M ] : Kn−j(M̂, ∂̂M)
∼=−→ Kj(M̂);

− ∩ [∂M ] : Kn−j−1(∂̂M)
∼=−→ Kj(∂̂M),

which fit into a commutative diagram of long exact sequences

. . . // Kn−j−1(∂̂M)

−∩[∂M ]∼=
��

// Kn−j(M̂, ∂̂M)

−∩[M,∂M ]∼=
��

// Kn−j(M̂)

−∩[M,∂M ]∼=
��

// · · ·

. . . // Kj(∂̂M) // Kj(M̂) // Kj(M̂, ∂̂M) // · · · .

(iii) Consider j ≥ 1. If f is j-connected, then Ki(M̂) = 0 for all i < j.
Suppose that we are in the universal covering case, see Notation 7.33.
Then f is j-connected only if Ki(M̂) = 0 for all i < j. In this case there
is a composition of natural Zπ-isomorphisms

hj : πj+1(f)
∼=−→ πj+1(f̃)

∼=−→ Hj+1(f̃)
∼=−→ Kj(M̃)

such that the following diagram of Zπ-modules commutes
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πk+1(f)
hj // Kj(M̃)

��

πk+1(f̃)

∂k+1

��

∼=

OO

πj(M̃) // Hj(M̃)

where the lower horizontal arrow is the Hurewicz homomorphism and the
right vertical arrow is the inclusion.

(iv) If (f, ∂f) is a homotopy equivalence of pairs, then Ki(M̂) = 0 for all i.
Suppose that we are in the universal covering case, see Notation 7.33, and
that ∂f is a homotopy equivalence. Let k be the natural number defined by
n = dim(X) = 2k or n = dim(X) = 2k+1. Then (f, ∂f) is a homotopy

equivalence of pairs if and only if Ki(M̂) = 0 for all i ≤ k.

Proof. (i) and (ii) The proof follows the same line of reasoning as the proof
of Lemma 7.38 (i) and (ii), now for pairs.

For instance, the Umkehr maps for homology are now defined as follows.

Given x ∈ Hj(X̂, ∂̂X) and y ∈ Hj(X̂) we have

(7.114) (f̂ , ∂̂f)! : Hj(X̂, ∂̂X)→ Hj(M̂, ∂̂M)

x 7→ f̂∗
(
(− ∩ [X, ∂X])−1(x)

)
∩ [M,∂M ]

and

(7.115) (f̂)! : Hj(X̂)→ Hj(M̂),

y 7→ (f̂ , ∂̂f)∗
(
(− ∩ [X, ∂X])−1(x)

)
∩ [M,∂M ].

As in the closed case standard properties of cap products ensure that

(f̂∗, ∂̂f)∗(f̂ , ∂̂f)!(x) = x and f̂∗f̂!(y) = y, and so (f̂ , ∂̂f)∗ and f̂∗ are split
surjections. A similar argument works for cohomology.

Now one obtains the following commutative diagrams with split exact rows
from the Umkehr maps and the long exact (co)homology sequences (7.110)
and (7.111).

(7.116)

0 Kn−j(M̂, ∂̂M)

−∩[M,∂M ]∼=
��

oo Hn−j(M̂, ∂̂M)

−∩[M,∂M ]∼=
��

oo Hn−j(X̂, ∂̂X)

−∩[X,∂X]∼=
��

f̂∗oo 0oo

0 // Kj(M̂) // Hj(M̂)
f̂∗ // Hj(X̂) // 0
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and

(7.117)

0 Kn−j(M̂)

−∩[M,∂M ]∼=
��

oo Hn−j(M̂)

−∩[M,∂M ]∼=
��

oo Hn−j(X̂)

−∩[X,∂X]∼=
��

f̂∗oo 0oo

0 // Kj(M̂, ∂̂M) // Hj(M̂, ∂̂M)
f̂∗ // Hj(X̂, ∂̂X) // 0.

The desired diagram appearing in assertion (ii) comes from (co)homology
long exact sequences (7.110) and (7.111) using (7.116) and (7.117).

(iii) The proof is identical to that of Lemma 7.38 (iii).

(iv) If (f, ∂f) is a homotopy equivalence of pairs, then clearly all kernel groups
vanish.

Now suppose that we are in the universal covering case, ∂f is a homotopy
equivalence, and Ki(M̃) = 0 for i ≤ k. Then Ki(M̃) = 0 for i ≤ k. Now by
assertion (ii)

Ki(M̃) ∼= Kn−i(M̃, ∂̂M) ∼= Kn−i(M̃),

since ∂f is a homotopy equivalence and hence Kl(∂̂M) = 0 for all l. Hence

Ki(M̃) = 0 for all i and so we have an isomorphism f̃∗ : H∗(M̃) ∼= H∗(X̃).
Since f induces an isomorphism of fundamental groups, we conclude from
Theorem [259, Theorem IV.7.13 on page 181, Theorem V.3.1 and Theo-
rem V.3.5 on page 230] that f is a homotopy equivalence. Hence (f, ∂f)
is a homotopy equivalence of pairs. ut

Notice that all of the earlier arguments for performing surgery below the
middle dimension in the closed case, carry over to the degree one normal maps
of pairs (f, f) : (M,∂M) → (X, ∂X) where we perform surgeries only in the
interior of the source manifolds, leaving the normal map unchanged on the
boundary. In the light of Lemma 7.113 we can now reformulate Theorem 6.49.

Theorem 7.118 (Killing the absolute kernels of a normal map of
pairs). Let k be the natural number satisfying n = 2k + 1 or n = 2k. We
can arrange by carrying out a finite sequence of surgery steps in the interior
of the source manifolds that f is k-connected and we have Ki(M̂) = 0 for
i < k. If we additionally assume that ∂f is a homotopy equivalence, we have
Ki(M̂) = 0 = Ki(M̂), unless n = 2k and i = k, or n = 2k+1 and i = k, k+1.

We conclude this subsection by introducing the chain level Umkehr maps
for pairs. These are ZΓ -chain maps of ZΓ -chain complexes

C !
∗(f̂) : C∗(X̂)→ C∗(M̂) and C !

∗(f̂ , ∂̂f) : C∗(X̂, ∂̂X)→ C∗(M̂, ∂̂M)),

which induce the Umkehr maps on homology of (7.114). In fact, the chain

map C !
∗(f̂) depends on the map of pairs (f̂ , ∂̂f), but we surpress the ∂̂f
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from the notation so that it is clear that the source and target of C !
∗(f̂) are

C∗(M̂) and C∗(X̂). As in the closed case, the chain level Umkehr maps lead
to a deeper explanation of the Poincaré duality isomorphism of kernels in
Lemma 7.113 (ii). They will also be used in the proof of Lemma 7.126 (ii)
below and they play an important role in the theory of algebraic surgery in
Chapter 14. They are defined to be the following compositions of ZΓ -chain
maps

(7.119) C !
∗(f̂) : C∗(X̂)

(−∩[X,∂X])−1

−−−−−−−−−−→ Cn−∗(X̂, ∂̂X)
Cn−∗(f̂ ,∂̂f)−−−−−−−−→

Cn−∗(M̂, ∂̂M)
−∩[M,∂M ]−−−−−−−−→ C∗(M̂),

and

(7.120) C !
∗(f̂ , ∂̂f) : C∗(X̂, ∂̂X)

(−∩[X,∂X])−1

−−−−−−−−−−−→ Cn−∗(X̂)
Cn−∗(f̂)−−−−−−→

Cn−∗(M̂, ∂̂M)
−∩[M,∂M ]−−−−−−−−→ C∗(M̂, ∂̂M).

Here the maps denoted (− ∩ [X, ∂X])−1 are ZΓ -chain homotopy inverses to

− ∩ [X, ∂X] : Cn−∗(X̂, ∂̂X) → C∗(X̂) and also − ∩ [X, ∂X] : Cn−∗(X̂) →
C∗(X̂, ∂̂X). There are of course many choices for the chain maps (− ∩
[X, ∂X])−1, but standard arguments show that they are all ZΓ -chain ho-

motopic, and so the ZΓ -chain homotopy classes of C !
∗(f̂) and C !

∗(f̂ , ∂̂f) are
well-defined.

The dual of C !
∗(f̂) is the ZΓ -chain map C !(f̂)n−∗ : Cn−∗(M̂)→ Cn−∗(X̂)

and the dual of C !
∗(f̂ , ∂̂f) is Cn−∗! (f̂ , ∂̂f) : Cn−∗(M̂, ∂̂M) → Cn−∗(X̂, ∂̂X).

From the definition of the chain level Umkehr map we see that

f̂! = Hj(C
!
∗(f̂)) : Hj(X̂)→ Hj(M̂);(7.121)

(f̂ , ∂̂f)! = H∗(C
!
∗(f̂ , ∂̂f)) : H∗(X̂, ∂̂X)→ H∗(M̂, ∂̂M);(7.122)

f̂ ! = Hj(C
!(f̂)n−∗) : Hj(M̂)→ Hj(X̂);(7.123)

(f̂ , ∂̂f)! = Hj(C
!(f̂ , ∂̂f)n−∗) : Hj(M̂)→ Hj(X̂).(7.124)

The mapping cone of C !
∗(f̂) is the ZΓ -chain complex cone∗(C

!
∗(f̂)) and the

mapping cone of C !
∗(f̂ , ∂̂f) is cone∗(C

!
∗(f̂ , ∂̂f)). Since the target of C !

∗(f̂ , ∂̂f)

is C∗(M̂, ∂̂M), we have the canonical chain map

e∗ : C∗(M̂, ∂̃M)→ cone∗(C
!
∗(f̂ , ∂̂f)).

If we use e∗ to push forward the fundamental class [M,∂M ] ∈ Hn(M,∂M ;Zw)

of (M,∂M), we obtain e∗([M,∂M ]) ∈ Hn(cone∗(C
!
∗(f̂ , ∂̂f);Zw)) and hence

also the ZΓ -chain maps
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− ∩ e∗([M,∂M ]) : conen−∗(C !
∗(f̂))→ cone∗(C

!
∗(f̂ , ∂̂f))

and
− ∩ e∗([M,∂M ]) : conen−∗(C !

∗(f̂ , ∂̂f))→ cone∗(C
!
∗(f̂)).

In the following lemma and its proof, we shall see that the fact that
the map f : (M,∂M) → (X, ∂X) has degree one means that the kernel

groups of K∗(M̂) and K∗(M̂, ∂̂M) are isomorphic to the homology groups

of cone∗(C
!
∗(f̂)) and cone∗(C

!
∗(f̂ , ∂̂f)) respectively, and that the chain map

− ∩ e∗([M ]) behaves very much like the cap product map of the fundamen-
tal class of a Poincaré pair. This gives a deeper explanation of the fact that

the kernel groups K∗(M̂) and K∗(M̂, ∂̂M) behave in many respects like the
homology groups of a third pair satisfying Poincaré duality.

Lemma 7.125. (i) There are natural isomorphisms

Kj(M̂)
∼=−→ Hj

(
cone∗(C

!
∗(f̂))

)
;

Kj(M̂, ∂̂M)
∼=−→ Hj

(
cone∗(C

!
∗(f̂ , ∂̂f))

)
;

Kj(M̂)
∼=−→ Hn−j

(
conen−∗(C !

∗(f̂))
)
;

Kj(M̂, ∂̂M)
∼=−→ Hn−j

(
conen−∗(C !

∗(f̂ , ∂̂f))
)
;

(ii) Cap product with e∗([M,∂M ]) induces ZΓ -chain homotopy equivalences

− ∩ e∗([M,∂M ]) : conen−∗(C !
∗(f̂))

'−→ cone∗(C
!
∗(f̂ , ∂̂f))

and

− ∩ e∗([M,∂M ]) : conen−∗(C !
∗(f̂ , ∂̂gf))

'−→ cone∗(C
!
∗(f̂)),

which in turn induce commutative diagrams of isomorphisms

Kn−j(M̂)

−∩[M ]∼=
��

∼= // Hj

(
conen−∗(C !

∗(f̂))
)

−∩e∗([M,∂M ])∼=
��

Kj(M̂, ∂̂M)
∼= // Hj

(
cone∗(C

!
∗(f̂ , ∂̂f))

)
and

Kn−j(M̂)

−∩[M ]∼=
��

∼= // Hj

(
conen−∗(C !

∗(f̂))
)

−∩e∗([M,∂M ])∼=
��

Kj(M̂, ∂̂M)
∼= // Hj

(
cone∗(C

!
∗(f̂ , ∂̂f))

)
.

Proof. By definition, the chain level Umkehr maps fit into the following ho-
motopy commutative diagrams of chain maps:
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conen−∗(C !
∗(f̂ , ∂̂f))

−∩e∗([M,∂M ])

��

en−∗ // Cn−∗(M̂, ∂̂M)

−∩[M,∂M ]

��

Cn−∗(X̂, ∂̂X)
Cn−∗(f̂ ,∂̂f)oo

−∩[X,∂X]

��
cone∗(C

!
∗(f̂)) C∗(M̂)

C∗(f̂) //e∗oo C∗(X̂)

C!
∗(f̂)

ww

and

conen−∗(C !
∗(f̂))

−∩e∗([M,∂M ])

��

en−∗ // Cn−∗(M̂)

−∩[M,∂M ]

��

Cn−∗(X̂)
Cn−∗(f̂)oo

−∩[X,∂X]

��
cone∗(C

!
∗(f̂ , ∂̂f)) C∗(M̂, ∂̂M)

C∗(f̂ ,∂̂f) //e∗oo C∗(X̂, ∂̂X).

C!
∗(f̂ ,∂̂f)

ww

Diagram chases in the above diagrams prove assertion (i). The commutativity
of the diagrams appearing in assertion (ii) follows from the commutativity of
the above diagrams. Now part (i) and Lemma 7.113 (ii) show that the ZΓ -
chain maps − ∩ e∗([M,∂M ]) induce an isomorphism on homology modules
and so by [209, Theorem 1.7.7], − ∩ e∗([M,∂M ]) is a ZΓ -chain homotopy
equivalence. This finishes the proof of Lemma 7.125. ut

The proof of the next result is analogous to the one of Lemma 7.54, see
also Remark 7.60.

Lemma 7.126. Suppose that f and ∂f are k-connected. Then:

(i) The Kronecker homomorphisms

Kk(M̂)
∼=−→ Kk(M̂)∗;

Kk(M̂, ∂̂M)
∼=−→ Kk(M̂, ∂̂M)∗,

are isomorphisms;

(ii) The kernels Kk(M̂) and Kk(M̂, ∂̃M) are stably finitely generated free
ZΓ -modules.

7.6.3 Proof of Theorem 7.109

Proof of Theorem 7.109. In this subsection we will only consider the universal
covering case, see Notation 7.33, assume that the dimension n is of the form
n = 2k for some natural number k ≥ 3, and all normal bordisms will have
cylindrical target. We abbreviate π = π1(X,x) and w = w1(X).

The proof is somewhat involved since the definition and the normal bor-
dism invariance are linked to one another. We will proceed as follows.
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(i) We first define the surgery obstruction for a highly connected normal
map;

(ii) Then we show that it is invariant under highly connected normal bordism
with cylindrical target;

(iii) We define the surgery obstruction for any normal map;
(iv) We prove invariance under any normal bordism with cylindrical target;
(v) We prove the obstruction property.

Consider a highly connected normal map (f, f), where highly connected
means that f is k-connected. Notice that then we have identifications Γ =
π1(X,x) = π1(M,m) and the pullback of p̃X : X̃ → X to M is a model for the

universal covering p̃M : M̃ → M . In the sequel we abbreviate π = π1(X,x)

and w = w1(X). The surgery kernel Kk(M̃) is a stably free Zπ-module, see
Lemma 7.54 (ii). Equip TmM with the orientation which is compatible with
the fundamental class [M ] in the sense of Definition 7.15. Notice that we have
now made choices (GBP) and (ABP) as well, see Notations 7.8 and 7.12. The

surgery kernel comes with the structure (Kk(M̃), s, t) of a non-singular (−1)k-
quadratic form over Zπ by Example 7.85. Choose any natural number r such
that Kk(M̃)⊕Zπr is finitely generated free. Then (Kk(M̃), s, t)⊕H(−1)k(Zπr)
is a non-singular (−1)k-quadratic form over Zπ whose underlying Zπ-module
is finitely generated free and hence it defines an element in Lk(Zπ,w). We
define

(7.127) σ(f, f) ∈ L2k(Zπ,w)

by this element. One easily checks that the choice of r does not matter.
Now consider highly connected normal π-maps of degree one (fi, fi) =

(Mi, [Mi], fi, f̂i, ai, ξi, fi) for i = 0, 1, which have the same target (X, p̂, [X]).

Moreover, let (W, [W,∂W ], Y, ∂Y, [Y, ∂Y ], F, F̂ , a, Ξ, F ), or sometimes for short
(F, F ), be a highly connected normal bordism with cylindrical target in the
sense of Definition 7.7 between them, where highly connected means that F
is k-connected. We get from the the projection pr : X × [0, 1] → X and the
maps F , f0, and f1 identifications

π = π1(X) = π1(X × [0, 1]) = π1(X × {1}) = π1(X × {1})
= π1(W ) = π1(M0) = π1(M1),

and the pullback of the universal covering pX : X̃ → X to X × [0, 1], W ,
M0 and M1 are models for the universal coverings of these spaces. We have
defined elements σ(f0, f0) and σ(f1, f1) in L2k(Zπ,w), see (7.127). We denote

by p∂W : ∂̃W → ∂W the restriction of pW : W̃ →W to ∂W . Notice that ∂W
has precisely two boundary components and the restriction of p∂W to each of
these components is again a model for the universal covering, which justifies

the notation ∂̃W .
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Lemma 7.128. Consider the situation above. Additionally we suppose that

Kk(W̃ , ∂̃W ) = 0. Then we get

σ(f0, f0) = σ(f1, f1) ∈ L2k(Zπ,w).

Proof. We can arrange by doing trivial surgery in dimension k on M0 and M1

that Kk(M̃0) and Kk(M̃1) are finitely generated free, see Example 7.59. This
does not change σ(f0, f0) and σ(f1, f1) in L(−1)k(Zπ), see Example 7.59,
and does not change the normal bordism class with cylindrical target, see
Theorem 3.39 (iv). Hence we can assume in the sequel without loss of gen-

erality that Kk(M̃0) and Kk(M̃1) are finitely generated free Zπ-modules and

σ(fi, fi) is given by the class (Kk(M̃), si, ti) for i = 0, 1.
Recall that ∂W has two components which we identified with M0 and

M1. Hence we get a decomposition of stably finitely generated free Zπ-
modules Kk(∂W̃ ) = Kk(M̃0) ⊕ Kk(M̃1). The structures of non-singular

(−1)k-quadratic forms (Kk(M̃i), si, ti) on Kk(M̃i) for i = 0, 1 induce the

structure of non-singular (−1)k-quadratic form (Kk(∂̃W ), s′, t′) on Kk(∂̃W ).
If we unravel the definitions, we get an identification of non-singular (−1)k-
quadratic forms

Kk(∂̃W , s′, t′) = Kk(M̃0, s0, t0)⊕Kk(M̃1,−s1,−t1).

where the signs appearing in the second summand come from our conventions
how to relate the fundamental classes of M0 and M1 with the one of ∂W ,
which in turn is induced by the one for W . Hence we get in L2k(Zπ,w)

[(Kk(∂̃W ), s′, t′)] = σ(f0, f0)− σ(f1, f1).

Hence we have to show [(Kk(∂̃W ), s′, t′)] = 0. In view of Lemma 7.92, this

boils down to constructing a lagrangian for (Kk(∂̃W ), s′, t′). We have by

assumption Kk(W̃ , ∂̃W ) = 0. We get

Kk+1(W̃ ) ∼= Kk(W̃ , ∂̃W ) ∼= Kk(W̃ , ∂̃W )∗ = 0

from Lemma 7.113 (ii) and Lemma 7.126 (i). We obtain from Lemma 7.113 (ii)
an exact sequence of Zπ-modules

0→ Kk+1(W̃ , ∂̃W )
∂k+1−−−→ Kk(∂̃W )

Kk (̃i)−−−→ Kk(W̃ )→ 0,(7.129)

where ĩ : ∂̃W → W̃ is the inclusion. Our candidate for a lagrangian is
im(∂k+1).

For the symmetric structure, this is a generalisation of the fact that
the signature of a boundary vanishes; cf. Theorem 4.72 and its proof. We

first show for any x, y ∈ Kk+1(W̃ , ∂̃W ) that s(∂k+1(x), ∂k+1(y)) = 0. From
Lemma 7.113 (ii) and the exactness of (7.129) we deduce that the following
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diagram commutes, has exact rows and has isomorphisms as vertical arrows.
(7.130)

0 // Kk(W̃ )
Kk (̃i) //

−∩[W,∂W ]∼=
��

Kk(∂̃W )
∆k //

−∩[∂W ]∼=
��

Kk+1(W̃ , ∂̃W ) //

−∩[W,∂W ]∼=
��

0

0 // Kk+1(W̃ , ∂̃W )
∂k+1 // Kk(∂̃W )

Kk (̃i) // Kk(W̃ ) // 0.

We have for x, y ∈ Kk+1(W̃ , ∂̃W )

s(∂k+1(x), ∂k+1(y)) = 〈(− ∩ [∂W ])−1 ◦ ∂k+1(x), ∂k+1(y)〉
= 〈Kk (̃i) ◦ (− ∩ [W,∂W ])−1(x), ∂k+1(y)〉
= 〈∆k ◦Kk (̃i) ◦ (− ∩ [W,∂W ])−1(x), y〉
= 〈0 ◦ (− ∩ [W,∂W ])−1(x), y〉
= 0.

Now suppose for x ∈ Kk(∂̃W ) that s(x, ∂k+1(y)) = 0 for all y ∈ Kk+1(W̃ , ∂̃W ).
We want to show x ∈ im(∂k+1). This is equivalent to showing that we have

(−∩ [W,∂W ])−1 ◦Kk (̃i)(x) = 0. Since Kj(W̃ , ∂̃W ) = 0 for j ≤ k, the canon-
ical map

Kk+1(W̃ , ∂̃W )
∼=−→ homZπ(Kk+1(W̃ , ∂̃W ),Zπ), α 7→ 〈α,−〉

is bijective by Lemma 7.51 (ii) and Lemma 7.125 (i). Hence the claim follows

from the following calculation for y ∈ Kk+1(W̃ , ∂̃W )

〈(− ∩ [W,∂W ])−1 ◦Kk (̃i)(x), y〉 = 〈∆k ◦ (− ∩ [∂W ])−1(x), y〉
= 〈(− ∩ [∂W ])−1(x), ∂k+1(y)〉
= s(x, ∂k+1(y))

= 0.

Hence we have shown that im(∂k+1) is a lagrangian for the non-singular

(−1)k-symmetric form (Kk(∂̃W ), s′). It remains to show that it also is a la-

grangian for the non-singular (−1)k-quadratic form (Kk(∂̃W ), s′, t′). In other
words, we must show that t′ vanishes on im(∂k+1), and we prove this next.

We have the following commutative diagram of Zπ-modules
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(7.131) Kk+1(W̃ , ∂̃W )
∂k+1 // Kk(∂̃W )

Kk (̃i) // Kk(W̃ )

πk+1(f̃0)⊕ πk+1(f̃1)

∂
∂̃W

��

∼= h
∂̃W

OO

// πk(F̃ )

∂
W̃

��

∼= h
W̃

OO

πk(M̃0)⊕ πk(M̃1) // πk(W̃ )

where the right horizontal arrows are induced by the inclusions, the iso-
morphisms h

∂̃W
and h

W̃
come from of Lemma 7.38 (iii), the identification

Kk(∂̃W ) = Kk(M̃0)⊕Kk(M̃1), and Lemma 7.113 (iii), and ∂
∂̃W

and ∂
W̃

are
the boundary maps of the long exact homotopy sequences.

Consider x ∈ Kk+1(W̃ , ∂̃W ) and its image under ∂k+1

∂k+1(x) ∈ Kk(∂̃W ) = Kk(M̃0)⊕Kk(M̃1).

By the construction of the map tk : πk+1(f) → Ik(M) of Lemma 7.9 and
Lemma 7.38 (iii), we can find immersions u0 : Sk → M0 and u1 : Sk → M1

satisfying

(7.132) ∂
∂̃W
◦ h−1

∂̃W
◦ ∂k+1(x) = ([u0],−[u1]).

Since the top row of the diagram (7.131) is exact, see (7.130), we conclude
that the composition of u0 with the inclusion M0 →W and the composite of
u1 with the inclusion M1 → W are homotopic. Hence we can find a smooth
map

H : (Sk × [0, 1], Sk × {0, 1})→ (W,∂W )

such that H|Sk×{i} = ui for i = 0, 1 and H itself is in general position. We
have

(7.133) µ(∂(x)) = µ(u0) + µ(u1),

where µ(ui) ∈ Qε(Zπ,w) is the self-intersection element defined in (7.22). The
reader may have expected µ(∂(x)) = µ(u0)− µ(u1) in (7.133) in view of the
minus sign appearing in (7.132), but one should realise that equation (7.133)
depends on the convention how to relate the fundamental classes of M0 and
M1 with the one of ∂W , whereas (7.132) does not. Hence it suffices to show

(7.134) µ(u0) + µ(u1) = 0 ∈ Qε(Zπ,w).

Since H is in general position, the set of double points of H consists of circles
in the interior of W̃ , which do not concern us, and arcs whose end points

are on ∂̃W . We claim that for each such arc the contributions of its two end
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points to µ(u0)+µ(u1) cancel each other. This can be easily checked from the
definition of µ in Subsection 7.3.2, using that fact that Sk is simply connected.
Hence equation (7.134) is true. This finishes the proof of Lemma 7.128. ut

Next we explain that the condition Kk(M̃, ∂̃W ) = 0 can be discarded in
Lemma 7.128, namely, we will show

Lemma 7.135. Consider the situation above. Then we get

σ(f0, f0) = σ(f1, f1) ∈ L(−1)k(Zπ,w).

Proof. The idea is to manipulate the normal bordism (F, F ) and also (f1, f1)

without changing (f0, f0) such that the condition Kk(M̃, ∂̃W ) = 0 is satisfied,
σ(f1, f1) is unchanged, and then to apply Lemma 7.128.

We will achieve this by a handle subtraction argument, which appears for
example in [248, Theorem 1.4 on page 15, proof of Theorem 5.6 on page 50].
In this book it is also used in Chapter 8 and in the proof of Lemma 12.16.

Recall that we have the obvious decomposition of Zπ-modules coming from
the identification ∂W = M0 qM1

Kj(∂̃W ) = Kj(M̃0)⊕Kj(M̃1).

Since f0 and f1 are k-connected, we getKk−1(∂̃W ) = 0 from Lemma 7.38 (iii).
By Lemma 7.113 (ii) there is an exact sequence

(7.136) Kk(∂̃W )
i∗−→ Kk(W̃ )→ Kk(W̃ , ∂̃W )→ 0.

So it will suffice to modify (F, F ) and (f1, f1), leaving (f0, f0) fixed, so that for

the new normal bordism with cylindrical target the map Kk(∂̃W ′)→ Kk(W̃ ′)
is onto, F and f1 are k-connected and σ(f ′1, f

′
1) = σ(f1, f1) holds.

Since F is k-connected, we get from Lemma 3.4 and Lemma 7.113 (iii)

that Kk(W̃ ) is a finitely generated Zπ-module. We conclude from the exact

sequence (7.136) that also Kk(W̃ , ∂̃W ) is a finitely generated Zπ-module.
We will now do induction over the minimal number of generators of the

finitely generated Zπ-module Kk(W̃ , ∂̃W ). The induction beginning is trivial,

since Kk(W̃ , ∂̃W ) is trivial, if its minimal number of generators is zero. The
induction step is done as follows.

Choose a minimal finite set of generators S of Kk(W̃ , ∂̃W ). Fix s ∈ S. By
general position s is represented by an embedding q : Sk ↪→ Int(W ) and the
bundle data ensure that this embedding extends to an embedding

Q : Dk+1 × Sk ↪→ int(W ).

We now choose an embedded path in W from a point on the boundary Q(Sk×
Sk) of Q(Dk+1 × Sk) to a point in M1 which meets Q(Dk+1 × Sk) and ∂W
in exactly one point, namely the starting point and the end point, and at
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these points the path is transversal to the boundary of Q(Dk+1×Sk) and to
∂W . We can thicken this path to obtain an embedding I ×D2k ↪→ W such
that I × D2k ∩ Q(Dk+1 × Sk) = I × D2k ∩ Q(Sk × Sk) = {0} × D2k and
I × D2k ∩ ∂W = I × D2k ∩M1 = {1} × D2k hold, and I × D2k meets the
boundary of Q(Dk+1 × Sk) and M1 in a transversal way. Define

V = I ×D2k ∪Q(Dk+1 × Sk).

Since the composition q◦F : Sk → X×I is null-homotopic, and V deformation
retracts to q(Sk), we can modify F and F (and also f1 and f1) leaving (f0, f0)
fixed, by a homotopy such that the restriction of F to V is a constant map
with image a point in X × {1} and σ(f0, f0) and σ(f1, f1) are unchanged. If
we now remove the interior of V from W and set

W ′ := W − int(V ),

then, after smoothing corners, we obtain a normal bordism (F ′, F ′) with
domain (W ′;M0,M

′
1), where M ′1 = M1](S

k × Sk). The procedure of moving
from W to W ′ is called a handle subtraction.

Figure 7.137 (Handle subtraction).

core of the cancelled handle

Since the passage from (f1, f1) to (f ′1, f
′
1) is just one trivial surgery step in

dimension k, and we have not touched M0, the normal map (f ′1, f1) is highly
connected, we have σ(f1, f1) = σ(f ′1, f

′
1), and there is a Zπ-isomorphism

(7.138) i1 ⊕ i2 : Kk(∂̃W )⊕ Zπ2(b1, b2)
∼=−→ Kk(∂̃W ′),

where {b1, b2} is a Zπ-bases for Zπ2 coming from Q(Sk×•}) and Q({•×Sk).
The composite

Kk(∂̃W ′)→ Kk(W̃ ′)→ Kk(W̃ )→ Kk(W̃ , ∂̃W )

sends b2 to the generator s ∈ S ⊆ Kk(W̃ , ∂W ) we have started with.
Since F is k-connected, W can be recovered from W ′ by attaching

Q(Dk+1×Sk) along a map Q(Sk×Sk+1) and F is constant on Q(Dk+1×Sk),
the inclusion W ′ → W is k-connected, the map F ′ is k-connected and there
is an exact sequence of Zπ-modules
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(7.139) Hk+1(W̃ , W̃ ′)
∂k+1−−−→ Kk(W̃ ′)→ Kk(W̃ )→ 0,

which comes from the long exact sequence of Zπ-homology modules of the
pair (W̃ , W̃ ′). In particular the new normal bordism (F ′, F ′) is highly con-

nected. The Zπ-module Hk+1(W̃ , W̃ ′) is isomorphic to Zπ and has a genera-

tor b which comes fromQ({•}×Sk). The image of b under ∂k+1 : Hk+1(W̃ , W̃ ′)→
Kk(W̃ ′) is the image of b2 under Kk(∂̃W ′)→ Kk(W̃ ′). Hence the image of b
under the composite

Kk+1(W̃ , W̃ ′)
∂k+1−−−→ Kk(W̃ ′)→ Kk(W̃ )→ Kk(W̃ , ∂̃W )

is the generator s ∈ S ⊆ Kk(W̃ , ∂W ) we have started with. Next we claim
that we obtain an isomorphism

u : Kk(W̃ ′, ∂̃W ′)
∼=−→ Kk(W̃ , ∂̃W )/〈s〉,

where 〈s〉 ⊆ Kk(W̃ , ∂̃W ) is the Zπ-module generated by s. It comes from the
the following commutative diagram of Zπ-modules

Zπ(b1, b2)
i1 //

p

��

Kk(∂̃W ′)

��

Kk(∂̃W )
i2oo

��
Zπ(b) // Kk(W̃ ′) //

��

Kk(W̃ ) //

��

0

Kk(W̃ ′, ∂̃W ′)

u

&&��

Kk(W̃ , ∂̃W )

��
pr

xx
0 Kk(W̃ , ∂̃W )/〈s〉 0

where p sends b1 to zero and b2 to b and pr is the canonical projection. Since
the second row, which is (7.139), and the two columns are exact, i1 ⊕ i2 is
an isomorphism, see (7.138), and b is sent to s under the obvious composite
of two horizontal arrows and one vertical arrow.

Hence the minimal number of generators ofKk(W̃ ′, ∂̃W ′) is strictly smaller

than the minimal number of generators of Kk(W̃ , ∂̃W ). Therefore the induc-
tion hypothesis applies and yields σ(f0, f0) = σ(f ′1, f

′
1). Since we already

know σ(f ′1, f
′
1) = σ(f1, f1), this finishes the proof of the induction step of

Lemma 7.135. ut

Now we consider a normal map (f, f) not assuming anymore that it is
highly connected. Choose any highly connected normal map (f ′, f ′) such
that there is a normal bordism (F, F ) with cylindrical target between (f, f)
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and (f ′, f ′). Such a choice is possible, actually one can construct (f ′, f ′) by
a finite sequence of surgery steps in the interior, see Theorem 6.49. We have
already defined σ(f ′, f ′) in (7.127). We want to define the surgery obstruction

(7.140) σ(f, f) ∈ Lk(Zπ,w)

by σ(f ′, f ′). We have to show that this definition is independent of choice of
(f ′, f ′). Suppose that (f ′′, f ′′) is another such choice. Then there is a normal
bordism (F, F ) with cylindrical target between (f ′, f ′) and (f ′′, f ′′). Again
by a finite sequence of surgery steps in the interior of the normal bordism we
can change it into a highly connected normal bordism between (f ′, f ′) and
(f ′′, f ′′), see Theorem 7.118. Now Lemma 7.135 implies σ(f ′, f ′) = σ(f ′′, f ′′).
This finishes the construction of the surgery obstruction (7.140) for an normal
map (f, f) as long as we are in the universal covering case.

The same argument, namely making a normal bordism highly connected,
shows that the surgery obstruction depends only on the normal bordism class
with cylindrical target.

Finally we need to show that the vanishing of the surgery obstruction
implies in the universal covering case that it can be transformed by finite
many surgery steps into a normal homotopy equivalence. We know already
that we can convert by finitely many surgery steps (f, f) to a highly connected
normal map (f ′, f ′) and by definition of the surgery obstruction σ(f ′, f ′) =
σ(f, f) vanishes. Now the claim follows from Theorem 7.88. This finishes the
proof of Theorem 7.109 in the universal covering case. ut

7.7 The Intrinsic L-Group and Surgery Obstruction in
Even Dimensions

So far we have defined the surgery obstruction only in the universal cov-
ering case. This requires in particular that the underlying spaces M and
X are connected and the underlying map f : M → X induces an isomor-
phism π1(f,m) : π1(M,m) → π1(x, f(m)) for one (and hence every) base
point x ∈M . Moreover, the obstruction was only well-defined after a choice
of model p̃X : X̃ → X of the universal covering and of base points in x ∈ X
and x̃ ∈ X̃ with p̃(x̃) = x. We also want to get rid of these choices and this
is more involved than expected.

Moreover, we have seen in Example 6.52 and Remark 6.53 that one cannot
ignore the relation between the fundamental classes and the bundle data in
the case where π0(f) : π0(M) → π0(X) is not necessarily bijective. We also
will take care of this problem by considering in the following intrinsic versions
of the L-group and the intrinsic surgery obstruction.

We first discuss the base point issue for the obstruction groups.
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Remark 7.141 (Base point issue for the obstruction groups). Con-
sider a covariant functor F : GROUPS → Z-MOD from the category of
groups to the category of abelian groups, for instance K0(ZG), K1(ZG),
or Wh(G). We want to assign to X the value of F on the fundamental group,
but this requires the choice of a base point. On the first glance one may just
make this choice and do not worry because a different choice will certainly
give isomorphic values. One problem is that a map f : X → Y may not re-
spect the base points. Here one may use the fact that one can change f up
to homotopy to obtain a base point preserving map. Now the problem occurs
that within the homotopy class of such a map there can be many different
pointed homotopy classes and the map induced on the fundamental groups
depends on the pointed homotopy class and not only on the homotopy class.

In surgery theory another problem occurs. Consider two normal maps
(fi, fi) for i = 0, 1 of orientable manifolds, and assume that we have chosen
the base points such that fi preserves them. So we talk about the associated
L-group Ln(Zπ1(Xi, xi), w). But if we want to deal with bordism invariance,
we have to consider a normal bordism (F, F ), and now we do not know which
of the two possible choices of base points on the source of the bordism, namely,
the one coming from (f0, f0) or the one coming from (f1, f1), we should take.

7.7.1 Conjugation Invariant Functors

The base point problem can easily be handled for a functor F : GROUPS→
Z-MOD under the assumption that F is conjugation invariant,, i.e., for any
group G and g ∈ G the inner automorphisms cg : G→ G, g′ 7→ gg′g−1 is sent
under F to the identity, or, equivalently F (cg) = idF (G) : F (G)→ F (G). One
can always assign to a space X its fundamental groupoid Π(X). It has as
objects the points in X and a morphism from x ∈ X to y ∈ X is a homotopy
class [v] relative endpoints of paths v in X from x to y. Composition is given
by the concatenation of paths. The functor F induces a functor

FX : Π(X)→ Z-MOD

by sending an object x to F (π1(X,x)) and a homotopy class relative end-
points of paths [v] from x to y to the group homomorphism

(7.142) t[v] : π1(X,x)→ π1(X, y), [u] 7→ [v− ∗ u ∗ v].

Now one can define an abelian group by the colimit

(7.143) F∗(X) := colimΠ(X) FX .

An explicit model for colimΠ(X) FX is given by
∐
x∈X F (x)/ ∼ for the equiv-

alence relation ∼ given by identifying a ∈ F (x) and b ∈ F (y) if there exists
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a morphism [v] : x → y with F ([v])(a) = b. For every x ∈ X we have the
obvious structure map

ψx : π1(X,x)→ F∗(X).

If f : X → Y is a map, it induces a functor Π(F ) : Π(X) → Π(Y ) and a
natural transformation FX → FY ◦ Π(F ) in the obvious way, and thus a
homomorphism

(7.144) F∗(f) : F∗(X)→ F∗(Y ).

Obviously F∗(g) ◦ F∗(f) = F∗(g ◦ f) and F (idX) = idF [X]. Thus we obtain a
covariant functor

(7.145) F∗ : SPACES→ Z-MOD.

The following lemma shows that this definition has the desired properties.
We leave its elementary proof to the reader.

Lemma 7.146. Let F : GROUPS → Z-MOD be a covariant functor which
is conjugation invariant.

(i) Let X be a path connected space and x ∈ X. Then the structure map

ψx : F (π1(X,x))
∼=−→ F∗(X)

is a bijection;
(ii) Let u : X0 → X1 be a map of path connected spaces. Consider xi ∈ Xi

for i = 0, 1. Choose a path v in X1 from u(x0) to x1. We have defined

the isomorphism t[v] : π1(X1, u(x0))
∼=−→ π1(X1, x1) in (7.142).

Then the diagram

F (π1(X0, x0))

F (t[v]◦π1(u,x0))

��

ψx0
∼=

// F∗(X0)

F∗(u)

��
F (π1(X1, x1))

ψx1

∼= // F∗(X1)

commutes;
(iii) For a component C ∈ π0(X) let iC : C → X be the inclusion. Then we

obtain an isomorphism⊕
C∈π0(X)

F∗(iC) : F∗(C)
∼=−→ F∗(X);

(iv) Consider a map u : X0 → X1 such that π0(u) : π0(X0)→ π0(X1) is bijec-
tive and the map π1(u, x0) : π1(X0, x0) → π1(X1, u(x0)) is bijective for
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all base points x0 ∈ X0. Then

F∗(u) : F∗(X0)
∼=−→ F∗(X1)

is bijective;
(v) If ui : X0 → X1 for i = 0, 1 are maps which are homotopic, then we get

an equality of homomorphisms

F∗(u0) = F∗(u1) : F∗(X0)→ F∗(X1).

All of this applies to many interesting functors such as the ones sending a
group G to K0(ZG), K1(ZG), and Wh(G), and also to Ln(ZG,w), provided
that w is trivial. The case of non-trivial w is more complicated and is treated
next. Moreover, even in the oriented case one has to do a more sophisticated
construction for L-theory, see Remark 7.159.

Remark 7.147 (Groupoids). If we have a functor F : GROUPOIDS →
Z-MOD which sends equivalences of groupoids to isomorphisms, then we
can directly define

F∗(X) := F (Π(X))

and all the claims appearing in Lemma 7.146 carry directly over, if one re-
places ψx by the map F (ix) : F (aut(x)) → F (Π(X)) induced by the obvi-
ous inclusion of groupoids ix : aut(x) → Π(X). Here we consider a group
as a groupoid with precisely one object. Notice that π1(X,x) = aut(x)op.
Many functors F : GROUPS→ Z-MOD, which we are interested in, such as
Kn(ZG), have natural extensions to functors F̂ : GROUPOIDS → Z-MOD
which send equivalences of groupoids to isomorphisms, see for instance [134,
Chapter 10]. Notice that L-theory is not such a functor since the alge-
braic L-groups depend on G plus a choice of an orientation homomorphism
w : G→ {±1}.

Exercise 7.148. Let F : GROUPS→ Z-MOD be a covariant functor. Show
that it is conjugation invariant if and only if it extends to a covariant func-
tor F̂ : GROUPOIDS → Z-MOD, which sends equivalences of groupoids to
isomorphisms.

7.7.2 Half-Conjugation Invariant Functors

Let f : G0 → G1 be a group homomorphism. Suppose that we have orienta-
tion homomorphisms w0 : G0 → {±1} and w1 : G1 → {±1}. Provided that
w1 ◦ f = w0 holds, we get an induced homomorphism of abelian groups

f∗ : L2k(ZG0, w0)→ L2k(ZG1, w1),
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since the ring homomorphism Zf : ZG0 → ZG1 is compatible with the w0-
twisted involution on the source and the w1-twisted involution on the target,
see Remark 7.90. Now consider a group G with an orientation homomorphism
w : G → {±1} and an element g ∈ G. Then w ◦ cg = w and hence we get a
homomorphism of abelian groups (cg)∗ : L2k(ZG,w)→ L2k(ZG,w). Next we
see that L2k(ZG,w) is not conjugation invariant in general.

Lemma 7.149. The homomorphism (cg)∗ : L2k(ZG,w) → L2k(ZG,w) is
w(g) · idL2k(ZG,w).

Proof. Consider a non-singular (−1)k-quadratic form (P,ψ) over ZG rep-
resenting an element [(P,ψ)] in L2k(ZG,w). According to Remark 7.90,
the image of [(P,ψ)] under (cg)∗ is represented by the non-singular (−1)k-
quadratic form ((cg)∗P, indcg (ψ)) over ZG, where (cg)∗P is the induction of

P with cg, i,e., ZG⊗Zcg P , and the homomorphism indcg : Q(−1)k(ZG,w)→
Q(−1)k(ZG,w) is induced by the homomorphism indZcg : homZG(P, P ∗) →
homZG(ZG⊗Zcg P, (ZG⊗Zcg P )∗) for which the following diagram commutes

homZG(P, P ∗)
TZG,w //

indcg

��

homZG(P, P ∗)

indcg

��
homZG(ZG⊗Zcg P, (ZG⊗Zcg P )∗)

TZG,w

// homZG(ZG⊗Zcg P, (ZG⊗Zcg P )∗).

We have the ZG-isomorphism a : P
∼=−→ (cg)∗P := ZG ⊗Zcg P sending

p to g−1 ⊗ p, its inverse sends g′ ⊗ p to g′gp. Now a induces a map
Q(−1)k(a) : Q(−1)k((cg)∗P )→ Q(−1)k(P ) by sending the class of ψ : P → P ∗

to the class of a∗ ◦ ψ ◦ a. We obtain an isomorphism of non-singular (−1)k-
quadratic forms

a : (P,Q(−1)k(a) ◦ indcg (ψ)) −→ ((cg)∗P, indcg (ψ)).

This implies the equality in L2k(ZG,w)

(cg)∗
(
[(P,ψ)]

)
= [(P,Q(−1)k(a) ◦ indcg (ψ))].

The point is now the apparence of the sign w(g) in the equality

(7.150) Q(−1)k(a) ◦ indcg (ψ) = w(g) · ψ.

This is proved as follows. We have the ZG-isomorphism

ω : ZG⊗Zcg P
∗ ∼=−→ (ZG⊗Zcg P )∗,

which sends g′ ⊗ α to the ZG-homomorphism

ω(g′ ⊗ α) : ZG⊗Zcg P → ZG, (g′′ ⊗ p 7→ g′′gα(p)g−1(w1(g′) · g′−1)).
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If µ : P → P ∗ is a representative of ψ, then a representative for Q(−1)k(a) ◦
indcg (ψ) is given by the composite

P
a−→ ZG⊗Zcg P

idZG⊗µ−−−−−→ ZG⊗Zcg P
∗ ω−→ (ZG⊗Zcg P )∗

a∗−→ P ∗.

Now (7.150) follows by a direct calculation. We get from (7.150) in L2k(ZG,w)

(cg)∗
(
[(P,ψ)]

)
= [(P,Q(−1)k(a) ◦ indcg (ψ))] = [(P,w(g) ·ψ)] = w(g) · [(P,ψ)].

This finishes the proof of Lemma 7.149. ut

Lemma 7.149 shows that, in order to get a well-defined functor on spaces
also for L-groups, we cannot proceed as in Subsection 7.7.1, we have to take
the transformation behaviour described in Lemma 7.149 into account.

Let GROUPSw be the following category. Objects are pairs (G,w) consist-
ing of a group G and a group homomorphism w : G → {±1}. A morphism
f : (G0, w0) → (G1, w1) is a group homomorphism satisfying w1 ◦ f = w0.
Consider a covariant functor

F : GROUPSw → Z-MOD.

We call F half-conjugation invariant if for any object (G,w) and element
g ∈ G with w(g) = 1 we have F (cg : G→ G) = idF (G). Notice that we make
no requirements about F (cg : G→ G) if w(g) = −1.

Let R be the following category. Objects are pairs (X,OX) consisting of
a CW -complex X and an infinite cyclic coefficient system OX over X, i.e., a
covariant functor OX : Π(X)→ Z-MOD such that its value at each object is
an infinite cyclic group. A morphism (u, u) : (X0,OX0

)→ (X1,OX1
) consists

of a map u : X0 → X1 and a natural transformation u : OX0
→ OX1

◦Π(u).
Notice that u∗ : H1(X1;Z/2)→ H1(X0;Z/2) sends the first Stiefel-Whitney
class w1(OX1) of OX1 , see (4.5), to the first Stiefel-Whitney class w1(OX0) of
OX0

. Next we want to construct from a covariant functor F : GROUPSw →
Z-MOD a functor

(7.151) F∗ : R → Z-MOD.

For this purpose we need the following variant of the fundamental groupoid
Π(X), the groupoid Π(X,OX). Its objects are pairs (x, x) consisting of an
point x ∈ X and a generator x of the infinite cyclic groupOX(x). A morphism
[v] : (x0, x0)→ (x1, x1) is a morphism [v] : x0 → x1 in Π(X), i.e., a homotopy
class relative endpoints [v] of paths v from x0 to x1. The composition in
Π(X,OX) is given by the composition in Π(X).

Consider a morphism [v] : (x0, x0)→ (x1, x1) in Π(X,OX). Define

(7.152) s([v]) ∈ {±1}
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by the equation OX([v])(x0) = s([v]) · x1. Notice that s([v1] ◦ [v0]) = s([v1]) ·
s([v0]) holds. Define a contravariant functor

F(X,OX) : Π(X,OX)→ Z-MOD

as follows. Let w1(OX) ∈ H1(X;F2) be the first Stiefel-Whitney class of
OX . It defines for every x0 ∈ X a homomorphism w(x0) : π1(X,x0)→ {±1}.
Consider a morphism [v] : (x0, x0) → (x1, x1) in Π(X,OX). It is sent to the
homomorphism of abelian groups

s([v]) · F (t[v]) : F (π1(X,x0), w(x0))→ F (π1(X,x1), w(x1))

where the group homomorphism t[v] : π1(X,x0)→ π1(X,x1) has been defined
in (7.142), and s([v]) ∈ {±1} has been defined in (7.152). So the object
associated to (x0, x0) does only depend on x0 but the morphisms depend on
x0 and x1 and not only on x0 and x1. We define the abelian group

F∗(X,OX) := colimΠ(X,OX) F(X,OX).(7.153)

We leave it to the reader to check that a morphism (u, u) : (X0,OX0
) →

(X1,OX1
) induces a functor Π(u, u) : Π(X0,OX0

) → Π(X1,OX1
), a natu-

ral transformation of functors Π(X0,OX0
) → Z-MOD from F(X0,OX0

) to
F(X1,OX1

) ◦ Π(u, u) and thus a homomorphism F∗(u, u) : F∗(X0,OX0) →
F∗(X1,OX1). This finishes the construction of the covariant functor F∗ an-
nounced in (7.151).

The following lemma shows that this definition has the desired proper-
ties. We call two morphisms (um, um) : (X,OX) → (Y,OY ) homotopic if
there exists a morphism (h, h) : (X × [0, 1],pr∗X OX) → (Y,OY ) for the pro-
jection prX : X × [0, 1] → X such that for m = 0, 1 its composite with
the obvious morphism (im, im) : (X,OX) → (X × [0, 1],pr∗X OX), for which
im(x) = (x,m) holds for x ∈ X, is (um, um).

Lemma 7.154. Let F : GROUPSw → Z-MOD be a covariant functor which
is half-conjugation invariant.

(i) Let (X,OX) be an object in R. Suppose that X is path connected. Con-
sider an object (x, x) in Π(X,OX). Let w : π1(X,x)→ {±1} be the group
homomorphism given by w1(OX). Then the structure map

ψ(x,x) : F (π1(X,x), w)
∼=−→ F∗(X;OX)

is a bijection;
(ii) Let (u, u) : (X0,OX0

) → (X1,OX1
) be a morphism in R. Suppose that

both X0 and X1 are path connected. Consider an object (xi, xi) in
Π(Xi,OXi) for i = 0, 1. Choose a path v in X1 from u(x0) to x1. Let
wi : π1(X,xi) → {±1} be the group homomorphism given by w1(OXi)
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for i = 0, 1. We have defined the isomorphism t[v] : π1(Y, u(x0))
∼=−→

π1(X1, x1) in (7.142) and s([v]) ∈ {±1} in (7.152).
Then the diagram

F (π1(X0, x0), w0)

s([v])·F (t[v]◦π1(u,x0))

��

ψ(x0,x0)

∼=
// F∗(X0,OX0)

F∗(u,u)

��
F (π1(X1, x1), w1

)
ψ(x1,x1)

∼= // F∗(X1,OX1)

commutes;
(iii) For a path component C ∈ π0(X) let OC be the restriction of OX to C.

Let (iC , iC) : (C,OC) → (X,OX) be the obvious morphism in R. Then
we obtain an isomorphism⊕

C∈π0(X)

F∗(iC , iC) : F∗(C,OC)
∼=−→ F∗(X,OX);

(iv) Consider a morphism (u, u) : (X0,OX0) → (X1,OX1) in R such that
π0(u) : π0(X0)→ π0(X1) is bijective and the map π1(u, x0) : π1(X0, x0)→
π1(X1, u(x0)) is bijective for all base points x0 ∈ X0. Then

F∗(u, u) : F∗(X0,OX0
)
∼=−→ F∗(X1,OX1

)

is bijective;
(v) If (ui, ui) : (X0,OX0

)→ (X1,OX1
) for i = 0, 1 are morphisms in R which

are homotopic, then we get an equality of homomorphisms

F∗(u0, u0) = F∗(u1, u1) : F∗(X0,OX0
)→ F∗(X1,OX1

).

Proof. Assertion (i) follows from the observation that for an automorphism
[v] : (x, x) → (x, x) in Π(X;OX) we have w([v]) = 1 and s([v]) = 1. The
elementary rest of the proof is left to the reader. ut

7.7.3 The Definition of Intrinsic L-Groups in Even
Dimensions

By Lemma 7.149 we can apply this to the half-conjugation invariant functor

L2k : GROUPSw → Z-MOD, (G,w) 7→ L2k(ZG,w).

Definition 7.155 (Intrinsic L-group in even dimensions). We denote
by
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(L2k)∗ : R → Z-MOD

the resulting functor and write

L2k(ZΠ(X),OX) := (L2k)∗(X,OX).

The reason why we implemented the sign s([v]) of (7.152), is to enforce
the following transformation behaviour.

Lemma 7.156. Let (X,OX) be an object in R. Consider the morphism
(idX ,− idOX ) : (X,OX)→ (X,OX) in R. Then

(L2k)∗(idX ,− idOX ) = − id(L2k)∗(X,OX)

Proof. The functor Π(idX ,− idOX ) : Π(X,OX) → Π(X,OX) sends the ob-
ject (x, x) to the object (x,−x) and the morphism idx : (x, x) → (x,−x) in
π(X;OX) given by the identity morphism idx : x → x in Π(X) is mapped
under the functor L2k : GROUPSw → Z-MOD to − idL2k(Zπ1(X,x),w1(X)) be-
cause of the sign s([cx]) = -1 of (7.152) for the constant path cx. ut

Remark 7.157. We conclude from Lemma 7.156 that the covariant functor
(L2k)∗ : R → Z-MOD does not factorise through the projection pr : R → R,
where R is the category whose objects are pairs (X, v) consisting of a CW -
complex X and an element v ∈ H1(X;Z2) and a morphism f : (X0, v0) →
(X1, v1) is given by a map f : X0 → X1 satisfying f∗v1 = v0, and the func-
tor pr sends a morphism (f, f) : (X0,OX0

) → (X1,OX1
) to the morphism

f : (X0, w1(OX1
))→ (X1, w1(OX1

)).

Exercise 7.158. Check that the construction of the functor F∗ of (7.151)
above makes also sense, if we replace the sign s([v]) of (7.152) by the trivial
sign s([v]) = 1 everywhere, and we end up with a different covariant functor
F ′∗ : R → Z-MOD. Moreover, show that this functor does factorise through
the projection pr : R → R of Remark 7.157.

Remark 7.159. Notice that Lemma 7.156 does hold also in the case where
w1(OX) is trivial. In the orientable case, Ln(ZG) is a conjugation invari-
ant functor and we do get a functor SPACES → Z-MOD and thus by the
obvious projection R → SPACES a functor R → SPACES from Subsec-
tion 7.7.1. But this functor does not have the transformation behaviour of
Lemma 7.156, since it would send both (idX ,− idOX ) and (idX , idOX ) to the
identity. The specific transformation behaviour of the surgery obstruction for
normal Γ -bordism will force us to implement the sign s([v]) of (7.152) in
order to achieve the transformation behaviour of Lemma 7.156. We will see
the same phenomenon when defining the surgery obstruction geometrically
in Section 12.4.
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7.7.4 The Intrinsic Even Dimensional Surgery
Obstruction

Next we make sense of the following definition.

Definition 7.160 (Intrinsic surgery obstruction in even dimension).
Let (X,OX , [[X]]) be a (not necessarily connected) w-oriented finite Poincaré
complex in the sense of Definition 4.43 and Remark 4.45 of even dimension
n = 2k for k ≥ 3. Consider a normal map with respect to the tangent
bundle of degree one (M,f, a, ξ, f , o) with target (X,OX , [[X]]) in the sense
of Definition 6.29.

Its intrinsic surgery obstruction in even dimension is the element, defined
below,

σ(M,f, a, ξ, f , o) ∈ L2k(ZΠ(X),OX).

We sometime abbreviate

(f, f) := (M,f, a, ξ, f , o);

σ(f, f) = σ(M,f, a, ξ, f , o).

We first explain the definition σ(M,f, a, ξ, f , o) ∈ L2k(ZΠ(X),OX) in
the special case, where M and X are connected and π1(f, y) : π1(M,y) →
π1(X, f(x)) is bijective for one (and hence all) base points y ∈M . Make the
choices (NBP), see Notation 7.5, namely,

• A model for the universal covering pX : X̃ → X;
• Base points m ∈M , x̃ ∈ X̃, and x ∈ X and with pX(x̃) = x = f(m);

• A generator x ∈ OX(x), or, equivalently, an isomorphism oX(x) : OX(x)
∼=−→

Z.

We repeat the construction of Remark 7.4 how this defines a normal π =
π1(X,x)-normal map on the level of universal coverings. Let w = w1(X) : π →
{±1} be the first Stiefel-Whitney class of OX . Consider the pullback of the
π-covering pX̃

M̃
f̃ //

pM

��

X̃

pX

��
M

f
// X

Let m̃ ∈ M̃ be the point satisfying pM (m̃) = m and f̃(m̃) = x̃. Let

oM (m) : OM (m)
∼=−→ Z be the composite OM (m)

α(m)−−−→ OX(x)
oX(x)−−−−→ Z,

where α(m) is the evaluation of the morphisms α introduced in part (ii) ap-
pearing in Definition 6.29. Recall that we obtain from the various maps (4.13)
isomorphisms
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βM : Hπ
n (Zw ⊗ C∗(M̃))

∼=−→ Hn(M ;OM );

βX : Hπ
n (Zw ⊗ C∗(X̃))

∼=−→ Hn(X;OX),

and the diagram

Hπ
n (Zw ⊗ C∗(M̃))

βM

��

Hπn (f̃ ;Zw) // Hπ
n (Zw ⊗ C∗(X̃))

βX

��
Hn(M ;OM )

Hn(f ;α)
// Hn(X;OX)

commutes. Define [M ] ∈ Hπ
n (Zw ⊗ C∗(M̃)) to be the image of the intrinsic

fundamental class [[M ]] of Definition 4.29 under βM and [X] to be the image

of [M ] under Hπ
n (f̃ ;Zw). Then [M ] and [X] are generators and we obtain a

normal π-map of degree one (M, [M ], f, f̃ , a, ξ, f) in the sense of Definition 7.3
in the universal covering case, see Notation 7.33. For this we have defined an
element

σ(M, [M ], f, f̃ , a, ξ, f) ∈ L2k(Zπ1(X,x), w1(X)),

see Theorem 7.109 (i). Recall that this involves the choice of an orientation
of TmM which is compatible with the fundamental class [M ] ∈ Hn(Zw ⊗Zπ
C∗(M̃)), see Definition 7.15. It turns out from the construction that this
orientation is just the one obtained by the isomorphism

OM (m)
∼=−→ OTM⊕Ra(m)

Ofm−−−→ Oξ(ξ)
o(x)−−→ OX(x)

oX(x)−−−−→ Z,

where the first isomorphism comes from Lemma 4.23 (i), the second comes

from the bundle data, the third comes from the isomorphism o : Oξ
∼=−→ OX ,

and the last one is part of the choices.
Let ψx,x : L2k(Zπ1(X,x), w1(X)) → L2k(ZΠ(X),OX) be the structure

map. We define σ(M,f, a, ξ, f , o) ∈ L2k(ZΠ(X),OX) to be the image of

σ(M, [M ], f, f̃ , a, ξ, f) ∈ L2k(Zπ1(X,x), w1(X)) under ψx,x.
Next we explain why this definition is independent of the choices we made.

Suppose that we have made a different set of choices

• A model for the universal covering p′X : X̃ ′ → X;

• Base points x̃′ ∈ X̃ ′, x′ ∈ X and m′ ∈M with pX(x̃′) = x′ = f(m′);
• A generator x′ ∈ OX(x′), or, equivalently, an isomorphism oX(x′) : OX(x′)
∼=−→ Z.

Choose a homotopy h : M × [0, 1] → M such that h(y, 0) = y holds for
y ∈ M and h(m, 1) = m′. Let a : M → M be the map sending y to h(y, 1).
Notice that a(m) = m′ holds. Let v be the path in X from x to x′ given by
v(t) = f◦h(x, t) for t ∈ [0, 1]. Next choose a homotopy h′ : X×[0, 1]→ X such
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that h(z, 0) = z holds for z ∈ X, h(x, t) = v(t) for t ∈ [0, 1] and h(x, 1) = x′.
Let b : X → X be the map sending z to h(z, 1) for z ∈ X. We have b(x) = x′.
Thus we obtain the following diagram of pointed spaces which commutes up
to pointed homotopy, see [259, Section III.1]

(M,m)
a //

f

��

(M,m′)

f ′

��
(X,x)

b
// (X,x′)

The map b induces the isomorphism t[v] : π1(X,x)
∼=−→ π1(X,x′). Now by

taking lifts we obtain the following diagram

(M̃, m̃)
ã //

f̃
��

(M̃ ′, m̃′)

f̃ ′

��
(X̃, x̃)

b̃

// (X̃ ′, x̃′)

where f̃ is a π1(X,x)-map, f̃ ′ is a π1(X,x′)-map, the horizontal maps are
t[v]-equivariant and the diagram commutes up to t[v]-equivariant homotopy.
Hence it induces a Zπ1(X,x′)-isomorphism

(7.161) (t[v])∗ : Kk(M̃)
∼=−→ Kk(M̃ ′).

Let s([v]) ∈ {±1} be determined by the equation OX(t[v])(x) = s([v]) · x′.
Then the following diagram of Z-isomorphisms commutes

(7.162) OX(x)
OX(t[v]) //

oX(x)

��

OX(x′)

oX(x′)

��
Z

s([v])·idZ

// Z.

The following diagram commutes by Lemma 7.154 (ii)

L2k(Zπ1(X,x), w)

ψx,x

))
s([v])·(t[v])∗

��

L2k(ZΠ(X),OX).

L2k(Zπ1(X,x′), w′)

ψ
x′,x′

55
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Hence it suffices to show for the two non-singular (−1)k-quadratic forms

(Kk(M̃), s, t) and (Kk(M̃ ′), s′, t′) whose classes represent

σ(M, [M ], f, f̃ , a, ξ, f) ∈ L2k(Zπ1(X,x), w1(X))

σ(M, [M ′], f, f̃ ′, a, ξ, f) ∈ L2k(Zπ1(X,x′), w1(X))

that (t[v])∗ : L2k(Zπ1(X,x), w) → L2k(Zπ1(X,x′), w′) sends [(Kk(M̃), s, t)]

to s([v]) · [(Kk(M̃ ′), s′, t′)]. We have already constructed a Zπ1(X,x′)-isomor-

phism (t[v])∗Kk(M̃)
∼=−→ Kk(M̃ ′) in (7.161). Hence it remains to show that

under this identification s′ = s([v]) ·s and t′ = s([v]) · t holds. This follows for
the symmetric structures s and s′ from the appearance of the sign ε = s([v])
in (4.16) since this implies that the fundamental class [M ] ∈ Hn(Zw⊗ZΠ1(X,x)

C∗(M̃)) is mapped to s([v]) · [M ′] ∈ Hn(Zw⊗ZΠ1(X,x′)C∗(M̃ ′) under the iso-

morphism Hn(Zw ⊗Zπ1(X,x) C∗(M̃))
∼=−→ Hn(Zw ⊗Zπ1(X,x′) C∗(M̃ ′)) induced

by ã. The claim for the quadratic structures t and t′ follows from the appear-

ance of s([v]) in the diagram (7.162) since replacing oX(x′) : OX(x′)
∼=−→ Z

by −oX(x′) : OX(x′)
∼=−→ Z has the effect that for each selfintersection its

contribution to the element in Q(−1)k(Zπ1(X,x′), w′) given by a sign and an
appropriate path is changed by multiplying the sign with −1 and leaving the
path fixed, see Subsection 7.3.2.

This finishes the construction of the intrinsic surgery obstruction an-
nounced in Definition 7.160 in the case, where M and X are connected and
π1(f,m) : π1(M,m) → π1(X, f(x)) is bijective for one (and hence all) base
points m ∈M .

Next we consider the special case, where X is connected. Choose a
normal map (M ′, f ′, a′, ξ, f ′, o) with target (X,OX , [[X]]) such that M ′

is connected and π1(f ′) is an isomorphism and (M, [M ], f, f̃ , a, ξ, f) and
(M ′, f ′, a′, ξ, f ′, o) are normal bordant with cylindrical ends. One can con-
struct such (M ′, f ′, a′, ξ, f ′, o) by finitely many surgery steps on the normal

map (M, [M ], f, f̃ , a, ξ, f), see Theorem 6.49. We want to define the surgery
obstruction σ(M,f, a, ξ, f , o) by σ(M ′, f ′, a′, ξ, f ′, o).

We have to show that this is independent of the choice of the surgery
steps. Suppose that (M ′′, f ′′, a′′, ξ, f ′′, o) is another such normal map. Then
there exists a normal bordism (W, I, F,Ξ, F ,O) with cylindrical ends between
(M ′, f ′, a, ξ, f ′, o) and (M ′′, f ′′, a′′, ξ, f ′′, o) and we can arrange by surgery on
the interior that W is connected and π1(F ) an isomorphism, the argument
for the proof of Theorem 6.49 carries over to bordisms. Now it follows from
unravelling the definitions and Theorem 7.109 (i) that σ(M ′′, f ′′, a′′, ξ, f ′′, o)
and σ(M ′, f ′, a′, ξ, f ′, o) agree.

The general case is now obtained by considering each path component C
of X separately and using the isomorphism
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C∈π0(X)

L2k(ZΠ(C);OC)
∼=−→ L2k(ZΠ(X),OX)

coming from Theorem 7.154 (iii).
Notice that the intrinsic algebraic L-group L2k(ZΠ(X),OX) is indepen-

dent of [[X]], whereas the next exercise explains that the intrinsic surgery
obstruction σ(M,f, a, ξ, f , o) does depend on [[X]]

Exercise 7.163. Consider a normal map with respect to the tangent bun-
dle of degree one (M,f, a, ξ, f , o) of even dimension n = 2k with target
(X,OX , [[X]]) for k ≥ 3 in the sense of Definition 6.29.

(i) Then (M,f, a, ξ, f ,−o) is a normal map with respect to the tangent
bundle of degree one with target (X,OX ,−[[X]]). Show for its intrin-
sic surgery obstruction in L2k(ZΠ(X), w) the equality

σ(M,f, a, ξ, f ,−o) = −σ(M,f, a, ξ, f , o);

(ii) Let θ be a bundle automorphism of ξ covering the identity. Suppose
that for every x ∈ X the linear automorphism θx of the fiber over x is
orientation preserving or orientation reversing respectively, and let s be
1 or −1 respectively. Then (M,f, a, ξ, θ ◦ f, s · o) is a normal map with
respect to the tangent bundle of degree one with target (X,OX , s · [[X]]).
Show

σ(M,f, a, ξ, θ ◦ f, s · o) = σ(M,f, a, ξ, f , o).

Theorem 7.164 (The Intrinsic Surgery Obstruction Theorem in
Even Dimensions). Let (X,OX , [[X]]) be a (not necessarily connected)
w-oriented finite n-dimensional Poincaré complex in the sense of Defini-
tion 4.43 and Remark 4.45. Consider a normal map with respect to the tan-
gent bundle of degree one (M,f, a, ξ, f , o) of even dimension n = 2k with
target (X,OX , [[X]]) for k ≥ 3 in the sense of Definition 6.29. Then:

(i) Its intrinsic surgery obstruction

σ(f, f) = σ(M,f, a, ξ, f , o) ∈ L2k(ZΠ(X),OX)

depends only on the normal bordism with cylindrical ends class of (f, f);
(ii) We have σ(f, f) = 0 if and only if we can do a finite number of surgery

steps to obtain a normal homotopy equivalence.

Proof. Obviously it suffices to treat the case where X is connected. By finitely
many surgery steps we can convert (M,f, a, ξ, f , o) to (M ′, f ′, a, ξ, f ′, o) such
that such that M ′ is connected and π1(f ′) is an isomorphism, see Theo-
rem 6.49. Above we have assigned to (M ′, f ′, a, ξ, f ′, o) after some choices a
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normal π-map of degree one (M ′, [M ′], f ′, f̃ ′, a, ξ, f ′) in the sense of Defini-
tion 7.3 in the universal covering case, see 7.33 and defined

σ(M,f, a, ξ, f , o) ∈ L2k(ZΠ(X),OX)

to be the image of

σ(M ′, [M ′], f ′, f̃ ′, a, ξ, f ′) ∈ L2k(Zπ1(X,x), w1(X))

under ψx,x. Since ψx,x is bijective, σ(M,f, a, ξ, f , o) ∈ L2k(ZΠ(X),OX) van-

ishes if and only if σ(M ′, [M ′], f ′, f̃ ′, a, ξ, f ′) vanishes. Obviously we can
turn by finitely many surgery steps (M,f, a, ξ, f , o) into a normal homo-
topy equivalence if we can turn (M ′, f ′, a, ξ, f ′, o) by finitely many surgery
steps into a normal homotopy equivalence. Now the claim follows from The-
orem 7.109 (ii). ut

7.7.5 Bordism Invariance for Not Necessarily
Cylindrical Target

For m = 0, 1, let (Xm,OXm , [[Xm]]) be a w-oriented finite 2k-dimensional
Poincaré complex for k ≥ 3 and let (Mm, fm, am, ξm, fm, om) be a nor-
mal map with respect to the tangent bundle of degree one with target
(Xm,OXm , [[Xm]]) in the sense of Definition 6.29. Let (W,F, b, Ξ, F ,O) be
a normal bordism of normal maps with respect to the tangent bundle of
degree one from (M0, f0, a0, ξ0, f0, o0) to (M1, f1, a1, ξ1, f1, o1) in the sense
of Definition 6.31. Let (Y, ∂Y,OY , [[Y ]]) be the Poincaré pair appearing in
Definition 6.31. Moreover, we get from Definition 6.31 isomorphisms of CW -
complexes um : Xm → ∂mY , the inclusions lm : ∂mY → Y , and isomor-
phisms Olm◦vm : OXm → (lm ◦ vm)∗OY over Xm of infinite cyclic local co-
efficient theorems for m = 0, 1. Thus we obtain for m = 0, 1 a morphism
(lm ◦ vm,Olm◦vm) : (Xm,OYm) → (Y,OY ) in R and hence a homomorphism
of abelian groups, see Definition 7.155.

L2k(lm ◦ vm,Olm◦vm) : L2k(ZΠ(Xm),OXm)→ L2k(ZΠ(Y ),OY ).

Recall that we have defined the intrinsic surgery obstruction, see Theo-
rem 7.164

σ(Mm, fm, am, ξm, fm, om) ∈ L2k(ZΠ(Xm),OXm).

Theorem 7.165 (Bordism invariance of the intrinsic surgery ob-
struction in even dimensions). We get the equality in L2k(ZΠ(Y ),OY )
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L2k(l0 ◦ v0,Ol0◦v0)
(
σ(M0, f0, a0, ξ0, f0, o0)

)
= L2k(l1 ◦ v1,Ol1◦v1)

(
σ(M1, f1, a1, ξ1, f1, o1)

)
.

Notice that in Theorem 7.165 we are not requiring that any of the spaces
is connected, that any of the maps induced on the fundamental groups are
injective or bijective, or that the normal bordism has cylindrical ends.

We will not give the proof of Theorem 7.165 which is more or less a varia-
tion of the proof of Theorem 7.164. One reason for omitting the proof is that
we will later introduce a chain complex version of the surgery obstruction and
then the proof is rather obvious. This material is discussed in Chapter 14 and
the relevant statement is in Section 14.6.

Remark 7.166 (Bordism invariance for null-bordism). The complica-
tions that appear concern the book-keeping of the various fundamental groups
of the components and the behaviour of the obstructions when choosing dif-
ferent base points. Notice that the proof of Theorem 7.164 proceeds in two
stages. We first prove Theorem 7.109 which is the case when X is connected
and a base point x ∈ X is fixed in the normal Γ -setting. In the second stage
we take care of the behaviour of the resulting obstruction under the change
of base points and this allows us to pass to the intrinsic setting. This is good
for pedagogical reasons since we keep the two issues separated. The proof of
the general bordism invariance for varying target would require that we in-
corporate the base point changes already into the first stage, that means into
the proof of Theorem 7.109, but we think that this would be too complicated
for the first time reader.

On the other hand, there are special cases of bordism invariance which
are more general than the case with cylindrical ends where the proof does go
through without much additional effort. Consider for example the case when
M0 is connected, X0 is connected and simply-connected, X1 is empty (hence
M1 is also empty) and Y is connected. Then Theorem 7.165 says that the
image of σ(M0, f0, a0, ξ0, f0, o0) is zero in L2k(ZΠ(Y ),OY ). Notice that in
this case we can choose a base point x0 ∈ X0 which can first serve also as a
base point in Y . Then we are in the setting which is close to that of Theo-
rem 7.109. And in fact its proof goes through almost word for word adjusting
only for the fact that X1 and and hence M1 are empty. The only place where
one needs to make a slightly bigger change is the passage concerning the
homotopy H after equation (7.132). The homotopy H here is replaced by a
map H : (Dk+1, Sk)→ (W,∂W ), and the rest of the proof should be modified
with this in mind. If we later vary the base point in Y no sign change appears
since the obstruction is zero. Note that the proof of Theorem 7.109 not only
gives that the image of σ(M0, f0, a0, ξ0, f0, o0) is zero in L2k(ZΠ(Y ),OY ),
but it also gives the reason for it being zero, namely it shows that the image

of Kk+1(W̃ , ∂̃W ) in Kk(M̃0) is a lagrangian. This special case will indeed be
used in Chapter 8.
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In the case that the normal bordism has cylindrical ends, then Theo-
rem 7.165 boils down to the normal bordism invariance appearing in Theo-
rem 7.164.

Exercise 7.167. Suppose in the situation of Theorem 7.165 that for m =
0, 1 the inclusions ∂mY → Y induce bijections π0(∂mY ) → π0(Y ) and for
every base point y ∈ ∂mY bijections π1(∂mY, y)→ π1(Y, y). Show that then
σ(M0, f0, a0, ξ0, f0, o0) vanishes if and only if σ(M1, f1, a1, ξ1, f1, o1) vanishes.

7.7.6 The Simply Connected Case in Even Dimensions

We are now in position to give a complete answer to the solution to the
surgery problem in the even-dimensional simply connected case.

Since this answer in dimension n = 4k is stated in terms of the signatures
of the source and target of a degree one normal map (f, f) : M → X, we first
recall the computation of the signature of M via the Hirzebruch L-class of
its tangent bundle.

Let ξ be a(real) vector bundle over a base space Y . Recall that the Pon-
trjagin classes of ξ, see [174, §15], are characteristic classes

pj(ξ) ∈ H4j(Y ;Z).

satisfying pj(ξ) = pj(ξ ⊕ R). We shall also write pj(ξ) ∈ H4j(Y ;Q) for
the image of the jth Pontrjagin class under the natural map H4j(Y ;Z) →
H4j(Y ;Q). Recall also that the L-class L(ξ) of ξ, is a collection of homoge-
neous rational polynomials in the the Pontrjagin classes of ξ,

Lj(ξ) = Lj
(
p1(ξ), p2(ξ), p3(ξ), . . . , pj(ξ)

)
∈ H4j(Y ;Q).

For the precise definition of the L-class, we refer the reader to [174, § 19] but
we at least mention the first three L-polynomials:

L1(ξ) =
1

3
· p1(ξ);

L2(ξ) =
1

45
·
(
7 · p2(ξ)− p1(ξ)2

)
;

L3(ξ) =
1

945
·
(
62 · p3(ξ)− 13 · p1(ξ) ∪ p2(ξ) + 2 · p1(ξ)3

)
.

An important feature of the L-class is that in each L-polynomial Lk, the
coefficient sk of pk is non-zero. A fundamental fact about the L-class is the
signature theorem of Hirzebruch which we state next. Let M be a closed
oriented smooth 4k-manifold with tangent bundle TM and Pontrjagin classes
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pi(M) := pi(TM) ∈ H4k(M ;Z),

and recall that sign(M) is the signature of the intersection form of M as
defined in (4.64).

Theorem 7.168 (Hirzebruch Signature Theorem). If M is a closed
smooth oriented 4j-manifold with fundamental class [M ], then the signature
of M is given by

sign(M) = 〈Lj
(
p1(M), . . . , pj(M)

)
, [M ]〉.

See [174, Theorem 19.4] for the proof.

Example 7.169. By [174, Example 15.6 on page 177] the total Pontrjagin
class of complex 2j-dimensional projective space CP2j is given by

p(CP2j) = 1 + p1(CP2j) + · · ·+ pj(CP2j) = (1 + a2)2j+1 ∈ H4∗(CP2j),

where a ∈ H2(CP2j ;Z) is a generator. Consequently the signature theorem
affirms that

sign(CP2) =
〈1

3
· 3a2, [CP2]

〉
= 1;

sign(CP4) =
〈 1

45
· (7 · 10− 25) a4, [CP4]

〉
= 1;

sign(CP6) =
〈 1

945
· (62 · 35− 13 · 7 · 21 + 2 · 343) a6, [CP6]

〉
= 1.

We now state the solution to the simply connected surgery problem: see
Problem 3.1 and Problem 6.50.

Theorem 7.170 (Solution to the simply connected surgery problem
in even dimensions).

(i) Let (f, f) : M → X be a degree one normal map from a closed manifold
M to a simply connected finite Poincaré complex X of dimension n =
4k ≥ 8. Then

σ(f, f) = sign(M)− sign(X) ∈ 8 · Z ∼= L4k(Z).

Consequently, we can change M and f leaving X fixed by finitely many
surgery steps to get a normal homotopy equivalence (g, g) from a closed
manifold N to X if and only if sign(M) = sign(X);

(ii) Let (f, f) be a normal map from a closed manifold M to a simply con-
nected finite Poincaré complex X of dimension n = 4k + 2 ≥ 6. Then
we can change M and f leaving X fixed by finitely many surgery steps
to get a normal homotopy equivalence (g, g) from a closed manifold N to
X if and only if the Arf invariant of the surgery obstruction, which takes
values in Z/2, vanishes;
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(iii) Let X be a simply connected finite Poincaré complex of dimension n =
4k ≥ 8. Then X is homotopy equivalent to a closed manifold if and only if
the Spivak normal fibration has a reduction to a vector bundle ξ : E → X,
i.e., such that

〈L(ξ)−1, [X]〉 = sign(X),

where L(ξ) is the L-class of the bundle ξ;
(iv) Let X be a simply-connected finite connected Poincaré complex of dimen-

sion n = 4k+2 ≥ 6. Then X is homotopy equivalent to a closed manifold
if and only if the Spivak normal fibration has a reduction to a vector
bundle ξ : E → X such that the Arf invariant of the associated surgery
problem, which takes values in Z/2, vanishes.

Proof. (i) Because of Theorem 7.96 and Theorem 7.109 we have to show for
a 2k-connected normal map of degree one f : M → X from a closed simply
connected oriented manifold M of dimension n = 4k to a simply connected
Poincaré complex X of dimension n = 4k that for the non-singular symmetric
bilinear form R⊗Z (K2k(M), λ) induced by the intersection pairing we get

sign (R⊗Z (K2k(M), λ)) = sign(M)− sign(X).

This follows from elementary considerations about signatures and from the
commutative diagram, see Lemma 7.38 (ii)

0 K2k(M)

−∩[M ]∼=
��

oo H2k(M)

−∩[M ]∼=
��

oo H2k(X)

−∩[X]∼=
��

f∗oo 0oo

0 // K2k(M) // H2k(M)
f∗ // H2k(X) // 0.

(ii) follows from Theorem 7.108 and Theorem 7.109.

(iii) follows from Theorem 6.26, assertion (i), and the Hirzebruch signature
formula which implies for a surgery problem (f, f) : ν(M) → ξ covering
f : M → X which is obtained from a reduction ξ of the Spivak normal fibra-
tion of X

sign(M) = 〈L(TM), [M ]〉 = 〈L(ν(M)⊕ Ra)−1, [M ]〉 = 〈L(ξ)−1, [X]〉.

(iv) follows from Theorem 6.26 and assertion (ii). ut

Exercise 7.171. Let (f, f) : M → X be a normal map from a closed oriented
manifold to a simply connected finite Poincaré complexX of dimension n ≥ 5.
Show

(i) Crossing with CPn yields another normal map of degree one denoted by
(f, f)× CPn;
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(ii) If n is divisible by four, then (f, f) is normally bordant to a homotopy
equivalence if and only if (f, f)×CP2 is normally bordant to a homotopy
equivalence.

Remark 7.172 (Dependence on the bundle data in the simply con-
nected case). Theorem 7.170 (iii) shows that the surgery obstruction σ(f, f)
of a simply connected surgery problem (f, f) : M → X in dimension n for
n ≡ 0(4) is the difference of the signatures of the source and the target. We
will later see that in the simply connected case the surgery obstruction is
always trivial in odd dimensions. Hence the surgery obstruction in the sim-
ply connected case does not depend on the bundle data at all, provided that
n 6≡ (2).

If n ≡ 2 (4), then the surgery obstruction does depend on the bundle
data. Consider the collapse map f : T 2 → S2 which has degree one. Since the
tangent bundle TT 2 is trivial and π1(SO(3)) ∼= Z/2, there are up to isotopy
two bundle maps fk : TT 2 ⊕ R → R3 for k = 0, 1 covering f . They satisfy
σ(f, fk) = k ∈ L2(Z) ∼= Z/2.

Note that we have defined the surgery obstructions only for surgery prob-
lems of dimension ≥ 6. Theorefore to make sense of the above example one
has to employ another definition. There are two possibilities. Either there is
a homotopy theoretic definition due to Browder [35] or the chain complex
definition due to Ranicki [198]. The latter one we review in Chapter 14. Both
of these definitions work in any dimension in the sense that they associate
an element of the corresponding L-group to a surgery problem. However, one
should not really call them surgery obstructions since we do not have an
analogue of Theorem 7.170 and its relatives in the low dimensions. On the
other hand one does have product formulas, see [35, Section III.5] or [197,
Sec. 8] and [198, Sec. 8], which allow us to produce high-dimensional surgery
problems with desired surgery obstructions from these low-dimensional prob-
lems. The above statement σ(f, fk) = k ∈ L2(Z) ∼= Z/2 about the surgery
problems with the underlying map f : T 2 → S2 is due to Browder, see [34,
Section 5].

In general the surgery obstruction depends on the bundle data as the
following example illustrates.

Example 7.173 (Dependence on the bundle data). Fix a normal Γ -

map of degree one (f, f) = (M, [M ], f, f̂ , a, ξ, f). Let N be a closed oriented
manifold of dimension n. Then we get a new normal Γ -map (f, f) × N ,
whose underlying map is f × idN : M × N → X × N and whose bundle
data are given by crossing with idTN . There is the following equality of
surgery obstructions σ(f, f) = σ((f, f) × CP2) using the obvious identifi-
cation Ln(ZΓ ;w) = Ln+4(ZΓ,w). It is a special case of a product formula
for surgery obstructions, see [35, Section III.5] or [197, Sec. 8] and [198, Sec.
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8]; we will also discuss it in Section 14.7. Hence we get from Remark 7.172 us-
ing the normal maps (f, fk) in dimension two, examples of simply connected
surgery problems (f, fk)× (CP2)m for every natural number m such that the
surgery obstructions of (f, f0)× (CP2)m and (f, f1)× (CP2)m are different.

Now consider any natural number l. By the fact that Wh(Zl) and K̃n(Z[Zl])
vanish for n ≤ 0 and using the Shaneson splitting, see Theorem 12.56,
we conclude that the surgery obstructions of (f, f0) × (CP2)m × T l and
(f, f1) × (CP2)m × T l in L2+4k+l(Z[Zl]) are different for k = 0, 1. Notice
that any natural number n ≥ 2 can be written as 2 + 4k + l for appropri-
ate k and l. So we get in every dimension ≥ 2 examples where the surgery
obstruction can be changed by modifying the bundle data without changing
the underlying map.

Exercise 7.174. Suppose in the situation of Theorem 7.165 that for m = 0, 1
the spaces Xm are simply connected and w1(W ) = 0. Show that then for

m = 0, 1 there are isomorphisms sm : L2k(ZΠ(Xm),OXm)
∼=−→ L2k(Z) such

that
s0

(
σ(M0, f0, a0, ξ0, f0, o0)

)
= s1

(
σ(M1, f1, a1, ξ1, f1, o1)

)
holds.

Exercise 7.175. Let (f, f) : M → X be a normal map from a closed oriented
manifold to a finite Poincaré complex X of dimension m. Consider a natural
number n ≥ 2. Show:

(i) Crossing with Sn yields another normal map of degree one denoted by
(f, f)× idSn ;

(ii) If m+n ≥ 5, then (f, f)×idSn is normally bordant to a normal homotopy
equivalence.

7.7.7 The Role of the Bundle Data in the Highly
Connected Case

In this subsection we discuss of the role of the bundle data in the quadratic
form coming from a surgery problem after we have made it highly connected.
More precisely, we investigate how the surgery obstruction of a highly con-
nected surgery problem changes when we modify the bundle data leaving the
underlying map fixed. Notice that the results of this section do not apply to a
surgery problem, which is not highly connected, since they do not carry over
to normal bordisms, and therefore do not contradict Example 7.173. Thus
the material of this section is only relevant in the case, where the normal
map we are interested in is already highly connected.
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For the remainder of this subsection we fix two normal Γ -map of degree one
(M, [M ], f, f̂i, a, ξ, f) with target (X, p̂X , [X]) in the sense of Definition 7.3,
where the dimension n = 2k is even, and the underlying maps f : M →
X agree, only the bundle maps fi are different We will often abbreviate
(M, [M ], f, f̂i, a, ξ, f) by (f, fi). Moreover, we will assume that we are in the
universal covering case, see Notation 7.33, and that k ≥ 3 and that f is
k-connected.

Let (Kk(M̃), s, ti) be their quadratic surgery kernels as defined in Exam-
ple 7.85 above. We notice that the definition of s in (7.56) means that the

underlying symmetric form (Kk(M̃), s) depends only on the map f : M → X,
and this explains the notation. The problem then is to determine the rela-
tionship between t0 and t1. We first develop the necessary notation and ter-
minology to precisely answer this problem in Proposition 7.178 below. The
explanation of course occurs in the proof of Proposition 7.178.

There is a vector bundle isomorphism

(7.176) θ : TM ⊕ Ra ∼= TM ⊕ Ra

such that f1 = f0 ◦ θ, and compatibility between the bundle maps and ori-
entations ensure that θ is orientation preserving. If we now add the identity
morphism on the normal bundle ν(M) of M to θ, we obtain an bundle auto-
morphism θ⊕idν(M) of the trivial stable bundle over M . Since any orientation
preserving bundle automorphism of the trivial stable bundle is equivalent to
a map M → SO, where SO denotes the stable special orthogonal group
as usual, this construction gives rise to a well-defined homotopy class also
denoted θ, θ ∈ [M,SO]: see [35, Lemma I.4.6] for a related discussion of
automorphisms of stable spherical fibrations.

Now we consider the usual integral surgery kernel, where we do not pass
to covering spaces. This is the group

Kk(M) := ker(f∗ : Hk(M ;Z)→ Hk(X;Z)).

The canonical reduction homomorphism, see (7.61),

(7.177) pr : Kk(M̃)→ Z⊗Zπ Kk(M̃) ∼= Kk(M), ω 7−→ 1⊗ ω,

and the fact that Kk(M̃) is stably finitely generated free, see Lemma 7.54,
mean that Kk(M) ∼= Za. Moreover, it follows from Lemma 7.38 (iii) that
there is a map from a wedge of k-spheres i : ∨ai=1 S

k →M representing a set
of generators for Kk(M). We have

i∗(θ) ∈ [∨ai=1S
k, SO] ∼= Hk(∨ai=1S

k;πk(SO)) ∼= hom(Kk(M), πk(SO)),

and we regard i∗(θ) as an element of hom(Kk(M), πk(SO)) using the isomor-
phisms above. It will turn out, see Proposition 7.178 below, that the choice
of bundle map can only effect the quadratic form t when k = 3, 7. If k = 3, 7,
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then πk(O) ∼= Z, we identify

Q−1(Z) = πk(SO)/2πk(SO) = Z/2,

and we write p2(i∗(θ)) ∈ hom(Kk(M), Q−1(Z)) for the projection p2 : Z →
Z/2.

The inclusion of the trivial group {e} → π induces the inclusion of rings
with involution Z → (Zπ,w), which in turn induces an inclusion homomor-
phism e : Q−1(Z)→ Q−1(Zπ,w). We define the homomorphism

tθ : Kk(M̃)→ Q−1(Zπ,w), ω 7→ e
(
p2(i∗(θ))(pr(ω)

)
.

From the definition of tθ we have that (1 + (−1)k · T )tθ = 0, so that

(Kk(M̃), tθ) is a linear (−1)k-quadratic form as in Example 7.79. Conse-

quently (Kk(M̃), s, t0+tθ) is a non-singular (−1)k-quadratic form on Kk(M̃).

Proposition 7.178. For i = 0, 1 let (f, f i) : M → X be k-connected degree

one normal maps with quadratic surgery kernels (Kk(M̃), s, ti).

(i) If k 6= 3, 7 then (Kk(M̃), s, t1) = (Kk(M̃), s, t0);
(ii) If k = 3, 7, write f1 = f0 ◦ θ as in (7.176) above. Then we have

(Kk(M̃), s, t1) = (Kk(M̃), s, t0 + tθ).

Proof. To make the role of the bundle map f clear in the notation, let us
write t = t(f). We recall from (7.86) that the quadratic form t(f) is given as
the following composition,

(7.179) t(f) : Kk(M̃)
h−1
k−−−−→ πk+1(f)

tk(f)−−−−→ Ik(M)
µ−−→ Q(−1)k(Zπ,w),

where hk is defined in Lemma 7.38, tk = tk(f) is defined in Lemma 7.9 and
the self-intersection function µ is defined in (7.22). Neither µ nor h−1

k depend
on the bundle map f , so we must understand the role of the choice f in the
definition of tk(f) : πk+1(f) → Ik(M). The homomorphism tk(f) is defined
in Lemma 7.9 whose proof relies on Theorem 3.39 which uses Hirsch-Smale
theory as described in Theorem 3.30. It is easy to deduce from Theorem 3.30,
since the relevant homotopies are always covered by corresponding bundle
maps, that there is an exact sequence

(7.180) Ik(D2k)
iM−−−→ Ik(M)

F−−→ πk(M),

where iM is induced by a standard embedding D2k ↪→ M and F is defined
by taking the underlying homotopy class of a pointed immersion. For x ∈
πk+1(f), we see that the homotopy class F (tk(f)(x)) ∈ πk(M) does not
depend upon f . Hence tk(f)(x) and tk(f + θ)(x) differ by an element of
iM (Ik(D2k)). By Example 3.36, taking the derivative of an immersion defines
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an isomorphism

T : Ik(D2k) = π0(Imm(Sk, D2k))
∼=−→ πk(SO /SO(k))

and when k is odd πk(SO / SO(k)) = Z/2. Moreover, by Proposition 7.26,
when k is odd the two regular homotopy classes of immersions Sk # D2k

are distinguished by the number of double points, counted mod 2. Hence if
(q1, w1) ∈ Ik(Dk) represents the regular homotopy class with an odd number
of double points and so has µ(q1, w1) = 1 ∈ Q−1(Z) = Z/2, then for any
pointed immersion (q, w) with q : Sk #M , we have

(7.181) µ
(
(q, w) + (q1, w1)

)
= µ(q, w) + e(1) ∈ Q−1(Zπ,w).

To compute tk(f + θ)(x) − tk(f)(x), we let ∂ : πk+1(f) → πk(M) be the
boundary homomorphism and we regard θ as a map θ : M → SO. Then
θ∗(∂(x)) defines a homotopy class in πk(SO). To map this homotopy class to
Ik(D2k) we consider the quotient map p : SO → SO/SO(k), the induced ho-
momorphism p∗ : πk(SO)→ πk(SO/SO(k)) and finally the homomorphism

T−1 ◦ p∗ : πk(SO)→ Ik(D2k).

Using Theorem 3.30, the definition of tk(f) and (7.180) above, we deduce
that for all x ∈ πk+1(f) we have

(7.182) tk(f0 + θ)(x) = tk(f0)(x) + iM
(
(T−1 ◦ p∗)(θ∗(∂(x)))

)
.

Now by [132, Theorem 1.4 (2)], p∗ = 0 unless k = 3, 7 in which case p∗ is
onto. Hence if k 6= 3, 7, we conclude from (7.182) that tk(f0 + θ) = tk(f0),
proving part (i).

When k = 3, 7, we already saw that πk(SO/SO(k)) ∼= Z/2, and so (7.182)
and the definition of i∗(θ) give the following formula for all x ∈ πk+1(f),

tk(f0 + θ)(x) = tk(f0)(x) + iM (i∗(θ)(∂(x))).

Here we regard i∗(θ(∂(x))) ∈ Z/2 = Ik(D2k). Combining this formula
with (7.181) above, we obtain that t1 = t(f0 + θ) = t(f0) + tθ = t0 + tθ,
which completes the proof of part (ii). ut

Exercise 7.183. Let k = 3, 7, let M = Sk×Sk and consider the collapse map
f : M → S2k. Show that there are degree one normal maps (f, f i) : M → Sk,
i = 0, 1, such that the surgery obstructions σ(f, f i) ∈ L2k(Z) = Z/2 satisfy

σ(f, f0) = 0 and σ(f, f1) = 1.
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7.8 The Even Dimensional Surgery Obstruction
Relative Boundary

In this section we extend the results of Subsection 7.7.4 from closed ma-
nifold to pairs, where we assume that on the boundary we have already a
homotopy equivalence. This case is analogous to the closed case since the
surgery kernels of pairs look like the surgery kernel in the closed situation in
this case. This will be important in Section 7.9, where we will consider the
“Realisation problem”: This is the problem of determining which elements
of L2k(ZΠ(X),OX) arise as the surgery obstructions to surgery problems.
If we allow boundary with a homotopy equivalence on the boundary, every
element in L2k(ZΠ(X),OX) occurs. This is not true if one considers only
closed manifolds.

7.8.1 Normal for Maps of Pairs

Next we explain how one can generalise the notions of rank k normal map of
degree one introduced in Definition 6.20 and of normal maps with respect to
the tangent bundle (of degree one) introduced in Definition 6.29 for closed
manifolds to compact manifolds with boundary. We replace the w-oriented
finite n-dimensional Poincaré complex (X,OX , [[X]]) by a w-oriented finite
n-dimensional Poincaŕe pair (X, ∂X,OX , [[X, ∂X]]) in the sense of Defini-
tion 4.67. The closed manifold M is replaced by a compact manifold M
with boundary ∂M . In this situation we have an intrinsic fundamental class
[[M,∂M ]] ∈ Hn(M,∂M ;OM ), see Definition 4.29. The map f : M → X is
replaced by a map of pairs (f, ∂f) : (M,∂M) → (X, ∂X), where we require
that ∂f is a homotopy equivalence.

The bundle data (ξ, f) are as before including the choice of an isomorphism
o : Oξ → OX of infinite cyclic local coefficient systems over X. As before we
have an isomorphism α : OM → f∗OX of infinite cyclic coefficient systems.
From (f, ∂f) and α we get a homomorphism

Hn(f, ∂f ;α) : Hn(M,∂M ;OM )→ Hn(X, ∂X,OX),

and we require that it sends [[M,∂M ]] to [[X, ∂X]]. All in all the data above
are encoded in the tuple (M,∂M, f, ∂f, a, ξ, f , o). Sometimes we write (f, f)
for short. Since we require that ∂f : ∂M → ∂X is a homotopy equivalence, we
call it a normal map of degree one with respect to the tangent bundle relative
boundary.

It is also now obvious how to extend the Definition 7.3 of a normal Γ -map
of degree one.

The goal of doing surgery is to turn f into a homotopy equivalence with-
out changing ∂f . It will be achieved by finitely many surgery steps on the
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interior of M , provided the appropriate surgery obstruction vanishes. The
performance of a surgery step in the interior to kill a homotopy class in
πk(f) for (k − 1)-connected f can be carried out as in the closed case since
one can always arrange that a representative of such a class and all of its
later modifications do not meet the boundary. In particular we can always
make f highly connected without changing ∂f .

7.8.2 Normal Bordism for Normal Maps of Pairs

Next we explain how the notion a bordism of normal maps with respect to the
tangent bundle of degree one of Definition 6.31 carries over from the closed
case to the case of pairs.

For m = 0, 1, let (Xm, ∂Xm,OXm , [[Xm]]) be a w-oriented finite n-dimen-
sional Poincaré pair and let (Mm, ∂Mm, fm, ∂fm, am, ξm, fm, om) be a normal
map with respect to the tangent bundle of degree one relative boundary
with target (Xm, ∂Xm,OXm , [[Xm]]). Next we define the notion of a normal
bordism of normal maps of degree one with respect to the tangent bundle
relative boundary (W,F, b, Ξ, F ,O) from (M0, ∂M0, f0, ∂f0, a0, ξ0, f0, o0) to
(M1, ∂M1, f1, ∂f1, a1, ξ1, f1, o1).

As in the closed case W is a compact (n + 1)-dimensional manifold with
boundary ∂W , but now the boundary is the union of three pieces

∂W = ∂0W ∪ ∂1W ∪ ∂2W,

where ∂mW is a codimension zero submanifold of ∂W possibly with non-
empty boundary ∂∂mW for m = 0, 1, 2 satisfying

∂0W ∩ ∂1W = ∅;
∂2W ∩ ∂mW = ∂∂mW for m = 0, 1;

∂∂2W = ∂∂0W q ∂∂1W.

Notice that the local coefficient systems O∂W and O∂mW for m = 0, 1, 2
can and will be identified with the coefficient systems OW restricted to
∂mW using the outward normal field, and the intrinsic fundamental classes
[[∂W ]] ∈ Hn(∂W,O∂W ) and [[∂mW,∂∂mW ]] ∈ Hn(∂mW,∂∂mW ;O∂mW )
come from the intrinsic fundamental class [[W,∂W ]] ∈ Hn+1(W,∂W ;OW )
by the boundary map

Hn+1(W,∂W ;OW )→ Hn(∂W ;O∂W )

and the composite

Hn(∂W ;O∂W )→ Hn(∂W, ∂W − ∂Wm;O∂W ))
∼=−→ Hn(∂mW,∂∂mW ;O∂mW ),
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see Lemma 4.30.

Figure 7.184 (Manifold W with boundary ∂W = ∂0W ∪ ∂1W ∪ ∂2W ).

∂0W

∂2W

∂1W

∂2W

We have an (n+ 1)-dimensional finite Poincaré pair (Y, ∂Y,OY , [[Y, ∂Y ]])
with a decomposition of ∂Y into three n-dimensional finite CW -subcomplexes

∂Y = ∂0Y ∪ ∂1Y ∪ ∂2Y,

such that for appropriate (n−1)-dimensional finite CW -subcomplexes ∂∂mY ⊆
∂mY for m = 0, 1, 2 we have

∂0Y ∩ ∂1Y = ∅;
∂2Y ∩ ∂mY = ∂∂mY for m = 0, 1;

∂∂2Y = ∂∂0Y q ∂∂1Y.

Moreover, we demand that for m = 0, 1, 2 the CW -pairs (∂mY, ∂∂mY )
are w-oriented finite n-dimensional Poincaré pairs with fundamental classes
[[∂mY, ∂∂mY ]] lying in Hn(∂mY, ∂∂mY ;O∂mY ) for the restriction O∂mY of
the coefficient system OY to ∂mY , where the various fundamental classes
above come from the fundamental class [[Y, ∂Y ]] ∈ Hn+1(Y, ∂Y ;OY ) by the
boundary map

Hn+1(Y, ∂Y ;OY )→ Hn(∂Y ;O∂Y )

and the composite

Hn(∂Y ;O∂Y )→ Hn(∂Y, ∂Y − ∂Ym;O∂Y ))
∼=−→ Hn(∂mY, ∂∂mY ;O∂mY ).

The map F : W → Y is required to induce maps ∂mF : ∂mW → ∂mY for
m = 0, 1, 2 and ∂2F : ∂2W → ∂2Y is required to be a homotopy equivalence.

The various identifications Mm

∼=−→ ∂mW and Xm → ∂mY for m = 0, 1

in the closed case are now required to be identifications (Mm, ∂Mm)
∼=−→

(∂mW,∂∂mW ) and (Xm, ∂Xm)
∼=−→ (∂mY, ∂Ym) for m = 0, 1. The bundle

data (Ξ,F ) including the isomorphism O : OΞ → OW over W are unchanged.
The obvious compatibility conditions concerning the bundle maps, the local
coefficients systems, and the fundamental classes remain.
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Finally we explain what it means if the bordism has cylindrical target
in the special case, where (Mm, ∂Mm, fm, ∂fm, am, ξm, fm, om) for m = 0, 1
have the same target (X, ∂X,OX , [[X]]). Namely, then we require that Y =
X × [0, 1] with ∂mY = X × {m} for m = 0, 1 and ∂2Y = ∂X × [0, 1], and
that Ξ = pr∗Y ξ and O = pr∗Y o hold for the projection prY : Y × [0, 1]→ Y .

Definition 7.185 (Triads). If we take for W above ∂1W = ∅ and rename
W by M , ∂0W by ∂0M and ∂2W by ∂1M , we obtain a manifold triad
(M ; ∂0M,∂1M). Often one denotes

∂0,1M := ∂0M ∩ ∂1M = ∂∂0M = ∂∂1M.

Analogously one defines a Poincaré triad (X; ∂0X, ∂1X) by taking for Y
above ∂1Y = ∅ and rename Y by X, ∂0Y by ∂0X and ∂2Y by ∂1X. Often
one denotes

∂0,1X := ∂0X ∩ ∂1X = ∂∂0X = ∂∂1X.

7.8.3 The Intrinsic Even Dimensional Surgery
Obstruction Relative Boundary

Theorem 7.186 (The Intrinsic Surgery Obstruction Theorem in
Even Dimensions Relative Boundary). Let (X, ∂X,OX , [[X, ∂X]]) be
a (not necessarily connected) w-oriented finite n-dimensional Poincaré pair
in the sense of Definition 4.67 of even dimension n = 2k for k ≥ 3. Con-
sider a normal map with respect to the tangent bundle of degree one relative
boundary (f, f) = (M,∂M, f, ∂f, a, ξ, f , o) with target (X, ∂X,OX , [[X, ∂X]])
in the sense of Subsection 7.8.1. (Recall that this means that ∂f : ∂M → ∂Y
is a homotopy equivalence.) Then:

(i) Its intrinsic surgery obstruction

σ(f, f) = σ(M,∂M, f, ∂f, a, ξ, f , o) ∈ L2k(ZΠ(X),OX)

depends only on the normal bordism with cylindrical ends class of (f, f);
(ii) We have σ(f, f) = 0 if and only if we can do a finite number of surgery

steps on the interior of M without changing ∂f to obtain a normal homo-
topy equivalence, i.e., the underlying map f is a homotopy equivalence.

Proof. We will only explain why its proof is essentially the same as the one
of Theorem 7.164.

Making a normal map highly connected can be done in the case relative
boundary exactly as in the closed case, just do all surgery steps in the in-
terior of M . The passage from the intrinsic setting to the setting of normal
Γ -bordism, see Definitions 7.3 and 7.7 in the universal covering case, see
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Notation 7.33, goes through without changes. Suppose that f is highly con-
nected. Now one has be careful concerning the following point only. We are
not assuming any connectivity assumption on the inclusion of the boundary
∂M → M . Therefore the restriction of the universal covering M̃ → M to
∂M is not necessarily the universal covering again and therefore is denoted

by ∂̂M → ∂M .
Next consider a highly connected normal bordism with cylindrical target.

Then the restriction of the covering W̃ to ∂mW for m = 0, 1 is the universal

covering and will be denoted by ∂̃mW → ∂mW for m = 0, 1, whereas the
restriction of W̃ → W to ∂2W is not necessarily the universal covering and

therefore will be denoted by ∂̂2W → ∂2W . The restriction of W̃ → W to

∂W will be will denoted by ∂̂W → ∂W and not by ∂̃W as in the closed
case. The same applies to Y and its subspaces ∂mY for m = 0, 1, 2. Notice
that all these coverings are pullbacks from the universal covering X̃ → X
and are π-coverings for π = π1(X,x). Moreover, the homotopy equivalence

∂2f : ∂2W → ∂2Y lifts to a π-homotopy equivalence ∂̂2f : ∂̂2W → ∂̂2Y . This
will be crucial for the only extra argument that the kernels in the case relative
boundary look like the kernels in the closed case which we will explain next.

Suppose that f is highly connected. The definition of the kernels Kj(M̃)

and Kj(M̃, ∂̂M) is unchanged, see Definition 7.112. Since ∂̂f is a π-homotopy

equivalence, Kj(∂̂f) = 0 for j ∈ Z. Hence we conclude from Lemma 7.113 (ii)

that the natural map Kj(M̃) → Kj(M̃, ∂̂M) is a Zπ-isomorphism. Hence

the duality isomorphism of Lemma 7.113 (ii) which relate Kn−j(M̃) to

Kj(M̃, ∂̂M) yield also Poincaré duality isomorphisms Kn−j(M̃)
∼=−→ Kj(M̃)

which look like the ones we used in the closed case. Since the inclusion of
Kj(M̃, ∂̂M) into Hj(M̃, ∂̂M) is split injective, also the inclusion Kj(M̃) into

Hj(M̃) is split injective.
Next we consider the surgery kernel of a bordism. We define

Kj(W̃ ) = ker
(
F̃∗ : Hj(W̃ )→ Hj(Ỹ )

)
;

Kj(W̃ , ∂̂W ) = ker
(
F̃∗ : Hj(W̃ ; ∂̂W )→ Hj(Ỹ , ∂̂Y )

)
;

Kj(W̃ , ∂̃0W q ∂̃1W ) = ker
(
F̃∗ : Hj(W̃ ; ∂̃0W q ∂̃1W )→ Hj(Ỹ , ∂̃0Y q ∂̃1Y )

)
;

Kj(W̃ , ∂̂2W ) = ker
(
F̃∗ : Hj(W̃ ; ∂̂2W )→ Hj(Ỹ , ∂̂2Y )

)
;

Kj(W̃ , ∂̂W ) = ker
(
F̃∗ : Hj(W̃ ; ∂̂W )→ Hj(Ỹ , ∂̂Y )

)
.

Since ∂2F : (∂2W,∂∂2W )→ (∂2Y, ∂∂2Y ) is a homotopy equivalence of pairs,

∂̂2F : (∂̂2W,∂∂̂2W ) → (∂̂2Y , ∂∂̂2Y ) is a π-homotopy of pairs. Moreover we
have the excision isomorphisms

Hj+1(∂̂W , ∂̃0W q ∂̃1W )
∼=−→ Hj+1(∂̂2W, ∂̂∂2W );

Hj+1(∂̃Y , ∂̃0Y q ∂̃1Y )
∼=−→ Hj+1(∂̂2Y , ∂̂∂2Y ).
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Therefore we obtain two commutative diagrams with long exact homology
sequences as columns, where the vertical arrows marked with ∼= are isomor-
phisms

...

��

...

��
Hj+1(∂̂2W,∂∂̂2W )

(∂̂2F )∗

∼=
//

��

Hj+1(∂̂2Y , ∂∂̂2Y )

��
Hj(∂̃0W q ∂̃1W )

(F̂ )∗ //

��

Hj(∂̃0Y q ∂̃1W )

��
Hj(∂̂W )

(F̂ )∗ //

��

Hj(∂̂Y )

��
Hj(∂̂2W,∂∂̂2W )

(∂̂2F )∗

∼=
//

��

Hj(∂̂2Y , ∂∂̂2Y )

��
...

...

and
...

��

...

��
Hj+1(∂̂2W, ∂̂∂2W )

(∂̂2F )∗

∼=
//

��

Hj+1(∂̂2Y , ∂̂∂2Y )

��
Hj(W̃ , ∂̃0W q ∂̃1W )

(F̂ )∗ //

��

Hj(Ỹ , ∂̃0Y q ∂̃1W )

��
Hj(W̃ , ∂̂W )

(F̂ )∗ //

��

Hj(Ỹ , ∂̂Y )

��
Hj(∂̂2W, ∂̂∂2W )

(∂̂2F )∗

∼=
//

��

Hj(∂̂2Y , ∂̂∂2Y )

��
...

...
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By an easy diagram chase one sees that the canonical Zπ-homomorphisms

Kj(∂̃0W q ∂̃1W )
∼=−→ Kj(∂̂W ),

Kj(W̃ , ∂̃0W q ∂̃1W )
∼=−→ Kj(W̃ , ∂̂W ),

are bijective and the inclusions

Kj(∂̃0W q ∂̃1W )→ Hj(∂̃0W q ∂̃1W ),

Kj(W̃ , ∂̃0W q ∂̃1W )→ Hj(W̃ , ∂̃0W q ∂̃1W ),

are split injective since the inclusions

Kj(∂̂W )→ Hj(∂̂W ),

Kj(W̃ , ∂̂W )→ Hj(W̃ , ∂̂W ),

are split injective
This is all we need to carry over the proof for the closed case to the case

with boundary. For instance, under the assumption that Kk(W̃ , ∂̃W ) = 0 the
short exact sequence (7.129)

0→ Kk+1(W̃ , ∂̃W )
∂k+1−−−→ Kk(∂̃W )

Kk (̃i)−−−→ Kk(W̃ )→ 0,

played a prominent role for the proof in the closed case. One easily checks
that it is still available in the relative boundary case in the form

0→ Kk+1(W̃ , ∂̂W )
∂k+1−−−→ Kk(∂̂W )

Kk (̃i)−−−→ Kk(W̃ )→ 0,

provided that Kk(W̃ , ∂̂W ) = 0. Another example is the proof of Lemma 7.135
whose proof was built on handle subtractions in order to lower the minimal

numbers of generators of Kk(W̃ , ∂̃W ). We want to use the same argument

to lower the minimal numbers of generators of Kk(W̃ , ∂̂W ), but now doing

changes only interior of ∂̃0W q ∂̃1W and not touching ∂̃2W . This can be done

successfully since we have the canonical isomorphism Kj(W̃ , ∂̃0W q ∂̃1W )
∼=−→

Kj(W̃ , ∂̂W ).
This finishes the proof of Theorem 7.186. ut

Remark 7.187. Theorem 7.165 carries over to the case relative boundary in
the obvious way.

Exercise 7.188. Let (f, f) : (M,∂M) → (X, ∂X) be a surgery problem rel-
ative boundary. Suppose that X is simply connected and 4k-dimensional.

Show that one can carry out a finite number of surgery steps on the interior
of M leaving the boundary fixed to turn f into a homotopy equivalence if and
only if sign(M,∂M)−sign(X, ∂X) = 0, where sign(M,∂M) and sign(X, ∂X)
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denote the signature of a compact oriented manifold with boundary or a
Poincaré pair respectively, see Definition 4.77.

7.8.4 Kernels for Maps of Triads

For later purposes we next consider triads in the sense of Definition 7.185.
For the remainder of this section fix a degree one map of Poincaré triads
(without requiring bundle data)

(h; ∂0h, ∂1h) : (W ; ∂0W,∂1W )→ (X; ∂0X, ∂1X)

and a Γ -covering X̂ → X. By pulling back X̂ → X along h : W → X and
along the inclusions ∂0X → X and ∂1X → X, we obtain the covering map
of triads

(ĥ; ∂̂0h, ∂̂1h) : (Ŵ ; ∂̂0W, ∂̂1W )→ (X̂; ∂̂0X, ∂̂1X).

In particular, there are maps of pairs (h, ∂ih) : (W,∂iW )→ (X, ∂iX),

Definition 7.189 (Kernels of degree one maps of triads). The kernel
groups are the ZΓ -modules

Kj(Ŵ , ∂̂iW ) := ker
(
(ĥ, ∂̂ih)∗ : Hj(Ŵ , ∂̂iW )→ Hj(X̂, ∂̂iX)

)
,

and

Kj(Ŵ , ∂̂iW ) := coker
(
(ĥ, ∂̂ih)∗ : Hj(X̂, ∂̂iX)→ Hj(Ŵ , ∂̂iW )

)
.

In order to state the properties of the kernel groups of a degree one map of
Poincaré triads, we first recall the statement of Poincaré duality for Poincaré
triads.

Lemma 7.190 (Poincaré duality for triads). Given a Poincaré triad
(X; ∂0X, ∂1X) with fundamental class [X, ∂X], we have the the Poincaré
ZΓ -chain homotopy equivalence, unique up to ZΓ -chain homotopy,

− ∩ [X, ∂X] : Cn−∗(X̂, ∂̂0X)
'−→ C∗(X̂, ∂̂1X).

It induces Poincaré duality ZΓ -isomorphisms:

− ∩ [X, ∂X] : Hn−j(X̂, ∂̂0X)
∼=−→ Hj(X̂, ∂̂1X).

Proof. We shall consider the cohomology long exact sequence of the pair

(X̂, ∂̂0X) and the homology long exact sequence of the triple (X̂, ∂̂X, ∂̂1X).

Using the excision isomorphism e : Hj(∂̂0X, ∂̂01X) ∼= Hj(∂̂X, ∂̂1X), we con-
struct the following diagram of long exact sequences:
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· · · // Hn−j−1(∂̂0X)

−∩[∂0X]
��

δ // Hn−j(X̂, ∂̂0X)

−∩[X,∂X]

��

(j0)∗ // Hn−j(X̂)

−∩[X,∂X]

��

// · · ·

· · · // Hj(∂̂0X, ∂̂01X)
i∗◦e // Hj(X̂, ∂̂1X)

(j1)∗ // Hj(X̂, ∂̂X) // · · ·

Here δ is the boundary homomorphism, i : (∂̂X, ∂̂1X)→ (X̂, ∂̂1X), j0 : X̂ →
(X̂, ∂̂0X) and j1 : (X̂, ∂̂1X) → (X̂, ∂̂X) are the inclusions, and the map

e : Hj(∂̂0X, ∂̂01X)→ Hj(∂̂X, ∂̂1X) is given by excision. We leave it as an ex-
ercise to verify that the diagram commutes. Since the first and third cap prod-
ucts are the Poincaré duality isomorphisms of the Poincaré pairs (∂0X, ∂01X)
and (X, ∂X), the five lemma finishes the proof. ut

Just as the kernels of degree one maps Poincaré pairs behave similarly
to the (co)homology groups of a third Poincaré pair, the kernels of a map
of Poincaré triads behave similarly to the (co)homology groups of a third
Poincaré triad. We leave the proof of the next lemma to the reader, it is an
easy variation of the one of Lemma 7.113.

Lemma 7.191.

(i) For m ∈ {0, 1}, the homomorphisms

(ĥ, ∂̂ih)∗ : Hj(Ŵ , ∂̂mW )→ Hj(X̂, ∂̂mX)

are split surjections, whereas the homomorphisms

(ĥ, ∂̂ih)∗ : Hj(X̂, ∂̂mX)→ Hj(Ŵ , ∂̂mW )

are split injections. Consequently there are natural isomorphisms

Hj(Ŵ , ∂̂mW ) ∼= Kj(Ŵ , ∂̂mW )⊕Hj(X̂, ∂̂mX);

Hj(Ŵ , ∂̂mW ) ∼= Kj(Ŵ , ∂̂mW )⊕Hj(X̂, ∂̂mX),

and also natural isomorphisms

Kj(Ŵ , ∂̂mW ) ∼= Hj+1(cone∗(C∗(ĥ, ∂̂mh)));

Kj(Ŵ , ∂̂mW ) ∼= Hj+1(cone∗(C∗(ĥ, ∂̂mh))).

(ii) For m ∈ {0, 1}, cap products with [W,∂W ] and [∂mW ] induce isomor-
phisms

− ∩ [W,∂W ] : Kn−j(Ŵ , ∂̂0W )
∼=−→ Kj(Ŵ , ∂̂1W );

− ∩ [∂mW ] : Kn−j−1(∂̂mW )
∼=−→ Kj(∂̂mW, ∂̂01W ),

which fit into a commutative diagram of long exact sequences
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// Kn−j−1(∂̂0W )

−∩[∂W0]∼=
��

// Kn−j(Ŵ , ∂̂0W )

−∩[W,∂W ]∼=
��

// Kn−j(Ŵ , ∂̂W )

−∩[W,∂W ]∼=
��

//

// Kj(∂̂0W, ∂̂01W ) // Kj(Ŵ , ∂̂1W ) // Kj(Ŵ , ∂̂W ) //

7.9 Realisation of Even Dimensional Surgery
Obstructions

Theorem 7.164 does not identify which elements of L2k(ZΠ(X),OX) arise
as surgery obstructions of degree one normal maps (f, f) : (M,∂M) →
(X, ∂X). In this subsection we show that if N is a compact (2k − 1)-
dimensional manifold possibly with boundary for k ≥ 3, then all elements
in L2k(ZΠ(N × I),ON×I) are realised as surgery obstructions of degree one
normal maps with target (N × I, ∂(N × I),ON×[0,1], [[N × I, ∂(N × I)]]) for
I = [0, 1]. The basic theorems for the realisation of surgery obstructions are
often called “Wall realisation” since they are due to Wall [248, Theorems 5.8
and 6.5]. We now state a version of Wall realisation in even dimensions.

Theorem 7.192 (Realisation of even dimensional surgery obstruc-
tions). Suppose n = 2k ≥ 6. Consider a compact oriented (n− 1)-manifold
N with possibly empty boundary ∂N . Fix an element

ω ∈ L2k(ZΠ(N × I),ON×I).

Then there is a normal map of pairs of degree one relative boundary
(M,∂M, f, ∂f, a, ξ, f , o) with target (N×I, ∂(N×I),ON×I , [[N×I, ∂(N×I)]])
for I = [0, 1] with the following properties:

(i) The bundle ξ over N × I is T (N × I) ⊕ Ra and the isomorphism o of
infinite cyclic local coefficient systems over N × I is the identity;

(ii) There is a decomposition ∂M = ∂0M ∪∂1M ∪∂2M where ∂mM is a codi-
mension zero submanifold of ∂M with possibly empty boundary ∂∂mM for
m = 0, 1, 2 satisfying

∂0M ∩ ∂1M = ∅;
∂2M ∩ ∂mM = ∂∂mM for m = 0, 1;

∂∂2M = ∂∂0M q ∂∂1M.

∂2M = ∂N × [0, 1];

∂0M = N × {0};

(iii) The homotopy equivalence ∂f : ∂M → ∂(N × I) induces the identity
∂0M = N × {0} → (N × {0}) on ∂0M and the identity ∂2M =
∂N × [0, 1]→ ∂N × I on ∂0M ;
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(iv) The homotopy equivalence ∂f : ∂M → ∂(N × I) maps ∂1M to N × {1}
and induces a homotopy equivalence

∂1f : ∂1M → N × {1};

(v) The intrinsic surgery obstruction

σ(M,∂M, f, ∂f, a, ξ, f , o) ∈ L2k(ZΠ(N × I),ON×I).

see Theorem 7.186, is the given element ω.

Proof. We can assume without loss of generaslity that N is connected. In the
sequel fix a choice of a universal covering pN : Ñ → N and choice (BP ) for
N , see Notation 4.6, where the base point x ∈ N should not lie in ∂N . Put
π = π1(N, x) = π1(N × I, (x, 0)). If w : π → {±1} is the first Stiefel-Whitney
class of N , then we get an identification, see Lemma 7.154 (ii)

(7.193) L2k(ZΠ(N × I),ON×I) = L2k(Zπ,w).

We will consider ω as an element L2k(Zπ,w), and will work with normal
π-maps of degree one in the sense of Definition 7.3.

Recall that the element ω ∈ L2k(Zπ,w) is represented by a non-singular
(−1)k-quadratic form (P,ψ) with P a finitely generated free Zπ-module. We
fix such a representative and write it as a triple (P, λ, µ) as explained in
Subsection 7.4.3. Let {b1, b2, . . . , br} be a Zπ-basis for P .

Choose r disjoint embeddings ji : D
2k−1 ↪→ N \ ∂N into the interior of N

for i = 1, 2, . . . , r. Let F 0 : Sk−1 ×Dk ↪→ D2k−1 be the standard embedding.
Define embeddings F 0

i : Sk−1×Dk ↪→ N by the composition of the standard
embedding F 0 and ji for i = 1, 2, . . . , r. Let f0

i : Sk−1 → N be the restriction
of Fi to Sk−1 × {0} ⊂ Sk−1 × Dk. We have already fixed a base point x ∈
N \ ∂N . Choose a base point s ∈ Sk−1 and paths wi from x to f0

i (s) for
i = 1, 2, . . . , r. Thus each f0

i is a pointed immersion. Using the form (P, µ, λ)
as a guide, we next construct regular homotopies ηi : S

k−1×I → N from f0
i to

a new embedding f1
i . These regular homotopies define associated immersions

η′i : S
k−1 × I # N × I, (x, t) 7→ (ηi(x, t), t).

Since these immersions η′i are embeddings on the boundary, we can define
their intersection and self-intersection number as in (7.10) and (7.22).

We want to achieve that the intersection number of η′i and η′j for i < j is
λ(bi, bj) and the self-intersection number µ(η′i) is µ(bi) for i = 1, 2, . . . , r. No-
tice that these numbers are additive under concatenating regular homotopies
together. Hence it suffices to explain how to introduce a single intersection
with value ±g between η′i and η′j for i < j or a self-intersection for η′i with
value ±g for i ∈ {1, 2, . . . , r} without introducing other intersections or self-
intersections. We first explain the construction for introducing an intersection
between η′i and η′j for i < j and then the construction for a self-intersection
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of η′i. This construction will only change η′i, the other regular homotopies η′j
for j 6= i will be unchanged.

Join f0
i (s) and f0

j (s) by a path v such that v is an embedding, the interior

of v does not intersect any f0
i (Sk−1) and the composition wj∗v∗w−i represents

the given element g ∈ π. Now there is an obvious regular homotopy from f0
i

to another embedding along the path v inside a small tubular neighbourhood
N(v) of v which leaves f0

i fixed outside a small neighbourhood U(s) of s
and moves f0

i |U(s) within this small neighbourhood N(v) along v very close

to f1
i (s). Now use a disc Dk which meets f0

j transversally at the origin to

move f0
i further, thus introducing the desired intersection with value ±g.

Inside the disc the move looks like pushing the upper hemisphere of the
boundary down to the lower hemisphere of the boundary, thus having no
intersection with the origin at any point of time with one exception. We
have to be careful with signs, but there is room to twist appropriately in a
small tubular neighbourhood of v and realise either sign at the intersection
point. To construct a self-intersection of η′i we introduce a second basepoint
t ∈ Sk−1 and fix a path ui from x to f0

i (t). We then repeat the above
argument replacing f0

j (s) and wj with f0
i (t) and uj . This can be done since

the argument involves changes only on a small disc Dk−1 ⊂ Sk−1 near s,
which we take disjoint from t.

Since f1
i is regularly homotopic to f0

i which is obtained from the trivial
embedding F 0

i and so has trivial normal bundle, f1
i has a trivial normal

bundle. Hence we can extend f1
i to an embedding F 1

i : Sk−1×Dk ↪→ N \∂N .
Now for each i ∈ {1, 2, . . . , r} we attach a handle of index k (φki ) = Dk ×Dk

to N × [0, 1] using φki := F 1
i : Sk−1 ×Dk → X ×{1}, see Definition 1.12. Let

M be the manifold obtained from all r of the handle attachments to N × I:

M := (N × I) +

r∑
i=1

(φki ).

The following figure gives a schematic representation of the situation when
r = 2 and an intersection of ±g, for some g ∈ π, is introduced between the
two handles which are added to N × I. (The figure is a small adaptation of
the figure from [248, p. 55].)

Figure 7.194 (Wall realisation).
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N × {1}

N × {0}

Since the attaching maps of the handles (φki ) are each null-homotopic, it
follows that there is a homotopy equivalence M ' N ∨ (∨ri=1S

k). We let
(M,∂M) be the resulting manifold with boundary and we obtain a manifold
triad structure (M ; ∂0M,∂1M) on M by setting

∂0M := (N × {0}) ∪ (∂N × [0, 1]) and ∂1M := ∂M − int(∂0M).

By collapsing the handles (φki ) inside a (2k − 1)-disc D2k−1 ⊂ N × {1}
we can define an extension of the identity map id: N × [0, 1] → N × [0, 1]
to a map f : M → N × [0, 1] which induces a map of triads (f ; ∂0f, ∂1f)
such that ∂0f is a diffeomorphism. This map is covered by a bundle map
f : TM ⊕ Ra → TN ⊕ Ra which is given on ∂0M by the differential of ∂0f .
These claims follow from the fact that f1

i is regularly homotopic to f0
i and

the f0
i were trivial embeddings so that we can regard this construction as the

trace of surgeries on the identity map N → N .

The kernel Kk(M̃) = Kk(M̃, ∂̃0M) has a preferred basis corresponding to
the cores Dk × {0} ⊂ Dk ×Dk = (φki ) of the new handles (φki ). These cores
can be completed to immersed spheres Si by adjoining the images of the η′i
in N × [0, 1] and finally the obvious discs Dk in N × {0} whose boundaries
are given by f0

i (Sk−1). Then the intersection of Si with Sj is the same as the
intersection of η′i with η′j and the self-intersection of Si is the self-intersection
of η′i with itself. Hence by construction

(7.195) λM (Si, Sj) = λ(bi, bj) for i < j, and µM (Si) = µ(bi),

where λM is the topological intersection pairing of Lemma 7.18, µM is the to-
pological self-intersection element of Lemma 7.25 and λ and µ come from the
original quadratic form (P, λ, µ), see Subsection 7.4.3 and the proof of The-
orem 7.164. The isomorphism P → P ∗ associated to the given non-singular

(−1)k-quadratic form can be identified with Kk(M̃) → Kk(M̃, ∂̃1M) if we

use for Kk(M̃, ∂̃1M) the basis given by the cocores of the handles (φki ). Hence

Kk(∂̃1M) = 0. Since k ≥ 3 and M is obtained from ∂1M by attaching k-
handles, we see that π1(∂1M) is mapped isomorphically to π1(∂0N) via ∂1f

and that K∗(∂̃1M) = 0 for ∗ ≤ k. Lemma 7.113 (iv) implies that ∂1f is a ho-
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motopy equivalence. Hence ∂f = ∂0f ∪ ∂1f : ∂M → ∂N is also a homotopy
equivalence and the normal map of pairs of degree one relative boundary
(f, f) : (M,∂M)→ (N, ∂N) has a surgery obstruction σ(f, f) ∈ L2k(Zπ,w).
From the definition of surgery obstruction relative boundary in the proof of
Theorem 7.164, we get

σ(M,∂M, f, ∂f, a, ξ, f , o) = [(Kk(M̃), s, t)] = ω

under the identification (7.193). This finishes the proof of Theorem 7.192. ut

Remark 7.196 (Non-realisability of surgery obstructions by closed
manifolds). It is not true that for any closed oriented manifold N of di-
mension n = 2k ≥ 6 and any element ω ∈ L2k(ZΠ(N),ON ), there is a nor-
mal map (f, f) : TM ⊕ Ra → ξ covering a map of closed oriented manifolds
f : M → N of degree one such that σ(f, f) = ω. Notice that in Theorem 7.192
the target manifold N × [0, 1] is not closed.

If N = S4k, then π1(N) = {e} and the signature gives an isomorphism

σ : L2k(ZΠ(N),ON )
∼=−→ 8Z, see Theorem 7.96. By Theorem 7.170 (iii)

the surgery obstruction to a degree one normal map (f, f) : M → S4k is
sign(M) ∈ 8Z. Since every stable vector bundle ξ over S4k becomes trivial
when restricted to S4k\pt and the stable tangent bundle of M pulls back from
ξ under f , it follows that M is a spin manifold. In dimension 4, Rokhlin’s
theorem [207] states that the signature of M is divisibly by 16. Hence we
see that not all elements of L4(Z) are realised as the surgery obstructions
of degree one normal maps of closed smooth manifolds mapping to S4. For
k ≥ 2, the signature of M becomes exponentially more divisible as k increases
and fewer and fewer elements of L4k(Z) are realised as surgery obstructions
of normal maps of closed manifolds to S4k: for the precise statement, see
Corollary 11.15 and Theorem 11.48 in Chapter 11 on homotopy spheres.

If N = S4k+2, 4k + 2 ≥ 6, then π1(N) = {e} and the Arf invari-

ant defines an isomorphism Arf : L4k+2(Z)
∼=−→ Z/2, see Theorem 7.108. If

(f, f) : M → S4k+2 is a (2k + 1)-connected degree one normal map, then it
can be shown that M is stably parallelisable and that σ(f, f) can be iden-
tified with the Arf invariant of any stable framing of M . It is known that
the Arf invariant of a stably framed manifold is zero except in 5 or 6 special
dimensions, and so except in these special dimensions 1 ∈ L4k+2(Z) is not
the surgery obstruction of a degree one normal map (f, f) : M → S4k+2. For
more information about the Arf invariant of framed manifolds in surgery, see
Corollaries 11.15 and 11.52 in Chapter 11 on homotopy spheres.

For further information on which elements of L2k(Zπ,w) are realised as
the surgery obstructions for closed manifold surgery problems, see [98].

Consider w-oriented finite n-dimensional Poincaré pairs (X, ∂X, [[X, ∂X]])
and (Y, ∂Y, [[Y, ∂Y ]]) for n ≥ 5. Let (u, ∂u) : (X, ∂X)→ (Y, ∂Y ) be a map of
pairs such that both u and ∂u are homotopy equivalences.
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Since (u, ∂u) is a homotopy equivalence of pairs, we have w1(X) =
u∗w1(Y ). Hence there exists an isomorphism OX → u∗OY of infinite cyclic
local coefficients systems over X. We conclude from the obvious generalisa-
tion of Lemma 6.5 to pairs that there is precisely one isomorphism of infinite
cyclic local coefficients systems over X

(7.197) ou : OX → u∗OY

such that the isomorphism from Hn(X, ∂X;OX) to Hn(Y, ∂Y ;OY ) induced
by (u, ou) sends [[X, ∂X]] to [[Y, ∂Y ]].

Lemma 7.198. Let (M,∂M, f, ∂f, a, ξ, f , o) be a normal map of degree one
relative boundary with target (X, ∂X,OX , [[X, ∂X]]) in the sense of Sub-
section 7.8.1. Consider any vector bundle η over Y and a bundle map
(u, u) : ξ → η covering u. Then:

(i) There is precisely one isomorphism of infinite cyclic coefficients systems
ou,u : Oη → OY over Y such that the isomorphism ou ◦ o and u∗ou,u ◦ ou
from Oξ to u∗OY agree;

(ii) We obtain a normal map (M,∂M, u ◦ f, ∂u ◦∂f, a, η, u ◦ f, ou,u) of degree
one relative boundary with target (Y, ∂Y,OY , [[Y, ∂Y ]]) in the sense of
Subsection 7.8.1;

(iii) The isomorphism induced by the morphism (u, ou) : (X,OX) → (Y,OY )
in R

Ln(ZΠ(X),OX)
∼=−→ Ln(ZΠ(Y ),OY )

sends σ(M,∂M, f, ∂f, a, ξ, f , o) to σ(M,∂M, u◦f, ∂u◦∂f, a, η, u◦f, ou,u).

The analogous statement holds for the s-decoration, where we additionally
require that (X, ∂X) and (Y, ∂Y ) are simple, u and ∂u are simple homotopy
equivalences and one considers simple L-groups and simple surgery obstruc-
tions in the sense of Sections 9.2 and 9.4.

Proof. (i) This is obvious since u is a homotopy equivalence.

(ii) This follows from the definitions.

(iii) We consider for simplicity only the case, where the decoration is h and
∂X = ∂Y = ∅ holds. Without loss of generality we can assume that Y and
hence also M and X are connected. Choose base points m ∈ M , x ∈ X
and y ∈ Y with f(m) = x and u(x) = y. Choose a model for the universal

covering pY : Ỹ → Y of Y and ỹ ∈ Ỹ with pY (ỹ) = y. Let pX : X̃ → X be

the model for the universal covering of X and pM : M̃ →M be the model for
the universal covering of M obtained by the pullback construction applied
to pX with respect to u and u ◦ f . Then we get unique base points m̃ ∈ M̃
and x̃ ∈ X̃ with pM (m̃) = m, pX(x̃) = x, and ũ ◦ f̃(m̃) = ũ(x̃) = ỹ.
Choose an orientation of TmM . Thus we have made a choices (NBP), see
Notation 7.5, for both (M,f, a, ξ, f , o) and (M,u ◦ f, a, η, u ◦ f, ou,u) and
obtain an identification π = π1(M,m) = π1(X,x) = π1(Y, y). In view of the
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definition of the intrinsic simple surgery obstruction we have to show that the
simple surgery obstructions in the sense of Theorem 7.109 and Theorem 8.53
of the two π-normal maps (M, [M ], f, f̃ , a, ξ, f) and (M, [M ], u◦f, ũ◦f̂ , a, η, u◦
f) in the sense of Definition 7.3 satisfy

σ(M, [M ], f, f̃ , a, ξ, f) = σ(M, [M ], u ◦ f, ũ ◦ f̂ , a, η, u ◦ f) ∈ Ln(Zπ,w).

Firstly we treat the even dimensional case n = 2k. We can assume without
loss of generality that f is k-connected. Now the claim follows from the fact
that the non-singular (−1)k-quadratic forms Kk(M̃, µ, λ) over Zπ assigned

to (M, [M ], f, f̃ , a, ξ, f) and (M, [M ], u◦f, ũ◦ f̂ , a, η, u◦f) using intersections
and self-intersections agree.

Finally, we treat the odd dimensional case n = 2k+1. Again we can assume
that the map f is k-connected. Now the claim follows since the two (−1)k-
quadratic formations assigned to the two maps in the proof of Theorem 8.53
agree. This finishes the proof of Lemma 7.198. ut

Remark 7.199. Notice that in Lemma 7.198 we are composing a given nor-
mal map with a simple homotopy equivalence and essentially get the same
surgery obstruction if we identify the L-groups accordingly.

One may hope that the same is true if one precomposes with a simple
homotopy equivalence. This is not true as the following example shows.

Consider a normal map (f, f) of degree one with underlying map f : T 2 →
S2 covered by a bundle isomorphism TT 2 ⊕ R → R3 such that σ(f, f) ∈
L2(Z) ∼= Z/2 is non-trivial. There exists a normal map (idT 2 , g) of degree
one with underlying map id: T 2 → T 2 covered by a bundle automorphism
g : TT 2 ⊕ R → TT 2 ⊕ R such that the surgery obstruction of the composite
(f ◦ idT 2 , f ◦ g) is trivial. Here the same ideas about dimensions apply as in
Remark 7.172.

The following generalisation of Theorem 7.192, Theorem 8.103 and The-
orem 9.27 will be needed in the construction of the geometric surgery exact
sequence in Chapter 10.

Theorem 7.200 (Extended realisation of surgery obstructions). Let
(X, ∂X,OX , [[X, ∂X]]) be a w-oriented finite Poincaré pair of dimension
n ≥ 5. Consider a normal map (M0, ∂0M,f0, ∂f0, a0, ξ, f0, o0) of degree one
relative boundary with target (X, ∂X,OX , [[X, ∂X]]) in the sense of Subsec-
tion 7.8.1 such that f0 is a homotopy equivalence and ∂0f is a diffeomorphism
or homotopy equivalence respectively. Consider

ω ∈ Lhn(ZΠ(X × [0, 1]),OX×[0,1]).

Then we can find a normal map of degree one relative boundary

(M1, ∂M1, f1, ∂f1, a1, ξ, f1, o1)
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with target (X, ∂X,OX , [[X, ∂X]]) such that f1 is a homotopy equivalence
and that ∂f1 is a diffeomorphism or homotopy equivalence respectively, and
a normal bordism

(W,∂W,F, ∂F, b, Ξ, F ,O)

from (M0, f0, a0, ξ0, f0, o0) to (M1, f1, a1, ξ1, f1, o1) of degree one with cylin-
drical ends relative boundary in the sense of Subsection 7.8.2 such that ∂2F
is a diffeomorphism or homotopy equivalence respectively, and its surgery ob-
struction relative boundary, see Theorem 7.186, satisfies

σ(W,∂W,F, ∂F, b, Ξ, F ,O) = ω.

The analogous statement holds in the case, where the decoration is s and we
additionally require that X simple, u is a simple homotopy equivalence and
one considers simple L-groups and simple surgery obstructions in the sense
of Sections 9.2 and 9.4.

Proof. We conclude from Theorem 7.192, Theorem 8.103 that there exists a
normal map of pairs of degree one relative boundary (W,∂W,G, ∂G, a, ξ,G, o)
with target (M × [0, 1], ∂(M × [0, 1]),OM×[0,1], [[M × [0, 1], ∂(M × [0, 1])]]) for
satisfying:

(i) The bundle ξ over M × [0, 1] is T (M × [0, 1])⊕Ra and the isomorphism
o of infinite cyclic local coefficient systems over M × [0, 1] is the identity;

(ii) There is a decomposition ∂W = ∂0W ∪∂1W ∪∂2W where ∂mW is a codi-
mension zero submanifold of ∂W with possibly empty boundary ∂∂mW
for m = 0, 1, 2 satisfying

∂0W ∩ ∂1W = ∅;
∂2W ∩ ∂mW = ∂∂mW for m = 0, 1;

∂∂2W = ∂∂0W q ∂∂1W.

∂2W = ∂M × [0, 1];

∂0W = M × {0};

(iii) The homotopy equivalence ∂G : ∂W → ∂(M × [0, 1]) induces the identity
∂0W = M × {0} → (M × {0}) on ∂0W and the identity ∂2W = ∂M ×
[0, 1]→ ∂M × [0, 1] on ∂0W ;

(iv) The homotopy equivalence ∂G : ∂W → ∂(M×[0, 1]) maps ∂1M toN×{1}
and induces a simple homotopy equivalence

∂1G : ∂1W →M × {1};

(v) The intrinsic surgery obstruction

σh(W,∂W,G, ∂G, a, ξ,G, o) ∈ Lhn(ZΠ(M × [0, 1]),OM×[0,1]).

in the sense of Section 9.4 is mapped to ω.
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Now define the desired normal bordism (W,F, b, Ξ, F ,O) of degree one
with cylindrical ends to be the composite of (W,∂W,G, ∂G, a, ξ,G, o) with
the obvious normal map given by crossing (M0, f0, a0, ξ, f0, o0) with [0, 1],
whose underlying map is f0 × id[0,1] : M × [0, 1] → X × [0, 1]. Now apply
Lemma 7.198 in the case u = f0 × id[0,1]. ut

Exercise 7.201. Suppose n = 2k ≥ 6. Let (X; ∂0X, ∂1X) be a connected
2k-dimensional manifold triad with ∂0X connected and non-empty. Suppose
that ω ∈ L2k(ZΠ(X),OX) lies in the image of the natural homomorphism

L2k(ZΠ(∂0X),O∂0X)→ L2k(ZΠ(X),OX).

Show that the underlying Poincaré pair (X, ∂X) admits a degree one nor-
mal map relative boundary (f, f) : (M,∂M)→ (X, ∂X) with σ(f, f) = ω.

7.10 Miscellaneous

Implicitly the fact that the signature is a complete invariant of L0(Z) is
already in Milnor [163, Theorem 4] and implicitly the computation of Ln(Z)
is in Kervaire-Milnor [121]. The Arf invariant and its role in the classification
of quadratic forms was identified by Arf [3]. For more information about
bilinear forms over the integers and the Arf invariant we refer the reader
to [35] and [172].

A guide for the calculation of the L-groups for finite groups will be given
in Chapter 15.

Remark 7.202 (Browder’s homotopy theoretic formulation). We have
seen that the underlying symmetric form of a surgery obstruction in even di-
mensions is given by the intersection numbers of the representing spheres and
these numbers coincide with those obtained from the cup product pairing.
The quadratic form is given by the self-intersection numbers. In the sim-
ply connected case these also have an algebraic topological interpretation, as
described by Browder in [35, Chapter III].

His construction uses S-duality from stable homotopy theory. The main
result used is that the S-dual of the Thom space T (νX) of the Spivak normal
fibration of a Poincaré complex X is T (νX)∗ = ΣpX+. Hence a degree one
normal map (f, b) : M → X induces a map of Thom spaces T (b) : T (νM ) →
T (νX) and this in turn induces F := T (b)∗ : T (νX)∗ → T (νM )∗. Browder uses
the map F and functional Steenrod squares to define a quadratic refinement
of the mod 2 cup product pairing which he shows coincides with the surgery
obstruction as we defined it here.

An almost framed manifold possesses a degree one normal map to the
sphere of the same dimension and the Arf invariant of the associated quadratic
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form is called the Kervaire invariant. The formulation of Browder from the
previous paragraph ultimately led to the formulation of the Kervaire Invariant
1 problem in terms of the Adams spectral sequence in [34]. More about this
topic can be found in Chapter 11.

Browder’s ideas were reformulated by Ranicki. As we will see in Chapter 14
the reformulation is in terms of quadratic structures on chain complexes and
these constructions work also in the non-simply connected case and enable
conceptual proofs of some properties of surgery obstructions such as product
formulas and a unified treatment of both even and odd dimensions. Defini-
tion of the L-groups in this setting is presented in Definition 14.183 and the
definition of the surgery obstructions in Definition 14.188.
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Chapter 8

The Odd Dimensional Surgery
Obstruction

8.1 Introduction

In this chapter we shall give the solution to the surgery problem in odd
dimensions. Let (f, f) : M → X be a degree one normal map from a closed
(2k + 1)-dimensional manifold M to a Poincaré complex X. The surgery
problem, stated as Problem 6.50, is to determine whether we can change
the normal map (f, f) by finitely many surgery steps to obtain a normal
homotopy equivalence (g, g) : N → X from a closed manifold N to X.

It turns out that the problem in this case is both harder and easier than
in the even-dimensional case. It is harder because the algebra that describes
the surgery obstructions is more complicated. On the other hand it is easier
because the surgery obstruction groups turn out to vanish more often. This
happens for example in the simply connected situation, so in that case there
is no surgery obstruction and our problem always has a positive solution.

Here are some informal ideas about how one might approach our prob-
lem. As in the previous case we can make the map (f, f) : M → X to be
k-connected, which means that we now have two potentially non-vanishing
surgery kernel groups, namely Kk(M̂) and Kk+1(M̂). Next one might at-

tempt to kill Kk(M̂) by choosing a set of its generators, represent them by
disjoint embedded spheres with trivial normal bundles (which in this case
can always be done since 2k < n) and do surgery on them. This may or may
not be successful since it is not clear that one can find appropriate elements
so that after doing surgery on them the surgery kernels are trivial. The prob-
lem is that surgery on such an element simultaneously affects Kk(M̂) and

Kk+1(M̂) since these are related by Poincaré duality. So by killing a class
we may at the same time create another one. So the question becomes what
does the success depend on?

Historically there were several approaches. We follow the one by Ranicki,
which builds on the work of Wall and Novikov, and which uses the algebra of
so-called formations. In the above situation they arise as follows. The union
of the embedded spheres representing generators of Kk(M̂) with the tubular
neighbourhoods U induces a kind of Heegaard decomposition of the mani-
fold M = M0 ∪ U . It turns out that the target can be similarly decomposed
into X = X0 ∪ Dn and the map (f, f) can be made to respect the decom-
position. Then the restriction of (f, f) to ∂M0 = ∂U is an even-dimensional
surgery problem which bounds in two different ways, namely via U and via

M0. Each of these coboundaries produces a lagrangian for Kk(∂̂U). So we

307
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take the lagrangian, say F , coming from U to obtain an isomorphism of the

quadratic form on Kk(∂̂U) with the standard hyperbolic form on F . The
lagrangian, say G, from M0 is then a submodule of F ⊕F ∗. A formation is by
definition a quadratic form with an ordered pair of lagrangians. Formations
can be organised into an L-group as presented in Definition 8.12. In our geo-

metric situation the quadratic form on the kernel Kk(∂̂U) with the ordered
pair of lagrangians (F,G) gives the formation which represents the surgery
obstruction associated to (f, f).

In the process of proving the main theorem we work with the above Hee-
gaard decomposition on one hand, this we call working “inside”, but we also
work with the trace W of the surgery on the elements which give U , this we
call working “outside”. It turns out that our formation can also be described
via W and the two ends of it, M and M ′. The equivalence between the two
formations is proved in Lemma 8.80. It is very convenient, since some prop-
erties are easier seen one way and some other the other way. This gives us
freedom to use whichever suits a particular purpose. For example the bordism
formation gives an illuminating criterion for when the resulting map on M ′

is a homotopy equivalence, which is later used.
The L-group is constructed in such a way that the mutual positions of the

lagrangians F and G decide whether a formation represents the zero element
or not. The two lagrangians F and G are called complementary if we have
F ∩ G = {0} and F + G = P . It turns out that there are two prominent
classes of formations which each represent the zero element (and hence also
their sums represent the zero element). These are the trivial formations, which
means that they are isomorphic to formations with G = F ∗, or equivalently
that F and G are complementary, and the boundary formations, which means
that that there is a lagrangian L ⊂ P such that L is a complement of both F
and G. That these two classes of formations should represent the zero element
is nicely motivated by Lemma 8.68 and Lemma 8.88.

The main result of this chapter is Theorem 8.53 and its intrinsic version
Theorem 8.97 where we show that the vanishing of the algebraic surgery
obstruction is necessary and sufficient in dimensions ≥ 5 to do the de-
sired surgery to achieve a normal homotopy equivalence and that the al-
gebraic surgery obstruction is a normal bordism invariant. They are the odd-
dimensional versions of Theorems 7.109 and 7.164.

The proof of the fact that the vanishing of the formation in the L-group
suffices to give a solution to the surgery problem can be described as two-
attempts strategy. Namely, in the first attempt one does surgery on a set
of generators of Kk(M̂) as described above. The result may not be a homo-
topy equivalence but leads at least to a Heegard decomposition as mentioned
above. Moreover, the associated formation represents zero in the L-group. At
this stage we will need two lemmas about the realisation of formations in the
same class in the L-groups, namely Lemma 8.85 and Lemma 8.91. Then, since
our formation represents zero in the L-group, we can realise a representative
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of the normal bordism class which gives a normal homotopy equivalence, see
the proof of Theorem 8.53.

The intrinsic version, the version for manifolds with boundary and the re-
alisation theorem proceed analogously as in the even-dimensional case, The-
orem 8.99 is the analogue of Theorem 7.170, Theorem 8.102 is the analogue
of Theorem 7.186, and Theorem 8.103 is the analogue of Theorem 7.192.

Guide 8.1. The setup of the odd-dimensional surgery obstruction is rather
complicated. A reader may skip this chapter completely just having in mind
that the main results of Chapter 7 about the normal bordism invariance
and the main obstruction property of the surgery obstruction in the even-
dimensional cases do also hold in the odd-dimensional case.

The first time reader of this chapter may skip reading Sections 8.2.3
and 8.2.4 only believing their main results.

8.2 Odd Dimensional L-Groups

In this section we explain the algebraic objects which describe the surgery
obstruction in odd dimensions and which will represent the elements in the
odd dimensional surgery obstruction groups. Throughout this subsection R
will be an associative ring with unit and involution and ε ∈ {±1}. We also
assume that R have the invariant basis number (IBN) property which means
that the free R-module Rn and Rm are R-isomorphic if and only if n = m.

Recall that K1(R) is defined in terms of automorphisms of finitely gener-
ated free R-modules. Since L-groups are quadratic analogues of K-groups, it
is plausible that the odd-dimensional L-groups, L2k+1(R), will be defined in
terms of isometries of hyperbolic quadratic forms and indeed this was the case
in Wall’s original definition of these groups in [248]. Here we present a newer
definition of L2k+1(R) via formations due to Ranicki which first appeared
in [193] and which coincides with the one given in the book [203].

The first part of the section introduces formations and gives the first defini-
tion of L2k+1(R) which we use to define the surgery obstruction in Section 8.3.
The second part of the section establishes important properties of the groups
L2k+1(R) and also gives Wall’s original definition via automorphisms of hy-
perbolic quadratic forms. The two definitions are related in Lemma 8.5.

Ranicki states in [197] that formations first appeared in the paper of
Wall [243], later were used by Novikov in [183], where their importance in the
present context became clearer. The definition of the L-group via formations
first appears in [193] where their algebraic properties are investigated. The
proof of the main theorem about surgery obstructions which we present here
follows the same general strategy and also many details of the presentation
in [203].

In this section all modules are finitely generated free R-modules.
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8.2.1 The Definition of L2k+1(R) via Formations

Recall that an ε-quadratic form (P,ψ) on a module P is called non-singular
if (1 + ε · T )(ψ) : P → P ∗ is an isomorphism and that a lagrangian L ⊂ P is
summand with L = L⊥ on which ψ vanishes.

Definition 8.2 (Quadratic formation). An ε-quadratic formation, de-
noted (P,ψ;F,G), consists of a non-singular ε-quadratic form (P,ψ) together
with an ordered pair of lagrangians F and G.

Remark 8.3. In some places, e.g. [197], formations as we defined them are
called a non-singular formations and the word “formation” is used for the
case where one of F and G is a sublagrangian.

An isomorphism f : (P,ψ;F,G) → (P ′, ψ′;F,′ , G′) of ε-quadratic forma-
tions is an isomorphism f : (P,ψ) → (P ′, ψ′) of non-singular ε-quadratic
forms such that f(F ) = F ′ and f(G) = G′. The direct sum of ε-quadratic
formations (P0, ψ0;F0, G0) and (P1, ψ1;F1, G1) is the ε-quadratic formation
(P0 ⊕ P1, ψ0 ⊕ ψ1;F0 ⊕ F1, G0 ⊕G1).

For a module F , recall the standard ε-quadratic hyperbolic form Hε(F )
of Example 7.78. The underlying module of Hε(F ) is F ⊕ F ∗ where both
F := F ⊕ {0} and F ∗ := {0} ⊕ F ∗ are lagrangians.

Lemma 8.4. Given a formation (P,ψ;F,G), there is a lagrangian G′ of

Hε(F ) and an isomorphism of formations f : (Hε(F );F,G′)
∼=−→ (P,ψ;F,G)

such that f : F ⊕ F ∗
∼=−→ P restricted to F is the identity idF .

Proof. By Lemma 7.92 the inclusion of ε-quadratic forms (F, 0) → (P,ψ)
extends to an isomorphism f : Hε(F ) ∼= (P,ψ). Put G′ = f−1(G). ut

Example 8.5. Any automorphism f : Hε(F ) ∼= Hε(F ) defines the formation
(Hε(F );F, f(F )). In Lemma 8.26 below we prove that every formation is
isomorphic to (Hε(F );F, f(F )) for some F and f .

Definition 8.6 (Trivial quadratic formation). The trivial ε-quadratic
formation associated to a module F is the formation (Hε(F );F, F ∗). A for-
mation (P,ψ;F,G) is called trivial if it isomorphic to the trivial ε-quadratic
formation associated to some module.

Definition 8.7 (Stable isomorphism of quadratic formations). A sta-
ble isomorphism of formations (P,ψ;F,G) and (P ′, ψ′;F ′, G′) is an isomor-
phism

f : (P,ψ;F,G)⊕ (Hε(Q0);Q0, Q
∗
0) ∼= (P ′, ψ′;F ′, G′)⊕ (Hε(Q1);Q1, Q

∗
1)

for trivial formations (Hε(Q0);Q0, Q
∗
0) and (Hε(Q1);Q1, Q

∗
1). In this case,

(P,ψ;F,G) and (P ′, ψ′;F ′, G′) are called stably isomorphic and we write
(P,ψ;F,G) ∼=s (P ′, ψ′;F ′, G′).
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Definition 8.8 (The boundary of a form). Let (Q,µ) be any (−ε)-
quadratic form; in particular (Q,µ) can be singular. Define the boundary
of (Q,µ), denoted ∂(Q,µ), to be the ε-quadratic formation (Hε(Q);Q,Γµ),
where Γµ is the lagrangian given by the image of the R-homomorphism

Q→ Q⊕Q∗, x 7→ (x, (1− ε · T )(µ)(x)) .

Exercise 8.9. Verify that Γµ in Definition 8.8 is a lagrangian.

The following lemma establishes the basic properties of formations needed
for the definition of L2k+1(R). Two lagrangians, F and G, of a non-singular
ε-quadratic form (P,ψ) are called complementary if we have F ∩ G = {0}
and F +G = P , or equivalently, the obvious R-homomorphism F ⊕G → P
induced by the inclusions of F and G in P is an isomorphism.

Lemma 8.10. Let (P,ψ;F,G) be an ε-quadratic formation. Then:

(i) (P,ψ;F,G) is trivial if and only F and G are complementary;
(ii) (P,ψ;F,G) is isomorphic to a boundary if and only if there is a lagrangian

L ⊂ P such that L is a complement of both F and G;
(iii) There is an ε-quadratic formation (P ′, ψ′;F ′, G′) such that the sum of

formations (P,ψ;F,G)⊕ (P ′, ψ′;F ′, G′) is a boundary;
(iv) An (−ε)-quadratic form (Q,µ) is non-singular if and only if its boundary

is a trivial formation.

Proof. (i) Obviously F and G are complementary if (P,ψ;F,G) is isomor-
phic to (Hε(F );F, F ∗). It remains to show that (P,ψ;F,G) is isomorphic to
(Hε(F );F, F ∗) provided that F and G are complementary.

The inclusions of the lagrangians F and G into P induce an R-isomorphism
h : F ⊕G→ P . Choose a representative ψ : P → P ∗ of ψ ∈ Qε(P ). Then we
can write

h∗ ◦ ψ ◦ h =

(
a b
c d

)
: F ⊕G→ (F ⊕G)∗ = F ∗ ⊕G∗.

Let ψ′ ∈ Qε(F⊕G) be the class of h∗◦ψ◦h. Then h is an isomorphism of non-
singular ε-quadratic forms (F ⊕G,ψ′)→ (P,ψ) and F and G are lagrangians
in (F ⊕G,ψ′). Hence the isomorphism (1 + ε · T )(ψ′) : F ⊕G→ F ∗ ⊕G∗ is
given by (

a b
c d

)
+ ε · T

(
a b
c d

)
=

(
a+ εa∗ b+ εc∗

c+ εb∗ d+ εd∗

)
=

(
0 e
f 0

)
.

for some R-maps e : G → F ∗ and f : F → G∗. This implies that e = (b + ε ·
c∗) : G→ F ∗ is an isomorphism. Define an R-isomorphism

u =

(
1 0
0 e

)
: F ⊕G

∼=−→ F ⊕ F ∗.
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One easily checks that u defines an isomorphism of formations

(8.11) u : (F ⊕G,ψ′;F,G)
∼=−→ (Hε(F );F, F ∗).

(ii) One easily checks that for an (−ε)-quadratic form (Q,µ) the lagrangian
Q∗ in its boundary ∂(Q,µ) = (Hε(Q);Q,Γµ) is complementary to both Q
and Γµ. Conversely, suppose that (P,ψ;F,G) is an ε-quadratic formation
such that there exists a lagrangian L ⊂ P which is complementary to both
F and G. By the argument appearing in the proof of assertion (i) we find an
isomorphism of ε-quadratic formations

f : (Hε(F );F, F ∗)
∼=−→ (P,ψ;F,L)

which is the identity on F . The preimage G′ := f−1(G) is a lagrangian in
Hε(F ) which is complementary to F ∗. The fact that G′ is a complementary
subspace to F ∗ means that

G′ = {(x, λ(x)) ∈ F ⊕ F ∗ | x ∈ F}

for some λ ∈ HomR(F, F ∗). The fact that it is a lagrangian means that
λ = ψ′ − ε(ψ′)∗ for some (−ε)-quadratic form ψ′ ∈ Q−ε(F ). The boundary
of (F,ψ′) is precisely (Hε(F );F,G′) and f induces an isomorphism of ε-
quadratic formations

∂(F,ψ′) = (Hε(F );F,G′)
∼=−→ (P,ψ;F,G).

(iii) Because of Lemma 7.92, we can find lagrangians F̂ and Ĝ such that F and

F̂ are complementary and G and Ĝ are complementary. Define the formation
(P ′, ψ′;F ′, G′) := (P,−ψ; F̂ , Ĝ). Then M := {(p, p) | p ∈ P} ⊂ P ⊕ P is a
lagrangian in the direct sum

(P,ψ;F,G)⊕ (P ′, ψ′;F ′, G′) = (P ⊕ P,ψ ⊕ (−ψ), F ⊕ F̂ , G⊕ Ĝ),

which is complementary to both F ⊕ F̂ and G⊕ Ĝ. Hence the direct sum is
isomorphic to a boundary by assertion (ii).

(iv) The lagrangian Γµ in the boundary ∂(Q,µ) := (Hε(Q);Q,Γµ) is comple-
mentary to Q if and only if (1− ε · T )(µ) : Q→ Q∗ is an isomorphism. This
finishes the proof of Lemma 8.10. ut

Now we can define the odd-dimensional surgery groups.

Definition 8.12 (Quadratic L-groups in odd dimensions). Let R be
an associative weakly finite ring with unit and involution. For an odd integer
n = 2k+1 set ε := (−1)k and define the abelian group Ln(R), called the
n-th quadratic L-group of R, to be the abelian group of equivalence classes
[P,ψ;F,G] of ε-quadratic formations (P,ψ;F,G) such that P , F and G are
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finitely generated free modules with respect to the following equivalence re-
lation. We call (P,ψ;F,G) and (P ′, ψ′;F ′, G′) equivalent if and only if there
exist (−ε)-quadratic forms (Q,µ) and (Q′, µ′) for finitely generated free R-
modules Q and Q′ and a stable isomorphism of formations

(P,ψ;F,G)⊕ ∂(Q,µ) ∼=s (P ′, ψ′;F ′, G′)⊕ ∂(Q′, µ′).

Addition is given by taking the orthogonal sum of two ε-quadratic formations.
The zero element is represented by ∂(Q,µ) ⊕ (Hε(S);S, S∗) for any (−ε)-
quadratic form (Q,µ) and any finitely generated free R-module S. The inverse

of [P,ψ;F,G] is represented by (P,−ψ; F̂ , Ĝ) for any choice of lagrangians

F̂ and Ĝ in (P,ψ) such that F and F̂ are complementary and G and Ĝ are
complementary.

Exercise 8.13. If we replace in Definition 8.12 “finitely generated free”
by “stably finitely generated free”, we get another definition of the odd-
dimensional L-group. There is a forgetful map from the L-group of Defini-
tion 8.12 to this modified definition. Show that it is an isomorphism.

The passage from finitely generated free to finitely generated projective
modules does change the L-groups in general, whereas the algebraic K-groups
Kn(R) for n ≥ 1 will not change under this passage. Some information on
this topic can be found in Chapter 14.

Remark 8.14 (Functoriality of L-groups in odd dimensions). We have
explained in Remark 7.90 that For k = 0, 2 a morphism u : R → S of rings
with involution induces homomorphisms u∗ : Lk(R) → Lk(S) by induction.
Analogously one shows for k = 1, 3 that a morphism u : R→ S of rings with
involution induces homomorphisms u∗ : Lk(R)→ Lk(S) by induction and we
have (u ◦ v)∗ = u∗ ◦ v∗ and (idR)∗ = idLk(R).

In previous Chapter 7 Lemma 7.149 about the fact that conjugation with
and element g ∈ π induces multiplication by w(g) on L2k(ZG) plays a major
role. There is analogous lemma in odd-dimensional case, it is formulated as
Lemma 8.31 and proved at the end of Section 8.2.3.

In Section 8.2.4 below, we prove that the odd-dimensional L-groups of the
ring of integers vanish.

Theorem 8.15 (Vanishing of L2k+1(Z)). We have L2k+1(Z) = 0.

8.2.2 Presentations of Formations

Presentations of formations are useful tools for understanding the structure of
formations. Their refinement to split formations plays a key role in linking the
geometric surgery obstruction to the surgery obstruction of algebraic surgery
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defined later in Chapter 14. The main result of this subsection is Lemma 8.22
which plays a key role in proving that the surgery obstruction is well defined
in Section 8.3.

By Lemma 8.4, for every formation (P,ψ;F,G′) there is an isomorphism

f : (P,ψ;F,G′) ∼= (Hε(F );F,G)

such that f |F = idF . Notice that we have abused notation here, identifying
G with f(G). We shall do this here and in the sequel to streamline the
notation. A formation of this latter form is determined by its two structure
homomorphisms

γ : G→ F and δ : G→ F ∗,

which make up the inclusion G ⊂ F ⊕ F ∗. The pair (γ, δ) together with the
isomorphism f make up a presentation of the formation (P,ψ;F,G). Since
G is a lagrangian in Hε(F ), it follows that there is a short exact sequence

(8.16) 0 −→ G

γ
δ


−−−−→ F ⊕ F ∗

(
δ∗ εγ∗

)
−−−−−−−→ G∗ −→ 0.

Since the induced quadratic form on G is (G, [γ∗δ]) = (G, 0), we deduce
that [γ∗δ] = 0 ∈ Qε(G). Hence γ∗δ : G→ G∗ is a (−ε)-symmetric form which
admits a quadratic refinement, i.e., there are (−ε)-quadratic forms θγ,δ, called
Hessians of the presentation (f, (γ, δ)), such that

(8.17) θγ,δ − εθ∗γ,δ = γ∗δ = −εδ∗γ.

The choice of isomorphism f is not unique, but for two such isomorphisms f0

and f1, the isomorphism f01 := f0 ◦ f−1
1 is an automorphism of Hε(F ) with

f01|F = idF . A short calculation shows that, with respect to the decomposi-
tion Hε(F ) = F ⊕ F ∗, the isomorphism f01 is expressed by a matrix

f01 =

(
id µ− εµ∗
0 id

)
,

for some (−ε)-quadratic form (F ∗, µ). The above discussion leads to the fol-
lowing

Lemma 8.18. Let (f, (γ, δ)) and (f ′, (γ′, δ′)) be presentations of formations
(P,ψ;F,G) and (P ′, ψ;F ′, G′). Then the following hold.

(i) (γ, δ) and (γ′, δ′) satisfy (8.16).
(ii) There are (−ε)-quadratic forms θγ,δ and θ′γ′,δ′ satisfying (8.17).

(iii) (P,ψ;F,G) and (P ′, ψ′;F ′, G′) are isomorphic if and only if there are
isomorphisms α : F ∼= F ′ and β : G ∼= G′ and a (−ε)-quadratic form
(F ∗, µ) such that the following diagram commutes (see [203, p. 309]):
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G

γ
δ


��

β // G′

γ′
δ′


��

F ⊕ F ∗

 α α(µ− εµ∗)
0 (α∗)−1


// F ′ ⊕ F ′∗

(iv) (P,ψ;F,G) is trivial if and only if for some presentation (f, (γ, δ)) of
(P,ψ;F,G), the map δ : G→ F ∗ is an isomorphism.

(v) (P,ψ;F,G) is a boundary if and only if for some presentation (f, (γ, δ))
of (P,ψ;F,G), the map γ : G→ F is an isomorphism.

Proof. Parts (i), (ii) and (iii) follow immediately from the discussion directly
above the lemma.

(iv) Notice that F ∩ G = ker(δ) and that P/(F + G) ∼= coker(δ). By
Lemma 8.10 (i), (P,ψ;F,G) is trivial if and only if F ∩G = 0 = P/(F +G).
Hence (P,ψ;F,G) is trivial if and only if ker(δ) = 0 = coker(δ), if and only
if δ is an isomorphism.

(v) Suppose that γ is an isomorphism. Then F ∗ ⊂ Hε(F ) is a lagrangian
complementary to both F and G. Hence (P,ψ;F,G) is a boundary by
Lemma 8.10 (ii).

Conversely, if (P,ψ;F,G) is a boundary then there is an isomorphism

f : (P,ψ;F,G)
∼=−→ (Hε(F );F, Γθ) where Γθ is the graph of a (−ε)-quadratic

form (F, θ). But then (P,ψ, F,G) has a presentation with γ = id: F = F and
δ = θ − εθ∗ : F → F ∗; in particular, γ is an isomorphism. ut

The following theorem of Ranicki [193, Theorem 2.3] gives an impor-
tant criterion for recognising when a formation (P,ψ;F,G) is isomorphic
to the sum of a boundary formation and a trivial formation, in which case
[P,ψ;F,G] = 0 ∈ L2k+1(R).

Theorem 8.19 (Zero criterion for formations). A formation (P,ψ;F,G)
is isomorphic to the sum of a trivial formation and a boundary formation if
and only if there is a lagrangian complement F̂ for F with the property that
for the projection

π : P = F ⊕ F̂
(

1 0
)

−−−−→ F,

π(G) is finitely generated free and there exists a finitely generated free sub-
module L ⊆ F with π(G)⊕ L = F .

Moreover, the roles of F and G can be interchanged.

Proof. Suppose that (P,ψ;F,G) ∼= (Hε(Q);Q,Γθ) ⊕ (Hε(L);L,L∗) where

Hε(Q);Q,Γθ) is a boundary. Then we can take F̂ = Q∗⊕L∗ since F ∼= Q⊕L
and there is an isomorphism of pairs (F, π(G)) ∼= (Q ⊕ L,Q ⊕ {0}), and Q
and L are finitely generated free.
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Conversely, suppose we have F̂ ⊂ P as in the statement of the theorem.

By the proof of Lemma 8.10 (i), there is an isomorphism f : (P,ψ)
∼=−→ Hε(F )

which carries F̂ to F ∗ and is the identity on F , see (8.11). Let (f, (γ, δ)) be
the corresponding presentation of (P,ψ;F,G) with homomorphisms

F
γ←−− G δ−−→ F ∗.

We can identify γ : G → F with the restriction of π to G ⊂ P . Let Q :=
π(G) ⊂ F be the image of π. By assumption Q is finitely generated free and
there is a finitely generated free submodule L ⊆ F satisfying F = Q ⊕ L.
Dualising, we have F ∗ = Q∗ ⊕ L∗. Thus we get

(8.20) F ⊕ F ∗ = Q⊕ L⊕Q∗ ⊕ L∗.

It induces an identification of ε-quadratic forms

Hε(Q)⊕Hε(L) ∼= Hε(Q⊕ L) = Hε(F ).

With respect to the decomposition (8.20) we see that G ⊂ Q⊕{0}⊕Q∗⊕L∗
since π(G) = Q ⊂ Q ⊕ L. In the sequel we identify Q, L, Q∗, and L∗ with
the obvious summands in (8.20), for instance Q with Q ⊕ {0} ⊕ {0} ⊕ {0}.
Hence

L∗ ⊆ (Q⊕ {0} ⊕Q∗ ⊕ L∗)⊥ ⊆ G⊥ = G

with respect to the form Hε(F ). If p : G → L∗ is the restriction of the pro-
jection F ⊕F ∗ = Q⊕L⊕Q∗⊕L∗ → L∗ to G, we get p|L∗ = idL∗ . We define
M ⊂ G to be the submodule of G

M := G ∩ (Q⊕ {0} ⊕Q∗ ⊕ {0}).

Then the kernel of p : G→ L∗ is M . Hence we get

G = M ⊕ L∗.

We can write the (γ, δ) in terms of the decompositions G = M ⊕ L∗, F =
Q⊕ L, and F ∗ = Q∗ ⊕ L∗,

Q⊕ L M ⊕ L∗

γM 0
0 0


oo

 δM 0
0 id


// Q∗ ⊕ L∗ ,

where the map γM is identified with π|M : M → Q and hence is an isomor-
phism, and δM is some homomorphism. We conclude from Lemma 8.18 (iii),
by taking α to be the identification F = Q ⊕ L, β to be the identifica-
tion G = M ⊕ L∗, and µ = 0 that (P,ψ;F,G) is isomorphic to the direct
sum of formations (Hε(Q);Q,M) ⊕ (Hε(L);L,L∗). Since γM is an isomor-
phism, (Hε(Q);Q,M) is a boundary by Lemma 8.18 (v). Hence (P,ψ;F,G)
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is isomorphic to the sum of a boundary formation and a trivial formation as
required.

To interchange the roles of F and G, we can repeat the above argument ex-
changing the places of F and G. The final step carries through since the prop-
erties of being a boundary formation and a trivial formation are symmetric
in the order of the lagrangians by Lemma 8.10 (i) and (ii); e.g. (Hε(Q);M,Q)
is a boundary if and only if (Hε(Q);Q,M) is a boundary. ut

Corollary 8.21. Let F be a field with any involution. Then L2k+1(F) = 0.

Proof. We can apply Theorem 8.19, since F is a field an hence any submodule
of a finitely generated F-module is a direct summand and finitely generated
free. Hence every formation (P,ψ;F,G) represents zero in L2k+1(F). ut

The following lemma establishes two key properties of formations which we
shall use in Section 8.3 to show that the surgery obstruction is well defined.

Lemma 8.22. Let (Hε(F );F,G) be a formation. Then the following hold:

(i) (Hε(F );F,G) is isomorphic to a boundary if and only if (Hε(F );F ∗, G)
is trivial;

(ii) For every lagrangian Ĝ complementary to G, we have

[Hε(F );F,G] + [−Hε(F );F, Ĝ] = 0 ∈ L2k+1(R).

Proof. (i) Observe that (Hε(F );F,G) is isomorphic to a boundary if and only
if G = Γµ is the graph of a (−ε)-quadratic form (F, µ). But this happens if
and only if F ∗ and G are complementary and by Lemma 8.10 (i) this happens
if and only if (Hε(F );F ∗, G) is trivial.

(ii) Let ∆ ⊂ Hε(F )⊕−Hε(F ) be the diagonal which is a lagrangian comple-

mentary to G⊕ Ĝ. The projection

π : (F ⊕ F ∗)⊕ (F ⊕ F ∗) = ∆⊕ (G⊕ Ĝ)

(
0 1

)
−−−−→ G⊕ Ĝ

is such that π(F⊕{0}⊕F⊕{0}) = F ⊂ G⊕Ĝ = F⊕F ∗. Hence we may apply

Theorem 8.19 to conclude that (Hε(F );F,G)⊕ (−Hε(F );F, Ĝ) is isomorphic
to the sum of a boundary formation and a trivial formation, which shows
that it represents zero in L2k+1(R). ut

8.2.3 The Definition of L2k+1(R) via Automorphisms

In this subsection we present Wall’s original definition of the odd-dimensional
L-groups. We also establish several useful identities for formations.
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Recall that the L-groups are “quadratic analogues” of the K-groups. The
group K1(R) is defined in terms of automorphisms of finitely generated free
R-modules and there is an analogous definition of the odd-dimensional L-
groups in terms of automorphisms of hyperbolic forms.

For the remainder of this subsection we fix an integer k and put ε = (−1)k.
Following [248, Ch. 6], we define the following groups of automorphisms of
the standard hyperbolic form. Let Hε(R

r) = (R2r, λ, µ) be the standard ε-
hyperbolic form on Rr as defined in Example 7.78. We identify the underlying
free R-module of Hε(R

r) as

Rr ⊕ (Rr)∗ = Fr ⊕ F ∗r .

When we do not wish to specify the dimension of Fr, we shall simply write
F . We define

SU(r,R) := {f ∈ GL(2r,R) | f∗(λ, µ) = (λ, µ)}

to be the group of automorphisms of Hε(R
r). Extending by the identity

defines an inclusion homomorphism SU(r,R)→ SU(r+1, R) and we define

SU(R) := lim
r→∞

SU(r,R)

to be the stable unitary group over R. We recall from Example 8.5 that every
automorphism f ∈ SU(r,R) defines the formation

π(f) := (Hε(F );F, f(F )).

Since π(f ⊕ id) = π(f)⊕ π(id) and [π(id)] = 0 ∈ L2k+1(R), we obtain a well
defined map

Π : SU(R)→ L2k+1(R), f 7→ [π(f)].

The main result of this section, Theorem 8.24, states that Π is a surjective
homomorphism. We now proceed to define the subgroup RU(R) ⊂ SU(R)
which we will later identify as the kernel of Π. Let TU(r,R) ⊂ SU(r,R) be

TU(r,R) := {f ∈ SU(r,R) | f(F ∗r ) = F ∗r }.

Clearly the inclusion SU(r,R)→ SU(r+1, R) maps TU(r,R) to TU(r+1, R)
and we put

TU(R) := lim
r→∞

TU(r,R).

In Lemma 8.30 we prove that the subgroup TU(R) maps to boundary for-
mations under π. To realise trivial formations under π, we start from the
following basic automorphism σ ∈ SU(1, R)

(8.23) σ =

(
0 1
ε 0

)
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and for j ∈ {1, . . . , r} we define σr,j ∈ SU(r,R) by identifying

Hε(R
r) = ⊕ri=1Hε(R)

and setting

σr,j = id⊕ · · · ⊕ id⊕σ ⊕ id⊕ · · · ⊕ id : ⊕ri=1 Hε(R) ∼= ⊕ri=1Hε(R),

where σ lies in the jth place. We then define

RU(r,R) := 〈TU(r,R), σr,1, . . . , σr,r〉

to be the subgroup of SU(r,R) generated by TU(r,R) and the automorphisms
σr,j . As with the subgroups TU(r,R), the subgroups RU(r,R) are mapped
to each other under stabilisation and so we define

RU(R) := lim
r→∞

RU(r,R).

Next we state the main result of this subsection.

Theorem 8.24. The map Π : SU(R)→ L2k+1(R) is a surjective homomor-
phism with kernel ker(Π) = RU(R). In particular, RU(R) ⊂ SU(R) is a
normal subgroup and Π induces an isomorphism

SU(R)/RU(R) ∼= L2k+1(R).

The proof of Theorem 8.24 rests on the following important identity in
L2k+1(R). It is an important result related to many phenomena in topology,
notably to non-additivity of the signature for manifolds with boundary due
to Wall [247] and to Maslov index as explained for example in the concluding
remarks to Chapter 6 on pages 72–73 in [248]. The proof of Theorem 8.25 is
taken from [203].

Theorem 8.25. For any three lagrangians F,G,H in an ε-quadratic form
(P,ψ) we have

[P,ψ;F,G] + [P,ψ;G,H] = [P,ψ;F,H] ∈ L2k+1(R).

Proof. Choose lagrangians F̂ , Ĝ and Ĥ complementary to F,G and H respec-
tively and define ε-quadratic formations (Pi, ψi;Fi, Gi), 1 ≤ i ≤ 4 by
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(P1, ψ1;F1, G1) = (P,−ψ; Ĝ, Ĝ);

(P2, ψ2;F2, G2) = (P ⊕ P,ψ ⊕−ψ;F ⊕ F̂ ,H ⊕ Ĝ)

⊕ (P ⊕ P,−ψ ⊕ ψ;∆P, Ĥ ⊕G);

(P3, ψ3;F3, G3) = (P ⊕ P,ψ ⊕−ψ;F ⊕ F̂ , G⊕ Ĝ);

(P4, ψ4;F4, G4) = (P ⊕ P,ψ ⊕−ψ;G⊕ Ĝ,H ⊕ Ĝ)

⊕ (P ⊕ P,−ψ ⊕ ψ;∆P, Ĥ ⊕G),

where ∆P ⊂ P ⊕ P is the diagonal copy of P . Then we have

(P,ψ;F,G)⊕ (P,ψ;G,H)⊕ (P1, ψ1;F1, G1)⊕ (P2, ψ2;F2, G2)

= (P,ψ;F,H)⊕ (P3, ψ3;F3, G3)⊕ (P4, ψ4;F4, G4).

Moreover, the formations (Pi, ψi;Fi, Gi) are all boundaries since there are
lagrangians Hi complementary to both Fi and Gi: see Lemma 8.10 (ii). For
the lagrangians Hi we may take

H1 = G ⊂ P1 = P ;

H2 = ∆P⊕P ⊂ P2 = (P ⊕ P )⊕ (P ⊕ P );

H3 = ∆P ⊂ P3 = P ⊕ P, ;
H4 = ∆P⊕P ⊂ P4 = (P ⊕ P )⊕ (P ⊕ P ).

By definition boundaries represent zero in L2k+1(R) and so we are done. ut

The remainder of this subsection is devoted to the proof of Theorems 8.24.
The proofs are organised as follows. We first show that Π is onto. Then we
use Theorem 8.25 to show that Π is additive. Finally we show that ker(Π) =
RU(R).

Lemma 8.26. Every formation (P,ψ;F,G) where P ∼= R2r is isomorphic to
(Hε(F );F, f(F )) for an automorphism f ∈ SU(r,R). Consequently, the map
Π : SU(R)→ L2k+1(R) is onto.

Proof. By Lemma 7.92 we can choose isomorphisms of non-singular ε-quadratic

forms f : Hε(F )
∼=−→ (P,ψ) and g : Hε(G)

∼=−→ (P,ψ) such that f(F ) = F
and g(G) = G. Choose a and b satisfying F ∼= Ra and G ∼= Rb. Then
R2a ∼= F ⊕ F ∗ ∼= P ∼= R2r ∼= G⊕G∗ ∼= R2b. We conclude a = b = r since R
is weakly finite. Hence we can choose an R-isomorphism u : F → G. Then we
obtain an isomorphism of non-singular ε-quadratic forms by the composition

v : Hε(F )
Hε(u)−−−−→ Hε(G)

g−→ (P,ψ)
f−1

−−→ Hε(F )

and an isomorphism of ε-quadratic formations

f : (Hε(F );F, v(F ))
∼=−→ (P,ψ;F,G).
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ut

Now we prove that Π is additive. Given f, g ∈ SU(R), as a consequence
of Theorem 8.25 we have the following equations in L2k+1(R):

Π(f) +Π(g) = [Hε(F );F, f(F )] + [Hε(F );F, g(F )]

= [Hε(F );F, f(F )] + [Hε(F ); f(F ), fg(F )]

= [Hε(F );F, fg(F )].

= Π(fg)

We turn to the proof that ker(Π) = RU(R). Let us define Σr ∈ RU(r,R)
to the “full flip automorphism”,

Σr = σ ⊕ σ ⊕ · · · ⊕ σ ⊕ σ,

where there are r copies of σ defined in (8.23). When we do not wish to
emphasise the rank r, we shall simply write Σ. Recall that an automorphism
f ∈ SU(R) belongs to TU(R) if and only if f(F ∗) = F ∗. Since Σ(F ) = F ∗,
it follows that if f(F ) = F , then ΣfΣ(F ∗) = F ∗. Hence if f(F ) = F , then
ΣfΣ ∈ TU(R) and so f ∈ RU(R).

Lemma 8.27. Suppose f ∈ SU(R) and g ∈ RU(R) are such that there is a
stable isomorphism π(f) ∼=s π(g), then f ∈ RU(R).

Proof. Let T1 and T2 be trivial formations such that

π(f)⊕ T1
∼= π(g)⊕ T2.

Now Ti ∼= π(Σi) and Σi ∈ RU(R), i = 1, 2. Replacing f by f ⊕Σ1 and g by
g ⊕Σ2, we assume that there is an isomorphism α from π(f) to π(g):

α : (Hε(F );F, f(F ))
∼=−→ (Hε(F );F, g(F )).

We see that α(F ) = F and αf(F ) = g(F ). It follows that α ∈ RU(R) and that
g−1αf ∈ RU(R). But since g, α ∈ RU(R), we also have that f ∈ RU(R). ut

Next we consider the subgroup UU(r,R) ⊂ TU(r,R) defined by

UU(r,R) := {f | f |F∗r = idF∗r }.

One easily checks that for every f ∈ UU(r,R) there is a (−ε)-quadratic form
θ such that

(8.28) f = fθ :=

(
id 0

θ − εθ∗ id

)
.

Stabilising as before, we set
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UU(R) := lim
r→∞

UU(r,R)

and consider the relationship between UU(R) and TU(R). Restricting f ∈
TU(r,R) to F ∗r defines a homomorphism TU(r,R) → GL(r,R) which by
definition lies in the following exact sequence:

1→ UU(r,R)→ TU(r,R)→ GL(r,R).

Indeed, TU(r,R)→ GL(r,R) is onto and is split by the homomorphism,

s : GL(r,R)→ TU(r,R), α 7→ fα :=

(
(α∗)−1 0

0 α

)
,

so that TU(r,R) is identified with the semi-direct product

(8.29) TU(r,R) ∼= UU(r,R) o GL(r,R).

Lemma 8.30. A formation (P,ψ;F,G) with P ∼= R2r is a boundary if and
only if it isomorphic to π(f) for some f ∈ TU(R).

Proof. By Definition 8.8, if (P,ψ;F,G) a boundary, then it is isomorphic to
a formation (Hε(F );F, Γθ) where θ : F → F ∗ is a (−ε)-quadratic form and
the lagrangian Γθ ⊂ F ⊕ F ∗ is the graph of θ − εθ∗. Taking fθ ∈ UU(R) as
defined in 8.28 we have

π(fθ) = (Hε(F );F, Γθ),

and so (P,ψ;F,G) is isomorphic to π(fθ). Conversely, given f ∈ TU(r,R) we
write f = fθ ◦ fα using (8.29). Now, since fα(F ) = F , f(F ) = fθ(F ) and we
have

π(f) = π(fθ) = (Hε(F );F, Γθ).

Hence π(f) is a boundary for every f ∈ TU(R). ut

Let us now prove that ker(Π) = RU(R). Let f ∈ RU(R). We may assume
f ∈ RU(r,R) for some r and we write f as a product f =1 ◦f2 ◦ · · ·◦fa where
fi ∈ TU(r,R) or fi = σr,j . Since Π is a homomorphism

Π(f) = Σa
i=1Π(fi).

By Lemma 8.30, Π(fi) = 0 if fi ∈ TU(r,R) and Π(σr,j) is the sum of a
trivial formation and the boundary of the zero formation; hence Π(σr,j) = 0.
This proves that RU(R) ⊂ ker(Π). Now, suppose that f ∈ SU(R) and that
Π(f) = 0 ∈ L2k+1(R). By definition, there are boundary formations B1 and
B2 and a stable isomorphism

π(f)⊕B1
∼=s B2.
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By Lemma 8.30 Bi ∼= π(gi) for automorphisms gi ∈ UU(R) ⊂ RU(R). By
Lemma 8.27 we have that f ⊕ gi ∈ RU(R), but then f ∈ RU(R). Hence
ker(Π) ⊂ RU(R) and so ker(Π) = RU(R).

Next comes the promised odd-dimensional analogue of Lemma 7.149.

Lemma 8.31. The automorphism (cg)∗ : L2k+1(ZΓ,w) → L2k+1(ZΓ,w) is
w(g) · id.

Proof. Choose a lagrangian Ĝ which is complementary to G. We conclude
from Lemma 8.10 (i) that (−Hε(F ); Ĝ,G) is trivial and hence represents zero
in L2k+1(ZΓ ). From Lemma 8.22 (ii) and Theorem 8.25 we get in L2k+1(ZΓ )

− [(Hε(F );F,G)] = [(−Hε(F );F, Ĝ)]

= [(−Hε(F );F,G)] + [(−Hε(F ); Ĝ,G)] = [(−Hε(F );F,G)].

It was shown in the proof of Lemma 7.149 that conjugation by g transforms
an ε-quadratic form (P,ψ) into (P,w(g) · ψ). Hence we get that conjugation
by g transforms a formation (Hε(F );F,G) to (w(g) ·Hε(F );F,G). The above
identity shows that cg induces multiplication by w(g) on L2k+1(ZΓ,w). ut

8.2.4 The Odd Dimensional L-Groups of Z

In this subsection we prove the Theorem 8.15 which states that L2k+1(Z) = 0.
Our aim is to give an elementary algebraic proof and we follow early work
of Wall [243]. At the end of the subsection we review other approaches to
proving that L2k+1(Z) = 0.

We first introduce some notation and terminology. Let {P,ψ;F,G}s denote
the stable isomorphism class of an ε-quadratic formation (P,ψ;F,G) and let

Formationε(Z) :=
{
{P,ψ;F,G}s

}
.

denote the set of stable isomorphism classes of ε-quadratic formations over Z.
A formation (P,ψ;F,G) is called Q-trivial if the obvious Z-homomorphism
F ⊕G→ Q induces a Q-isomorphism

Q⊗Z (F ⊕G)→ Q⊗Z P.

This is equivalent to saying that the formation (P,ψ;F,G) is trivial after
tensoring with Q. We remark that in [199] Q-trivial formations are called
(Z− {0})-non-degenerate formations.

We next identify two important subsets of Formationε(Z), namely, the set
of stable isomorphism classes of Q-trivial formations,

FormationQ-tr
ε (Z) :=

{
{P,ψ;F,G}s | Q⊗Z (F ⊕G)

∼=−→ Q⊗Z P
}
,
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and the set of stable isomorphism classes of boundary formations

Formationbε(Z) :=
{
{P,ψ;F,G}s | (P,ψ;F,G) ∼= (Hε(F );F, Γθ)}.

Of course, all the stable isomorphism classes in Formationbε(Z) map to
zero in L2k+1(Z). Theorem 8.15 is a direct consequence of the following two
results:

Lemma 8.32 (cf. [243, Lemma 3]). Let (P,ψ;F,G) be a formation over
Z and set K := F ∩G. Then there is an isomorphism

(P,ψ;F,G) ∼= (Hε(K);K,K)⊕ (P0, ψ0;F0, G0),

where (P0, ψ0;F0, G0) is Q-trivial.

Theorem 8.33. FormationQ-tr
ε (Z) ⊂ Formationbε(Z).

Proof of Lemma 8.32. Since F,G ⊂ P are both lagrangians of (P,ψ), it fol-
lows that K = F ∩G is a sublagrangian of (P,ψ). By Lemma 7.92 there is a
quadratic form (P0, ψ0) and an isomorphism of ε-quadratic forms

f : (P,ψ)
∼=−→ Hε(K)⊕ (P0, ψ0),

where f(F ∩ G) = K ⊂ K ⊕ K∗. In the sequel we identify K, K∗ and P0

with the obvious subspaces of K ⊕K∗ ⊕ P0; e.g., K = K ⊕ {0} ⊕ {0}.
Next we show f(F ) = K ⊕ (f(F ) ∩ P0) and f(G) = K ⊕ (f(G) ∩ P0).

Consider x ∈ F and write f(x)

f(x) = (kx, αx, px) ∈ K ⊕K∗ ⊕ P0.

Using · to denote intersection with respect to the ε-symmetric form induced
on Hε(K)⊕(P,ψ0), we have f(x) ·K = x ·(F ∩G) = 0. Now for all k ∈ K, we
have (kx, αx, px)·(k, 0, 0) = αx(k). Hence αx = 0 and so f(F ) ⊆ K⊕{0}⊕P0.
Since K ⊆ f(F ), we conclude the f(F ) = K ⊕ (f(F ) ∩ P0). The proof for G
is analogous.

Put F0 := f(F )∩P0 and G0 := f(G)∩P0. Then f defines an isomorphism
of formations

f : (P,ψ;F,G)
∼=−→ (Hε(K);K,K)⊕ (P0, ψ0;F0, G0).

Moreover, since f(F )∩ f(G) = f(F ∩G) = K, we conclude that F0 ∩G0 = 0
and hence (P0, ψ0;F,f(G)) ∈ FormationQ-tr

ε (Z). ut

In order to prove Theorem 8.33 we shall develop the theory of non-singular
ε-symmetric and ε-quadratic linking forms on finite abelian groups. Let T be
a finite abelian group. The torsion dual of T is the group

T̂ := homZ(T,Q/Z).
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An ε-symmetric linking form on T is a function

b : T × T → Q/Z

such that for all x, y1, y2 ∈ T

(i) b(x, y1 + y2) = b(x, y1) + b(x, y2),
(ii) b(x, y) = εb(y, x).

If in addition, the adjoint homomorphism b̂ of b, defined by

(8.34) b̂ : T → T̂ , x 7→ (y 7→ b(x, y)),

is an isomorphism, then b is called non-singular. An isomorphism between

linking forms (T1, b1) and (T2, b2) is a group isomorphism A : T1

∼=−→ T2 such
that b1(x1, x2) = b2(A(x1), A(x2)) holds for all x1, x2 ∈ T1. There is an
obvious notion of the orthogonal sum of linking forms.

We now define ε-quadratic linking forms. For this we need the value group
Qε(Q/Z), which is defined as follows:

Qε(Q/Z) :=
(
Q/Z

)
/{r − εr | r ∈ Q/Z} =

Q/Z if ε = +1,

0 if ε = −1.

An ε-quadratic linking form (T, b, q) on a finite abelian group T is a ε-
symmetric linking form (T, b) together with a function

q : T → Qε(Q/Z),

such that

(i) q(sx) = s2q(x),∀s ∈ Z,
(ii) q(x+ y)− q(x)− q(y) = pr(b(x, y)),
(iii) b(x, x) = (1 + ε)q(x).

The ε-quadratic linking form q is called non-singular if and only if b is non-
singular. If ε = −1 then of course q ≡ 0 is identically zero and hence a
(−1)-quadratic linking form (T, b, q) is nothing but a (−1)-symmetric linking
form (T, b) such that b(x, x) = 0 for all x ∈ T . If ε = +1 and T has odd order,
then the linking form b uniquely determines q, however, if T has even order,
then q is not determined by b.

An isomorphism between two ε-quadratic linking forms (T1, b1, q1) and

(T2, b2, q2) is an isomorphism of linking forms A : (T1, b1)
∼=−→ (T2, b2) such

q1(x) = q2(A(x)) holds for all x ∈ T1. There is an obvious notion of the
orthogonal sum of quadratic linking forms. We leave it to the reader to verify
that a quadratic linking form (T, b, q) splits as an orthogonal sum if and only
if the linking form (T, b) splits as an orthogonal sum and, moreover, every
orthogonal splitting of b gives rise to an orthogonal splitting of q.
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For later use, we let {T, b, q} denote the isomorphism class of a non-singular
ε-quadratic linking form (T, b, q) and define

Qε(Z) :=
{
{T, b, q}

}
to be the set of isomorphism classes of non-singular ε-quadratic linking forms
over Z.

Before proceeding, we digress somewhat to make some remarks about the
geometric significance of linking forms, their historical role in the investiga-
tion of odd-dimensional L-groups and their role in the proof of Theorem 8.33.

Remark 8.35 (Geometric significance of linking forms). An oriented
(2k+1)-dimensional Poincaré complex (X, [X]) with fundamental class [X] ∈
H2k+1(X;Z) possesses a non-singular (−1)k+1-symmetric liking form bX ,
which is defined on torsHk+1(X;Z) ⊆ Hk+1(X;Z), the torsion subgroup
of Hk+1(X;Z), as follows:

bX : torsHk+1(X;Z)×torsHk+1(X;Z)→ Q/Z, (x, y) 7→ 〈β−1(x)∪y, [X]〉.

Here β : Hk(X;Q/Z) → Hk+1(X;Z) is the Bockstein homomorphism and
β−1(x) denotes and pre-image of x under β; see, for example, [2, §2] for
further information. The linking form bX is the odd-dimensional analogue of
the intersection pairing Hk(Y ;Z)×Hk(Y ;Z)→ Z of 2k-dimensional Poincaré
complex Y given in (4.56). If X = M is a (2k+1)-dimensional manifold, there
is also a homological version of the linking form which is geometrically defined
via intersections and which is described in[245, Section 12A].

Remark 8.36 (On the role of linking forms in the history of odd-
dimensional surgery). When Kervaire and Milnor showed that the odd-
dimensional simply-connected obstruction vanishes [121, §5 & §6], they did
so by delicately analysing the linking forms bM of the sources of degree
one normal maps (f, f) : M → S2k+1. Specifically, they showed that every
such normal map can be converted by a finite number of surgeries to one
where torsHk+1(M ;Z) = 0. This was sufficient, since killing the free part
of Hk+1(M ;Z) ∼= Hk(M ;Z) was elementary. Following Kervaire and Milnor,
early attempts to analyse the odd-dimensional surgery obstruction in the
non-simply-connected case used equivariant quadratic linking forms, see for
example [244, §5] and [56]. In general, appropriate quivalence classes of non-
singular (−1)k+1-quadratic linkings forms can be used to define invariants of
L2k+1(R) but it turns out these invariants are not complete for all groups
rings R.

In the simply-connected setting, Kervaire and Milnor’s discovery of the
central role of the torsion group torsHk+1(M ;Z) and the linking form it
carries corresponds to Lemma 8.32, which showed that every formation over Z
is equivalent to a Q-trivial formation in L2k+1(Z). The proof of Theorem 8.33
proceeds by showing that over Z, equivalence classes of non-singular (−1)k+1-
quadratic linking forms can be used to define a complete invariant of L2k+1(Z)



8.2 Odd Dimensional L-Groups 327

(Proposition 8.39) and that every such linking form bounds; i.e. is trivial, in
the appropriate sense (Theorem 8.46).

Let C = (Hε(F );F,G) be a Q-trivial ε-quadratic formation. We now ex-
plain how C defines a non-singular (−ε)-quadratic linking form (TC , bC , qC).
Recall from Section 8.2.2 that C = (Hε(F );F,G) can be presented by struc-
ture homomorphisms

γ : G→ F and δ : G→ F ∗,

where we abuse notation and identify G = im(γ⊕δ) ⊂ F⊕F ∗. Since ker(δ) =
F ∩G and C is Q-trivial it follows that δ is injective. We define

TC := coker(δ),

which will be the group on which the quadratic linking form of C is defined.
By definition there is a short exact sequence

0→ G
δ−−→ F ∗ → TC → 0.

Recall also from Section 8.2.2 that the homomorphism γ∗δ : G→ G∗ defines
a (−ε)-symmetric form (G, γ∗δ) which admits a quadratic refinement θ: If
−ε = 1 then θ is uniquely determined by γ∗δ. If −ε = −1, there may be
several choices of θ, but the choices will not matter for our purposes.

Following [203, Proposition 12.41], we make the following

Definition 8.37. Let C = (Hε(F );F,G) be a Q-trivial ε-quadratic formation
over Z with structure homomorphisms γ : G→ F and δ : G→ F ∗. The (−ε)-
quadratic linking form of C is defined by

TC := coker
(
δ : G→ F ∗

)
;

bC : TC × TC → Q/Z, ([x], [y]) 7→ y(γ(z))

s
;

qC : TC → Qε(Q/Z), [x] 7→ θ(z)(z)

s2
.

Here x, y ∈ F ∗ represent [x], [y] ∈ TC and z ∈ G and s ∈ Z\{0} are such that
sx = δ(z).

Exercise 8.38. Verify that (TC , bC , qC) in Definition 8.37 is a well-defined
non-singular (−ε)-quadratic linking form.

The following proposition is due to Wall [243]. It was later generalised by
Ranicki in [199, Proposition 3.4.3].

Proposition 8.39 (cf. [243, Theorems 2 & 3]). The mapping which takes
a Q-trivial ε-quadratic formation to its associated (−ε)-quadratic linking
form, gives rise to a well defined bijective function
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q : FormationQ-tr
ε (Z)

∼=−→ Q−ε(Z), [C] 7→ [TC , bC , qC ];

i.e., every non-singular (−ε)-quadratic linking form (T, b, q) is isomorphic to
(TC , bC , qC) for some Q-trivial ε-quadratic formation C and two Q-trivial
ε-quadratic formations C1 and C2 are stably isomorphic if and only if
(TC1

, bC1
, qC1

) and (TC2
, bC2

, qC2
) are isomorphic.

The proof of Proposition 8.39 occupies the next five pages. We leave it to

the reader to verify that an isomorphism of formations f : C
∼=−→ C ′ induces an

isomorphism of the induced linking forms fT : (TC , bC , qC)
∼=−→ (TC′,bC′ , qC′).

Hence to prove Proposition 8.39 it is sufficient to find an inverse to the
mapping q and we do this now.

Starting from a non-singular (−ε)-quadratic linking form (T, b, q) and a
surjection π : L→ T from a free abelian group L of rank r, we shall build an
ε-quadratic formation C(T,b,q),π = (Hε(F );F,G) where F and G both have
rank r. Later we discuss the properties of our construction and show that it
defines a function

(8.40) F : Q−ε(Z)→ FormationQ-tr
ε (Z), {T, b, q} 7→ {C(T,b,q),π}s ,

which is an inverse for q.
Let

(8.41) 0→ K
i−→ L

π−→ T → 0

be a short exact sequence of abelian groups where K,L ∼= Zr. We define a
Q-valued bilinear pairing between L and K∗ by

φ : L×K∗ → Q, (x, y) 7→ y(z)

s
,

where z ∈ K and s ∈ Z are such that i(z) = sx. The dual of the se-
quence (8.41) is the short exact sequence

0→ L∗
i∗−→ K∗

π̂−→ T̂ → 0,

where, for x ∈ L with [x] := π(x) ∈ T and y ∈ K∗, π̂(y) is defined by

π̂(y)([x]) = φ(x, y) mod Z.

If b̂ : T → T̂ is the adjoint of b defined in (8.34), we set [y] := (̂b)−1(π̂(y)) ∈ T
for y ∈ K∗. Then we have

(8.42) b([x], [y]) = φ(x, y) mod Z.

We define a Q-valued ε-symmetric form on L⊕K∗ by



8.2 Odd Dimensional L-Groups 329

λ : (L⊕K∗)× (L⊕K∗)→ Q,
(
(x1, y1), (x2, y2)

)
7→ φ(x1, y2) + εφ(x2, y1),

and we define H ⊂ L⊕K∗ to be the subgroup

(8.43) H := {(x, y) | b̂(π(x)) = π̂(y)} = {(x, y) | [x] = [y] ∈ T}.

Put
λ := λ|H×H : H ×H → Q.

We claim that (H,λ) is an ε-symmetric hyperbolic form over Z. We first
verify that λ(H,H) ⊂ Z. For (x1, y1), (x2, y2) ∈ H, we have by (8.42) that

λ
(
(x1, y1), (x2, y2)

)
= φ(x1, y2) + εφ(x2, y1)

= b([x1], [y2]) + εb([x2], [y1]) mod Z
= b([x1], [x2]) + εb([x2], [x1]) = 0 mod Z.

Hence (H,λ) is an ε-symmetric bilinear form over Z.
Define a ε-symmetric bilinear form over Q by

λQ : Q⊗Z H ×Q⊗Z H → Q, ((r1 ⊗ h1, r2 ⊗ h2) 7→ r1r2λ(h1, h2).

It is clear from the definitions that there is an isomorphism (Q⊗Z H,λQ) ∼=
Hε(Qr) and hence the adjoint λ̂ : H → H∗ of λ is injective. Next we show
that

λ̂ : H → H∗

is onto. For f ∈ H∗, let f : L⊕K∗ → Q be the unique linear extension of f to
the abelian group L⊕K∗. One easily checks that the form (Q⊗Z(L⊕K∗), λQ)
is non-singular, where λQ is defined analogously to λQ. Hence there is an

element f̂ ∈ Q⊗Z (L⊕K∗), which is uniquely determined by the property

λQ(f̂ , r ⊗ (x, y)) = rf(x, y) for all r ∈ Q, (x, y) ∈ L⊕K∗.

Next we show that f̂ lies in L⊕K∗. Under the canonical isomorphism

Q⊗Z (L⊕K∗)
∼=−→ (Q⊗Z L)⊕ (Q⊗Z K

∗)

the element f̂ becomes (s1 ⊗ xf , s2 ⊗ yf ) for s1, s2 ∈ Q, xf ∈ L, and yf ∈
K∗. Let k ∈ K and φ ∈ L∗, so that (i(k), 0) and (0, i∗(φ)) belong to H.

Hence λQ(f̂ , (i(x), 0)) and λQ(f̂ , (0, i∗(φ))) lie in Z since f(H) ⊂ Z. A direct
computation shows

λQ(f̂ , (i(k), 0)) = s2yf (k);

λQ(f̂ , (0, i∗(φ))) = s1φ(xf ).
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We conclude that s2yf (k) ∈ Z and s1 · φ(xf ) holds for every k ∈ K and

φ ∈ L∗. This implies s1, s2 ∈ Z. Hence f̂ lies in L⊕K∗ and so can be written
as f̂ = (xf , yf ) for xf ∈ L and yf ∈ K∗.

Next we show f̂ ∈ H. For (x, y) ∈ L⊕K∗ we have

λ
(
(x, y), (xf , yf )

)
= b([x], [yf ]) + εb([xf ], [y]) mod Z.

Since (x, y) is arbitrary, it follows that b([xf ], [x]) = b([yf ], [x]) for all [x] ∈ T .

Since b is non-singular, this implies [xf ] = [yf ]. Hence f̂ = (xf , yf ) ∈ H.

Therefore λ̂(f̂) = f . This finishes the proof that λ̂ is bijective and that
(H,λ) is a non-singular form over Z.

Finally, if ε = +1, notice that for (x, y) ∈ H, we have

φ(x, y) = b([x], [y]) = b([x], [x]) = 0 mod Z,

where the last equality holds since (T, b, q) is a (−1)-quadratic linking form.
Hence

λ
(
(x, y), (x, y)

)
= φ(x, y) + φ(x, y) ∈ 2Z,

and (H,λ) is even.
The above shows that (H,λ) is a non-singular ε-symmetric form over Z

which becomes hyperbolic over Q and which is even if ε = +1. It follows that
(H,λ) admits a quadratic refinement (H,λ, µ). If ε = +1, µ is determined by
λ. If ε = −1, we use q : T → Q/Z to define µ as follows. Firstly, we define the
isomorphism of abelian groups

τ : Q/Z→ Q/2Z, r · Z 7→ 2r · (2Z).

Notice that Z/2 is a subgroup of Q/2Z. For an element r ∈ Q we denote by r
its class in Q/2Z. We define the quadratic refinement µ : H → Q−(Z) = Z/2
by the equation

µ(x, y) := τ ◦ q([x]) + φ(x, y) ∈ Z/2Z.

A priori τ ◦ q([x]) +φ(x, y) is an element in Q/2Z but turns out to lie in Z/2
by the following observation. If (x, y) ∈ H, then by definition (see (8.43))
[x] = [y] and so we get φ(x, y) = b([x], [y]) = b([x], [x]) = 0 mod Z from (8.42)
and 2q([x]) = b([x], [x]) from the definitions. For (x1, y1), (x2, y2) ∈ H we have
the following equations in Q/2Z

µ
(
(x1, y1) + (x2, y2)

)
= τ ◦ q([x1 + x2]) + φ(x1 + x2, y1 + y2)

= τ
(
q([x1]) + q([x2]) + b([x1], [x2])

)
+ φ(x1 + x2, y1 + y2)

= τ ◦ q([x1]) + φ(x1, y1) + τ ◦ q([x2]) + φ(x2, y2)

+ τ ◦ b([x1], [x2]) + φ(x1, y2) + φ(x2, y1)

= µ(x1, y1) + µ(x2, y2) + pr ◦λ
(
(x1, y1), (x2, y2)

)
,
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where the last equality holds since in Q/2Z we have

λ
(
(x1, y1), (x2, y2)

)
= φ(x1, y2)− φ(x2, y1)

= φ(x1, y2) + φ(x2, y1)− 2φ(x2, y1)

(8.42)
= φ(x1, y2) + φ(x2, y1)− τ(b([x2], [y1]))

[x1]=[y1]
= φ(x1, y2) + φ(x2, y1)− τ(b([x2], [x1]))

= φ(x1, y2) + φ(x2, y1) + τ(b([x1], [x2])).

The above shows that (H,λ, µ) is an ε-quadratic form. Moreover, it is easy
to see that the submodules F,G ⊂ H ⊂ L⊕K∗ defined by

F := ({0} ⊕K∗) ∩H and G := (L⊕ {0}) ∩H

are lagrangians of the form (H,λ, µ). Hence the form is hyperbolic and we
identify it with Hε(F ). We define the formation

C(T,b,q),π := (Hε(F );F,G).

The following properties of C(T,b,q),π are easily verified:

(i) A commutative diagram

L1

α

��

π1 // T1

A

��
L2 π2

// T2

where A : (T1, b1, q1) ∼= (T2, b2, q2) is an isomorphism of (−ε)-quadratic
linking forms and α : L1

∼= L2 is an isomorphism of abelian groups, in-
duces an isomorphism of ε-quadratic formations

fα : C(T1,b1,q1),π1
∼= C(T2,b2,q2),π2

.

(ii) Given a surjection π1 : L1 → T , then for any free abelian group L2, the
surjection π1 ⊕ 0: L1 ⊕ L2 → T is such that

C(T,b,q),π1⊕0
∼= C(T,b,q),π1

⊕ (Hε(L2);L2, L
∗
2).

(iii) Let C = (Hε(F );F,G) with TC = coker(δ) and δ : G → F ∗. If we take
(L, π) = (F ∗, πδ) where πδ : F ∗ → TC is the canonical projection, then
there is a canonical isomorphism

C(TC ,bC ,qC),πδ
∼= C.

To make use of the above properties of C(T,b,q),π we shall need the following
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Lemma 8.44. Let π1 : L1 → T1 and π2 : L2 → T2 be surjections from finitely
generated free abelian groups to torsion groups and suppose that A : T1 → T2

is an isomorphism. Then there are finitely generated fee abelian groups F1, F2

and an isomorphism α : F1 ⊕ L1 → F2 ⊕ L2 such that the following diagram
commutes:

F1 ⊕ L1
0⊕π1 //

α

��

T1

A

��
F2 ⊕ L2

0⊕π2

// T2

Proof. Let us call a diagram as above an equivalence of (0⊕ π1) and (0⊕ π2)
over A. Let the minimal number of generators of T be r, say. Then any
π : L → T is equivalent over the identity of T to (0 ⊕ π′) where π′ : Zr → T
is a surjection with ker(π′) ∼= Zr. To see this, choose an Z-epimorphism
π′′ : Zr → T and a homomorphism u : L → Z with π′′ ◦ u = π, and take
π′ := π′′|im(u) : im(u)→ T . Hence we can reduce to the case where L1

∼= L2.

We have the short exact sequence 0→ ker(π2)→ L2
π2−→ T2 → 0 and there

exists an isomorphism ker(π2) ∼= L2 since both these torsion free groups have
the same rank. Hence we can find an exact sequence of the form

0→ L2
j2−→ L2

π2−→ T2 → 0.

Since L1 is free, there is a homomorphism Ā : L1 → L2 such that the following
diagram commutes:

L1
π1 //

Ā

��

T1

A∼=
��

L2 π2

// T2

Choose an isomorphism u : L1

∼=−→ L2. The map

(j2 ◦ u)⊕ Ā : L1 ⊕ L1 → L2

is onto, since π2 ◦ Ā = A ◦ π1 is onto and 0→ L2
j2−→ L2

π2−→ T2 → 0 is exact.
Its kernel is isomorphic to L2. Hence we can choose an exact sequence

0→ L2
i−→ L1 ⊕ L1

(j2◦u)⊕Ā−−−−−−→ L2 → 0.

We may consider it as an acyclic free Z-chain complex. Hence there is a re-
traction (a, b) : L1⊕L1 → L2 of i. Moreover, if we define a the homomorphism
α : L1 ⊕ L1 → L2 ⊕ L2 via the matrix

α =

(
a b

j2 ◦ u A

)
: L1 ⊕ L1 → L2 ⊕ L2,
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then α is an isomorphism. One easily checks that we obtain a commutative
diagram

L1 ⊕ L1
0⊕π1 //

α

��

T1

A

��
L2 ⊕ L2

0⊕π2

// T2.

This completes the proof of Lemma 8.44 ut

Proof of Proposition 8.39. The properties (i), (ii), and (iii) of C(T,b,q),π above
together with Lemma 8.44 show that the desired function F of (8.40) is well-
defined and an inverse to q. This finishes the proof of Proposition 8.39. ut

Let (F, θ) = (F, λ, µ) be an (−ε)-quadratic form over the free abelian

group F with symmetrisation (F, λ̂). We say that (F, λ) is Q-non-singular if
(Q ⊗Z F, idQ⊗Zλ) is non-singular and that (F, θ) is Q-non-singular if (F, λ)
is. Suppose that (F, θ) is Q-non-singular and recall the boundary formation
of (F, θ), which is the formation

∂(F, θ) = (Hε(F );F, Γλ̂),

where Γλ̂ = {(x, λ̂(x)) |x ∈ F} is the graph of λ. The assumption that
(F, λ, µ) is Q-non-singular is equivalent to ∂(F, θ) being a Q-trivial forma-
tion. In this situation we show how to express the (−ε)-quadratic linking
form (T∂(F,θ), b∂(F,θ), q∂(F,θ)) introduced in Defintion 8.37 directly from (F, λ).
Since (F, λ) is Q-non-singular, there is a short exact sequence

(8.45) 0→ F
λ̂−−→ F ∗ → Tλ → 0,

where Tλ := coker(λ̂) is finite. If we tensor the exact sequence (8.45) with Q,
then since Tλ̂ is finite, we see that

idQ⊗Zλ̂ : Q⊗Z F → Q⊗Z F
∗

is an isomorphism. The inverse (idQ⊗Zλ̂)−1 defines a (−ε)-symmetric bilinear
form on Q⊗Z F

∗ and we denote the restriction of this bilinear form to F ∗ by
λ−1:

λ−1 : F ∗ × F ∗ → Q.

Given x, y ∈ F ∗,we write [x], [y] for their images in Tλ and we then define
the (−ε)-quadratic linking form ∂(F, θ) = (Tλ, bλ, qλ) by

bλ([x], [y]) = λ−1(x, y) mod Z,

qλ([x]) :=
λ−1(x, x)

2
mod Z.
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From the definitions of ∂(F, θ) we directly conclude

∂(F, θ) = q(∂(F, θ))

where the map q is the map introduced above in order to prove Proposi-
tion 8.39. Moreover, Proposition 8.39 shows that ∂(F, θ) is a well defined
non-singular (−ε)-quadratic linking form and that there is a commutative
diagram

FormationQ-tr
ε (Z)

q

''
FormQ-ns

−ε (Z)

∂

66

∂ // Q−ε(Z),

where FormQ-ns
−ε (Z) is the set of isomorphism classes of Q-non-singular (−ε)-

quadratic forms (F, θ) over Z and ∂ is the function

∂ : Formnd
−ε(Z)→ Q−ε(Z), [F, θ] 7→ [∂(F, θ)].

Since by Proposition 8.39, the map q is a bijection, Theorem 8.33 is then seen
to be equivalent to the following theorem of Wall.

Theorem 8.46 ([243, Theorem 6]). The boundary map

∂ : FormQ-ns
−ε (Z)→ Q−ε(Z)

is onto.

The proof of Theorem 8.46 is based on the fact that ∂ is additive with
respect to orthogonal sum of forms and linking forms; i.e.,

∂([F1, θ1]⊕ [F2, θ2]) = ∂([F1, θ1])⊕ ∂([F2, θ2]).

With this observation in mind, we call a quadratic linking (T, b, q) form de-
composable if it can be written as a non-trivial orthogonal and indecomposable
otherwise; and similarly for linking forms (T, b) so that (T, b, q) is indecom-
posable if and only if (T, b) is indecomposable. It is sufficient to express each
isometry class of indecomposable linking form as the boundary of a non-
degenerate form. We now list all indecomposable non-singular ε-quadratic
linking forms.

Theorem 8.47 ([243, Theorems 4, 5]). Consider any decomposable non-
singular ε-quadratic linking form. Then we can find a prime p, and integer
θ coprime to p, a natural number k satisfying −pk < θ < pk, a generator x
of Z/pk, and generators x1, x2 of (Z/pk)2 such that the given decomposable
non-singular ε-quadratic linking is isomorphic to one of the following linking
forms:
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• ε-Hyperbolic: Hε(Z/pk) :

(
(Z/pk)2,

(
0 p−k

εp−k 0

)
, q(x1) = 0 = q(x2)

)
;

• Pseudo-hyperbolic: F2,k :

(
(Z/2k)2,

(
21−k 2−k

2−k 21−k

)
, q(x1) = 2−k = q(x2)

)
;

• Cyclic: Ap,k(θ) :
(
Z/pk,

(
θ
pk

)
, q(x) = θ

2pk

)
,

where ε = 1 in the pseudo-hyperbolic and cyclic case.

Remark 8.48. The standard ε-quadratic hyperbolic linking form Hε(Z/pk)
is a torsion analogue of the standard ε-quadratic hyperbolic form Hε(Z) from
Definition 7.78.

Now we list the Q-non-singular ε-quadratic forms (F, θ) = (F, λ, µ) which
give the above quadratic linking forms as their boundaries. Define the
weighted ε-quadratic hyperbolic form by

Hpk

ε (Z) =

(
Z2,

(
0 pk

εpk 0

)
, µ(x) = 0 = µ(y)

)
.

Then ∂(Hpk

ε (Z)) = Hε(Z/pk) and it remains to consider pseudo-hyperbolic
and cyclic linking forms where ε = +1.

Recall that when ε = +1, a quadratic form (F, θ) = (F, λ, µ) is determined
by λ since µ is uniquely given by

µ(x) =
λ(x, x)

2
∈ Q+(Z) = Z.

Hence we shall list the required even symmetric bilinear forms, where are due
to Wall [243, Proof of Theorem 6]. For the pseudo-hyperbolic (+1)-quadratic
linking forms, we define the integers

ak :=
1

3
(2k − (−1)k) and bk := (−1)k−1,

and let (Z4, λF2,k
) be represented by the following matrix:

λF2,k
:=


2k+1(4akbk − 1− 2kbk) −2k(4akbk − 1) 2k+1bk −2k

−2k(4akbk − 1) 2k+1(4akbk − 1) −2k+2bk 2k+1

2k+1bk −2k+2bk 6bk −12
−2k 2k+1 −12 12ak − 2k+1


A calculation shows that the determinant of λF2,k

is 22k and that the inverse

of λF2,k
contains the submatrix

(
21−k 2−k

2−k 21−k

)
. As a consequence we have

∂(Z4, λF2,k
) = F2,k.

For the cyclic (+1)-quadratic linking forms, the situation is more complex
and we shall need the following general symmetric bilinear form. Given an n-
tuple of even integers a = {a1, . . . , an} we define the even symmetric bilinear
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form on Zn using the following matrix:

λa :=



a1 1 0 · · · 0 0 0
1 a2 1 · · · 0 0 0
0 1 a3 · · · 0 0 0
...

...
...

. . .
...

...
...

0 0 0 · · · an−2 1 0
0 0 0 · · · 1 an−1 1
0 0 0 · · · 0 1 an


The following lemma is adapted from Wall’s ideas in the proof of [243, The-
orem 6] and the proof is taken from [60, §6.2].

Lemma 8.49. Let (U, b, q) be a (+1)-quadratic linking form on a cyclic group
U of order pk. Then there is a string of even integers a = {a1, . . . , an} such
that

∂(Zn, λa) ∼= (U, b, q).

Proof. We first show that U has a generator x such that q(x) = θ
2pk

, and

θ has the opposite parity from p. If p is even this is necessary for (b, q) to
be non-singular. If p is odd, then by [243, §5] the isometry class of (b, q) is
determined by whether θ is a quadratic non-residue or not. Since 1 and 4 are
both quadratic residues mod p and since the number of quadratic residues
equals the number of quadratic non-residues, we see that for p > 3, there is
an even quadratic non-residue. For p = 3 we can take θ = 2 and θ = −2.
Hence we assume that θ has the opposite parity from p.

To find the even integers ai, we need an even version of the the Euclidean
algorithm. Let d1 and d2 be co-prime integers of opposite parity and suppose
that |d1| > |d2|. We are interested in the case where (d1, d2) = (pk, θ). Since
−θ
−pk = θ

pk
, we have the freedom to change the sign of both d1 and d2. Starting

from i = 1, we define even integers ai ∈ 2Z and integers di ∈ Z as follows.
Given di and di+1, we find the even integer multiple of di+1 which is closest
to di and we take di+2 to be the difference of ai · di+1 and di: that is,

(8.50) di = ai · di+1 − di+2,

where 0 ≤ |di+2| < |di+1|. As in the standard Euclidean algorithm, if di+2

divides di+1 then di+2 divides d1 and d2. But d1 and d2 are co-prime so
the numbers |di| form a is strictly decreasing sequence which must end 1, 0.
Choose n so that dn+2 = 0 and dn+1 = ±1. Since below we shall want
dn+1 = 1, we define a new sequence {d′1, d′2, . . . , d′n+1} by

d′i := dn+1 · di.

The d′i also satisfy (8.50) for the given even ai and setting i = n − 1, n in
(8.50) we have
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d′n−1 = an−1 · d′n − 1 and d′n = an.

We must now show that ∂(Zn, λa) ∼= (U, b, q). By induction, the last i rows
and columns of the matrix λa have determinant d′n−i+1. Hence λa has de-
terminant d′1 = dn+1 · pk. Moreover, the submatrix M1,1(λa) obtained by
deleting the first row and column of λa has determinant d′2 = dn+1 · θ. Hence
the (1, 1)-entry of λ−1

a is

λ−1
a (1, 1) =

d′2
d′1

=
θ

pk
.

It follows that ∂(Zn, λa) contains an element y of order pk such that qλa(y) =
θ

2pk
. Since det(λa) = pk, it follows that ∂(Zn, λa) ∼= (U, b, q). ut

We now give the proof of Theorem 8.47. Given a linking form (T, b) and a
subgroup U ⊂ T , we define the annihilator of U by

U⊥ := {x ∈ T | b(x, y) = 0,∀y ∈ U}.

We shall repeatedly use the following lemma to split off non-singular linking
forms from larger linking forms.

Lemma 8.51. Let (T, b) be a non-singular linking form with U ⊂ T a sub-
group such that b|U×U is non-singular. Then (U⊥, b|U⊥×U⊥) is non-singular
and

(T, b) = (U, b|U×U )⊕ (U⊥, b|U⊥×U⊥).

Proof. Let RU : T̂ → Û be the homomorphism defined by restricting the
domain of an element in the torsion dual of T to U . By definition, there is a
short exact sequence

0→ U⊥ → T
RU◦b̂−−−→ Û → 0,

and the assumption that b|U×U is non-singular means that (RU ◦ b̂)|U is an
isomorphism. It follows that U ∩ U⊥ = {e} and that U and U⊥ generate T .
Hence T = U ⊕ U⊥ and, again by definition, this is an orthogonal splitting
for the linking form b. Finally, since b̂ is an isomorphism, it follows that
b̂|U⊥ : U⊥ ∼= Û⊥ is an isomorphism; i.e.; bU⊥×U⊥ is non-singular. ut

If (T, b, q) is quadratic linking form and T = ⊕pTp is the decomposition
of T into its p-primary components, p a prime, then it is a simple matter to
apply Lemma 8.51 and show that (T, b, q) splits into p-primary components

(T, b, q) =
⊕
p

(Tp, bp, qp),

where bp := b|Tp×Tp and qp := q|Tp . We therefore focus on one prime at a
time and assume that T = Tp is p-primary. Recall that a group U is called an
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elementary abelian p-group if U is isomorphic to (Z/pk)j for some j, k. The
group T has a decomposition, in general not unique, into elementary abelian
groups Uk,

T ∼=
⊕
k

Uk,

where Uk ∼= (Z/pk)j . Applying Lemma 8.51, we see that every splitting of
T into elementary abelian groups gives rise to splitting of quadratic linking
forms

(T, b, q) ∼=
⊕
k

(Uk, bk, qk),

where bk := b|Uk×Uk and qk := q|Uk .
We now suppose that (U, b, q) is an ε-quadratic linking form over an ele-

mentary abelian p-group, U ∼= (Z/pk)j . Let x ∈ U generate a Z/pk summand.
Since b is non-singular, there is y ∈ U such that

b(x, y) =
1

pk
.

If ε = −1, then b(x, x) = b(y, y) = 0 and setting V ⊂ U to be the subgroup
generated by x and y, we see that b|V×V ∼= H−(Z/pk). Applying Lemma 8.51
(U, b, q) splits off H−(Z/pk) as an orthogonal summand and proceeding by
induction we see that j = 2i is even and (U, b, q) ∼=

⊕
iH−(Z/pk).

If ε = +1, then the argument is somewhat more complex. Suppose that
b(x, x) = rx

pk
and b(y, y) =

ry
pk

. If rx is prime to p, then b restricted to the
summand of U generated by x is non-singular and so by Lemma 8.51 splits
off (U, b, q) and we proceed inductively. The same holds for ry. Hence we may
assume that p divides both rx and ry. In the case where p is odd, we have

b(x+ y, x+ y) =
rx+ry+2

pk
and so it follows that x+ y generates a summand

of U on which b is non-singular and so we proceed as before.
If p = 2, let q(x) = sk

2k
and q(y) =

sy
2k

. If sx = 0, then q(−syx + y) = 0
and hence {x,−syx + y} forms a basis for a summand V ⊂ U such that
b|V×V ∼= H+(Z/2k) which we can split off (U, b, q). If sx = 2s′ is even, then

q(−syx+ y) =
2s′s2y

2k
. Inductively replacing y by −syx+ y we can eventually

achieve that sy = 0 in which case we have already shown that (U, b, q) splits
off a copy of H+(Z/2k).

This leaves the final case in which both sx and sy are odd. Recall that
under multiplication, the odd elements of Z/2k for an abelian group which

is isomorphic fo Z/2⊕ Z/2k−2. As before, we note that q(−syx+ y) =
sxs

2
y

2k
.

Hence, replacing y by −syx+ y, we may eventually achieve that sy = s2j+1
x .

But a further replacement gives that sy = s2j+2
x , then by further replacement

we can achieve that sy = 1, leaving sx unchanged. Reversing the roles of x
and y we can achieve that sx = 1 = sy. But then {x, y} generates a summand
V ⊂ U such that b|V×V ∼= F2,k which we can split off (U, b, q).
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Remark 8.52. Notice that the above argument shows that every non-singular
(+1)-quadratic linking form (T, b, q) on an odd order group T is isomorphic
to a sum of cyclic linking forms. Hence in the list of Theorem 8.47 we only
need the linking form H+(Z/pk) for p = 2.

Much more is known about the classification of linking forms: Wall already
proved more than we have used in [243, §5]. A complete classification of (+1)-
symmetric linking forms over Z is given in [117] and combined with [243,
Theorem 5] this gives a complete classification of (+1)-quadratic linking forms
over Z.

8.3 The Odd Dimensional Surgery Obstruction in the
Universal Covering Case

In this section we fix a normal π-map of degree one (M, [M ], f, f̂ , a, ξ, f)
with target (X, p̂X , [X]) in the sense of Definition 7.3, where the dimension
n = 2k+1 is odd. We also make choices (GBP) and (ABP), see Notations 7.8
and 7.12.

We will often abbreviate (M, [M ], f, f̂ , a, ξ, f) by (f, f) and we also recall
that we are in the universal covering case since Γ = π.

Theorem 8.53 (Surgery Obstruction Theorem in Odd Dimensions).
Let (f, f) : M → X be a normal π-map of degree one with dim(M) = 2k+1.

Then there is a well defined surgery obstruction

σ(f, f) ∈ L2k+1(Zπ1(X,x), w1(X))

taking values in the odd dimensional algebraic L-group in the sense of Defi-
nition 8.12 of the ring Zπ1(X,x) equipped with the w1(X)-twisted involution.
It has the following properties:

(i) It depends only on the normal bordism with cylindrical target class of
(f, f) in the sense of Definition 7.7;

(ii) Suppose k ≥ 2. Then we have σ(f, f) = 0 ∈ L2k+1(Zπ1(X,x), w1(X)) if
and only if we can do a finite number of surgery steps to obtain a normal
homotopy equivalence (f ′, f ′).

Given (f, f) : M → X, a k-connected degree one normal π-map, there are
two ways to define an ε-quadratic formation (Hε(F );F,G) representing the
surgery obstruction σ(f, f) ∈ L2k+1(Zπ,w) of (f, f). The first of these is the
kernel formation and is defined working “inside M” using a Heegaard split-
ting of (f, f) in Definition 8.63. The second way produces what we call the
bordism formation: it is defined working “outside M” using certain normal
bordisms (F, F ) between (f, f) and some other k-connected degree one nor-
mal map (f ′, f ′) in Definition 8.76. An important insight of Ranicki, see for
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example [203, Proposition 12.2], is that the kernel formation is isomorphic to
bordism formation.

We begin by defining the kernel formation of (f, f) in Subsection 8.3.1.
We next define the bordism formation and prove that the kernel formation is
isomorphic to the bordism formation in Subsection 8.3.2. Moreover we prove
some auxiliary properties to be used later. Finally, in Subsection 8.3.3, we
first prove that σ(f, f) gives a well defined element in L2k+1(Zπ,w) using the
bordism formation and then we use all we know to show that the vanishing
of σ(f, f) is both a necessary and sufficient condition for a positive solution
to the surgery problem (f, f).

8.3.1 The Kernel Formation

In this subsection we define the kernel formation of a normal π-map of degree
one (f, f) : M → X with target a (2k+1)-dimensional Poincaré complex with
choices (ABP) and (GBP) in Definition 8.63 and prove some of its properties.

After carrying out surgery below the middle dimension as in Theorem 6.49,
we assume that the map f : M → X is k-connected. To achieve a homo-
topy equivalence, it remains to kill the kernel groups Kk(M̃) and Kk+1(M̃).

Indeed, by Poincaré duality, Kk+1(M̃) ∼= Kk(M̃) and so it is enough to

kill Kk(M̃). Now by Lemma 3.4 and Lemma 7.54 the Zπ-module Kk(M̃) is
finitely generated and so we can choose a set of generators ω = {x1, . . . , xa}.
By Lemma 7.38 (iii) there is a canonical isomorphism Kk(M̃) ∼= πk+1(f) and
so by Lemma 7.9 and Theorem 3.39, each generator xi is represented by a
triple (qi, wi, hi), where

qi : D
k+1 × Ski ↪→M

is an embedding, wi is a path from qi(0, s) to the basepoint m ∈ M and
hi is a null homotopy of f ◦ qi compatible with wi. For later use, we note
that by Theorem 3.39 (ii), the regular homotopy class of qi, considered as an

immersion, is determined by xi ∈ Kk(M̃) and the bundle map f . By general
position, we assume that the images of the qi are pairwise disjoint, and so
there is an embedding

a∐
i=1

qi :

a∐
i=1

(Dk+1 × Ski ) ↪→M.

The paths wi may be assumed embedded, to lie in the interior of thick tubes
D2k×wi(I) ⊂M , and these thick tubes meet the boundary of

(
Dk+1×Ski

)
in

an appropriate transversal way. Collecting these data we obtain an embedding

q : U ↪→M,
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where U := \ai=1(Dk+1 × Ski ) is the indicated boundary connected sum. In
this case we say that the embedding q : U ↪→ M represents ω and that the

pair (ω, q) is a representation of the surgery kernel Kk(M̃). We may also
assume that the base point m ∈M lies in the image of boundary of U .

Remark 8.54. Any degree one normal map (f, f) : M → X admits many

representations of its surgery kernel Kk(M̃). Firstly there are many choices
for ω and even once the choice ω is made there are many choices of isotopy
classes of embeddings q : U ↪→M representing ω.

We now explain the notion of a Heegaard splitting of (f, f) as defined by
Ranicki in [203, Chapter 12]. Heegaard splittings illuminate the topology of
k-connected normal maps and are essential for defining the kernel formation.

Henceforth we shall always write U := q(U) ⊂ M for the image of q. We
may then decompose M as the union

M = U ∪M0,

where M0 is the closure of the complement of U and with m ∈ ∂U . This
decomposition of the source of (f, f) can be mirrored in the target X. By
a theorem of Wall [246, Theorem 2.4], X is homotopy equivalent to a CW
complex with precisely one cell in dimension 2k+1. So, perhaps after replacing
X with a homotopy equivalent CW complex, we may assume that

X = X0 ∪D2k+1,

where X0 is a CW complex of dimension at most 2k and D2k+1 is the top
cell of X. We regard S2k = ∂D2k+1 as a subspace of X0 so that (X0, S

2k)
is a (2k+1)-dimensional Poincaré pair. The fundamental class of (X0, S

2k),
[X0, S

2k] ∈ H2k+1(X0, S
2k;Zw), is defined by requiring that it map to the

fundamental class [X] ∈ H2k+1(X;Zw) under the isomorphism

H2k+1(X0, S
2k;Zw) ∼= H2k+1(X,D2k+1;Zw) ∼= H2k+1(X;Zw).

Definition 8.55. Let (f, f) : M → X be a normal π-map of degree one and

let (ω, q) be a representation of Kk(M̃) so that M = M0∪U where U = q(U).
A Heegaard splitting of (f, f) based on (ω, q) is the expression of (f, f) as a
union

(f, f) = (f0, f0) ∪ (e, e) : M0 ∪ U → X0 ∪D2k+1,

where (f0, f0) : (M0, ∂U)→ (X0, S
2k) and (e, e) : (U, ∂U)→ (D2k+1, S2k)

are degree one normal maps of pairs.

Figure 8.56 (Heegaard splitting).
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U

M0

Dn

X0

M X

f

Lemma 8.57. For every representation (ω, q) of the surgery kernel Kk(M̃)
of a k-connected degree one normal map (f, f) : M → X, there is a Heegaard
splitting of (f, f) based on (ω, q).

Proof. Using the embedding q : U ↪→ M , we decompose M = M0 ∪ U and
X = X0 ∪ D2k+1 as above. We show that f : M0 ∪ U → X0 ∪ D2k+1 is
homotopic to a union of degree one maps of pairs: the existence of the bundle
data follows easily and we leave the reader to verify this.

Since f |U is nullhomotopic, and U ⊂ M satisfies the homotopy extension
property, we may assume after a homotopy that f(U) ⊂ D2k+1. After another
homotopy, we may further assume that f |U gives rise to a degree one map
of pairs (f |U , ∂f |U ) : (U, ∂U)→ (D2k+1, S2k). Keeping f fixed on U , we now
look for a homotopy rel U to a map where f(M0) ⊂ X0. The obstructions
to finding such a homotopy lie in H∗π(M0, ∂U ;π∗(X,X0)), where π∗(X,X0)
is viewed as (Zπ1(X), w1(X))-module in the obvious way. The only time this
group is non-zero is for ∗ = 2k+1 when H2k+1

π (M0, ∂U ;π2k+1(X,X0)) ∼= Z
is generated by the fundamental class of (M0, ∂U) and the obstruction is
identified with the difference between the degree of f and (f |U , ∂f |U ), which
is zero. ut

We now explain how a Heegaard splitting (f, f) = (f0, f0)∪(e, e) based on

a representation (ω, q) of the surgery kernel Kk(M̃) of a degree one normal

map (f, f) : M → X defines a (−1)k-quadratic formation. Let D̂2k+1 ⊂ X̃

denote the cover of D2k+1 induced by X̃ → X and similarly for Ŝ2k =

∂̂D
2k+1

, let Û ⊂ M̃ and ∂̂U ⊂ M̃ denote respectively the pre-image of U
and ∂U under the covering map M̃ →M . It follows that D̂2k+1 is a disjoint
union of copies of D2k+1 indexed by the elements of π and similarly for Ŝ2k,

Û and ∂̃U :

D̂2k+1 =
∐
g∈π

D2k+1
g , Ŝ2k =

∐
g∈π

S2k
g , Û =

∐
g∈π

Ug and ∂̂U =
∐
g∈π

∂Ug.

The notation is chosen as in Section 7.2. Note that in the Heegaard splitting

(f, f) = (f0, f0) ∪ (e, e) : M0 ∪ U → X0 ∪D2k+1,

from Definition 8.55 the fundamental group in the target is π for X0, and
it is the trivial group for D2k+1 and S2k. But we would like to consider the
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normal maps obtained via the π-covering coming from the universal covering
X̃. This is exactly the setting of normal Γ -maps with Γ = π.

The normal π-map (e, e) : (U, ∂U)→ (D2k+1, S2k) has surgery kernels

Kk(Û), Kk(∂̂U) and Kk+1(Û , ∂̂U),

see Definition 7.112. The kernels Kk+1(Û , ∂̂U), Kk(∂̂U) and Kk(Û) are
free Zπ-modules of rank a, 2a and a respectively, where we recall that
ω = {x1, . . . , xa} has a elements. Clearly there are isomorphisms
(8.58)

Kk(∂̂U) ∼= Hk(∂̂U), Kk(Û) ∼= Hk(Û), Kk+1(Û , ∂̂U) ∼= Hk+1(Û , ∂̂U),

which we shall use freely below. The choice (ABP) gives lifts of the canonical

k-spheres in U , which in turn give a basis {x̃′1, . . . , x̃′a} for Kk(Û). Write

{x̃1, . . . , x̃a} ⊂ Kk(∂̃U) for the set of lifts given by the identification U =
q(\ai=1(Dk+1 × Sk)). Taking the corresponding lifts of the canonical (k+1)-

discs in U we obtain a basis {ỹ′1, . . . ỹ′a} of Kk+1(Û , ∂̂U). Under the boundary

map ∂ : Kk+1(Û , ∂̂U) → Kk(Û), the basis {ỹ′1, . . . , ỹ′a} maps to a sub-basis

{ỹ1, . . . , ỹa} of Kk(∂̂U) such that {x̃1, . . . , x̃a, ỹ1, . . . , ỹa} is a symplectic basis

for Kk(∂̃U). That is, the k-spheres corresponding to {x̃1, . . . , x̃a, ỹ1, . . . , ỹa}
intersect in ∂̂U via the equations

x̃i ∩ x̃j = 0 = ỹi ∩ ỹj and x̃i ∩ ỹj = δij .

With the symplectic basis {x̃1, . . . , x̃a, ỹ1, . . . , ỹa} the Zπ-module Kk(∂̂U)
carries the structure of the standard ε-hyperbolic form Hε((Zπ,w)a) with

respect to this basis. We shall often use Kk(∂̂U) to denote not only the
kernel module but the standard ε-hyperbolic form on this module.

Given a Heegaard splitting based on (ω, q), thanks to the Remark 7.166,

the coboundaries Û and M̃0 of ∂̂U give rise to a pair of lagrangians F,G ⊂
Kk(∂̂U) defined by

(8.59) F := im
(
Kk+1(Û , ∂̂U)→ Kk(∂̂U)

)
= im

(
Hk+1(Û , ∂̂U)→ Hk(∂̂U)

)
and

(8.60) G := im
(
Kk+1(M̃0, ∂̂U)→ Kk(∂̂U)

)
im
(
Hk+1(M̃0, ∂̂U)→ Hk(∂̂U)

)
.

That we can equally well use the homology groups Hk or the kernel groups
Kk above, is clear for the lagrangian F and for G it follows from a simple
diagram chase in the following commutative diagram with exact rows and
exact columns, where we recall that Kk(M̃0) → Hk(M̃0) is by definition
injective:
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Kk+1(M̃0, ∂̂U)

��

// Kk(∂̂U)

∼=
��

// Kk(M̃0)

��
Hk+1(M̃0, ∂̂U) // Hk(∂̂U) // Hk(M̃0).

Lemma 8.61. The Zπ-submodules F,G ⊂ Kk(∂̂U) defined in equations

(8.59) and (8.60) are lagrangians of Kk(∂̂U) which depend only on the re-

presentation (w, q) of the surgery kernel Kk(M̃) of a degree one normal map
(f, f) : M → X. Moreover, if (f, f) = (f0, f0) ∪ (e, e) is a Heegaard splitting

with (f0, f0) : M0 → X0, we have Kk+1(M̃0) = 0.

Proof. That F and G are lagrangians of Kk(∂̂U) follows by the arguments
from Remark 7.166. Since by (8.58)we can equally well use the homology
groups H∗ instead of the kernel groups K∗ in (8.59) and (8.60) we see that
the kernel formation depends only on the inclusion U ⊂ M and hence only
on the representation (ω, q) of Kk(M̃).

To see that Kk+1(M̃0) = 0, we argue as follows. By Poincaré duality
for surgery kernels of pairs, Lemma 7.113 (ii), there is an isomorphism

Kk+1(M̃0) ∼= Kk(M̃0, ∂̂U). Hence by Lemma 7.51 (ii) it is sufficient to

prove that Kj(M̃0, ∂̂U) = 0 for j ≤ k. For the case j < k, the natural

map Kj(M̃0) → Kj(M̃) = 0 is an isomorphism since by general position
(j+1)-cycles in M can be homotoped rel boundary into M0 and similarly the

natural map Kk(M̃0)→ Kk(M̃) is onto. Because of the the exact sequence

· · · → Kj(∂̂U)→ Kj(M̃0)→ Kj(M̃0, ∂̂U)→ · · · ,

it suffices to prove that Kk(∂̂U) → Kk(M̃0) is onto. But it is simple matter
to prove a version of excision for surgery kernels which gives the following
exact sequence

Kk+1(Û , ∂̂U)→ Kk(M̃0)→ Kk(M̃).

Since Kk(Û) → Kk(M̃) is onto and Kk(∂̂U) ∼= Kk(Û) ⊕ Kk+1(Û , ∂̂U), it

follows that Kk(∂̂U)→ Kk(M̃0) is onto and this completes the proof. ut

Remark 8.62. Since Kk+1(Û) = 0 and by Lemma 8.61 Kk+1(M̃0) = 0,

it follows that Kk+1(Û , ∂̂U) and Kk+1(M̃0, ∂̂U) inject into Kk(∂̂U) and so

in the sequel we shall identify Kk+1(Û , ∂̂U) and Kk+1(M̃0, ∂̂U) with their

isomorphic images in Kk(∂̂U).

Definition 8.63 (Kernel formation). Let (f, f) : M → X be a k-connected
degree one normal map. The kernel formation defined by a representation
(ω, q) of Kk(M̃) is the formation

Σ(f, f , ω, q) = (Hε(F );F,G) =
(
Kk(∂̂U);Kk+1(Û , ∂̂U),Kk+1(M̃0, ∂̂U)

)
.
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Remark 8.64. The isomorphism class of the kernel formation Σ(f, f , ω, q)
depends upon the choice of the representation (ω, q) and this is before we
consider the kernel formations of different but normally bordant k-connected
degree one normal maps. However, the equivalence class of Σ(f, f , ω, q) will
be shown to be well defined in L2k+1(Zπ,w) and this will give the defintion
of the odd-dimensional surgery obstruction.

The kernel formation Σ(f, f , ω, q) has an interior presentation defined as
follows. Recall that q : U ↪→ M is an embedding with image U . Fix the
standard embedding U ↪→ S2k+1 and then write

S2k+1 = U ∪∂U=∂U ′ U
′

where U ′ ∼= \ai=1(Sk ×Dk+1) is the closure of the complement of U in S2k+1.
Here and elsewhere, we shall identify ∂U = ∂U ′ via (q|∂U )−1 and using this
convention, we let iU : ∂U → U and i′U : ∂U → U ′ be the inclusions. We

also write Kk(Û ′) := Hk(Û ′) and Kk+1(Û ′, ∂̂U) := Hk+1(Û ′, ∂̂U), where

Û ′ =
∐
g∈π U

′ and ∂̃U
′

is identified with the boundary of Û . The notation is
convenient now and will be justified further when we consider doing surgery
on (q, w) below; see Definition 8.72. Now consider the compositions

Kk+1(Û , ∂̂U)
∂U−−→ Kk(∂̂U)

iU−→ Kk(Û ′)

and

Kk+1(Û ′, ∂̂U)
∂U′−−→ Kk(∂̂U)

i′U−→ Kk(Û),

where ∂U and ∂U ′ are the boundary maps in the homology long exact se-

quences of the pairs (Û , ∂̂U) and (Û ′, ∂̂U) respectively. These compositions
define isomorphisms of free based Zπ-modules which give the isomorphism

(8.65) Hε(F ) = F⊕F ∗ = Kk+1(Û , ∂̂U)⊕Kk+1(Û ′, ∂̂U) ∼= Kk(Û ′)⊕Kk(Û).

Note that the generating set ω provides a basis for Kk(Û ′). The structure
maps of the kernel formation γ : G → F and δ : G → F ∗ are given by the
compositions

(8.66) γ : G = Kk+1(M̃0, ∂̂U)
∂M0−−−→ Kk(∂̂U)

i′U∗−−→ Kk(Û ′) ∼= F,

and

(8.67) δ : G = Kk+1(M̃0, ∂̂U)
∂M0−−−→ Kk(∂̂U)

iU∗−−→ Kk(Û) ∼= F ∗,

where ∂M0 is the boundary homomorphism in the homology long exact se-

quence of the pair (M̃0, ∂̂U).
We now identify some key properties of the kernel formation.
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Lemma 8.68. Let Σ(f, f , ω, q) = (Hε(F );F,G) be the kernel formation of a
representation (ω, q) of the surgery kernel of a degree one normal map (f, f).
Then the following hold:

(i) There are identifications

Kk(M̃) = Hε(F )/(F +G) and Kk+1(M̃) = F ∩G;

(ii) The map f is a homotopy equivalence if and only if Σ(f, f , ω, q) is a
trivial formation.

Proof. (i) The short exact sequence of kernel modules

0→ Kk+1(Û , ∂̂U)→ Kk(∂̂U)→ Kk(Û)→ 0

identifies Kk(Û) = Hε(F )/F = F ∗. Using a Heegaard splitting of the normal

map (f, f) = (f0, f0)∪(e, e), it is easy to show that the kernel groups K∗(Û),

K∗(M̃) and K∗(M̃, Û) behave like ordinary homology groups in that there

is an excision isomorphism Kk+1(M̃0, ∂̂U)
∼=−→ Kk+1(M̃, Û) and a long exact

sequence of the pair (M̃, Û)

0→ Kk+1(M̃) −→ Kk+1(M̃, Û)
∂−→ Kk(Û) −→ Kk(M̃)→ 0.

Now one sees that the structure map

δ : G = Kk+1(M̃0, ∂̂U)→ Kk(∂̂U)→ Kk(Û) = F ∗

of the kernel formation (Hε(F );F,G) is identified with the boundary ho-

momorphism ∂ : Kk+1(M̃, Û) → Kk(Û) in the long exact sequence above.

Hence we have isomorphisms Kk(M̃) ∼= coker(δ) ∼= Hε(F )/(F + G) and

Kk+1(M̃) = ker(δ) = F ∩G.

(ii) By Lemma 8.18 (iv) a formation is trivial if and only if δ : G → F ∗ is
an isomorphism. From the proof of part (i), we see that Σ(f, f , ω, q) is triv-

ial if and only if Kk(M̃) = Kk+1(M̃) = 0, if and only if f is a homotopy
equivalence. ut

Exercise 8.69. Consider the identity map id: S2k+1 → S2k+1 covered by
the identity on the tangent bundles as a surgery problem. Identify S2k+1 =
∂D2k+2 = ∂(Dk+1×Dk+1). Using this identification consider the embedding
Sk ×Dk+1 ↪→ ∂(Dk+1 ×Dk+1) = S2k+1 and denote its image by U so that
there is a decomposition S2k+1 = U ∪ S2k+1

0 . Modify the surgery problem so
that it respects this Heegaard decomposition and show that the associated
kernel formation is trivial in the sense of Definition 8.6. What is the result of
the corresponding surgery?
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Exercise 8.70. Consider a degree one normal (f, f) : Sk × Sk+1 → S2k+1

obtained by collapsing the complement of a neighborhood of some point
(x, s) ∈ Sk × Sk+1 so that we have Kk(Sk × Sk+1) ∼= Kk+1(Sk × Sk+1) ∼= Z.
Consider the embedding Sk × {s} ↪→ Sk × Sk+1 with trivial normal bundle
and denote its tubular neighborhood by U so that there is a decomposi-
tion Sk × Sk+1 = U ∪ (Sk × Sk+1)0. Modify the surgery problem so that it
respects this Heegaard decomposition and show that the associated kernel
formation is a boundary in the sense of Definition 8.8. What is the result of
the corresponding surgery?

We now take the first step towards understanding how the kernel formation
Σ(f, f , ω, q) can vary as (f, f) : M → X varies amongst normally bordant k-
connected degree one normal maps. Let (F, F ) : (W ;M,M ′) → X × (I, ∂I)
be a normal π-s-cobordism between (f, f) : M → X and (f ′, f ′) : M ′ → X.
By the s-cobordism Theorem 1.1, W determines an diffeomorphism h : M ∼=
M ′ and the map F : W → X × I determines a homotopy f ' f ′ ◦ h. If
(ω = {x1, . . . , xa}, q) is a representation of Kk(M̃), then (h∗(ω), h ◦ q) is

a representation of Kk(M̃ ′), where h∗(ω) = {h∗(x1), . . . , h∗(xa)}. Setting
U ′ := h(U), and letting M ′0 be the closure of the complement of U ′ in M ′,
then of course the diffeomorphism h gives a diffeomorphism of the unions

h : M0 ∪ U ∼= M ′0 ∪ U ′.

It follows that h induces an isomorphism h∗ : Kk(∂̂U) ∼= Kk(∂̂U
′
) of ε-

quadratic forms as well as isomorphisms

h∗ : Kk+1(Û , ∂̂U) ∼= Kk+1(Û ′, ∂̂U
′
) and h∗ : Kk+1(M̃0, ∂̂U) ∼= Kk+1(M̃ ′0, ∂̂U

′
).

Hence we have proven the following

Lemma 8.71. With the notation above, a normal π-s-cobordism

(F, F ) : (W ;M,M ′)→ X × (I, ∂I)

induces an isomorphism of kernel formations

h∗ : Σ(f, f , ω, q) ∼= Σ(f ′, f ′, h∗(ω), h ◦ q).

We next consider how the kernel formation Σ(f, f , w, q) varies as we per-
form surgery on the embedding q : U ↪→ M . Lemma 8.68 tells us that the
triviality of the kernel formation recognises whether (f, f) : M → X is a
normal homotopy equivalence. If (f, f) is not a homotopy equivalence, then
notice that the embedding q : U ↪→ M is a reasonable candidate for doing
surgery to achieve a homotopy equivalence: after all q represents a set of
generators ω for Kk(M̃). Hence we consider the effect of surgery on the em-
bedding q : U ↪→M . The trace of this surgery is the bordism
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W := (M × I) ∪U D2k+2.

By Theorem 3.39 (iv) the normal map (f, f) : M → X extends to a normal
map

(F, F ) : (W ;M,M ′)→ X × (I; ∂I)

where M ′ := M0∪U ′ is the outcome of the surgery on q and there is a normal
π-map (f ′, f ′) : M ′ → X which is the restriction of (F, F ) to M ′. Along with
π-s-cobordisms, normal π-bordisms (F, F ) obtained as the trace of surgery

on a representation of the kernel Kk(M̃) play a key role in what follows and
this leads to the following definition.

Definition 8.72. Let (f, f) : M → X be a k-connected degree one normal
map. A normal π-bordism,

(F, F ) : (W ;M,M ′)→ X × (I, ∂I),

obtained from surgery on an embedding q : U ↪→ M representing a gener-
ating set ω = {x1, . . . , xa} for Kk(M̃) will be called a (k+1)-trace normal
π-bordism.

More generally, a (k+1)-normal π-bordism is a degree one normal map

(F, F ) : (W ;M,M ′)→ X × (I, ∂I),

which can be written as a union

(F, F ) = (F0, F 0) ∪ (F1, F 1) ∪ (F2, F 2),

where (F1, F 1) : (W1;M ′0,M2) → X × (I, ∂I) is a (k+1)-trace normal π-
bordism and where for i = 0, 2, (Fi, F i) : (Wi;Mi,M

′
i) → X × (I, ∂I) are

normal π-s-cobordisms.

Remark 8.73. While (k+1)-normal π-bordisms are somewhat more compli-
cated than (k+1)-trace normal π-bordisms, notice that by Lemma 8.71, the
difference between these types of normal π-bordisms does not effect the iso-
morphism class of kernel formations of the normal maps at either end of the
normal bordisms.

We also point out that (k+1)-normal π-bordisms are ubiquitous, in that
every normal bordism between k-connected degree on normal maps can be
modified by interior surgeries to become a (k+1)-normal π-bordism: see
Lemma 8.92.

The surgery kernels of (f, f), (f ′, f ′) and (F, F ) found in a (k+1)-normal
π-bordism (F, F ) : (W ;M,M ′) → X × (I, ∂I) fit into a braid, a fragment of
which runs as follows:
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(8.74)

Kj+1(W̃ , M̃)

$$

��

Kj(M̃)

$$

��

Kj(W̃ , M̃ ′)

��
Kj+1(W̃ )

??

��

Kj+1(W̃ , ∂̃W )

??

��

Kj(W̃ )

??

��

Kj(W̃ , ∂̃W )

Kj+1(W̃ , M̃ ′)

??

;;
Kj(M̃

′)

??

;;
Kj(W̃ , M̃)

??

Since Kj(W̃ , M̃) and Kj(W̃ , M̃ ′) are non-zero if and only if j = k+1, we
see from the braid (8.74) that f ′ : M ′ → X is k-connected. Indeed, if W is a
(k+1)-trace normal π-bordism, then W can equally well be presented as

W := (M ′ × I) ∪U ′ D2k+2,

where q′ : U ′ → M ′ results from the surgery decomposition M ′ = M0 ∪ U ′.
We also see that Kk(Û ′)→ Kk(M̃ ′) is onto and so the canonical generating

set for Kk(Û ′) gives a generating set ω′ for Kk(M̃ ′) which is represented

by q′; i.e. (ω′, q′) represents Kk(M̃ ′). Since we assumed that the base point
m ∈ ∂U ⊂ M and ∂U = ∂U ′ we also obtain the corresponding base point
m′ ∈M ′.

We now consider the kernel formation Σ(f ′, f ′, ω′, q′) for the outcome
of surgery (f ′, f ′) which is defined by the representation (ω′, q′) and we
compare it to the original kernel formation Σ(f, f , ω, q), which we denote
by (Hε(F );F,G). Since ∂U ′ = ∂U , the ambient hyperbolic form is un-

changed; i.e. Kk(∂̂U
′
) = Kk(∂̂U) = Hε(F ). The lagrangian Kk+1(M̃0, ∂̂U)

is unchanged and the lagrangian Kk+1(Û , ∂̂U) is replaced by the lagrangian

Kk+1(Û ′, ∂̂U
′
). But by (8.65), we see that Kk+1(Û , ∂̂U) and Kk+1(Û ′, ∂̂U)

respectively define the complementary lagrangians F and F ∗, in Kk(∂̂U).
It follows that Σ(f ′, f ′, ω′, q′) = (Hε(F );F ∗, G). Applying the first part of
Remark 8.73, to extend the above to any (k+1)-normal π-bordism, we have
therefore proven

Lemma 8.75. Let (F, F ) : (W ;M,M ′)→ X × (I, ∂I) be a (k+1)-normal π-
bordism where (f, f) has a kernel formation Σ(f, f , ω, q) = (Hε(F );F,G).
Then (f ′, f ′) is a k-connected normal π-map of degree one with a kernel
formation

Σ(f ′, f ′, ω′, q′) = (Hε(F );F ∗, G).
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8.3.2 The Bordism Formation

In this subsection we show how a (k+1)-normal π-bordism (F, F ) with
domain (W ;M,M ′) defines an ε-quadratic formation which we denote by
Σ(F, F ,M) = (Hε(F );F,G). The main result of the subsection is Lemma 8.80
which identifies the bordism formation Σ(F, F ,M) with a particular kernel
formation Σ(f, f , ω, q) for (f, f) = (F |M , F |M ) in the case when (W ;M,M ′)
is a (k+1)-trace normal π-bordism.

Assume now that (W ;M,M ′) is the source of a (k+1)-normal bordism
(F, F ) as defined in Definition 8.72. Recalling the notation of the previous
subsection, we have \ai=1(Dk+1 × Sk) ∼= U ⊂M and homotopy equivalences

M ′ ∪U ′ D2k+2 'W 'M ∪U D2k+2,

where ∂D2k+2 = S2k+1 ∼= U ∪ U ′ and U ′ ∼= \ai=1(Sk × Dk+1). We see

that the Zπ-modules Kk+1(W̃ , M̃ ′) ∼= Kk+1(D̃2k+2, Û ′) and Kk+1(W̃ , M̃) ∼=
Kk+1(D̃2k+2, Û) are free of rank a and set F := Kk+1(W̃ , M̃ ′). Using
Poincaré duality for the triad (W ;M,M ′), see Lemma 7.191 (ii), we iden-
tify

Kk+1(W̃ , M̃) ∼= Kk+1(W̃ , M̃ ′) ∼= Kk+1(W̃ , M̃ ′)∗ = F ∗,

where
Kk+1(W̃ , M̃ ′)

∼=−→ Kk+1(W̃ , M̃ ′)∗, α 7→ 〈α, ?〉

is bijective by Lemma 7.51 (ii).
The bordism formation is a formation (Hε(F );F,G), where the second

lagrangian of the formation, G ∼= Kk+1(W̃ ), is defined to be the image of the
homomorphism

j′ ⊕ j : Kk+1(W̃ )→ Kk+1(W̃ , M̃ ′)⊕Kk+1(W̃ , M̃),

where j′ : Kk+1(W̃ ) → Kk+1(W̃ , M̃) and j : Kk+1(W̃ ) → Kk+1(W̃ , M̃)
are the canonical homomorphisms in the long exact sequences of the pairs
(W̃ , M̃ ′) and (W̃ , M̃).

The module underlying Hε(F ) is

F ⊕ F ∗ = Kk+1(W̃ , M̃ ′)⊕Kk+1(W̃ , M̃),

and we use the (k+1)-normal π-bordism (F, F ) to give a geometric description
of the standard hyperbolic ε-quadratic form Hε(F ) of Example 7.78.

Definition 8.76 (Bordism formation). The bordism formation for M of
a (k+1)-normal bordism (F, F ) : (W ;M,M ′)→ X × (I, ∂I) is the formation

Σ(F, F ,M) :=
(
Kk+1(W̃ , M̃ ′)⊕Kk+1(W̃ , M̃);Kk+1(W̃ , M̃ ′),Kk+1(W̃ )

)
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with the structure homomorphisms γ = j′ : Kk+1(W̃ ) → Kk+1(W̃ , M̃ ′) and

δ = j : Kk+1(W̃ )→ Kk+1(W̃ , M̃).

Remark 8.77. The Hessian form of the bordism formation Σ(F, F ,M) is

the quadratic form (Kk+1(W̃ ), θW ) defined just as in Example 7.85. Our

setting is more general than Example 7.85 and so (Kk+1(W̃ ), θW ) is not
necessarily non-singular. From the commutative diagram

Kk+1(W̃ , M̃ ′)

−εδ∗

((
Kk+1(W̃ )

γ

77

δ ''

λW // Kk+1(W̃ , M̃ t M̃ ′)

Kk+1(W̃ , M̃)

γ∗

66

we see that the Hessian form satisfies

λW = θW − εθ∗W = γ∗δ = −εδ∗γ.

Remark 8.78. If Σ(F, F ,M) = (Hε(F );F,G) is the bordism formation for
M of a (k+1)-normal π-bordism (F, F ) : (W ;M,M ′)→ X × (I, ∂I), then we
see immediately from the definitions that

Σ(F, F ,M ′) = (Hε(F );F ∗, G)

is the bordism formation forM ′ of (F,−F ). Once we have established that the
kernel formation and the bordism formation are isomorphic in Lemma 8.80
below, this observation is equivalent to Lemma 8.75 above.

Remark 8.79. The hyperbolic form on Kk+1(W̃ , M̃ ′)⊕Kk+1(W̃ , M̃) which
appears in the bordism formation above is not geometric, in the sense that it
is not the quadratic form associated to any normal map. However, Poincaré
duality in the bordism (W ;M,M ′) between Kk+1(W̃ , M̃ ′) and Kk+1(W̃ , M̃)
plays a key role in the definition of the bordism formation.

The following key lemma, identifies the kernel formation Σ(f, f , ω, q) with
the bordism formation relative to M of a (k+1)-trace normal π-bordism given
by surgery on q : U →M .

Lemma 8.80. Let (F, F ) : (W ;M,M ′)→ X × (I, ∂I) be a (k+1)-trace nor-
mal π-bordism obtained from surgery on a representation (w, q) of the surgery
kernel of a degree one normal map (f, f) : M → X. Then

Σ(F, F ,M) ∼= Σ(f, f , ω, q).
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Proof. Recall that ∂D2k+2 = S2k+1 = U∪∂UU ′ where there are identifications
U = \ji=1(Dk+1 × Sk) and U ′ = \ji=1(Sk × Dk+1). The trace bordism W is
formed from M × I by attaching D2k+2 to M × {1} using the embedding
q : U ↪→M × {1}:

(8.81) W = (M × I) ∪U D2k+2.

Dually, the trace W is formed from M ′ × I by attaching D2k+2 to M ′ × {0}
along U ′ ⊂M ′:

(8.82) W = (M ′ × I) ∪U ′ D2k+2.

We define T ⊂ W to be the union of D2k+2 and U × I ⊂ M × I along
U × {1}. Then is a homeomorphism T ∼= D2k+2 and for the boundary we
have ∂T ∼= S2k+1 ∼= U ∪∂U×{0} (∂U × I) ∪∂U×{1} U ′.

Figure 8.83 (Bordism W ).

M × {0}

M × {1}

D2k+2

Dk+1

U

W

Now let (Hε(FB);FB , GB) denote the bordism formation Σ(F, F ,M) and
let (Hε(FK);FK , GK) denote the kernel formation Σ(f, f , ω, q). We shall de-
fine an isomorphism of formations

A : (Hε(FB);FB , GB)
∼=−→ (Hε(FK);FK , GK).

Let {y1, . . . , ya} and {y′1, . . . , y′a} be bases for the kernels Kk+1(Û , ∂̂U)

and Kk+1(Û ′, ∂̂U) respectively, which are represented by the canonical em-
beddings qi : (Dk+1, Sk) ↪→ (U, ∂U) and q′i : (Dk+1, Sk) ↪→ (U ′, ∂U) for
i = 1, . . . , a. From the structure of W displayed in (8.81) and (8.82), we see
that there are map of pairs i : (U, ∂U)→ (W,M ′) and i′ : (U ′, ∂U ′)→ (W,M)

such that Kk+1(W̃ , M̃ ′) is a free Zπ-module with generators i∗(yi) and such

that Kk+1(W̃ , M̃) is a free Zπ-module with generators i′∗(y
′
i). Hence the maps

of pairs i and i′ induce isomorphisms
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i∗ : FK = Kk+1(Û , ∂̂U)
∼=−→ Kk+1(W̃ , M̃ ′) = FB ,

and
i′∗ : F ∗K = Kk+1(Û ′, ∂̂U)

∼=−→ Kk+1(W̃ , M̃) = F ∗B .

We also see that the sum of i∗ and i′∗ defines an isomorphism of ε-quadratic
forms

A := (i∗ ⊕ i′∗) : Hε(FB)
∼=−→ Hε(FK).

By construction A(FK) = FB and it remains to verify that A(GK) = GB ,

where GK = Kk+1(M̃0, ∂̂U) and GB = Kk+1(W̃ ). Firstly we observe that

there is a map of pairs (M̃0, ∂̂U)→ (W̃ , T̂ ) which induces a homomorphism

kT : Hk+1(M̃0, ∂̂U) → Hk+1(W̃ , T̂ ) ∼= Hk+1(W̃ ) where the last isomorphism

follows since T̂ is a disjoint union of contractible spaces. One can check that

kT induces a homomorphism k : Kk+1(M̃0, ∂̂U) → Kk+1(W̃ ) and we claim
that k fits into the following commutative diagram:

Kk+1(W̃ , M̃ ′) Kk+1(W̃ )
j′oo j // Kk+1(W̃ , M̃)

Kk+1(Û , ∂̂U)

i′∗

OO

Kk+1(M̃0, ∂̂U)

k

OO

∂M0

��

γKoo δK // Kk+1(Û ′, ∂̂U)

i∗

OO

Kk(Û ′)

(i′U∗◦∂U )−1

OO

Kk(∂̂U)
i′U∗oo iU∗ // Kk(Û)

(iU∗◦∂U′ )
−1

OO
(8.84)

Here iU : ∂U → U and iU ′ : ∂U → U ′ are the inclusions, ∂U and ∂U ′ are the
boundary homomorphisms in the homology long exact sequences of the pairs
(U, ∂U) and (U ′, ∂U) respectively and j and j′ are the maps in the exact
sequences of the pairs (W,M) and (W,M ′). From (8.66) and (8.67) we see
that the arrows labelled γK and δK are indeed the structure homomorphisms
of the canonical presentation of kernel formation of (ω, q) and by definition
j′ = γB and j = δB are the structure homomorphisms of the canonical
presentation of the bordism formation. Assuming that the diagram (8.84)
commutes, then we see that A(GK) ⊆ GB is a lagrangian in Hε(FB) and
hence A(GK) = GB .

We complete the proof by showing that (8.84) commutes. We must show
that j′ ◦ k = i′∗ ◦ γK and that j ◦ k = i∗ ◦ δK . We show the first equality,
the argument for the second is analogous. The Poincaré duality isomorphism
Kk+1(W̃ , M̃ ′) ∼= Kk+1(W̃ , M̃)∗ shows that any element of Kk+1(W̃ , M̃ ′) is

determined by its intersections with a basis for Kk+1(W̃ , M̃). Given z ∈
Kk+1(M̃0, ∂̂U), the element k(z) is constructed by writing

∂M0
(z) = Σj

i=1ai∂U (yi) + a′i∂U ′(y
′
i)
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and then adding Σj
i=1aiyi to z. Of course j′(k(z)) is represented by the same

cycle as k(z), but now viewed in Kk+1(W̃ , M̃ ′) and not Kk+1(W̃ ). Recall

that the homology classes i′(y′i) form a basis for Kk+1(W̃ , M̃). We fix a class
i′(y′j) and consider its intersection with j′(k(z)). Since z lies in M0 which is
disjoint from U ′, we see that the intersection of j′(k(z)) with i′(y′j) is given
by

j′(k(z)) ∩W i′(y′j) =
(
Σa
i=1aiyi

)
∩T y′j = aj .

But by the definition of γK , this is precisely the intersection of i′∗(γK(z)) with
i′(y′j). Hence j′(k(z)) = i′∗(γK(z)). This finishes the proof of Lemma 8.80. ut

Lemma 8.85. (i) The stable isomorphism class of the formation Σ(f, f , ω, q)
depends only on (f, f); i.e., is independent of the choices of ω and q.

(ii) Every formation in the stable isomorphism class of (Hε(F );F,G) can be
realised as Σ(f, f , ω, q) for certain choices of ω and q.

Proof. (i) Let (ω1, q1) and (ω2, q2) be two choices of representation for Kk(M̃)
with associated kernel formations Σ(f, f , ω1, q1) and Σ(f, f , ω2, q2). We let
Hi be the free Zπ-module generated by ωi so that there are surjections of Zπ-

modules Hi → Kk(M̃) for i = 1, 2. To begin we assume that ω1 and ω2 have

the same number of elements and that there is an isomorphism α : H∗1
∼=−→ H∗2

such that the following diagram commutes

H1

��

(α∗)−1

// H2

��
Kk(M̃)

= // Kk(M̃).

Suppose that the normal maps (F1, F 1) : (W ;M,M ′) → X × (I, ∂I) and
(F2, F 2) : (W ;M,M ′′) → X × (I, ∂I) are (k+1)-trace normal π-bordisms
obtained from surgery on q1 and q2. By Lemma 8.80, there are isomorphisms

Σ(f, f , ωi, qi)
∼=−→ Σ(Fi, F i,M)

for i = 1, 2. We shall show that that there is an isomorphism between the

π-bordism formations Σ(F1, F 1,M)
∼=−→ Σ(F2, F 2,M). Recall that ωi defines

a basis for Kk(W̃i, M̃) = (Fi)
∗
B . Hence the isomorphism (α∗)−1 above defines

an isomorphism

(α∗)−1 : Kk+1(W̃1, M̃)
∼=−→ Kk+1(W̃2, M̃).

By Theorem 3.39 (ii), the regular homotopy class of qi is determined by the
xi ∈ ω1 and the bundle map f . Hence there is a regular homotopy

Q :
(
tai=1(Dk+1 × Ski )× I

)
↪→M × I
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between the embeddings q1 and q2. From the canonical homotopy equiva-
lences Wi ' Mi ∪U D2k+2 for i = 1, 2, we see that the homotopy Q gives a
homotopy equivalence of pairs,

fQ : (W1,M)
'−→ (W2,M),

where fQ|M = idM and the induced homomorphism fQ∗ : Kk+1(W̃1, M̃)
∼=−→

Kk+1(W̃2, M̃) is α by construction. Now if we use the canonical dual basis

ω∗1 for Kk+1(W̃i,M), then by the arguments about Zπ-intersection numbers
obtained via regular homotopies as in the proof of Theorem 7.192 for Wall
realisation, we see that the intersection forms

λi : Kk+1(W̃i, M̃)→ Kk+1(W̃i, M̃)∗,

satisfy the relation

(8.86) λ1 = α∗λ2α+ λQ,

where λQ : Kk+1(W̃1, M̃)→ Kk+1(W̃1, M̃ ′) is the symmetric form defined by
the regular homotopy Q and the basis ω1. Consequently the matrix

A =

[
α λQα
0 (α∗)−1

]
gives an isomorphism of Zπ-modules

A : Kk+1(W̃1, M̃
′)⊕Kk+1(W̃1, M̃)

∼=−→ Kk+1(W̃2, M̃ ′)⊕Kk+1(W̃2, M̃).

Moreover, the homotopy equivalence fQ : W1 → W2 induces a Zπ-homo-

morphism β : Kk+1(W̃1)→ Kk+1(W̃2) such that thanks to (8.86) the follow-
ing diagram commutes

Kk+1(W̃1)

��

β // Kk+1(W̃2)

��
Kk+1(W̃1, M̃

′)⊕Kk+1(W̃1, M̃)
A
// Kk+1(W̃2, M̃ ′)⊕Kk+1(W̃2, M̃).

This ensures that β and A define an isomorphism of the π-bordism formations

(β,A) : Σ(F1, F 1,M)
∼=−→ Σ(F2, F 2,M).

Now we consider choosing different generating sets ω1 = {x1, . . . , xa} and
ω2 = {y1, . . . , yb}. We see that the any two sets of generators are related by
the following elementary operations:
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{x1, . . . , xa} → {x1, . . . , xa, 0} → {x1, . . . , xa, y1} →
→ {x1, . . . , xa, y1, 0} → · · · → {x1, . . . , xa, y1, . . . , yb} →
→ {y1, . . . , yb, x1, . . . , xa} → · · · → {y1, . . . , yb}

Each of these basic operations takes one of the following forms:

(a) add or delete a zero,
(b) add a linear combination of the preceding elements to the last element,
(c) permute the elements.

We consider first adding or removing zero: suppose that q0 represents ω0 =
{x1, . . . , xa}. To represent ω1 = {x1, . . . , xa, 0} we can take q1 where q1 is
formed by tubing and embedding of Dq+1 × Sq ↪→ M which lies in a small
disc D2q+1 ⊂ M disjoint from q0(U). We see that passing from (ω0, q0) to
(ω1, q1) has the effect of adding the trivial formation (Hε(Zπ);Zπ,Zπ∗) and
so does not change the stable isomorphism class of the kernel formation. Sim-
ilarly, passing from (ω1, q1) to (ω0, q0) has the effect of removing the trivial
formation (Hε(Zπ);Zπ,Zπ∗) and so does not change the stable isomorphism
class of the kernel formation.

The cases (b) and (c) are covered by the argument above since in both
these cases the different choices of generating set are related by an isomor-
phism α as in the assumption above.

(ii) Suppose that Σ(f, f , ω, q) = (Hε(F1);F1, G1) and that there is an isomor-

phism A : (Hε(F1);F1, G)
∼=−→ (Hε(F2), F2, G2). Then A induces an isomor-

phism A : Hε(F1)/F1

∼=−→ Hε(F2)/F2. Since there is a canonical isomorphism

Hε(Fi)/Fi
∼=−→ F ∗i , we have an isomorphism A : F ∗1

∼=−→ F ∗2 where F ∗1 is based
by ω = {x1, . . . , xa}. Choosing a basis for F ∗2 , we regard A = (aij)

a
i,j=1 as

an invertible matrix with aij ∈ Zπ. We then define a new generating set for

Kk(M̃) by
ω2 = A · ω1 = {y1, . . . , ya}

where

yi =

a∑
j=1

aijxj .

The argument above shows that we can choose q2 representing ω2 such that
Σ(f, f , ω2, q2) = (Hε(F2);F2, G2).

Finally, suppose that

Σ(f, f , ω, q) = (Hε(F );F,G) = (Hε(F1);F1, G1)⊕ (Hε(F2);F2, G2),

where (Hε(F2);F2, G2) is trivial. Then by Lemma 8.68 (i),

Kk(M̃) = Hε(F )/(F +G) ∼= Hε(F1)/F1.



8.3 The Odd Dimensional Surgery Obstruction in the Universal Covering Case 357

It follows that we may choose a representations (ω1, q1) for Kk(M̃) where
Σ(f, f , ω1, q1) = (Hε(F1);F1, G1). Hence we can remove a trivial formation
from a kernel formation and still realise the resulting formation. A similar
argument shows that we can add a trivial formation to a kernel formation and
realise the resulting larger formation. This finishes the proof of Lemma 8.85.

ut

As a consequence of Lemma 8.85 (i), it follows that any kernel formation
Σ(f, f , ω, q) of a k-connected degree one normal π-map (f, f) : M → X gives
rise to a well defined stable isomorphism class of kernel formation which we
denote Σ(f, f):

(8.87) Σ(f, f) := [Σ(f, f , ω, q)]s.

8.3.3 Proof of Theorem 8.53

In this subsection we define the odd dimensional surgery obstruction, see (8.93)
below and we prove Theorem 8.53. As usual, (f, f) : M → X is a k-connected
normal π-map of degree one and we made choices (ABP) and (GBP). A choice
of the representation (ω, q) yields an ε-quadratic kernel formationΣ(f, f , ω, q)
with the stable isomorphism class Σ(f, f). A (k+1)-normal π-bordism be-
tween k-connected degree one normal π-maps (f, f) and (f ′, f ′) yields an
ε-quadratic bordism formation Σ(F, F ;M). In case the bordism is obtained
as the trace of the surgery done using choices (ω, q) we have that these for-
mations are isomorphic by Lemma 8.80.

Lemma 8.88. Let (F, F ) be a (k+1)-normal bordism between k-connected
degree one normal π-maps (f, f) and (f ′, f ′). Then f ′ is a homotopy equiv-
alence if and only if Σ(F, F ;M) is a boundary.

Proof. Recall from Lemma 8.80 that for an appropriate choice of (ω, q) we
have that Σ(f, f , ω, q) ∼= Σ(F, F ,M). Let Σ(F, F ,M) = (Hε(F );F,G). By
Lemma 8.75, for appropriate choice of (ω′, q′), the kernel formation of (f ′, f ′)
satisfies Σ(f ′, f ′, ω′, q′) ∼= (Hε(F );F ∗, G). Now by Lemma 8.68, f ′ is a homo-
topy equivalence if and only if (Hε(F );F ∗, G) is trivial and by Lemma 8.22 (i),
(Hε(F );F ∗, G) is trivial if and only if (Hε(F );F,G) is a boundary. ut

The following Lemma 8.89 is a special case of Lemma 8.91. We state it
separately, because we find it and its proof illuminating.

Lemma 8.89. Let Y be a (2k + 1)-dimensional manifold with π = π1(Y )
and let (P, θ) be a (−1)k-quadratic form on a finitely generated free Z[π]-
module P . Then there exists a k-connected degree one normal π-map denoted
(g, g) : N → Y from some (2k + 1)-dimensional manifold N and a (k+1)-
normal π-bordism (G,G) : (W ;N0, N1)→ (Y ×I;Y ×{0}, Y ×{1}) such that
G|N1 is a diffeomorphism and
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Σ(G,G,N0) = ∂(P, θ).

Proof. The proof is essentially the same as the proof of the realisation theorem
for even-dimensional surgery obstruction which is our Theorem 7.192. The
one difference here is that the form (P, θ) which we are realising is possibly
singular. This has the effect that the degree one normal π-map which we
obtain “on the top end” is possibly not a homotopy equivalence, it might have
non-trivial Kk+1 and Kk. Note that there is one more difference between the
proof of Theorem 7.192 and the present one, and it is the order of the two
boundary components of W which is switched. That means that we start with
the identity map on Y , then we realise the form (P, θ) and at the “top end”
obtain a new manifold which will be our N0. Then we look at the resulting
bordism “from the other side” to obtain the desired equation.

More precisely, consider id : Y → Y and let P = Z[π]r and just as in
the proof of Theorem 7.192 choose r disjoint embeddings ji : D

2k+1 ↪→ Y .
Composing with the standard embedding F 0 : Sk×Dk+1 ↪→ D2k+1 we obtain
r disjoint embeddings F 0

i : Sk×Dk+1 ↪→ Y . Writing the form (P, θ) as a triple
(P, λ, µ) as in Subsection 7.4.3 and using the maps λ and µ as a guide we
modify these embeddings by regular homotopies to new embeddings denoted
F 1
i : Sk ×Dk+1 ↪→ Y so that when we consider the resulting maps denoted
F ti : Sk × Dk+1 × I → Y × I we can attach the handles Dk+1 × Dk+1 to
Y × {1} along the embeddings F 1

i and call the resulting bordism W and the
complement of Y in the boundary is the desired N0. The degree one normal
π-map (G,G) is constructed analogously as in the proof of Theorem 7.192.

To prove the claim we study the following commutative braid which we
obtain in this situation.

(8.90)

0

$$

  

Kk+1(W̃ , Ñ0)

$$

  

Kk(Ñ0)
!!

  

0

0

>>

  

Kk+1(W̃ )

>>

  

Kk+1(W̃ , ∂̃W )

>>

  

0

>>

0

>>

;;
Kk+1(Ñ0)

>>

;;
Kk+1(W̃ , Ñ1)

>>

== 0

>>

By choosing the cores of the attaching handles as the basis for the module
Kk+1(W̃ , Ñ1) ∼= Kk+1(W̃ ) and the cocores as the basis for Kk+1(W̃ , Ñ0) we

see that the map Kk+1(W̃ )→ Kk+1(W̃ , Ñ0) is identified with the symmetri-
sation map θ + εθ∗ : P → P ∗. By Definition 8.76 of the bordism formation
we obtain the desired formula. ut
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Lemma 8.91. Let (F1, F 1) be a (k+1)-normal π-bordism between k-connected
degree one normal π-maps (f, f) : M → X and (f1, f1) : M1 → X and let
B = ∂(P, θ) be a boundary formation. Then there is a (k+1)-normal π-
bordism from (FB , FB) from some k-connected degree one normal π-map
(fB , fB) : N → X to (f1, f1) such that

Σ(FB , FB , N) ∼= Σ(F1, F 1,M)⊕ ∂(P, θ).

Proof. The idea is to combine (F1, F 1) with the construction from the previ-
ous lemma. In order to do that, we may assume that (F1, F 1) is a (k+1)-trace
normal π-bordism. In that case, it is obtained from (f, f) by surgery on some
representation (ω, q). Looked at from the other side we may see it as obtained
from (f1, f1) by surgery on the dual representation (ω1, q1).

We suppose that the (−ε)-quadratic form (P, θ), has P ∼= (Zπ)l and that

ω1 = {x1, . . . xa}. We extend the representation (ω1, q1) ofKk(M̃1) as follows:
Set ω2 := ω1 t {xa+1, . . . , xa+l} where xa+1 = · · · = xa+l = 0 and set
qB := q1\q2 where q2 : tli=1 (Dk+1 × Sk) → D2k+1 ⊂ M , with D2k+1 is
disjoint from im(q1). Now we proceed as in the proof of Theorem 7.192 and
use the quadratic form (P, θ) as a guide to construct a regular homotopy of
the embedding q2 to another embedding q′2 such that, when we attach handles
to the cylinder using these new embeddings q′2, the resulting cobordism W2

will map to the cylinder X × I by a k-connected degree one normal map
whose intersection form on Kk+1(W̃2) will be (P, θ). By general position this
can be done in such a way that the regular homotopies from q2 to q′2 stay
away from q1.

If we do the above procedure simultaneously with the surgeries prescribed
by (ω1, q1) we obtain the desired cobordism WB and from the construction
we see that we may view it as

WB = W1 ∪M W2.

Such a decomposition can be obtained via an appropriate Morse function
corresponding to first surgeries via (ω1, q1) and the handle attachments via
q′2. The top end of the cobordism is the desired N , the corresponding normal
maps (F1, F 1) and (F2, F 2) are obtained in an obvious way and (FB , FB) is
their union. Then we look at the result from the other side.

We claim that with these definitions the desired equation holds. This fol-
lows from the isomorphisms

AG : Kk+1(W̃B) ∼= Kk+1(W̃1)⊕ P ;

AF : Kk+1(W̃B , M̃1) ∼= Kk+1(W̃1, M̃1)⊕ P,

and
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A∗F : Kk+1(W̃B , Ñ) ∼= Kk+1(W̃B , M̃1) ∼= Kk+1(W̃B , M̃1)∗

∼= Kk+1(W̃1, M̃1)∗ ⊕ P ∗ ∼= Kk+1(W̃1, M̃)⊕ P ∗.

The required isomorphism of formations A is given by A = (AF , AG):

Kk+1(W̃B , M̃1)

AF
��

Kk+1(W̃B)

AG
��

jBoo j′B // Kk+1(W̃B , Ñ)

A∗F
��

Kk+1(W̃1, M̃1)⊕ P Kk+1(W̃1)⊕ P
j1⊕idoo j′1⊕λ2 // Kk+1(W̃1, M̃)⊕ P ∗,

where jB , j
′
B , j1, j

′
1 are respectively the connecting maps for the pairs (WB ,M1),

(WB , N), (W1,M1) and (W1,M) and λ2 = θ − εθ∗. ut

The following lemma is a key step in proving that the surgery obstruction
is a well defined invariant of normal bordism.

Lemma 8.92. Let (G,G) : (V ;M,M ′)→ X × (I, ∂I) be a normal π-bordism
between two k-connected degree one normal π-maps (f, f) : M → X and
(f ′, f ′) : M ′ → X. Then by a finite sequence of surgeries on the interior of
normal π-bordisms starting from (G,G), we can replace (G,G) by a (k+1)-
normal π-bordism (F, F ) : (W ;M,M ′) → X × (I, ∂I) between (f, f) and
(f ′, f ′).

Proof. (The proof is taken from the proof of [248, Lemma 6.1].) Applying
surgery below the middle dimension, we can perform surgeries on the inte-
rior of V to obtain a (k+1)-connected normal π-bordism (F−1, F−1) with
domain (W−1;M,M ′). It follows that the only non-vanishing surgery kernel

Kj(W̃−1, M̃) is Kk+1(W̃−1, M̃) and by Lemma 7.51 (iv), it is a stably free
Zπ-module. By performing trivial surgeries on k-spheres in the interior of
W−1 we can add copies of the free rank two module (Zπ)2 to Kk+1(W̃−1,M)
until we achieve a normal π-bordism (F, F ) with domain (W ;M,M ′) where

Kk+1(W̃ , M̃) is a free Zπ-module.
Since the map M → W is k-connected, by arguments as in Section 1.4

the cobordism W has a handle decomposition starting from M consisting of
handles of index (k+1) and higher. We may assume that the first j of these

handles, call them hi, represent a basis for the free module Kk+1(W̃ , M̃). Let
φi : D

k+1 × Sk → M denote the attaching map of the handle hi. We define
W0 ⊂ W to be the union of M × I, a collar of the boundary component M
and handles h1, . . . , ha so that in the notation of Chapter 1 we have:

W0 := (M × I) +

a∑
i=1

(φi).

Since the boundary map Kk+1(W̃ , M̃) → Kk(M̃) is onto it follows that the
attaching maps for these handles together form an embedding φ : U ↪→ M ,
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where φ represents a set of generators ω for Kk(M̃). Hence W0 is a (k+1)-
trace normal π-bordism.

Now we look at W from the other side. By Poincaré duality we have that
Kj(W̃ , M̃ ′) is zero except for j = k + 1. Hence by handle cancellation we
may achieve that if look from the side of M ′ the cobordism W only has
handles of index k and (k + 1). Switching again to look from the side of M
the handles of index k are handles of index (k + 2). Performing surgery on
a trivial Sk-sphere changes W by a connected sum with Sk+1 × Sk−1. We
can chose the framings of such spheres to correspond to the (k + 2)-handles.
Then the connected sum operation gets rid of them. The result will only have
handles of index (k + 1), which is what we want. ut

Proof of Theorem 8.53. We define the surgery obstruction of a k-connected
degree one normal π-map (f, f) : M → X, to be the element of L2k+1(Z, w)
represented by a kernel formation of (f, f):

σ(f, f) := [Σ(f, f)] ∈ L2k+1(Zπ,w).(8.93)

If (g, g) : N → X is any degree one normal π-map, then by Theorem 6.49,
(g, g) is normally π-bordant to a k-connected degree one normal π-map
(f, f) : M → X and we define the surgery obstruction of (g, g) to be the
surgery obstruction of (f, f), i.e., we put

σ(g, g) := σ(f, f).(8.94)

We first show that the surgery obstruction is a well defined invariant of the
normal π-bordism class of (g, g). From the definition, it suffices to do this
for a k-connected degree one normal π-map (f, f) : M → X. Suppose that
(G,G) : (V ;M,M ′) → X × (I, ∂I) is a normal π-bordism between (f, f)
and another k-connected degree one normal π-map (f ′, f ′) : M ′ → X. Ap-
plying Lemma 8.92 we first replace (G,G) with a (k+1)-normal π-bordism
(F, F ) : (W ;M,M ′) → X × (I, ∂I), with (F, F )|M = (f, f) and (F, F )|M ′ =
(f ′, f ′). If Σ(f, f) = (Hε(F );F,G), then by Lemma 8.75 there is an isomor-
phism Σ(f ′, f ′) ∼= (Hε(F );F ∗, G). Now, by definition of minus in L2k+1(Zπ),

−[Σ(f ′, f ′)] = −[Hε(F );F ∗, G] = [−Hε(F );F, Ĝ],

where Ĝ ⊂ Hε(F ) is a complementary lagrangian to G and we used the fact
that F is complementary to F ∗. Then applying Lemma 8.22 (ii) we have

σ(f, f)− σ(f ′, f ′) = [Σ(f, f)]− [Σ(f ′, f ′)]

= [Hε(F );F,G]⊕ [−Hε(F );F, Ĝ]

= 0 ∈ L2k+1(Zπ,w).

This shows that the surgery obstruction is a well defined invariant of normal
bordism.
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Now we show that σ(f, f) = 0 ∈ L2k+1(Z, w) if and only if (f, f) is normal
π-bordant to a normal homotopy equivalence. If σ(f, f) = 0, then there are
boundary formations ∂(P0, θ0) and ∂(P1, θ1) and a stable isomorphism

Σ(f, f)⊕ ∂(P0, θ0) ∼=s ∂(P1, θ1),

where Σ(f, f) is the kernel formation of (f, f). Consider some choice of a
presentation (ω, q) for (f, f) and its associated (k + 1)-normal π-bordism
(F1, F 1) with domain (W0;M,M1) from (f, f) to some (f1, f1). Because of
Lemma 8.80 we can identify Σ(f, f) and Σ(F1, F 1,M). We deduce from
Lemma 8.91 that there is a (k + 1)-normal π-bordism (F2, F 2) with domain
(W1;M2,M1) from some (f2, f2) to (f1, f1) above such that Σ(F2, F 2,M2) =
Σ(F1, F 1,M) ⊕ ∂(P0, θ0). By Lemma 8.85, part (ii) there is a normal bor-

dism (F3, F 3) with domain (W2;M2,M
′) from (f2, f2) to (f ′, f

′
) with the

associated formation Σ(F3, F 3,M2) = ∂(P1, θ1) and by Lemma 8.88 the map

(f ′, f
′
) is a normal homotopy equivalence. The union of normal π-bordisms

(F1, F 1) ∪(f1,f1) (F2, F 2) ∪(f2,f2) (F3, F 3)

is then a normal π-bordism from (f, f) to the normal homotopy equivalence
(f ′, f ′).

Conversely, if (f, f) is normally π-bordant to a normal homotopy equiva-
lence, then by Lemma 8.92, we may assume that the normal π-bordism is a
(k+1)-normal π-bordism and then by Lemmas 8.71, 8.80 and 8.88, Σ(f, f)
is stably isomorphic to a boundary and so σ(f, f) = 0 ∈ L2k+1(Zπ,w). This
finishes the proof of Theorem 8.53. ut

8.4 The Intrinsic Surgery Obstruction in Odd
Dimensions

This section is built analogously to Section 7.7 and since the setup there
is mostly independent of the parity of the dimension the proofs will mostly
be the same, just needing the input from this chapter to make the odd-
dimensional claim.

8.4.1 The Definition of Intrinsic L-Group in Odd
Dimensions

Now we will apply the technology of Section 7.7 to the odd-dimensional L-
groups. By Lemma 8.31 we have the half-conjugation invariant functor
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L2k+1 : GROUPSw → Z-MOD, (G,w) 7→ L2k+1(ZG,w)

and we can apply the construction from the end of Section 7.7.2.

Definition 8.95 (Intrinsic L-group in odd dimensions). We denote by

(L2k+1)∗ : R → Z-MOD

the resulting functor and write

L2k+1(ZΠ(X),OX) := (L2k+1)∗(X,OX).

8.4.2 The Intrinsic Odd Dimensional Surgery
Obstruction

Definition 8.96 (Intrinsic surgery obstruction in odd dimension).
Let (X,OX , [[X]]) be a (not necessarily connected) w-oriented finite Poincaré
complex in the sense of Definition 4.43 and Remark 4.45 of odd dimension
n = 2k + 1 for k ≥ 2. Consider a normal map with respect to the tangent
bundle of degree one (M,f, a, ξ, f , o) with target (X,OX , [[X]]) in the sense
of Definition 6.29.

Its intrinsic surgery obstruction in odd dimension is the element, defined
below,

σ(M,f, a, ξ, f , o) ∈ L2k+1(ZΠ(X),OX).

We sometime abbreviate

(f, f) := (M,f, a, ξ, f , o);

σ(f, f) = σ(M,f, a, ξ, f , o).

The definition proceeds analogously as in Chapter 7. We first consider the
case when M and X are connected and π1(f,m) : π1(M,m) → π1(X, f(m))
is bijective for one (and hence all) base points m ∈M . We make the choices
(NBP), see Notation 7.5. Then we have the structure map

ψx,x : L2k+1(Zπ1(X,x), w1(X))→ L2k+1(ZΠ(X),OX).

We define σ(M,f, a, ξ, f , o) ∈ L2k+1(ZΠ(X),OX) to be the image of

σ(M, [M ], f, f̃ , a, ξ, f) ∈ L2k+1(Zπ1(X,x), w1(X))

from Theorem 8.53 under ψx,x. Next we verify that the surgery obstruction of
normal π-maps of degree one σ(f, f) ∈ L2k+1(Zπ1(X,x), w1(X)) behaves well
with respect to all the choices we have made. Given two choices (NBP) a for a
normal π-maps of degree one (f, f) a choice of a homotopy h with a path v as
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in Section 7.7.4 provide us with an isomorphism of the underlying Zπ-modules
of the two formations coming from the two choices of (NBP) analogously to
the isomorphism (7.161). Then we observe that the underlying quadratic
form of the formation is replaced by the form obtained by multiplication by
s([v]) for the same reasons as in Chapter 7 since it is in fact a quadratic form
associated to an even-dimensional surgery problem. Then we pass to the case
when X is connected and finally to the general case exactly as in Chapter 7.

Theorem 8.97 (The Intrinsic Surgery Obstruction Theorem in Odd
Dimensions). Let (X,OX , [[X]]) be a (not necessarily connected) w-oriented
finite n-dimensional Poincaré complex in the sense of Definition 4.43 and
Remark 4.45. Consider a normal map with respect to the tangent bundle
of degree one (M,f, a, ξ, f , o) of odd dimension n = 2k + 1 with target
(X,OX , [[X]]) for k ≥ 2 in the sense of Definition 6.29. Then:

(i) Its intrinsic surgery obstruction

σ(f, f) = σ(M,f, a, ξ, f , o) ∈ L2k+1(ZΠ(X),OX)

depends only on the normal bordism with cylindrical ends class of (f, f);
(ii) We have σ(f, f) = 0 if and only if we can do a finite number of surgery

steps to obtain a normal homotopy equivalence.

Proof. The theorem follows from Theorem 8.53 in the same way as Theo-
rem 7.164 follows from Theorem 7.109. ut

8.4.3 Bordism Invariance in Odd Dimensions for Not
Necessarily Cylindrical Target

Assume the same setup and the same notation as at the beginning of Sec-
tion 7.7.5, but for dimension n = 2k + 1 with k ≥ 2.

Theorem 8.98 (Bordism invariance of the intrinsic surgery obstruc-
tion in odd dimensions). We get the equality in L2k+1(ZΠ(Y ),OY )

L2k+1(l0 ◦ v0,Ol0◦v0)
(
σ(M0, f0, a0, ξ0, f0, o0)

)
= L2k+1(l1 ◦ v1,Ol1◦v1)

(
σ(M1, f1, a1, ξ1, f1, o1)

)
.

We note that the proof of Theorem 8.98 is significantly harder than the
proof of Theorem 8.97. One difficulty is that in the proof of Theorem 8.53
which was its main ingredient we have used special handlebody decomposi-
tions of the bordism W relative to M which very well related to the surgery
kernel groups. This relation becomes more complicated when we deal with
varying target. In fact in Wall’s book [248] it is the contents of the difficult
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Chapter 8. Therefore we postpone the proof to Chapter 14 where we will give
the proof for both even and odd dimensions.

8.4.4 The Simply Connected Case in Odd Dimensions

Now we can give a rather complete answer to Problem 3.1 and Problem 6.50
for odd dimensions in the simply connected case.

Theorem 8.99 (Solution to the simply connected surgery problem
in odd dimensions).

(i) Suppose we have normal map of degree one (f, f) from a closed manifold
M to a simply connected finite Poincaré complex X of odd dimension
n = 2k+1 ≥ 5. Then we can always change M and (f, f) leaving X fixed
by finitely many surgery steps to get a normal map (g, g) from a closed
manifold N to X such that g is a homotopy equivalence;

(ii) Let X be a simply-connected finite connected Poincaré complex of odd
dimension n = 2k + 1 ≥ 5. Then X is homotopy equivalent to a closed
manifold if and only if the Spivak normal fibration has a reduction to
a vector bundle ξ : E → X, i.e., the set of normal invariants Tn(X) is
non-empty.

Proof. Part (i) follows from Theorem 8.53 and Theorem 8.15.

Part (ii) follows from assertion (i) together with Theorem 6.26. ut

Notice that the above arguments only used the algebra from Sections 8.2.1
and 8.2.2.

Exercise 8.100. Consider a degree one normal map (f, f) : M → X with
(2k + 1)-dimensional M and X and with π1(M) ∼= π1(X) = 1. Suppose it is
k-connected and that Kk(M) = Za. Show that the surgery on the standard
generators of Kk(M) = Za produces a homotopy equivalence.

Exercise 8.101. Consider a degree one normal map (f, f) : M → X with
(2k + 1)-dimensional M and X and with π1(M) ∼= π1(X) = 1. Suppose it
is k-connected and that Kk(M) = Z/q for some q ≥ 2 and k is even. Show
that the surgery on the standard generator of Kk(M) = Z/q produces a

k-connected degree one normal map (f ′, f
′
) : M ′ → X with Kk(M ′) ∼= Z.
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8.5 The Surgery Obstruction in Odd Dimensions
Relative Boundary

Analogously to the even dimensional situation in Section 7.8 we now extend
in the odd dimensional situation the results of Subsection 7.7.4 from closed
manifold to pairs, where we assume that on the boundary we have already a
homotopy equivalence. This case is again analogous to the closed case since
the surgery kernels of pairs look like the surgery kernel in the closed situa-
tion in this case. Similarly, this will be important in Section 8.6, where we
will consider the “Realisation problem”: This is the problem of determining
which elements of L2k+1(ZΠ(X),OX) arise as the surgery obstructions to
surgery problems. If we allow boundary with a homotopy equivalence on the
boundary, every element in L2k+1(ZΠ(X),OX) occurs. This is not true if one
considers only closed manifolds. Hence in this aspect the situation is perfectly
parallel to the even dimensional case.

Theorem 8.102 (The Intrinsic Surgery Obstruction Theorem in
Odd Dimensions Relative Boundary). Let (X, ∂X,OX , [[X, ∂X]]) be
a (not necessarily connected) w-oriented finite n-dimensional Poincaré pair
in the sense of Definition 4.67 of odd dimension n = 2k + 1 for k ≥ 2. Con-
sider a normal map with respect to the tangent bundle of degree one relative
boundary (f, f) = (M,∂M, f, ∂f, a, ξ, f , o) with target (X, ∂X,OX , [[X, ∂X]])
in the sense of Subsection 7.8.1. (Recall that this means that ∂f : ∂M → ∂Y
is a homotopy equivalence.) Then:

(i) Its intrinsic surgery obstruction

σ(f, f) = σ(M,∂M, f, ∂f, a, ξ, f , o) ∈ L2k+1(ZΠ(X),OX)

depends only on the normal bordism with cylindrical ends class of (f, f);
(ii) We have σ(f, f) = 0 if and only if we can do a finite number of surgery

steps on the interior of M without changing ∂f to obtain a normal homo-
topy equivalence, i.e., the underlying map f is a homotopy equivalence.

Proof. The proof is the analogous to the proof of Theorem 8.97. Similarly
as in the proof of Theorem 7.186 one has to make appropriate modifications
using relative kernels. In this case we leave the details to the reader. ut

8.6 Realisation of Odd Dimensional Surgery
Obstructions

Again analogously to the even dimensional situation we see that Theorem 8.97
does not identify which elements of L2k+1(ZΠ(X),OX) arise as surgery ob-
structions of degree one normal maps (f, f) : (M,∂M) → (X, ∂X). In this
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subsection we show that if N is a compact (2k)-dimensional manifold possi-
bly with boundary for k ≥ 2, then all elements in L2k+1(ZΠ(N × I),ON×I)
are realised as surgery obstructions of degree one normal maps with target
(N × I, ∂(N × I),ON×[0,1], [[N × I, ∂(N × I)]]) for I = [0, 1]. We now state
a version of Wall realisation in odd dimensions.

Theorem 8.103 (Realisation of odd dimensional surgery obstruc-
tions). Suppose k ≥ 2. Consider a compact oriented (2k)-manifold N with
possibly empty boundary ∂N . Fix an element

ω ∈ L2k+1(ZΠ(N × I),ON×I).

Then there is a normal map of pairs of degree one relative boundary
(M,∂M, f, ∂f, a, ξ, f , o) with target (N×I, ∂(N×I),ON×I , [[N×I, ∂(N×I)]])
for I = [0, 1] with the following properties:

(i) The bundle ξ over N × I is T (N × I) ⊕ Ra and the isomorphism o of
infinite cyclic local coefficient systems over N × I is the identity;

(ii) There is a decomposition ∂M = ∂0M ∪∂1M ∪∂2M where ∂mM is a codi-
mension zero submanifold of ∂M with possibly empty boundary ∂∂mM for
m = 0, 1, 2 satisfying

∂0M ∩ ∂1M = ∅;
∂2M ∩ ∂mM = ∂∂mM for m = 0, 1;

∂∂2M = ∂∂0M q ∂∂1M.

∂2M = ∂N × [0, 1];

∂0M = N × {0};

(iii) The homotopy equivalence ∂f : ∂M → ∂(N × I) induces the identity
∂0M = N × {0} → (N × {0}) and the identity ∂2M = ∂N × [0, 1] →
∂N × I;

(iv) The homotopy equivalence ∂f : ∂M → ∂(N × I) maps ∂1M to N × {1}
and induces a homotopy equivalence

∂1f : ∂1M → N × {1};

(v) The intrinsic surgery obstruction

σ(M,∂M, f, ∂f, a, ξ, f , o) ∈ L2k+1(ZΠ(N × I),ON×I)

from Theorem 8.102, is the given element ω.

Proof. As in the proof of Theorem 7.192 we fix a choice of a universal cov-
ering pN : Ñ → N and choice (BP ) for N , see Notation 4.6, where the base
point x ∈ N should not lie in ∂N . Put π = π1(N, x) = π1(N × I, (x, 0))
and let w : π → {±1} be the orientation character of N . Then we get an
identification, see Lemma 7.154 (ii)
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(8.104) L2k+1(ZΠ(N × I),ON×I) = L2k+1(Zπ,w).

We will consider ω as an element L2k+1(Zπ,w), and will work with normal
π-maps of degree one in the sense of Definition 7.3.

Recall that an element ω ∈ L2k+1(Zπ,w) is represented by an ε-quadratic
formation (Hε(F );F,G), where ε = (−1)k and F and G are free Zπ-modules
of the same rank, r say. We form (f, f) : M → N × I in three stages: We
start by taking M1 = N × I and (f1, f1) = (id, id). Then we fix a (2k)-disc
D2k ⊂ int(N × {1}) in the interior of N × {1}, choose r disjoint trivially
framed embeddings Sk−1 ×Dk+1 ↪→ D2k as in Definition 3.22 and paths wi
from the image of s × {0} to the origin of D2k. Now attach r copies of a
k-handle Dk ×Dk+1 to N × I along these embeddings to obtain M2:

M2 := N × I +

r∑
i=1

(φki ).

Its boundary now decomposes into the union of ∂0M2 = N , ∂2M2 = ∂N × I
and ∂1M2 which is the complement of ∂0M2 ∪ ∂2M2 in ∂M2 or, in other
words, the top end of the resulting cobordism M2. We remark that M2 can
equally well be described as the trace of surgery on r disjoint embeddings
Sk−1 × Dk+1 ↪→ D2k. Hence we can extend the identity map on N to a
degree one normal map

(f2, f2) : (M2, ∂0M2 ∪ ∂2M2, ∂1M2)→ (N × I,N × {0} ∪ ∂N × I,N × {1}).

It also tells us that ∂1M2 = N]riS
k × Sk.

For future purpose we denote by U ′ ⊂ M2 the union of the handles with
the product of the images of the attaching maps Sk×Dk+1 with the interval
and the product of the images of the thickened paths wi with the interval.
Moreover let ∂0U

′ = U ′ ∩ ∂0M2.
Now observe that (∂1f2, ∂1f2) : ∂1M2 → N × {1} is a degree one normal

map with kernel form Hε(F ). Let {b1, . . . , br} be a basis for G ⊂ Hε(F ). By
Theorems 3.39 and 7.27 we may assume that each element bi is represented
by an embedding gi : S

k×Dk ↪→ ∂1M2 and we may assume that the images of
the gi are pairwise disjoint. We define M = M3 to be the manifold obtained
by attaching r copies of a (k+1)-handle to M2 along the embeddings gi:

M = M3 := M2 +

r∑
i=1

(φk+1
i ) = N × I +

r∑
i=1

(φki ) +

r∑
i=1

(φk+1
i ).

Applying Theorem 3.39, the normal map (f2, f2) extends to a normal map
degree one normal map of triads (f, f):

(f, ∂0f, ∂1f) :
(
M ; ∂0M,∂1M)→ (N×[0, 1];N×{0}∪∂N×[0, 1], N×{1})
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where ∂0f = id is a diffeomorphism and ∂1f is a homotopy equivalence
since it is the outcome of surgery on a lagrangian on a hyperbolic kernel: see
Theorem 7.88.

We complete the proof by showing that (f, f) has surgery obstruction ω =
[Hε(F );F,G]. By construction, we see that there is a homotopy equivalence

M ' N ∪ (∪ri=1e
k
i ) ∪ (∪ri=1e

k+1
i )

and that f |N = idN . If {x1, . . . , xr} is the canonical basis πk(U ′, ∂0U
′) ∼= Zr,

then it follows that under the inclusion U → M2 ⊂ M , the set {x1, . . . , xr}
maps to a generating set ω for Kk(M̃). Taking U ⊂ U ′ to be a copy of U ′ in
the interior of M we obtain q : U → U ′ →M so that (ω, q) is a representation

of Kk(M̃). The kernel formation defined by (ω, q) is given by

Σ(f, f , ω, q) = (Kk(∂̃U);Kk+1(Ũ , ∂̃U),Kk+1(M̃0, ∂̃U))

where M0 is the complement of U in M . Now by construction there is an

equality of pairs (Kk(∂̃U),Kk+1(Ũ , ∂̃U)) = (Hε(F ), F ) and since M = M3

was formed from M2 by attaching (k+1)-handles along a basis for G, it follows

that Kk+1(M̃0, ∂̃U) = G. Hence

σ(f, f) = [Σ(f, f , ω, q)] = [Hε(F );F,G] = ω.

which is what we wanted to prove. ut

Remark 8.105 (Non-realisability of surgery obstructions by odd-
dimensional closed manifolds). It is not true that for any closed oriented
manifold N of dimension n = 2k + 1 with fundamental group π and orien-
tation homomorphism w : π → {±1} and any element ω ∈ Ln(Zπ,w) there
is a normal map (f, f) : TM ⊕ Ra → ξ covering a map of closed oriented
manifolds f : M → N of degree one such that σ(f, f) = ω. Notice that in
Theorem 7.192 the target manifold N×[0, 1] is not closed. We refer the reader
to [98] for more information.

Remark 8.106. We remind the reader about the generalisation of Theo-
rem 8.103 which was stated in the previous chapter as Theorem 7.200.

8.7 Miscellaneous

Surgery in odd dimensions was already studied by Kervaire and Milnor
in [121] where the target was a sphere and it was implicitly shown that
L2k+1(Z) = 0 by mostly geometric means. Another geometric treatment in
the simply connected case appears in [35]. As already mentioned in the in-
troduction the treatment of surgery obstructions using automorphisms of
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quadratic forms appeared in [248, Chapters 6,8] and the treatment of surgery
obstructions via formations in [203].

An equivalent geometric approach to the surgery groups and the surgery
obstruction is presented in Chapter 12.
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Chapter 9

Decorations and the Simple Algebraic
Surgery Obstruction

9.1 Introduction

The goal of this chapter is to modify the L-groups and the surgery obstruc-
tion so that the surgery obstruction is the obstruction to achieving a simple
homotopy equivalence and not just a homotopy equivalence. This will be im-
portant since at one point we want to apply the s-Cobordism Theorem 1.1.

Guide 9.1. For this chapter one needs to understand the notion of White-
head torsion as presented in Chapter 2 and the L-groups and the surgery
obstructions as presented in Chapters 7 and 8.

For the remainder of this book it would even suffice to be aware of the
fact without knowing any details that there are versions of the L-groups and
the surgery obstructions to converting a normal map with a simple Poincaré
complex as target to a simple homotopy equivalence.

9.2 Decorated L-Groups

We begin with the L-groups. Let R be a ring with involution. Suppose that
we have specified a subgroup U ⊂ K1(R) such that U is closed under the
involution (2.24) on K1(R) coming from the involution of R and contains the
image of the change of ring homomorphism K1(Z)→ K1(R).

Two bases B and B′ for the same finitely generated free R-module V
are called U -equivalent if the change of bases matrix defines an element in
K1(R) which belongs to U . Notice that the U -equivalence class of a basis B is
unchanged if we permute the order of elements of B. An R-module V is called
U -based if V is finitely generated free and we have chosen a U -equivalence
class of bases.

Let V be a stably finitely generated free R-module, i.e, an R-module V
such that there exist natural numbers a, b satisfying V ⊕ Ra ∼=R Rb. Notice
that there are stably finitely generated free R-modules which are not finitely
generated free.

Exercise 9.2. Let R be the commutative ring C∞(S2) given by the smooth
functions from S2 to R. The real vector space of smooth sections V :=
Γ∞(TS2 → S2) of the tangent bundle TS2 has an obvious R-module struc-
ture. Show that V is not finitely generated free, but V ⊕R ∼=R R

3.

371
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A stable basis for a stably finitely generated free R-module V is a basis
B for V ⊕Ru for some integer u ≥ 0. Denote for any integers a, u the direct
sum of the basis B and the standard basis Sa for Ra by B

∐
Sa which is a

basis for V ⊕Ru+a. Let C be a basis for V ⊕Rv for some integer v ≥ 0. We
call the stable bases B and C of V stably U -equivalent if and only if there
is an integer w ≥ u, v such that B

∐
Sw−u and C

∐
Sw−v are U -equivalent

basis for V ⊕Rw. We call an R-module V stably U -based if V is stably finitely
generated free and we have specified a stable U -equivalence class of stable
bases for V .

Let V and W be stably U -based R-modules. Let f : V
∼=−→ W be an R-

isomorphism. Choose a non-negative integer c together with basis for V ⊕Rc
and W ⊕ Rc which represent the given stable U -equivalence classes of bases

for V and W . Let A be the matrix of f⊕idRc : V ⊕Rc
∼=−→W⊕Rc with respect

to these bases. It defines an element [A] in K1(R). Define the U -torsion

τU (f) ∈ K1(R)/U(9.3)

by the class represented by [A]. One easily checks that τU (f) is independent
of the choices of c and the basis representing the stable U -equivalence classes
of stable bases, and depends only on f and the stable U -equivalence class of
bases for V and W . Moreover, one easily checks

τU (g ◦ f) = τU (g) + τU (f);

τU
(
f 0
u v

)
= τU (f) + τU (v);

τU (idV ) = 0,

for R-isomorphisms f : V0

∼=−→ V1, g : V1

∼=−→ V2 and v : V3

∼=−→ V4 and an
R-homomorphism u : V0 → V4 for stably U -based R-modules Vi.

Exercise 9.4. Let V be a stably U -based R-module. Show that the dual
R-module V ∗ is stably finitely generated free and inherits a preferred stable
U -equivalence class of stable bases. Show for two U -stably based R-modules
V and W and R-isomorphism f : V →W that τ(f∗ : W ∗ → V ∗) is the image
of τU (f : V →W ) under the involution ∗ : K1(R)/U → K1(R)/U .

A chain complex C∗ is called stably U -based finite if it is finite and each
chain module is stably U -based. Let C∗ be a contractible stably U -based finite
R-chain complex. The definition of Reidemeister torsion in (2.15) carries over
to the definition of the Reidemeister U -torsion

ρU (C∗) = [A] ∈ K1(R)/U.(9.5)

Analogously we can associate to an R-chain homotopy equivalence f : C∗ →
D∗ of stably U -based finite R-chain complexes its Whitehead U -torsion,
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cf. Definition 2.16,

τU (f∗) := ρU (cone∗(f∗)) ∈ K1(R)/U.(9.6)

Lemma 2.17 carries over to U -torsion in the obvious way.
We will consider stably U -based non-singular ε-quadratic forms (P,ψ),

i.e., non-singular ε-quadratic forms whose underlying R-module P is a sta-
bly U -based R-module such that the U -torsion of the isomorphism (1 + ε ·
T )(ψ) : P

∼=−→ P ∗ is zero inK1(R)/U , where P ∗ inherits a stable U -equivalence
class of stable bases from the one on P in the obvious way. An isomorphism
f : (P,ψ) → (P ′, ψ′) of stably U -based non-singular ε-quadratic forms is U -
simple if the U -torsion of f : P → P ′ vanishes in K1(R)/U . Notice that the
ε-quadratic form Hε(R) inherits a basis from the standard basis of R. The
sum of two stably U -based non-singular ε-quadratic forms is again a sta-
bly U -based non-singular ε-quadratic form. It is worthwhile to mention the
following U -simple version of Lemma 7.92.

Lemma 9.7. Let (P,ψ) be a stably U -based non-singular ε-quadratic form.
Let L ⊂ P be a lagrangian such that L is stably U -based and the U -torsion
of the following 2-dimensional stably U -based finite R-chain complex

0→ L
i−→ P

i∗◦(1+ε·T )(ψ)−−−−−−−−−→ L∗ → 0

vanishes in K1(R)/U .
Then the inclusion i : L→ P extends to a U -simple isomorphism of stably

U -based non-singular ε-quadratic forms

Hε(L)
∼=−→ (P,ψ).

Next we give the simple version of the even dimensional L-groups.

Definition 9.8 (Decorated quadratic L-groups in even dimensions).
Let R be an associative ring with unit and involution. Let k be an integer.
Define the 2k-th U -decorated quadratic L-group of R

LU2k(R)

to be the abelian group of equivalence classes [(F,ψ)] of stably U -based non-
singular (−1)k-quadratic forms (F,ψ) with respect to the following equiva-
lence relation. We call (F,ψ) and (F ′, ψ′) equivalent if and only if there exists
integers u, u′ ≥ 0 and a U -simple isomorphism of stably U -based non-singular
(−1)k-quadratic forms

(F,ψ)⊕H(−1)k(R)u
∼=−→ (F ′, ψ′)⊕H(−1)k(R)u

′
.
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Addition is given by the sum of two stably U -based non-singular (−1)k-
quadratic forms. The zero element is represented by [Hε(R)u] for any integer
u ≥ 0. The inverse of [F,ψ] is given by [F,−ψ].

Next we define the odd dimensional version. For ε ∈ {±1}, define a sta-
bly U -based ε-quadratic formation (P,ψ;F,G) to be an ε-quadratic formation
(P,ψ;F,G) such that (P,ψ) is a stably U -based non-singular ε-quadratic
form, the lagrangians F and G are stably U -based R-modules and the U -
torsion of the following two contractible stably U -based finite R-chain com-
plexes

0→ F
i−→ P

i∗◦(1+ε·T )(ψ)−−−−−−−−−→ F ∗ → 0

and

0→ G
j−→ P

j∗◦(1+ε·T )(ψ)−−−−−−−−−→ G∗ → 0

vanish in K1(R)/U , where i : F → P and j : G→ P denote the inclusions. An
isomorphism f : (P,ψ;F,G) → (P ′, ψ′;F ′, G′) of stably U -based ε-quadratic
formations is U -simple if the U -torsion of the induced R-isomorphisms

P
∼=−→ P ′, F

∼=−→ F ′ and G
∼=−→ G′ vanishes in K1(R)/U . Notice that the

trivial ε-quadratic formation (Hε(R
u);Ru, (Ru)∗) inherits a U -equivalence of

bases from the standard basis on Ru. Given a stably U -based (−ε)-quadratic
form (Q,ψ), its boundary ∂(Q,ψ) is a stably U -based ε-quadratic formation.
Obviously the sum of two stably U -based ε-quadratic formations is again a
stably U -based ε-quadratic formation. Next we give the simple version of the
odd dimensional L-groups.

Definition 9.9 (Decorated quadratic L-groups in odd dimensions).
Let R be an associative ring with unit and involution. Let k be an integer.
Define the (2k + 1)-th U -decorated quadratic L-group of R

LU2k+1(R)

to be the abelian group of equivalence classes [(P,ψ;F,G)] of stably U -based
(−1)k-quadratic formations (P,ψ;F,G) with respect to the following equiva-
lence relation. We call two stably U -based ε-quadratic formations (P,ψ;F,G)
and (P ′, ψ′;F ′, G′) equivalent if and only if there exists stably U -based
(−(−1)k)-quadratic forms (Q,µ) and (Q′, µ′) and non-negative integers u
and u′ together with a U -simple isomorphism of stably U -based ε-quadratic
formations

(P,ψ;F,G)⊕ ∂(Q,µ)⊕ (Hε(R
u);Ru, (Ru)∗)

∼= (P ′, ψ′;F ′, G′)⊕ ∂(Q′, µ′)⊕ (Hε(R
u′);Ru

′
, (Ru

′
)∗).

Addition is given by the sum of two stably U -based (−1)k-quadratic for-
mations. The zero element is represented by ∂(Q,µ) ⊕ (Hε(R

u);Ru, (Ru)∗)
for any U -based (−(−1)k)-quadratic form (Q,µ) and non-negative integer u.
The inverse of [(P,ψ;F,G)] is represented by (P,−ψ;F ′, G′) for any choice
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of stably U -based lagrangians F ′ and G′ in Hε(P ) such that F and F ′ are
complementary and G and G′ are complementary and the U -torsion of the

obvious isomorphism F ⊕ F ′
∼=−→ P and F ⊕ F ′

∼=−→ P vanishes in K1(R)/U .

Notation 9.10. If R = Zπ with the w-twisted involution and U ⊂ K1(Zπ)
is the abelian group of elements of the form (±g) for g ∈ π, then we write

Lsn(Zπ,w) := LUn (Zπ,w);

Lhn(Zπ,w) := Ln(Zπ,w),

where Ln(R) is the L-group introduced in Definitions 7.89 and 8.12 and
LUn (R) is the L-group introduced in Definitions 9.8 and 9.9. The L-groups
Lsn(Zπ,w) are called the simple quadratic L-groups.

Lemma 7.149 and Lemma 8.31 carry directly over to Lsn(Zπ,w). Thus
we can define analogues Lsn(ZΠ(X);OX) of Ln(ZΠ(X);OX) exactly as ex-
plained in Subsection 7.7.3.

Definition 9.11 (Intrinsic simple L-groups ). We denote by

(Lsn)∗ : R → Z-MOD

the covariant functor coming from the simply quadratic L-groups and write

Lsn(ZΠ(X),OX) := (Lsn)∗(X,OX).

We also sometimes write

Lhn(ZΠ(X),OX) := Ln(ZΠ(X),OX)

for the intrinsic L-groups Ln(ZΠ(X),OX) of Definitions 7.155 and 8.95.

Exercise 9.12. Show that the obvious homomorphism Ln(Z)→ Lsn(Z) is a
bijection.

9.3 Reidemeister U -Torsion

We will need the following modification of torsion invariants.
Let C∗ be a projective R-chain complex such that Hi(C∗) is projective for

i ≥ 0. Denote by H∗(C∗) the R-chain complex whose i-th chain module is
Hi(C∗) and whose differentials are all trivial. Then there is up to R-chain
homotopy precisely one R-chain map

j(C∗)∗ : H∗(C∗)→ C∗,(9.13)
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such that Hi(j(C∗)) is the identity on Hi(C∗). Namely, for each i ≥ 0 we
can choose a R-map j(C∗)i : Hi(C∗) → ker(ci) whose composite with the
projection ker(ci)→ Hi(C∗) is the identity. Then the collection of the j(C∗)i
yields the desired R-chain map j(C∗)∗. Let j(C∗)

′
∗ : H∗(C∗) → C∗ another

R-chain map with Hi(j
′
∗) = idHi(C∗). Then j(C∗)i − j(C∗)′i : Hi(C∗) → Ci

has image in im(ci+1). Since Hi(C∗) is projective, we can find a R-map
γ(C∗)i : Hi(C∗) → Ci+1 with ci+1 ◦ γ(C∗)i = j(C∗)i − j(C∗)

′
i. The collec-

tion of the γ(C∗)i defines a R-chain homotopy γ(C∗)∗ : j(C∗)i ' j(C∗)′i.
Given an R-chain complex C∗, we say that its homology H∗(C∗) is stably

U -based if Hi(C∗) is stably U -based, i.e., is finitely generated stably free and
comes with a preferred stable U -equivalence class of stable bases, for each
i ≥ 0.

Definition 9.14 (Reidemeister U-torsion of a (not necessarily acyclic)
chain complex). Let C∗ be a stably U -based finite R-chain complex. Sup-
pose that its homology is stably U -based. Let j(C∗)∗ : H∗(C∗) → C∗ be an
R-chain map inducing the identity on the homology, see (9.13). Define the
Reidemeister U -torsion

ρU (C∗) := τU (j(C)∗)

to be the Whitehead U -torsion of the R-chain homotopy equivalence j(C∗)∗
in the sense of (9.6).

Obviously Definition 9.14 extends (9.5).

Let 0 → C∗
i∗−→ D∗

q∗−→ E∗ → 0 be an exact sequence of stably U -based
finite R-chain complexes. Let ρU (Cp, Dp, Ep) be the Reidemeister U -torsion
in the sense of (9.5) of the contractible stably U -based finite R-chain complex

concentrated in dimension 2, 1 and 0 given by · · · → 0→ Cp
ip−→ Dp

qp−→ Ep →
0. Define

ρU (C∗, D∗, E∗) :=
∑
p≥0

(−1)p · ρU (Cp, Dp, Ep).(9.15)

The long exact homology sequence associated to the short exact sequence

0 → C∗
i∗−→ D∗

q∗−→ E∗ → 0 yields a contractible stable U -based finite R-
chain complex LHS(C∗, D∗, E∗)

(9.16) · · · → H1(C∗)
H1(i∗)−−−−→ H1(D∗)

H1(q∗)−−−−→ H1(E∗)
∂1−→ H0(C∗)

H0(i∗)−−−−→ H0(D∗)
H0(q∗)−−−−→ H0(E∗)→ 0→ 0 · · ·

where H0(E∗) sits in dimension 0. Define

ρU (LHS(C∗, D∗, E∗)) := τU (LHS(C∗, D∗, E∗))(9.17)

to be its Reidemeister U -torsion in the sense of (9.5).
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Lemma 9.18. Let C∗ and D∗ be stably U -based R-chain complexes with sta-
bly U -based homology. Let f∗ : C∗ → D∗ be a R-chain homotopy equivalence.
Let τU (f∗) and τU (H∗(f∗)) be the Whitehead U -torsion of f∗ and H∗(f∗) in
the sense of (9.6). Let ρU (C∗) and ρU (D∗) be the Reidemeister U -torsion of
C∗ and D∗ in the sense of Definition 9.14.

Then we get in K1(R)/U

ρU (D∗)− ρU (C∗) = τU (f∗)− τU (H∗(f∗));

τU (H∗(f∗)) =
∑
i≥0

(−1)i · τU
(
Hi(f∗) : Hi(C∗)→ Hi(D∗)

)
.

Proof. Consider the following up to R-chain homotopy commutative diagram
of R-chain homotopy equivalences of stably U -based finite R-chain complexes

H∗(C∗)
H∗(f∗)//

j(C∗)∗

��

H∗(D∗)

j(D∗)∗

��
C∗

f∗ // D∗

We get from the analogue of Lemma 2.17 (ii) and (iii)

τU (f∗) + τU (j(C∗)∗) = τU (j(D∗)∗) + τU (H∗(f∗))

and from the analogue of Lemma 2.17 (i)

τU (H∗(f∗)) =
∑
i≥0

(−1) · τU
(
Hi(f∗) : Hi(C∗)→ Hi(D∗)

)
.

ut

Lemma 9.19. Let 0→ C∗
i∗−→ D∗

q∗−→ E∗ → 0 be an exact sequence of stably
U -based finite R-chain complexes with stably U -based homology. Then we get
in K1(R)/U

ρU (C∗)− ρU (D∗) + ρU (E∗) = ρU (C∗, D∗, E∗)− ρU (LHS(C∗, D∗, E∗))

Proof. We only give the proof in the for us most important special case, where
the boundary map ∂i : Hi(E∗)→ Hi−1(C∗) vanishes for all i ≥ 0. The proofs
in [137, Theorem 3.35 on page 142] and in [168, Theorem 3.2] carry over to
our setting in the general case.

We begin with the case that C∗, D∗ and E∗ are contractible. By taking
the direct sum with elementary chain complexes we can reduce the claim to
the case, where C∗, D∗ and E∗ are finite free R-chain complexes and the
stable U -equivalence classes of stable bases are represented by actual bases.
Moreover, we can construct a commutative diagram of based finite free R-
chain complexes
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0 // C∗ //

id

��

D∗ //

id

��

E∗ //

id

��

0

0 // C∗ // D′∗ // E∗ // 0

such that the lower exact sequence is based exact, where D′∗ has a underlying
R-chain complex D∗, but comes with a different basis. Lemma 2.17 implies

ρU (D′∗) = ρU (C∗) + ρU (E∗);

ρU (D′∗)− ρU (D∗) =
∑
i≥0

(−1)i · τU (id : Di → D′i);

ρU (C∗, D∗, E∗) =
∑
i≥0

(−1)i · τU (id : Di → D′i),

and the claim follows in the case that C∗, D∗ and E∗ are acyclic.
Now suppose that ∂i : Hi(E∗) → Hi−1(C∗) vanishes for all i ≥ 0. Then

we can arrange the chain maps i(C∗), i(D∗) and i(E∗) such that we obtain a
commutative diagram of stably U -based finite R-chain complexes with exact
rows and R-chain homotopy equivalences as vertical maps.

0 // H∗(C∗)

j(C∗)∗

��

H∗(i∗)// H∗(D∗)

j(D∗)∗

��

H∗(q∗)// H∗(E∗)

j(E∗)∗

��

// 0

0 // C∗
i∗ // D∗

q∗ // E∗ // 0

Taking mapping cones yields the short exact sequence of contractible stably
U -based finite R-chain complexes

0→ cone(j(C∗))
j′∗−→ cone(j∗(D∗))

q′∗−→ cone(j∗(E∗))→ 0

for which we already know

ρU (cone(j(C∗)∗))− ρU (j(D∗)∗) + ρU (cone(j(E∗)∗))

= ρU (cone(j(C∗)∗), cone(j(D∗)∗, cone(j(E∗)∗)).

One easily checks

ρU (cone(j(C∗)∗), cone(j(D∗)∗, cone(j(E∗)∗))

= ρU (C∗, D∗, E∗)− ρU (LHS(C∗, D∗, E∗)).

Since by definition
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ρU (C∗) = τU (cone(j(C∗)∗));

ρU (D∗) = τU (cone(j(D∗)∗));

ρU (E∗) = τU (cone(j(E∗)∗)),

the claim follows in the case that ∂i : Hi(E∗) → Hi−1(C∗) vanishes for all
i ≥ 0. ut

Exercise 9.20. Let C∗ be a finite Z-chain complex. Choose for any i ∈ Z an
Z-basis for Ci/ tors(Ci) and Hi(C∗)/ tors(Hi(C∗)). They induce Q-bases on
Q⊗Z Ci and Hi(Q⊗Z C∗) by the canonical Q-isomorphisms

Q⊗Z Ci
∼=−→ Q⊗Z Ci/ tors(Ci);

Q⊗Z Hi(C∗)
∼=−→ Q⊗Z Hi(C∗)/ tors(Hi(C∗));

Q⊗Z Hi(C∗)
∼=−→ Hi(Q⊗Z Ci).

Put U = {±1}. Show that these Q-bases are unique up to stable U -
equivalence. Hence Q⊗Z C∗ is a stably U -based finite Q-chain complex with
stably U -based homology and ρU (Q⊗Z C∗) ∈ K1(Q)/U is defined, see Defi-
nition 9.14. Show that we obtain an isomorphism

D : K1(Q)/U
∼=−→ Q>0, [A] 7→ |det(A)|

where Q>0 is the multiplicative abelian group of positive rational numbers.
Show

D
(
ρU (Q⊗Z C∗)

)
=
∏
i≥0

| tors(Hi(C∗))|(−1)i .

Notice that for any stably U -based R-module V and element x ∈ K1(R)/U
we can find another stable U -equivalence class of stable bases C for V with
the property that the U -torsion τU

(
id : (V,B)→ (V,C)

)
is x. This is not true

in the unstable setting. For instance, there exists a ring R with an element
x ∈ K1(R)/U for U the image of K1(Z) → K1(R) such that x cannot be
represented by a unit in R, in other words x is not the U -torsion of any
R-automorphism of R, see for instance [184, Example 5.1 on page 127].

Now Lemma 7.51 (iv) has the following version in the simple homotopy
setting.

Lemma 9.21. Let D∗ be a stably U -based finite R-chain complexes. Suppose
for a fixed integer r that Hi(D∗) = 0 for i 6= r and that Hr+1(homR(D∗, V )) =
0 for any R-module V .

(i) Then Hr(D∗) is stably finitely generated free and inherits a preferred
stable U -equivalence class of stable bases;

(ii) Let C∗ be a stably U -based finite R-chain complex and f∗ : C∗ → D∗ be
a R-chain homotopy equivalence with τU (f∗) = 0. Then Hi(C∗) = 0 for
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i 6= r and Hr+1(homR(C∗, V )) = 0 for any R-module V and hence C∗
inherits a preferred U -equivalence class of stable bases by assertion (i).
Moreover, the R-isomorphism Hr(f∗) : Hr(C∗) → Hr(D∗) respects the
preferred stable U -equivalence class of stable bases, i.e., τU (Hr(f∗) = 0
holds in K1(R)/U .

Proof. (i) We know from Lemma 7.51 (iv) that Hr(D∗) is stably finitely
generated free. Now equip it with the stable U -equivalence class of stable
bases for which ρU (D∗) = 0 holds in K1(R)/U , where we equip for i 6= r the
trivial R-module Hi(D∗) = 0 with the trivial basis. This is well-defined by
Lemma 9.18.

(ii) This follows from Lemma 9.18. ut

9.4 The Simple Surgery Obstruction

Let (X, ∂X,OX , [[X, ∂X]]) be a (not necessarily connected) simple w-oriented
finite n-dimensional Poincaré pair in the sense of Definition 4.67 for n ≥ 5.
Consider a normal map (f, f) = (M,∂M, f, ∂f, a, ξ, f , o) of degree one rel-
ative boundary with target (X, ∂X,OX , [[X, ∂X]]) in the sense of Subsec-
tion 7.8.1. Suppose additionally that ∂f : ∂M → ∂X is a simple homotopy
equivalence.

Next we want to explain how the definition of the intrinsic surgery ob-
struction relative boundary of Definitions 7.186 and 8.102 can be modi-
fied to the simple setting. Notice that the difference between the L-groups
Lhn(ZΠ(X),OX) and the simple L-groups Lsn(ZΠ(X),OX) is the additional
structure of a stable U -equivalence class of stable bases. We will explain below
that the definition of the simple surgery obstruction

σs(f, f) ∈ Lsn(ZΠ(X),OX).(9.22)

is the same as in Section 7.8 and 8.5 except that we must explain how the
various surgery kernels inherit a stable U -equivalence class of stable bases.

For the remainder of this section we take R = Zπ with the w-twisted
involution and we put

U = {±g | g ∈ π}.

We need at least {±g | g ∈ π} ⊆ U , since the Whitehead torsion of a
homotopy equivalence is only well-defined modulo the trivial units since the
cellular structure of a CW -complex X with fundamental group π defines on
the cellular Zπ-chain complex of its universal covering only a {±g | g ∈ π}-
equivalence class of bases.
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9.4.1 The Even Dimensional Case

Next we can prove the following version of Lemma 7.54 (ii).

Lemma 9.23. Suppose that X is connected with fundamental group π, the
Poincaré pair (X, ∂X) is simple, f : M → X is k-connected for n = 2k and
∂f : ∂M → ∂X is a simple homotopy equivalence. Assume that we are in the
universal covering case, see Notation 7.33. Then:

(i) The kernels Kk(M̃), Kk(M̃, ∂̂M), Kk(M̃), and Kk(M̃, ∂̂M) are sta-
bly finitely generated free Zπ-modules and inherit a preferred stable U -
equivalence class of stable bases from the identifications of Lemma 7.125 (i)
and from Lemma 9.21 applied to the based finite Zπ-chain complexes

cone∗(C
!
∗(f̃)), cone∗(C

!
∗(f̃ , ∂̂f)), conen−∗(C !

∗(f̃)), and conen−∗ C !
∗(f̃ , ∂̂f));

(ii) The canonical Zπ-isomorphisms

Kk(M̃)
∼=−→ Kk(M̃, ∂̂M);

Kk(M̃)
∼=−→ Kk(M̃)∗;

Kk(M̃, ∂̂M)
∼=−→ Kk(M̃, ∂̂M)∗;

Kk(M̃, ∂̂M)
∼=−→ Kk(M̃)∗;

Kk(M̃)
∼=−→ Kk(M̃, ∂̂M)∗,

given by the inclusion M̃ → (M̃, ∂̂M), the Kronecker pairings, and
Poincaré duality have trivial U -torsion.

Proof. (i) The four Zπ-chain complexes cone∗(C
!
∗(f̃)), cone∗(C

!
∗(f̃ , ∂̂f)),

conen−∗(C !
∗(f̃)) and conen−∗ C !

∗(f̃ , ∂̂f)) inherit U -equivalence classes of bases
from the structures of CW -pairs on (M,∂M) and (X, ∂X) using addi-
tionally the fact that a homeomorphism is a simple homotopy equiva-
lence, see [49]. (In the smooth case it suffices to use the easier to prove
fact that two smooth triangulations of a closed smooth manifold deter-
mine the same simple homotopy type, see [168, Theorem 7.1 on page

378 and Section 9]). Since Kj(M̃), Kj(M̃, ∂̂M), Kj(M̃), and Kj(M̃, ∂̂M)
vanish for j 6= k, one can indeed apply Lemma 9.21 to obtain stable

U -bases on Hk(cone∗(C
!
∗(f̃))), Hk(cone∗(C

!
∗(f̃ , ∂̂f))), Hk(conen−∗(C !

∗(f̃))),

and Hk(conen−∗ C !
∗(f̃ , ∂̂f))). Now equip Kk(M̃), Kk(M̃, ∂̂M), Kk(M̃), and

Kk(M̃, ∂̂M) with the stable U -bases for which the canonical isomorphisms
of Lemma 7.125 (i) have vanishing U -torsion.

(ii) This assertion follows essentially from Lemma 9.18 and Lemma 9.19, and
the assumption that ∂f is a simple homotopy equivalence and (X, ∂X) is a
simple Poincaré pair. ut

Remark 9.24 (Simple surgery obstruction in even dimensions). We
can define the surgery obstruction against achieving a simple homotopy
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equivalence as before in Subsection 7.8.3, but now taking the preferred sta-
ble U -equivalence class of stable bases on the surgery kernels coming from
Lemma 9.23 (i) into account. The proof that the simple surgery obstruction
is well-defined, is analogous if one uses Lemma 9.23 (ii).

9.4.2 The Odd Dimensional Case

The odd-dimensional surgery obstructions are defined in Chapter 8 using for-
mations. The underlying modules of a formation associated to a k-connected
degree one normal map (f, f) : (M,∂M)→ (X, ∂X) in dimension (2k+1) in-
herit stable U -bases from the CW -structures of (M,∂M) and (X, ∂X) in the
same way as described in the previous section, since they are in fact obtained
either as the surgery kernel groups of bordisms of even-dimensional problems
(the kernel formation) or as the surgery kernel groups of even-dimensional
maps with boundary (the bordism formation). Moreover, the structure maps
of these formations are such that with those choices of stable U -bases these
formations are stably U -based quadratic formations. In the process of con-
structing these formations several choices are made, so it needs to be checked
that the stable U -equivalence class of the associated stable U -based forma-
tions do not depend on these choices. This is again done using the bordism
invariance as in Section 8.5 and Lemma 9.23 (ii).

Remark 9.25 (Simple surgery obstruction in odd dimensions). We
can define the surgery obstruction against achieving a simple homotopy
equivalence as before in Section 8.5, but now taking the preferred sta-
ble U -equivalence class of stable bases on the surgery kernels coming from
Lemma 9.23 (i) into account as described in the previous paragraph. The
proof that the simple surgery obstruction is well-defined, is analogous if one
uses Lemma 9.23 (ii).

9.4.3 Main properties of the simple surgery
obstruction

Next we can give the simple version of the surgery obstruction theorem.
Its proof is analogous to the one of Theorems 7.186 and 8.102 if we take
Lemma 9.23 (ii) into account.

Theorem 9.26. (Simple Surgery Obstruction Theorem for Mani-
folds with Boundary)

Let (X, ∂X,OX , [[X, ∂X]]) be a (not necessarily connected) simple w-
oriented finite n-dimensional Poincaré pair in the sense of Definition 4.67
for n ≥ 5. Consider a normal map with respect to the tangent bundle of
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degree one relative boundary (f, f) = (M,∂M, f, ∂f, a, ξ, f , o) with target
(X, ∂X,OX , [[X, ∂X]]) in the sense of Subsection 7.8.1. Suppose additionally
that ∂f : ∂M → ∂X is a simple homotopy equivalence. Then:

(i) The simple surgery obstruction

σs(f, f) = σs(M,∂M, f, ∂f, a, ξ, f , o) ∈ Lsn(ZΠ(X),OX)

depends only on the simple normal bordism with cylindrical ends class
of (f, f), where simple means that in the definition of normal bordism
of Subsection 7.8.2 we require additionally that the map ∂2F is a simple
homotopy equivalence and (X, ∂X) is a simple Poincaré pair;

(ii) We have σs(f, f) = 0 in Lsn(ZΠ(X),OX) if and only if we can do a
finite number of surgery steps on the interior of M without changing ∂f
to arrange that f is a simple homotopy equivalence.

Theorem 7.192 and 8.103 carry over to the simple setting as follows.

Theorem 9.27 (Realisation of simple dimensional surgery obstruc-
tions). Suppose n ≥ 6. Consider a connected compact oriented (n − 1)-
manifold N with possibly empty boundary ∂N . Fix an element

ω ∈ Lsn(ZΠ(N × I),ON×I).

Then there is a normal map of pairs of degree one relative boundary
(M,∂M, f, ∂f, a, ξ, f , o) with target (N×I, ∂(N×I),ON×I , [[N×I, ∂(N×I)]])
for I = [0, 1] with the following properties:

(i) The bundle ξ over N × I is T (N × I) ⊕ Ra and the isomorphism o of
infinite cyclic local coefficient systems over N × I is the identity;

(ii) There is a decomposition ∂M = ∂0M ∪∂1M ∪∂2M where ∂mM is a codi-
mension zero submanifold of ∂M with possibly empty boundary ∂∂mM for
m = 0, 1, 2 satisfying

∂0M ∩ ∂1M = ∅;
∂2M ∩ ∂mM = ∂∂mM for m = 0, 1;

∂∂2M = ∂∂0M q ∂∂1M.

∂2M = ∂N × [0, 1];

∂0M = N × {0};

(iii) The simple homotopy equivalence ∂f : ∂M → ∂(N × I) induces the iden-
tity ∂0M = N × {0} → N × {0} on ∂0M and the identity ∂2M =
∂N × [0, 1]→ ∂N × I on ∂2M ;

(iv) The simple homotopy equivalence ∂f : ∂M → ∂(N × I) maps ∂1M to
N × {1} and induces a simple homotopy equivalence

∂1f : ∂1M → N × {1};
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(v) The simple intrinsic surgery obstruction

σs(M,∂M, f, ∂f, a, ξ, f , o) ∈ Ls2k(ZΠ(N × I),ON×I).

in the sense of Theorem 9.26 is the given element ω.

Remark 9.28. Theorem 7.165 carries over to the case relative boundary to
the simple setting in the obvious way.

9.5 Miscellaneous

We will later compare the L-groups Lhn(Zπ,w) and Lsn(Zπ,W ) when we deal
with the Rothenberg sequence in Section 12.5.
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Chapter 10

The Geometric Surgery Exact
Sequence

10.1 Introduction

In this chapter we introduce the surgery exact sequence, see Theorem 10.21
and Remark 10.22. It is the realisation of the surgery program which we have
explained in Remark 1.9. The surgery exact sequence is the main theoretical
tool in solving the classification problem of manifolds of dimensions greater
than or equal to five. To get a first impression of the potential of the surgery
exact sequence we recommend studying Chapter 11. Other calculations and
applications can be found in Chapters 17 and 18.

Guide 10.1. One may well start reading this book with this chapter and
then work back through some of the material of the previous chapters when
needed.

10.2 The Geometric Structure Set

Definition 10.2 (The simple geometric structure set). Let X be a
compact manifold of dimension n with possibly empty boundary ∂X.

(i) A simple manifold structure rel. boundary on X, or simply a simple ma-
nifold structure on X, is a map of pairs (f, ∂f) : (M,∂M) → (X, ∂X)
from a compact manifold (M,∂M) such that f is a simple homotopy
equivalence and ∂f is a diffeomorphism;

(ii) The simple structure set Ss(X, ∂X) of (X, ∂X) is the set of equivalence
classes of manifold structures on X, where for i = 0, 1, two manifold
structures (fi, ∂fi) : (Mi, ∂Mi) → (X, ∂X) are equivalent if there exists
a diffeomorphism (g, ∂g) : (M0, ∂M0) → (M1, ∂M1) such that f1 ◦ g is
homotopic to f0 relative ∂M0.

The simple structure set has a preferred base point, namely, the structure
defined by the identity map id: (X, ∂X) → (X, ∂X). If ∂X is empty, we
abbreviate Ss(X) := Ss(X, ∅).

The simple structure set Ss(X, ∂X) is the basic object in the study of
manifolds, which are simple homotopy equivalent to a compact manifold X
relative to ∂X, and we now briefly discuss its role in the classification of
manifolds. For simplicity, we shall assume that X is closed in this discussion,
leaving the relative boundary version of this discussion to the reader.

385
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Note that a simple homotopy equivalence f : M → X between closed
manifolds is homotopic to a diffeomorphism if and only if it represents the
base point in Ss(X). Hence a manifold M is diffeomorphic to X if and only
if for some simple homotopy equivalence f : M → X the class of [f ] in Ss(X)
agrees with the preferred base point. However, care is necessary if one wants
to use Ss(X) to classify manifolds, which are simple homotopy equivalent
to X up to diffeomorphism, and in general it does not suffice to compute
Ss(X). This is so because it is possible that a simple homotopy equivalence
f : M → X is not homotopic to a diffeomorphism although M and X are
diffeomorphic.

Definition 10.3 (The simple manifold set). Let X be a closed manifold
of dimension n with possibly empty boundary ∂X. The simple manifold set
of X, denotedMs(X), is the set of diffeomorphism classes of closed manifolds
simple homotopy equivalent to X.

As the following fundamental exercise shows, in order to pass from Ss(X)
to Ms(X) one has to understand the operation of hAuts(X), the group of
homotopy classes of simple selfhomotopy equivalences of X, on Ss(X).

Exercise 10.4. The group hAuts(X) acts on the left of Ss(X) by post-
composition hAuts(X)× Ss(X)→ Ss(X), ([g], [f ]) 7→ [g ◦ f ].

Show that the natural map Ss(X) → Ms(X), [f : M → X] 7→ [M ],

induces a bijection hAuts(X)\Ss(X)
∼=−→ Ms(X). Hence deduce that the

action of hAuts(X) on Ss(X) is transitive if and only if every closed manifold
which is simple homotopy equivalent to X is already diffeomorphic to X.

The action of hAuts(X) on Ss(X) can be complicated to analyse in gen-
eral; see [59]. However in many cases, for example in the simple case when
X = Sn and hAuts(X) ∼= Z/2, the action can be computed.

There is also a version of the structure set which considers homotopy
equivalences, simple or not, and so does not take Whitehead torsion into
account. We consider this version now.

Definition 10.5 (The geometric structure set). Let X be a compact
manifold of dimension n with possibly empty boundary ∂X.

(i) A manifold structure rel. boundary on X, or simply manifold structure
on X, is a map of pairs (f, ∂f) : (M,∂M) → (X, ∂X) from a compact
manifold (M,∂M) such that f is a homotopy equivalence and ∂f is a
diffeomorphism;

(ii) The structure set Sh(X, ∂X) of (X, ∂X) is the set of equivalence classes
manifold structures on X, where for i = 0, 1, two manifold structures
(fi, ∂fi) : (Mi, ∂Mi)→ (X, ∂X) are equivalent if there exists:

• A compact manifold (W,∂W ) of dimension (n+1) with a homotopy
equivalence of pairs
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(F, ∂F ) : (W,∂W )→ (X × [0, 1], ∂(X × [0, 1]));

• The boundary ∂W is the union of three pieces

∂W = ∂0W ∪ ∂1W ∪ ∂2W,

where ∂iW is a codimension zero submanifold of ∂W with possibly
empty boundary ∂∂iW for i = 0, 1, 2 satisfying

∂0W ∩ ∂1W = ∅;
∂2W ∩ ∂iW = ∂∂iW for i = 0, 1;

∂∂2W = ∂∂0W q ∂∂1W ;

• The map ∂F : ∂W → ∂(X×[0, 1]) = (X×{0, 1})∪(∂X×[0, 1]), which is
a homotopy equivalence, is required to induce a homotopy equivalence
∂iF : ∂iW → X × {i} for i = 0, 1 and in addition a diffeomorphism
∂2F : ∂2W → ∂X × [0, 1];

• There are diffeomorphisms (ui, ∂ui) : (Mi, ∂Mi) → (∂iW,∂∂iW ), for
i = 0, 1, which satisfy ∂iF ◦ ui = ji ◦ fi, where ji : X → X × {i} sends
x to (x, i).

The structure set has a preferred base point, namely, the class of the
identity id : (X, ∂X) → (X, ∂X). If ∂X is empty, we abbreviate Sh(X) :=
Sh(X, ∅).

Remark 10.6 (Simple structure sets and the s-Cobordism Theo-
rem). If we additionally require in Definition 10.5 that the homotopy equiv-
alences f0, f1, F , ∂0F , and ∂1F to be simple homotopy equivalences, we get
back the simple structure set Ss(X) of Definition 10.2, provided that n ≥ 5,
as we now explain.

We prove this only in the case ∂X = ∅. Then the claim follows from the
s-Cobordism Theorem 1.1. Namely, W appearing in Definition 10.5 is an h-
cobordism and is even an s-cobordism if we require F , f0 and f1 to be simple
homotopy equivalences, see Theorem 2.1. Hence there is a diffeomorphism
Φ : ∂0W × [0, 1]→W inducing the obvious identification ∂0W × {0} → ∂0W

and some diffeomorphism g : (∂0W ) = (∂0W × {1})
∼=−→ ∂1W . If we identify

∂iW = Mi for i = 0, 1, then f1 ◦ g is homotopic to f0. The other implication
is obvious.

In the general case, where we allow non-empty boundary ∂X, one has to
use the obvious version of the s-Cobordism Theorem 1.1 for manifolds with
boundary.
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10.3 The Set of Normal Maps

Recall from Definition 4.29 that a compact n-dimensional manifold X with
possibly empty boundary ∂X has an intrinsic fundamental class [[X, ∂X]] ∈
Hn(X, ∂X;OX).

Definition 10.7 (The set of normal maps). Let X be a compact manifold
of dimension n with possibly empty boundary ∂X. Define the set of normal
maps to (X, ∂X),

N (X, ∂X),

to be the set of equivalence classes of normal maps of degree one with re-
spect to the tangent bundle relative boundary (M,∂M, f, ∂f, a, ξ, f , o) with
target (X, ∂X, [[X, ∂X]]) in the sense of Subsection 7.8.1. Here we addition-
ally assume that ∂f : ∂M → ∂X is a diffeomorphism, under the equiv-
alence relation given by normal bordism with cylindrical ends of degree
one in the sense of Subsection 7.8.2, where we additionally assume that
∂2F : ∂2W → ∂2Y = ∂X × [0, 1] is a diffeomorphism.

This set has a preferred base point, namely, the class given by the identity
normal map on (X, ∂X, [[X, ∂X]]).

If ∂X is empty, then X is a closed manifold, hence a Poincaré complex
of dimension n, and the definition of N (X, ∅) agrees with the definition of
N (X) from Section 6.3. Hence we identify N (X) and N (X, ∅).

We emphasise that in Definition 10.7 we require that ∂f and ∂2F are dif-
feomorphisms, whereas in Subsections 7.8.1 and 7.8.2 we have only demanded
that ∂f and ∂2F are (simple) homotopy equivalences.

Let X be a compact manifold of dimension n with possibly empty bound-
ary ∂X. Then we define maps of pointed sets

ηhn : Sh(X, ∂X)→ N (X, ∂X);(10.8)

ηsn : Ss(X, ∂X)→ N (X, ∂X),(10.9)

as follows. Consider a manifold structure [f, ∂f ] ∈ Sh(X, ∂X) given by a
map of pairs (f, ∂f) : (M,∂M) → (X, ∂X). Under ηhn it is sent to the nor-
mal bordism class of a normal map (M,∂M, f, ∂f, 0, ξ, f , of,f ) with target
(X, ∂X, [[X, ∂X]]) defined as follows. The underlying map is the original map
(f, ∂f) : (M,∂M)→ (X, ∂X). To define a bundle map f we let f−1 : X →M
be a homotopy inverse of f . Let ξ be the bundle (f−1)∗TM over X. Since

f−1 ◦ f ' idM , we can find a bundle isomorphism f∗(f−1)∗TM
∼=−→ TM

covering idM . This is the same as a bundle map f : TM → ξ covering f .
Since (f, ∂f) is a homotopy equivalence of pairs, we have w1(M) = f∗w1(X).
Hence there exists an isomorphism of infinite cyclic local coefficients systems
Oξ → OX . We conclude from the obvious extension of Lemma 6.5 to pairs
that there is precisely one isomorphism of infinite cyclic local coefficients
systems
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(10.10) of,f : Oξ → OX

such that the isomorphism from Hn(M,∂M ;OM ) to Hn(X, ∂X;OX) induced
by (f, f , of,f ) sends [[M,∂M ]] to [[X, ∂X]]. Since a change of f causes an
appropriate change of of,f , one easily checks that the normal bordism class

of (M,∂M, f, ∂f, 0, ξ, f , of,f ), regarded as a degree one normal map with

cylindrical ends relative boundary, is independent of the choice of f and
depends only on the manifold structure [f, ∂f ] ∈ Sh(X, ∂). The map ηs is
defined to be the composite of ηh with the forgetful map Ss(X)→ Sh(X).

A key ingredient in the successful applications of surgery is the ability
to calculate the set of normal maps N (X, ∂X). In the closed case, we have
already seen in Theorem 6.41(ii) that the set of normal maps N (X) is in
bijection with the set of homotopy classes of maps [X,G/O]. This generalises
for normal invariants rel. boundary to a bijection

(10.11) N (X, ∂X)
∼=−→ [X/∂X,G/O]

which maps the base point [id(X,∂X)] to the homotopy class of the constant
map.

Exercise 10.12. Show thatN (Dp×Sq, Sp−1×Sq)
∼=−→ πp(G/O)⊕πp+q(G/O)

and also that N (Sp × Sq)
∼=−→ πp(G/O)⊕ πq(G/O)⊕ πp+q(G/O).

10.4 The Surgery Obstruction Groups

Let X be a compact n-dimensional manifold with possibly empty boundary
∂X for n ≥ 5. We have introduced the intrinsic surgery obstruction group
Lhn(ZΠ(X),OX) := Ln(ZΠ(X),OX) in Subsections 7.7.3 and 8.4.1 and its
simple version Lsn(ZΠ(X),OX) in Section 9.2. If X is connected, π is the fun-
damental group of X und w : π → {±1} is the first Stiefel-Whitney class of X,
then Lhn(ZΠ(X),OX) and Lsn(ZΠ(X),OX) are isomorphic to the L-groups
Lhn(Zπ,w) := Ln(Zπ,w) and Lsn(Zπ,w) respectively, which are associated
to the group ring Zπ with the w-twisted involution, see Subsections 7.5.1
and 8.2.1, and Section 9.2. The intrinsic surgery obstruction relative bound-
ary, see Section 7.8 and 8.4, and its simple version, see Section 9.4, define
maps

σhn : N (X, ∂X)→ Lhn(ZΠ(X),OX);(10.13)

σsn : N (X, ∂X)→ Lsn(ZΠ(X),OX);(10.14)

σhn+1 : N (X × [0, 1], ∂(X × [0, 1]))→ Lhn+1(ZΠ(X),OX);(10.15)

σsn+1 : N (X × [0, 1], ∂(X × [0, 1]))→ Lsn+1(ZΠ(X),OX),(10.16)
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using the identifications

Lhm(ZΠ(X × [0, 1]),OX×[0,1])
∼=−→ Lhm(ZΠ(X),OX);(10.17)

Lsm(ZΠ(X × [0, 1]),OX×[0,1])
∼=−→ Lsm(ZΠ(X),OX),(10.18)

coming from the projection X × [0, 1] → X and the standard isomorphism

pr: OX×[0,1]

∼=−→ pr∗OM .
Next we define an operation of the abelian group Lsn+1(ZΠ(X),OX) on

Ss(X, ∂X):

(10.19) ρsn+1 : Lsn+1(ZΠ(X),OX)× Ss(X, ∂X)→ Ss(X, ∂X).

Consider a manifold structure [f, ∂f ] ∈ Ss(X, ∂X) which is represented by
the map of pairs (f, ∂f) : (M,∂M)→ (X, ∂X) such that f is a simple homo-
topy equivalence and ∂f is a diffeomorphism.

As explained in the construction of the map ηsn of (10.9), we get from
(f, ∂f) : (M,∂M) → (X, ∂X) a normal map of degree one relative bound-
ary (M,∂M, f, ∂f, a, ξ, f , o) with target (X, ∂X,OX , [[X, ∂X]]). Fix ω ∈
Lsn+1(ZΠ(X),OX). From Theorem 7.200 applied to ω we get a normal map
of degree one relative boundary

(M1, ∂M1, f1, ∂f1, a1, ξ, f1, o1)

with target (X, ∂X,OX , [[X, ∂X]]) such that f1 is a homotopy equivalence
and ∂f1 is a diffeomorphism, and a normal bordism of degree one with cylin-
drical ends relative boundary in the sense of Subsection 7.8.2

(W,∂W,F, ∂F, b, Ξ, F ,O)

from (M,∂M, f, ∂f, a, ξ, f , o) to (M1, ∂M1, f1, ∂f1, a1, ξ, f1, o1) with the prop-
erty that σs(W,∂W,F, ∂F, b, Ξ, F ,O) ∈ Lsn+1(Zπ(X × [0, 1]),OX×[0,1]) is
mapped under the isomorphism (10.18) to ω. Now define ρsn+1((ω, [f, ∂f ]))
to be the manifold structure [(f1, ∂f1) : (M1, ∂M1)→ (X, ∂X)].

We have to show that the class of (f1, ∂f1) in Ss(X, ∂X) is independent of
the choices of (M1, ∂M1, f1, ∂f1, a1, ξ, f1, o1) and (W,∂W,F, ∂F, b, Ξ, F ,O).
Let (M ′1, ∂M

′
1, f
′
1, ∂f

′
1, a
′
1, ξ
′, f ′1, o

′
1) and (W ′, ∂W ′, F ′, ∂F ′, b′, Ξ ′, F ′, O′) be a

second choice. We can glue the normal bordisms (W,∂W,F, ∂F, b, Ξ, F ,O)
and (W ′, ∂W ′, F ′, ∂F ′, b′, Ξ ′, F ′, O′) together along (M,∂M, f, ∂f, a, ξ, f , o)
so that we obtain a normal bordism from (M1, ∂M1, f1, ∂f1, a1, ξ, f1, o1) to
(M ′1, ∂M

′
1, f
′
1, ∂f

′
1, a
′
1, ξ
′, f ′1, o

′
1) whose simple surgery obstruction vanishes.

Because of Theorem 9.26 (ii) we can arrange that its underlying map to
X × [0, 1] is a simple homotopy equivalence. Remark 10.6 implies that
(f1, ∂f1) : (M1, ∂M1) → (X, ∂X) and (f ′1, ∂f

′
1) : (M ′1, ∂M

′
1) → (X, ∂X) de-

fine the same manifold structure in Ss(X).
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One checks that this defines a group action since it is not hard to see that
the surgery obstruction is additive under stacking normal bordisms together.

Analogously we define an operation of the abelian group Lhn+1(ZΠ(X),OX)
on Sh(X)

(10.20) ρhn+1 : Lhn+1(ZΠ(X),OX)× Sh(X, ∂X)→ Sh(X, ∂X).

10.5 The Geometric Surgery Exact Sequence

Now we can establish one of the main tools in the classification of manifolds,
the surgery exact sequence.

Theorem 10.21 (The geometric surgery exact sequence). Let X be an
n-dimensional compact manifold with possibly empty boundary ∂X. Suppose
n ≥ 5. Then:

(i) There is the so called simple geometric surgery exact sequence

N (X × [0, 1], ∂(X × [0, 1]))
σsn+1−−−→ Lsn+1(ZΠ(X),OX)

ρsn+1−−−→ Ss(X, ∂X)

ηsn−→ N (X, ∂X)
σsn−−→ Lsn(ZΠ(X),OX)

which is exact in the following sense:

(a) An element α ∈ N (X, ∂X) lies in the image of the map ηsn defined
in (10.9), if and only if σsn(α) = 0 holds for the map σsn defined
in (10.14);

(b) Two elements β1 and β2 in Ss(X, ∂X) have the same image under ηsn,
if and only if there is ω ∈ Lsn+1(ZΠ(X),OX) with ρsn+1(ω, β1) = β2

for the operation ρsn+1 defined in (10.19);
(c) For ω ∈ Lsn+1(ZΠ(X),OX), we have ρsn+1(ω, [id(X,∂X)]) = [id(X,∂X)]

in Ss(X, ∂X), if and only if there is a normal bordism class γ ∈
Nn+1(X × [0, 1], ∂(X × [0, 1])) with σsn+1(γ) = ω for the map σsn+1

defined in (10.16).

(ii) There is the so called geometric surgery exact sequence

N (X × [0, 1], ∂(X × [0, 1]))
σhn+1−−−→ Lhn+1(ZΠ(X),OX)

ρhn+1−−−→ Sh(X, ∂X)

ηhn−→ N (X, ∂X)
σhn−−→ Lhn(ZΠ(X),OX),

which is exact in the sense analogous to the one in assertion (i).

Proof. (i). We have to prove exactness:

(ia) This follows directly from Theorem 9.26.
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(ib) By definition, two elements of Ss(X) which lie in the same orbit of the
Lsn+1(ZΠ(X),OX)-action have the same image under ηsn.

If two elements β1, β2 ∈ Ss(X) have the same image under ηsn, then
there is a normal bordism between the representatives of their images un-
der ηsn in N s(X, ∂X), whose simple surgery obstruction σ is an element in
Lsn+1(ZΠ(X),OX). By construction σ satisfies the desired equality in Ss(X)

ρsn+1(σ, β1) = β2.

(ic) Consider an element ω ∈ Lsn+1(ZΠ(X),OX) such that we have the
equation ρsn+1(ω, [id(X,∂X)]) = [id(X,∂X)]. In the sequel we specify only
the underlying maps of manifolds when considering a normal map or nor-
mal bordism. By the definition of the action ρsn+1 there is a normal bor-
dism (F, ∂F ) : (W,∂W ) → (X × [0, 1], ∂(X × [0, 1])) of degree one with
cylindrical ends relative boundary between id: (X, ∂X) → (X, ∂X) and
id: (X, ∂X) → (X, ∂X) whose surgery obstruction is ω. Since id(X,∂X) is
a diffeomorphism, ∂F is a diffeomorphism. Hence (F, ∂F ) defines an element
[F, ∂F ] in N (X × [0, 1], ∂(X × [0, 1])) satisfying

ω = σsn+1([F, ∂F ]).

Consider an element [(F, ∂F ) : (W,∂W )→ (X×[0, 1], ∂(X×[0, 1]))] in the set
N (X × [0, 1], ∂(X × [0, 1])). Since ∂F is a diffeomorphism, we can interpret
(F, ∂F ) as a normal bordism of degree one with cylindrical ends relative
boundary between id: (X, ∂X) → (X, ∂X) and id: (X, ∂X) → (X, ∂X).
Hence we conclude from the definition of the action ρsn+1 that

ρsn+1(σsn+1([F, ∂F ]), [id(X,∂X)]) = [id(X,∂X)].

This finishes the proof of assertion (i).

(ii) The proof of assertion (ii) is completely analogous, just ignore everything
about the condition simple and replace Theorem 9.26 by Theorems 7.186
and 8.102. This finishes the proof of Theorem 10.21. ut

Remark 10.22 (Extension to the left). Let X be a compact manifold
of dimension n ≥ 5 with possibly empty boundary ∂X. Recall that we are
always using the straightening the angle procedure to give a product of two
smooth manifolds with possibly non-empty boundary a smooth structure
again, see [179, 7.5] or [249, 2.6]. Using the obvious diffeomorphisms of com-
pact manifolds with boundary for i ≥ 0

([0, 1]i, ∂[0, 1]i) ∼= (Di−1, Si−2)× ([0, 1], ∂[0, 1]) ∼= (Di, Si−1),

one can iterate the surgery exact sequence appearing in Theorem 10.21 (i)
and obtains an exact sequence which is infinite to the left:
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· · ·
σsn+i+1−−−−−→ Lsn+i+1(ZΠ(X),OX)

ρsn+i+1−−−−→ Ss(X ×Di, ∂(X ×Di))

ηsn+i−−−→ N (X ×Di, ∂(X ×Di))
σsn+i−−−→ Lsn+i(ZΠ(X),OX)

ρsn+i−−−→ · · ·

· · ·
σsn+1−−−→ N (X ×D1, ∂(X ×D1))

σsn+1−−−→ Lsn+1(ZΠ(X),OX)

ρsn+1−−−→ Ss(X, ∂X)
ηsn−→ N (X, ∂X)

σsn−−→ Lsn(ZΠ(X),OX)

The corresponding statement is also true for the h decoration.

10.6 The piecewise linear and topological categories

In addition to the smooth category DIFF one can also develop surgery theory
in the piecewise linear category PL or topological category TOP. This requires
finding analogues of the notions of vector bundle and tangent bundle and
also developing transversality and Hirsch-Smale theory in these categories.
In the PL-category this was done earlier, see for example [111] or [214]. In
the TOP-category this was done later, see [122] for a reference. In [122] the
results from DIFF- and PL-surgery are used to develop these techniques in
the TOP-category.

There are analogues of the structure sets

SPL,h(X, ∂X), SPL,s(X, ∂X), STOP,h(X, ∂X), and STOP,s(X, ∂X)

and also analogues of the sets of normal mapsNPL(X, ∂X) andN TOP(X, ∂X).
To compute these sets of normal maps, we start with analogues PL and TOP
of the group O. The topological group TOP is the limit of the groups TOP(k),
which are the groups of homeomorphisms of Rk fixing the origin:

TOP = colimk→∞ TOP(k).

The definition of PL is more elaborate. Suffice it to say, there are classifying
spaces BPL (resp. BTOP), which classify stable isomorphism classes of PL
(resp. TOP) Rk bundles and which are infinite loop spaces with multiplication
corresponding to the Whitney sum of bundles. There are also canonical maps
BPL → BG (resp. BTOP → BG), which classify the passage to strong fiber
homotopy equivalence classes of stable spherical fibrations. The homotopy
fibres of these maps are denoted G/PL (resp. G/TOP) and have infinite loop
space structures so that the canonical maps G/PL → BPL and G/TOP →
BTOP are maps of infinite loop spaces. Theorem 6.41 and Theorem 6.26 (see
also Remark 6.28) carry over to the PL-category and the TOP-category.

Theorem 10.23 (Normal maps, G/PL and G/TOP).
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(i) Let X be a finite n-dimensional Poincaré complex. Suppose that NPL(X)
is non-empty. Then there is a canonical group structure on the set
[X,G/PL] of homotopy classes of maps from X to G/PL and a tran-
sitive free operation of this group on NPL(X). The analogous statement
holds in the topological category with TOP in place of PL;

(ii) Let X be a compact n-dimensional PL-manifold. Then there is a canonical
group structure on the set [X/∂X,G/PL] of homotopy classes of maps
from X/∂X to G/PL and a transitive free operation of this group on
NPL(X, ∂X). The analogous statement holds in the topological category
with TOP in place of PL.

There are analogues of the surgery exact sequence in the smooth category
presented in Theorem 10.21, see also Remark 10.22, for the PL-category and
the TOP-category.

Theorem 10.24 (The surgery Exact Sequence for PL and TOP). Let
X be a compact PL-manifold of dimension n ≥ 5.

Then there is a surgery exact sequence, infinite to the left

· · ·
ρPL,s
n+2−−−→ NPL(X ×D1, ∂(X ×D1))

σPL,s
n+1−−−→ Lsn+1(ZΠ(X),OX)

ρPL,s
n+1−−−→ SPL,s(X, ∂X)

ηPL,s
n−−−→ NPL(X, ∂X)

σPL,s
n−−−→ Lsn(ZΠ(X),OX),

which is exact for n ≥ 5 in the sense of Theorem 10.21.
There is an analogous surgery exact sequence, infinite to the left

· · ·
ρPL,h
n+2−−−→ NPL(X ×D1, ∂(X ×D1))

σPL,h
n+1−−−−→ Lhn+1(ZΠ(X),OX)

ρPL,h
n+1−−−→ SPL,h(X, ∂X)

ηPL,h
n−−−→ NPL(X, ∂X)

σPL,h
n−−−−→ Lhn(ZΠ(X),OX).

The analogous exact sequences exist in the topological category if X is instead
a compact TOP-manifold of dimension n ≥ 5.

Note that the surgery obstruction groups are independent of the cate-
gory, i.e, they are the same in the smooth category, the PL-category and the
TOP-category, but they depend on the decoration h or s. The set of normal
invariants is independent of the decoration h or s, but depends on the cat-
egory. The structure sets depend on both the decoration h and s and the
category.

A feature of the PL and TOP categories is that all the surgery obstruction
maps are surjective for simply connected manifolds X. Note that, since X is
simply connected, the map Lsn+1(ZΠ(X),OX) → Lhn+1(ZΠ(X),OX) is an
isomorphism.

Theorem 10.25 (Surjectivity of the simply connected surgery ob-
struction maps for PL and TOP). Let X be a simply connected compact
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PL manifold of dimension n ≥ 5. The surgery obstruction map

NPL(X, ∂X)
σPL,s
n−−−→ Lsn(ZΠ(X),OX)

is onto.
The analogous statement holds in the topological category if X is instead

a compact TOP-manifold of dimension n ≥ 5.

We will prove Theorem 10.25 in Section 16.8. Here we record some im-
portant consequences for simply connected PL- and TOP-surgery The first of
these is due independently to Browder and Novikov.

Theorem 10.26 (The Browder-Novikov Theorem). Let X be a simply
connected finite Poincaré complex of dimension n ≥ 5. Then X is homotopy
equivalent to a PL-manifold if and only if the Spivak normal fibration of X
admits a PL-reduction.

Proof. If the Spivak normal fibration of X does not have a PL-reduction
then X cannot be homotopy equivalent to a PL-manifold. Conversely, if the
Spivak normal fibration has PL-reduction, then NPL(X) is non-empty. By
Theorem 10.25 there is a degree one normal map (f, f) : M → X with vanish-
ing surgery obstruction and so (f, f) is normally bordant to (g, g) : N → X,
where g : N → X is a homotopy equivalence. ut

Following the work of Kirby and Siebenmann, the topological version of
the Browder-Novikov theorem could be proven with the analogous proof.

Theorem 10.27 (The topological Browder-Novikov Theorem). Let
X be a simply connected finite Poincaré complex of dimension n ≥ 5. Then
X is homotopy equivalent to a TOP manifold if and only if the Spivak normal
fibration of X admits a TOP reduction.

Moving from the existence problem to the classification classification prob-
lem for simply connected PL- and TOP-manifolds, the exactness of the the
PL- and TOP-surgery exact sequences means that Theorem 10.25 applied to
X × I has the following consequence.

Corollary 10.28 (The simply connected PL- and TOP-structure sets).
Let X be a simply connected compact PL-manifold of dimension n ≥ 5. Then
the map

SPL,s(X, ∂X)
ηPL,s
n−−−→ NPL(X, ∂X)

is injective.
The analogous statement holds in the topological category if X is instead

a simply connected compact TOP-manifold of dimension n ≥ 5.
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Exercise 10.29. Consider the group structure on N (S4 × S4) from Exer-
cise 10.12. Show that the surgery obstruction map σ8 : N (S4 × S4)→ L8(Z)
is not a homomorphism with respect to this group structure.

Show that analogous statements hold for S4×S4 in both the PL and TOP
categories.

10.7 Rigidity

Definition 10.30 (Topologically rigidity). A closed topological manifold
X is called topologically rigid if any homotopy equivalence M → X from a
closed topological manifold M is homotopic to a homeomorphism.

Note that for any X we have a forgetful map STOP,s(X) → STOP,h(X).
If Wh(π1(X)) = {1} and dim(X) ≥ 5 then this map is a bijection, but
in general it is neither injective nor surjective. More information about the
forgetful map can found in Section 12.5. Still, one gets the following lemma
directly from the definitions.

Lemma 10.31. If a closed topological manifold X is topologically rigid, then
STOP,s(X)→ STOP,h(X) is a bijection and STOP,s(X) ∼= STOP,h(X) consists
precisely of one element.

If a closed topological manifold X of dimension n ≥ 5 has the properties
that Wh(π1(X)) = {1} and STOP,s(X) consists precisely of one element, then
X is topologically rigid.

Exercise 10.32. Prove that the n-sphere Sn is topologically rigid if and only
if the Poincaré Conjecture in dimension n is true.

Remark 10.33 (Smoothly rigid). A closed smooth manifoldM is smoothly
rigid if any homotopy equivalence N → M with a closed smooth manifold
N as source and M as target is homotopic to a diffeomorphism. This phe-
nomenon occurs only very rarely in dimensions ≥ 5 , and therefore we will
not pursue this notion further. For instance, we will see in Remark 11.35 that
Sn is smoothly rigid in very few dimensions,whereas Sn is topologically rigid
in all dimensions.

We will systematically treat the question of which closed topological man-
ifolds are topologically rigid in Chapter 18.



10.8 Some information about G/O, G/PL and G/TOP 397

10.8 Some information about G/O, G/PL and G/TOP

In this section we shall assume that the reader is familiar with the localisation
of spaces. For background we refer to [233, Chapter 2]. We write X[1/p] for
the result of inverting a prime p, the symbol X(p) stands for the localisation
of a space X at a prime p, i.e. all primes except p are inverted, and the symbol
XQ means the rationalisation of X i.e. all primes are inverted.

Since BG has finite homotopy groups, BGQ ' ∗ is contractible and it
follows that the canonical maps G/O → G/PL → G/TOP rationalise to fit
into the following sequence of equivalences:

BSOQ
'−→ G/OQ

'−→ G/PLQ
'−→ G/TOPQ .

Of the spaces G/O, G/PL and G/TOP, the homotopy types of G/PL and
G/TOP are known, whereas determination of the homotopy type of G/O
would entail the computation of the stable homotopy groups of spheres and
so is currently out of reach, but more on this below.

The determination of the homotopy type of G/PL is due to Sullivan and
is explained in detail in [155, Chapter 4] and we give it below. The homotopy
fibre of the map G/PL → G/TOP is the space TOP/PL, which is defined
to be the homotopy fibre of the canonical map BPL → BTOP. Kirby and
Siebenmann [122, Theorem 5.5 in Essay V on page 251] (see also [215]) deter-
mined the homotopy type of TOP/PL. To state their result, we let K(A, l)
denote the Eilenberg-MacLane space of type (A, l), i.e., a CW -complex such
that πn(K(A, l)) is trivial for n 6= l and is equal to A if n = l.

Theorem 10.34 (TOP/PL is an Eilenberg-MacLane space). The space
TOP/PL has the homotopy type of K(Z/2, 3).

The results of Sullivan combined with the above give the following homo-
topy equivalences:

G/PL

[
1

2

]
' G/TOP

[
1

2

]
' BO

[
1

2

]
,

G/PL(2) ' E ×
∏
j≥2

K(Z(2), 4j)×
∏
j≥2

K(Z/2, 4j−2),

G/TOP(2) '
∏
j≥1

K(Z(2), 4j)×
∏
j≥1

K(Z/2, 4j−2)

Here E is the total space of the fibration K(Z, 4) → E → K(Z/2, 2) with
k-invariant the element of order 2 in H5(K(Z/2, 2);Z) ∼= Z/4 and Z(2) ⊂ Q
is the subgroup of all fractions with odd denominators, when expressed in
lowest terms. The proof of these equivalences will be discussed in detail in
Chapter 16. In particular for a space X we get isomorphisms
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[X,G/TOP]

[
1

2

]
∼= K̃O

0
(X)

[
1

2

]
;

[X,G/TOP](2)
∼=
∏
j≥1

H4j(X;Z(2))×
∏
j≥1

H4j−2(M ;Z/2),
(10.35)

where KO∗ is K-theory of real vector bundles.
While the homotopy type of G/O is unknown, the mysterious part can

be isolated in certain spaces Coker(J)(p) as the following theorem of Sullivan
(see [155, Theorem 5.18]) shows.

Theorem 10.36 (The Sullivan splitting of G/O(p)). For every prime p

there are spaces Coker(J)(p) and equivalences

G/O(p) ' BSO(p)×Coker(J)(p).

Remark 10.37 (The homotopy groups of the space Coker(J)(p)). The
homotopy groups of Coker(J)(p) are finite p-torsion groups. When p is
odd, πn(Coker(J)(p)) is isomorphic to coker(Jn)(p), the cokernel of the J-
homomorphism; see Section 11.4. When p = 2, πn(Coker(J)(p)) is isomorphic
to an index two summand of coker(Jn)(2).

Remark 10.38 (Comparison of smooth and topological surgery). A
consequence of the above formulae is that the surgery exact sequence is easier
to calculate in the topological category than in the smooth category. This
might seem paradoxical on the first glance, since, as already mentioned in
Section 10.6 it is much harder to construct the surgery exact sequence in the
topological category than in the smooth category. Nevertheless, once it is set
up the calculations are easier and we will see examples of this in Chapter 17
and 18. As we will see later in Chapter 16, one reason for this situation is
that the generalized Poincaré conjecture holds in the topological category,
but not in the smooth category.

Some information about the space G/O was already given in Chapter 6,
see (6.12). More information about the spaces O, PL, TOP, G, G/O, G/PL
and G/TOP, in particular about their homotopy groups, will be given in
Section 11.7 and the work of Sullivan on G/PL, with its consequences for the
topology of G/TOP, will be reviewed in Chapter 16.

Exercise 10.39. Let M be a simply connected closed 5-dimensional topolo-
gical manifold. Show that STOP,h(M) is finite.

Exercise 10.40. Let M be a simply connected closed 6-dimensional topolo-
gical manifold. Show that STOP,s(M) is finite if and only if π2(M) is finite.
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10.9 Group Structures in the Surgery Exact Sequences

In this subsection by “surgery exact sequence” we mean the extended surgery
exact sequence of Remark 10.22, which is infinite to the left. A priori the
surgery exact sequences are exact sequence of pointed sets. However, compu-
tations with these sequences are significantly easier to make and summarise
when the sets involved have natural group structures and the maps between
them are homomorphisms. This is frequently, but not always, the case for the
surgery exact sequences of a compact n-dimensional manifold X with n ≥ 5.

Definition 10.41 (Additive and abelian exact sequences). We say that
an exact sequence of pointed sets is additive if the sets admit group structures
with the base points the identity elements and the maps are homomorphisms.
An additive exact sequence is called abelian if all the groups are abelian.

In the surgery exact sequences, the L-group terms Lsn+i(ZΠ(X),OX) and
Lhn+i(ZΠ(X),OX) of course come with group structures and by (10.11) and
Theorem 10.23 the sets of normal maps also admit groups structures. How-
ever, with these group structures the surgery obstruction maps

N (X, ∂X)
σsn−−→ Lsn(ZΠ(X),OX) and N (X, ∂X)

σhn−−→ Lhn(ZΠ(X),OX)

are not in general a homomorphisms and the same holds in the PL and TOP
categories (see Exercise 10.29). However, this is not the case if we move at
least three terms to the left in the surgery exact sequence and indeed we have
the following

Remark 10.42 (Existence of group structures in high enough de-
grees). There are groups structures on all sets appearing in the simple geo-
metric surgery exact sequence which lie on the left side of or are equal to
Lsn+1(ZΠ(X),OX) and all these group structures are abelian, except possi-
bly for the structure set of (X×D1, ∂(X×D1)): see Section 17.12. Moreover,
all maps between these sets are homomorphisms of groups. Hence the simple
surgery exact sequence is additive from Lsn+1(ZΠ(X),OX) and it is abelian
from N (X ×D1, ∂(X ×D1)).

This is due to the fact that one can stack normal maps and structures with
target X × [0, 1] together, as one can glue [0, 1] and [1, 2] along {1} together
to obtain [0, 2] which can be identified with [0, 1] again.

The bijection of Remark (10.11)

N (X ×Di, ∂(X ×Di))
∼=−→ [(X ×Di)/∂(X ×Di),G/O]

is for i ≥ 1 an isomorphism of abelian groups, where on the target the abelian
group structure comes from an appropriate H-space structure on G/O and
in the source the fact that (X × Di)/∂(X × Di) is the i-fold suspension of
X/∂X.
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The same remark applies for the h-decoration and also in the PL and TOP
categories.

Remark 10.43 (The PL and TOP surgery exact sequences are abelian).
We start with the TOP category. The discussions in this remark apply for both
the s and h decoration and so we shall not mention decorations again.

The first statement that the TOP surgery exact sequence is abelian is due
to Siebenmann [122, Periodicity Theorem for Structures C.5, p.2̇84] where
it appeared as an application of Quinn’s then recent construction of surgery
spaces [192], which we discuss in the following section. Quinn’s work produced
a new infinite loop space structure on G/TOP, different from the Whitney-
sum infinite loop space structure discussed to date. In particular, this gave a
new group structure on [X/∂X,G/TOP] ≡ N TOP(X) such that the surgery
obstruction map is a homomorphism. However, Siebenmann’s proofs relied
on his mistaken version of what can now be called “Siebenmann near pe-
riodicity”. The correct statement of Siebenmann periodicity, along with a
complete proof that the TOP surgery exact sequence is abelian (at least for
triangulable topological manifolds) can be found in [182, Ch. 5]. Nicas [182,
pp. 81-83] also shows that the PL surgery exact sequence is abelian.

Another major development in topological surgery, parallel to Quinn’s
surgery spaces, was Ranicki’s theory of algebraic surgery. An algebraic
surgery exact sequence of abelian groups was constructed in [196] and
also [201, § 14, § 18]). This sequence is identified with whole of the geo-
metric surgery sequence, infinite to the left, in the topological category for
both decoration h and s, see Theorem 10.24. In particular in the topological
category one can find abelian group structures on Ss(X, ∂X), Sh(X, ∂X) and
N (X, ∂X) such that whole of the surgery exact sequence, infinite to the left,
becomes an exact sequence of abelian groups which agrees with the given
abelian group structures coming from Remark 10.42. The main point is to
find the right addition on G/TOP. We will say more about how to do this
in Chapter 16. However, we can mention already here that the abelian group
structures of the right hand sides of the isomorphisms (10.35) are compatible
with this group structure.

Finally, we note that the abelian structures on the TOP surgery exact
sequence defined by Siebenmann and Ranicki are equal and they are also
equal to the stacking group structures of Remark 10.42.

In the smooth category it is not in general possible to do better than
Remark 10.42 in general.

Remark 10.44 (The smooth surgery exact sequence is not additive).
Consider the start of the simple surgery exact sequence for a compact smooth
manifold X of dimension n

Lsn+1(Zπ)
ρ−→ Ss(X)

η−→ [X,G/O]
σs−→ Lsn(Zπ),
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where we have identifiedN (X) ≡ [X,G/O]. In the unpublished sequel to [255]
Weinberger calculated that the for X = T 8 the image of σ in Ls8(Z[Z8]) is not
a subgroup. Assuming we keep the given group structure on the L-groups,
it follows that the smooth surgery exact sequence cannot be abelian for any
H-space structure on G/O. In particular, to follows that there is no map
of H-spaces from G/O to G/TOP, where G/TOP has the Quinn H-space
structure.

Another counterexample to the smooth surgery exact sequence being
abelian comes when X = S3×S4. By Exercise 10.12, we have N (S3×S4) ≡
π4(G/O) and π4(G/O) ∼= Z. In [57] is was shown that for each integer
l ∈ π4(G/O) ∼= Z, the size of the finite set η−1(l) ⊂ S(S3 × S4) varies;
specifically

|η−1(l)| =

{
4 (l, 7) = 1

28 l = 7k.

If η : S(S3 × S4) → N (S3 × S4) were a homomorphism, then it would have
a finite kernel and each of its pre-images would be the same size. It follows
that there are no group structures on S(S3×S4) and N (S3×S4) such that η
is a homomorphism In particular, the smooth surgery exact sequence is not
additive in general.

Moving further to the left, in Chapter 17.12, we will see that S(S3 × S3)
is non-abelian with the group structure from Remark 10.42.

Exercise 10.45. Using the fact that G/PL and G/TOP are simply con-
nected show that for n ≥ 6 we get an isomorphism of abelian groups

πn(G/PL) ∼= Ln(Z) and πn(G/TOP) ∼= Ln(Z).

10.10 Miscellaneous

Given a finite Poincaré complex X of dimension ≥ 5, a single obstruction, the
so called total surgery obstruction, is constructed in [201, § 17], see also [127].
It vanishes if and only if X is homotopy equivalent to a closed topological
manifold. It combines the two stages of the obstruction we have seen before,
namely, the problem of whether the Spivak normal fibration has a reduction to
a TOP-bundle and whether the surgery obstruction of the associated normal
map is trivial.

A generalisation of the ideas from this chapter with applications to au-
tomorphism spaces of manifolds was given by Quinn in [192]. Given an n-

dimensional manifold M he constructed spaces S̃(M), Ñ (M) and Ln(M)
and maps such that the sequence
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(10.46) S̃(M)→ Ñ (M)→ Ln(M)

turns out to be a homotopy fibration sequence whose long exact sequence of
homotopy groups is the geometric surgery exact sequence, in any category
with any decoration. Moreover the additive structure on the surgery exact
sequence of Remark 10.42 corresponds to the additive structure on homotopy
groups πi for i ≥ 1. More information on surgery spaces and on the relation
of S̃(M) to automorphism spaces of M can be found in [192], [248, Chapter
17A] and [258].
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Chapter 11

Homotopy Spheres

11.1 Introduction

Recall that Sn is the standard sphere Sn = {x ∈ Rn+1 | ||x|| = 1}. We
will equip it with the structure of a smooth manifold for which the canonical
inclusion Sn ↪→ Rn+1 is an embedding of smooth manifolds. We use the ori-
entation on Sn which is for each x ∈ Sn compatible with the isomorphisms

νx(Sn,Rn+1)⊕TxSn
∼=−→ TxRn+1, where on νx(Sn,Rn) we use the orientation

coming from the normal vector field pointing from the origin and on TxRn
the standard orientation. This agrees with the convention that Sn = ∂Dn+1

inherits its orientation from Dn+1 in the sense of Remark 4.37. A homotopy
n-sphere Σ is a closed oriented n-dimensional smooth manifold which is ho-
motopy equivalent Sn. The (Generalised) Poincaré Conjecture says that any
homotopy n-sphere Σ is oriented homeomorphic to Sn and is known to be
true in all dimensions: It was proven by Smale for n ≥ 5 in [223], by Freed-
man for n = 4 in [87], by Perelman for n = 3 in [189] (see also [176] for a
published account), and for n ≤ 2 it follows from the classification of surfaces
and curves.

In this chapter we want to solve the problem of how many oriented dif-
feomorphism classes of homotopy n-spheres exist for a given n. This is the
same as determining how many oriented diffeomorphism classes of smooth
structures there are on Sn. This is a beautiful and illuminating example. It
shows how the general surgery methods which we have developed so far apply
to a concrete problem and it illustrates what kind of inputs from homotopy
theory and algebra are needed for classification of smooth manifolds via the
surgery exact sequence.

Let Θn be the abelian group of oriented h-cobordism classes of ori-
ented homotopy n-spheres under the operation of connected sum. We con-
sider bPn+1 ⊆ Θn, which is the subgroup of those homotopy n-spheres
which bound a stably parallelisable compact manifold, the J-homomorphism
Jn : πn(O) → πsn and the n-th Bernoulli number Bn. These notions will be
presented in this chapter whose main result is Theorem 11.1. Since πsn is finite
for i ≥ 1, the same holds for coker(Jn), the cokernel of the J-homomorphism.

Theorem 11.1 (Classification of Homotopy Spheres). The group Θn
is finite. Moreover the following statements hold:

(i) Set ak := (3−(−1)k)/2. For all k ≥ 2, bP4k is a finite cyclic group of
order

ak · 22k−2 · (22k−1−1) · numerator(Bk/(4k));
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(ii) For all k ≥ 1, the group bP4k+2 is either trivial or isomorphic to Z/2.
We have

bP4k+2 =

{
Z/2 4k+2 6= 2l − 2, or 4k+2 = 2l − 2 ≥ 254,
{0} 4k+2 ∈ {6, 14, 30, 62}.

In particular, the only unresolved case is bP126;
(iii) For any natural number k ≥ 2, there is an exact sequence

0→ Θ4k+2 → coker(J4k+2)→ Z/2,

where the map coker(J4k+2)→ Z/2 is non-trivial if and only if bP4k+2 is
trivial, and we have

Θ4k
∼= coker(J4k);

(iv) For any natural number k ≥ 2, there is a short exact sequence

0→ bP2k+2 → Θ2k+1 → coker(J2k+1)→ 0.

The following table, largely taken from [121, pages 504 and 512], gives the
orders of the finite groups Θn, bPn+1 and Θn/bPn+1 up to dimension 15.
The values in dimension 1 and 2 come from obvious adhoc computations.
The only change in the table since 1963 corresponds to Perelman’s solution
of the Poincaré Conjecture (see [176] for details of the proof and the relevant
literature), which gives the values for n = 3. Notice that |Θ4| = 1 does not
mean that any homotopy 4-sphere is diffeomorphic to S4 (see Lemma 11.5).

(11.2)

n 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

|bPn+1| 1 1 1 1 1 1 28 1 2 1 992 1 1 1 8128

|Θn| 1 1 1 1 1 1 28 2 8 6 992 1 3 2 16256

|Θn/bPn+1| 1 1 1 1 1 1 1 2 4 6 1 1 3 2 2

Most of Theorem 11.1 was proven by Kervaire and Milnor in their seminal
1963 paper “Groups of homotopy spheres. I” [121]. This paper contains a
systematic study of surgery and can be viewed as the beginning of surgery
theory. Nearly all the results presented here are taken from [121]. However,
a feature of the following presentation using the surgery exact sequence is
that in dimensions n ≥ 5 we only use that homotopy spheres are almost
parallelisable (see Definition 11.10), whereas the proof that homotopy spheres
are stably parallelisable (see Definition 11.7) was a first basic step in the line
of argument in [121].

Since 1963, two major advances in stable homotopy theory have con-
tributed to the statement of Theorem 11.1. The first advance was the final
determination of the order of the image of the J-homomorphism (see The-
orem 11.32 and discussion preceding it), which is an input to assertion (i).
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The second advance was progress on the Kervaire invariant problem, (see
Corollary 11.52 and the discussion preceding it), which is an input to the
second sentence of assertion (ii). The proof of Theorem 11.1 is distributed
across Theorem 11.48 Corollary 11.52, Theorem 11.53 and Theorem 11.54.

The paper “Groups of homotopy spheres. II”, never appeared but a paper
by Levine [132] is often regarded as the intended sequel. It presents another
exposition of the arguments from [121] and also the Kervaire-Milnor Braid;
see Theorem 11.58. There is also a detailed survey article about homotopy
spheres by Lance [128] and for more recent information about Θn we refer
to [23].

Guide 11.3. It is best to read this chapter linearly.

11.2 The Group of Homotopy Spheres

Define the n-th group of homotopy spheres Θn as follows. Elements are ori-
ented h-cobordism classes [Σ] of oriented homotopy n-spheres Σ, where Σ
and Σ′ are called oriented h-cobordant if there is an oriented h-cobordism
(W,∂0W,∂1W ) and orientation preserving diffeomorphisms Σ → ∂0W and
(Σ′)− → ∂1W . The addition is given by connected sum. The zero element is
represented by Sn. The inverse of [Σ] is given by [Σ−], where Σ− is obtained
from Σ by reversing the orientation.

Obviously Θn becomes an abelian semi-group under connected sum. It
remains to check that [Σ−] is an inverse of [Σ]. It is easy to see that for a
homotopy n-sphere Σ there is an h-cobordism W from the connected sum
Σ]Σ− to Sn. Let Dn ⊂ Σ be an embedded disk. Let Σ − int(Dn) be the
manifold with boundary obtained by removing this disk. Delete the interior
of an embedded disk Dn+1 ⊂ (Σ− int(Dn))× [0, 1]. The result is the desired
h-cobordism W .

Exercise 11.4. For n ≥ 6, prove that every homotopy n-sphere Σ is oriented
diffeomorphic to Dn ∪f : Sn−1→Sn−1 (Dn)−, for some orientation preserving
diffeomorphism f : Sn−1 → Sn−1.

Hence deduce that Σ is oriented homeomorphic to Sn.

Lemma 11.5. Let Θn be the set of oriented diffeomorphism classes [Σ] of
oriented homotopy n-spheres Σ. The forgetful map

f : Θn → Θn

is bijective for n 6= 4.

Proof. By definition f is onto. For n ≥ 5, f is injective by the s-cobordism
Theorem 1.1. For n = 2, 3, the set Θn contains just one element, by the
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classification of surfaces for n = 2 and by Perelman’s proof of the Poincaré
Conjecture for n = 3 combined with the fact that 3-dimensional manifolds
have unique smooth structures [175]. ut

Lemma 11.6. There is a natural bijection

α : S(Sn)
∼=−→ Θn, [f : M → Sn] 7→ [M ],

where we choose the orientation on M such that f has degree one with respect
to the standard orientation on Sn. In addition, there is an obvious bijection

{smooth oriented structures on Sn}/o.p. diffeomorphism
∼=−→ Θn,

where “o.p.” abbreviates “orientation preserving”.

Proof. For any oriented homotopy n-sphere Σ there is up to homotopy pre-
cisely one map f : Σ → Sn of degree one. Recall that the (Generalised)
Poincaré Conjecture is know to be true which says that any homotopy n-
sphere is homeomorphic to Sn. ut

Definition 11.7 (Stably parallelisable). A manifold M is called stably
parallelisable if TM ⊕ Ra is trivial for some a ≥ 0.

Definition 11.8 (The set bPn+1). Let bPn+1 ⊆ Θn be the subset of ele-
ments [Σ] for which Σ is oriented diffeomorphic to the boundary ∂M of a
stably parallelisable compact manifold M .

Lemma 11.9. The subset bPn+1 ⊆ Θn is a subgroup of Θn. For n 6= 4, bPn+1

is the preimage under the composition

Θn
(f◦α)−1

−−−−−→ Sn(Sn)
η−−→ Nn(Sn)

of the base point [id : TSn → TSn] in Nn(Sn), where f is the bijection of
Lemma 11.5 and α is the bijection of Lemma 11.6.

Proof. By Theorem 11.17 below, Θ4 = {0} and so bP5 = Θ4.
Now assume that n 6= 4. Suppose that Σ bounds W and Σ′ bounds W ′

for stably parallelisable manifolds W and W ′. Then the boundary connected
sum W]W ′ is stably parallelisable and has Σ]Σ′ as boundary. This shows
that bPn+1 ⊆ Θn is a subgroup.

Consider an element [f : Σ → Sn] in η−1([id : TSn → TSn]). Then there
is a normal bordism from a normal map (f, f) : TΣ ⊕ Ra → ξ covering
f : Σ → Sn to the normal map (id, id) : TSn → TSn. This normal bor-
dism is given by a bundle map (F, F ) : TW ⊕ Ra+b → η covering a map of
triads (F ; ∂0F, ∂1F ) : (W ; ∂0W,∂1W ) → (Sn × [0, 1];Sn × {0}, Sn × {1}),
as well as two bundle isomorphisms (u, u) : TΣ ⊕ Ra+b+1 → TW ⊕ Rb
and (u′, u′) : TSn ⊕ Ra+b+1 → TW ⊕ Rb covering, respectively, orienta-
tion preserving diffeomorphisms u : Σ → ∂0W and u′ : (Sn)− → ∂1W ,
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and finally two further bundle isomorphisms (v, v) : ξ ⊕ Rb+1 → η and
(v′, v′) : TSn⊕Ra+b+1 → η, covering, respectively, the obvious maps v : Sn →
Sn×{0} and v′ : Sn → Sn×{1}, such that (f, f)◦(u, u) = (v, v)◦(f⊕ idRb+1)

and (f, f) ◦ (u′, u′) = (v′, v′) holds. Then Dn+1 ∪u′ W is a manifold whose
boundary is oriented diffeomorphic to Σ by u and for which the bundle data
above yield a stable isomorphism TW ⊕Ra+b → Rn+1+a+b. Hence [Σ] lies in
bPn+1.

Conversely, consider [Σ] such that there exists a stably parallelisable mani-
fold W together with an orientation preserving diffeomorphism u : Σ → ∂W .
We can assume without loss of generality that W is connected. Choose an ori-
entation preserving homotopy equivalence f : Σ → Sn. We can extend ∂0F :=
f ◦u−1 : ∂W → Sn to a smooth map F : W → Dn+1. Since f has degree one,
the map (F, ∂F ) : (W,∂W )→ (Dn+1, Sn) has degree one. Let y ∈ Dn+1−Sn
be a regular value. Then the degree of F is the finite sum

∑
x∈F−1(y) ε(x),

where ε(x) = 1, if TxF : TxW → TyD
n preserves the induced orientations and

ε(x) = −1 otherwise. If two points x1 and x2 in F−1(y) satisfy ε(x1) 6= ε(x2),
one can change F up to homotopy relative ∂W such that F−1(y) contains
two points less than before. Thus one can arrange that F−1(y) consists of
precisely one point x and that TxF : TxW → TxD

n+1 is orientation preserv-
ing. Then one can change F up to homotopy in a small neighborhood of x
such that there is an embedded disk Dn+1

o ⊂ W − ∂W such that F induces
a diffeomorphism Dn+1

0 → F (Dn+1
0 ) and no point outside Dn+1

0 is mapped
to F (Dn+1

0 ). Define V = W − int(Dn+1
0 ). Then F induces a map also de-

noted by F : V → Dn+1 − F (Dn+1
0 ). If we identify Dn+1 − F (Dn+1

0 ) with
Sn × [0, 1] by an orientation preserving diffeomorphism, we obtain a map of
triads (F ; ∂0F, ∂1F ) : (V ; ∂0V, ∂1V )→ (Sn+1 × [0, 1], Sn × {0}, Sn × {1}) to-
gether with diffeomorphisms u : Σ → ∂0V , v : Sn → Sn×{0}, u′ : Sn → ∂0V ,
v′ : Sn → Sn×{1} such that ∂1F is an orientation preserving diffeomorphism
and F ◦ u = v ◦ f and F ◦ u′ = v′. Now one covers everything with appro-
priate bundle data to obtain a normal bordism from (f, f) : TΣ ⊕Ra → ξ to
id : TSn → TSn. This shows η ◦ α−1 ◦ f−1([Σ]) = [id : TSn → TSn]. ut

11.3 The Surgery Exact Sequence for Homotopy
Spheres

In this section we examine the surgery sequence (see Theorem 10.21) in the
case of the sphere. In contrast to the general case we will obtain a long
exact sequence of abelian groups. We have to introduce the following bordism
groups.

Definition 11.10 (Stable and almost stable framing). A stable framing
of a compact oriented manifold M of dimension n is a strong bundle isomor-

phism u : TM ⊕ Ra
∼=−→ Rn+a for some a ≥ 0 which is compatible with the
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given orientation. (Recall that strong means that u covers the identity.) A
stably framed manifold is a pair (M,u) as above.

An almost stable framing of a closed oriented manifold M of dimension
n is a choice of a point x ∈ M together with a strong bundle isomorphism

u : TM |M−{x} ⊕ Ra
∼=−→ Rn+a for some a ≥ 0 which is compatible with the

given orientation on M − {x}. An almost stably framed manifold is a triple
(M,x, u) as above.

Of course any stably framed manifold (M,u) induces in particular an al-
most stably framed manifold for every x ∈ M by restricting u. A homotopy
n-sphere Σ admits an almost stable framing since for any point x ∈ Σ the
complement Σ − {x} is contractible and hence TΣ|Σ−{x} is trivial and, up
to homotopy of bundle isomorphisms, admits one homotopy class of trivial-
isation. We will later show the non-trivial fact that any homotopy n-sphere
is stably parallelisable, i.e., admits a stable framing. The standard sphere Sn

inherits its standard stable framing from its embedding to Rn+1.
A stably framed nullbordism for a stably framed manifold (M,u) is a

compact manifold W with a stable framing U : TW ⊕ Ra+b
∼=−→ Rn+1+a+b

and a bundle isomorphism (v, v) : TM ⊕Ra+1+b
∼=−→ TW ⊕Ra+b coming from

the differential of an orientation preserving diffeomorphism v : M → ∂W such
that U ◦v = u⊕idRb+1 . Now define the notion of a stably framed bordism from

a stably framed manifold (M,u) to another stably framed manifold (M ′, u′)
to be a stably framed nullbordism for the disjoint union of (M−, u−) and
(M ′, u′), where M− is obtained from M by reversing the orientation and u−

is the composition

u− : TM ⊕ Ra u−→ Ra+n = R⊕ Ra+n−1
− idR⊕ idRa+n−1

−−−−−−−−−−−→ R⊕ Ra+n−1 = Ra+n.

Consider almost stably framed manifolds (M,x, u) and (M ′, x′, u′). An
almost stably framed bordism from the (M,x, u) to (M ′, x′, u′) consists of
the following data. A compact oriented (n+1)-dimensional manifold triad
(W ; ∂0W,∂1W ) such that ∂0W ∩ ∂1W = ∅, together with an embedding
j : ([0, 1]; {0}, {1}) ↪→ (W ; ∂0W,∂1W ) such that j is transversal at the bound-

ary and a strong bundle isomorphism U : TWW−im(j) ⊕ Rb
∼=−→ Rn+1+b for

some b ≥ a, a′. Furthermore we require the existence of a bundle isomor-

phism (v, v) : TM ⊕ Rb+1
∼=−→ TW ⊕ Rb coming from the differential of an

orientation preserving diffeomorphism v : M− → ∂0W with v(x) = j(0) and

of a bundle isomorphism (v′, v′) : TM ⊕ Rb+1
∼=−→ TW ⊕ Rb coming from the

differential of an orientation preserving diffeomorphism v′ : M ′ → ∂1W with
v′(x′) = j(1) such that U ◦ v = u− ⊕ idRb−a+1 and U ◦ v′ = u′ ⊕ idRb+1−a′

holds.

Definition 11.11 (Framed and almost framed bordism). Let Ωfr
n be

the abelian group of stably framed bordism classes of stably framed closed
oriented manifolds of dimension n. This becomes an abelian group under
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disjoint union. The zero element is represented by Sn with its standard stable
framing. The inverse of the class of (M,u) is represented by the class of
(M−, u⊕ (− idR)).

Let Ωalm
n be the abelian group of almost stably framed bordism classes of

almost stably framed closed oriented manifolds of dimension n. This becomes
an abelian group by the connected sum at the base points. The zero element
is represented by Sn with the base point s = (1, 0, . . . , 0) with its standard
stable framing restricted to Sn − {s}. The inverse of the class of (M,x, u) is
represented by the class of (M−, x, u⊕ (− idR)).

Lemma 11.12. There are canonical bijections of pointed sets

β : Nn(Sn)
∼=−→ Ωalm

n ;

γ : Nn+1(Sn × [0, 1], Sn × {0, 1})
∼=−→ Nn+1(Sn+1).

Proof. Consider an element r ∈ Nn(Sn) represented by a normal map
(f, f) : TM ⊕Ra → ξ covering a map of degree one f : M → Sn. Since f has
degree one, one can change (f, f) by a homotopy such that f−1(s) consists
of one point x ∈ M for a fixed point s ∈ Sn. Since Sn − {s} is contractible,
ξ|Sn−{s} admits a trivialisation which is unique up to homotopy. It induces

together with f an almost stable framing on (M,x). The class of (M,x) with
this stable framing in Ωalm

n is defined to be the image of r under β.
The inverse β−1 of β is defined as follows. Let r ∈ Ωalm

n be represented
by the almost framed manifold (M,x, u). Let c : M → Sn be the collaps map
for a small embedded disk Dn ⊂M with origin x. By construction c induces
a diffeomorphism c|int(Dn) : int(Dn) → Sn − {s} and maps M − int(Dn)
to {s} for fixed s ∈ Sn. The almost stable framing u yields a bundle map
c′ : TM |M−{x} ⊕ Ra → Rn+a covering c|M−{x} : M − {x} → Sn − {c(x)}.
Since Dn is contractible, we obtain a bundle map unique up to homotopy
c′′ : TDn ⊕ Ra → Rn+a covering c|Dn : Dn → Sn. The composition of the
inverse of the restriction of c′′ to int(Dn) − {x} and of the restriction of c′

to int(Dn)− {x} yields a strong bundle automorphism of the trivial bundle
Rn+a over Sn−{s, c(x)}. Let ξ be the bundle obtained by glueing the trivial
bundle Ra+n over Sn − {s} and the trivial bundle Ra+n over Sn − {c(x)}
together using this bundle automorphism over Sn−{s, c(x)}. Then c′ and c′′

fit together to a bundle map c : TM ⊕Rn+a → ξ covering c. Define the image
of r under β−1 to be the class of (c, c).

Consider r ∈ Nn+1(Sn × [0, 1], Sn × {0, 1}) represented by a normal map
(f, f) : TM ⊕Ra → ξ covering (f, ∂f) : (M,∂M)→ (Sn× [0, 1], Sn ×{0, 1}).
Recall that ∂f is a diffeomorphism. Hence one can form the closed manifold
N = M ∪∂f : ∂M→Sn×{0,1} D

n+1 × {0, 1}. The map f and the identity on
Dn+1×{0, 1} induce g : N → (Sn× [0, 1])∪Sn×{0,1} (Dn+1×{0, 1}) ∼= Sn+1,
which is a map of degree one. Now we define the bundle η over the manifold
(Sn × [0, 1]) ∪Sn×{0,1} (Dn+1 × {0, 1}) ∼= Sn+1 by glueing the bundles ξ and
T (Dn+1 × {0, 1}) ⊕ Ra−1 together over Sn × {0, 1} by the strong bundle
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isomorphism

ξ|Sn−1×{0,1}
(f |Sn−1×{0,1})

−1

−−−−−−−−−−−−→ TM |∂M ⊕ Ra = T (∂M)⊕ Ra+1

T∂f⊕idRa+1

−−−−−−−−→ T (Sn−1 × {0, 1})⊕ Ra+1 = T (Dn+1 × {0, 1})⊕ Ra.

Then f and id: T (Dn+1×{0, 1})⊕Ra → T (Dn+1×{0, 1})⊕Ra fit together
to give a bundle map g : TN⊕Ra → η covering g. Define the image of r under
γ by the class of (g, g). We leave it to the reader to construct the inverse of
γ which is similar to the construction in Lemma 11.9 but now two embedded
discs instead of one embedded disc are removed. ut

Next we wish to place Θn in a long exact sequence containing L-groups.
Since the fundamental group π of a homotopy n-sphere is trivial for n ≥ 2,
the orientation homomorphism w is always trivial and Wh(π) = {1}. Hence
it does not matter whether we work with simple homotopy equivalences or
homotopy equivalence since Ssn(Sn) = Shn(Sn) for n ≥ 5 and Lsn(Zπ) =
Lhn(Zπ) = Ln(Z) holds. Therefore we will omit the decoration h or s for the
remainder of this chapter.

For n ≥ 5 we want to construct a long exact sequence of abelian groups

. . .→ Ωalm
n+1

σ−→ Ln+1(Z)
ρ−→ Θn

η−→ Ωalm
n

σ−→ Ln(Z)→ . . . .

The map
σ : Ωalm

n+1 → Ln+1(Z)

is given by the composition

Ωalm
n+1

β−1

−−→ Nn+1(Sn+1)
σ−→ Ln+1(Z),

where β is the bijection of Lemma 11.12 and σ : Nn+1(Sn+1) → Ln+1(Z) is
given by the surgery obstruction and has already appeared in the surgery
sequence (see Theorem 10.21). The map

ρ : Ln+1(Z)→ Θn

is the composition of the inverse of the bijection α◦f : Sn(Sn)
∼=−→ Θn coming

from Lemma 11.5 and Lemma 11.6 and the map ρ : Ln+1(Z) → Sn(Sn) of
the surgery sequence (see Theorem 10.21). The map

η : Θn → Ωalm
n(11.13)

sends the class of a homotopy sphere Σ to the class of (Σ, x, u), where x
is any point in Σ and the stable framing of TΣ|Σ−{x} comes from the fact
that Σ−{x} is contractible. This map η corresponds to the map η appearing
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in the surgery exact sequence (see Theorem 10.21) under the identification

α ◦ f : Sn(Sn)
∼=−→ Θn coming from Lemma 11.5 and Lemma 11.6.

We leave it to the reader to check that all these maps are homomorphisms
of abelian groups. The surgery exact sequence (see Theorem 10.21) implies

Theorem 11.14 (The surgery sequence for homotopy spheres). The
sequence of abelian groups which extends infinitely to the left

. . .→ Ωalm
n+1

σ−→ Ln+1(Z)
ρ−→ Θn

η−→ Ωalm
n

σ−→ Ln(Z)
ρ−→ . . .

η−→ Ωalm
5

σ−→ L5(Z)

is exact.

We shall next cut the long exact sequence of Theorem 11.14 into shorter se-
quences, which lead to the proof of Theorem 11.1. Recall that we have shown
in Theorem 7.96, Theorem 7.108 and Theorem 8.15 that that L2i+1(Z) = 0
for i ∈ N and there are isomorphisms

1

8
· sign: L0(Z)

∼=−→ Z

and
Arf : L2(Z)

∼=−→ Z/2.

Recall also from Theorem 7.170 (i) and (ii) that the surgery obstruction of
a degree one normal map (f, f) : M → Sn from a closed n-manifold to the
n-sphere is 1

8 sign(M) when n = 4i and the Arf invariant of the quadratic
form on the surgery kernel when n = 4i−2. In the latter case, this is called
the Kervaire invariant of the degree one normal map (f, f), denoted KI(f, f).
Hence Theorem 11.14 and Lemma 11.9 imply

Corollary 11.15. For i ≥ 2 and j ≥ 3 there are short exact sequences of
abelian groups

0→ Θ4i
η−→ Ωalm

4i

sign
8−−→ Z ρ−→ bP4i → 0

and
0→ Θ4i−2

η−→ Ωalm
4i−2

KI−→ Z/2 ρ−→ bP4i−2 → 0

and
0→ bP2j → Θ2j−1

η−→ Ωalm
2j−1 → 0.

Here the map
sign

8
: Ωalm

4i → Z

sends a bordism class [M,x, u] to 1
8 · sign(M) and KI: Ωalm

4i−2 → Z/2 sends
[M,x, u] to the Kervaire invariant the normal map β−1([M,x, u]) ∈ Nn(Sn),
where β is the bijection appearing in Lemma 11.12.

We conclude this section by showing that Θ4 = {0} and that the long
exact sequence of Theorem 11.14 extends three terms to the right. For n = 4



412 11 Homotopy Spheres

(but only for n = 4), we shall need the following fundamental fact about
homotopy spheres.

Theorem 11.16 (Stable Parallelisability of homotopy spheres). For
n ≥ 1 any homotopy n-sphere Σ is stably parallelisable.

Proof. For an almost parallelisable manifold (M,u) the image of its class
[M,u] ∈ Ωalm

n under the homomorphism ∂ : Ωalm
n → πn(SO(n−1)) is exactly

the obstruction to extending the almost stable framing to a stable framing.
Recall that any homotopy n-sphere is almost stably parallelisable. The map ∂
is trivial for n 6= 0 mod 4 by Lemma 11.22, Lemma 11.29, Theorem 11.32 (i).
If n = 0 mod 4, the claim follows from Lemma 11.22, Lemma 11.29 and and
Lemma 11.45 since the signature of a homotopy n-sphere is trivial. ut

Theorem 11.17 (The long exact sequence for homotopy spheres).
We have Θ4 = {0} and the sequence of Theorem 11.14 extends three terms
to the right as an exact sequence:

. . .
η−→ Ωalm

5
σ−→ L5(Z)

ρ−→ Θ4
η−→ Ωalm

4
σ−→ L4(Z)

Proof. Let Σ be a homotopy 4-sphere. By Theorem 11.16 Σ is stably paral-
lelisable and so we choose a stable framing u of Σ. By (11.26) and by (11.30)
below, (Σ, u) bounds a stably framed manifold (W,F ). We fix a degree one
map c : Σ → S4 and extend it to a degree one map of pairs (C, c) : (W,Σ)→
(D5, S4). Since TD5 = R5, the stable framing F is equivalent to the bundle
data of a degree one normal map of pairs (C,C) : (W,Σ) → (D5, S4). Since
c is a homotopy equivalence and L5(Z) = {0}, Theorem 8.102 applies to
show that we can perform surgery on the interior of W to obtain a homotopy
equivalence of pairs (C ′, c) : (W ′, Σ) → (D5, S4). Now delete the interior of
an embedded disk D5 ⊂W ′. The result is an h-cobordism from Σ to S4.

Since L5(Z) = Θ4 = {0}, the exactness of the extension is equivalent to

the surgery obstruction map Ωalm
4

σ−→ L4(Z) being injective. We have seen

above that σ(M,x, u) = sign(M)
8 . Now since πi(O) = {0} for i = 2, it follows

that Ωalm
4 is identified with the spin bordism group ΩSpin4 , which is known

to be isomorphic to Z, detected by the signature [165]. ut

Exercise 11.18. For a homotopy n-sphere Σ, we have seen that there is
an orientation preserving homeomorphism f : Sn → Σ and a vector bundle
isomorphism TΣ ⊕ Ra ∼= Rn+a. For n = 2k, prove that f is covered by (an
unstable) vector bundle isomorphism f : TSn → TΣ.

(The same statement holds for n = 2k+1 but the proof is significantly
more challenging: see for a short proof in all dimensions [205, Lemma 1.1].)
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11.4 The J-Homomorphism and Stably Framed Bordism

By Theorem 11.14 we have reduced the computation of Θn to computations
aboutΩalm

n and certain maps to Z and Z/2 given by the signature divided by 8
and the Kervaire invariant. This reduction is essentially due to the machinery
of surgery. The rest of the computation will essentially be homotopy theory.
First we try to understand Ωfr

∗ geometrically. There is an obvious forgetful
map

f : Ωfr
n → Ωalm

n .(11.19)

We next define the group homomorphism

∂ : Ωalm
n → πn−1(SO).(11.20)

Given r ∈ Ωalm
n , choose a representative (M,x, u). Let Dn ⊂M be an embed-

ded disk with origin x. Since Dn is contractible, we obtain a strong bundle

isomorphism unique up to isotopy v : TM |Dn⊕Ra
∼=−→ Ra+n. The composition

of the inverse of the restriction of u to Sn−1 = ∂Dn and of the restriction
of v to Sn−1 is an orientation preserving bundle automorphism of the trivial
bundle Ra+n over Sn−1. This is the same as a map Sn−1 → SO(n+a). Its
composition with the canonical map SO(n+a)→ SO represents an element in
πn−1(SO) which is defined to be the image of r under ∂ : Ωalm

n → πn−1(SO).
Let

J : πn(SO)→ Ωfr
n(11.21)

be the group homomorphism which assigns to the element r ∈ πn(SO) repre-
sented by a map u : Sn → SO(n+a) the class of Sn with the stable framing

TSn ⊕ Ra
∼=−→ Ra+n which is induced by the standard trivialisation

TSn ⊕ R ∼= T (∂Dn+1)⊕ ν(∂Dn+1, Dn+1) ∼= TDn+1|∂Dn+1
∼= Rn+1

and the strong bundle automorphism of the trivial bundle Ra+n over Sn given
by u. One easily checks

Lemma 11.22. The following sequence is a long exact sequence of abelian
groups

· · · ∂−→ πn(SO)
J−→ Ωfr

n
f−→ Ωalm

n
∂−→ πn−1(SO)

J−→ Ωfr
n−1

f−→ · · · .

Next we want to interpret the exact sequence appearing in Lemma 11.22
homotopy theoretically. We begin with the homomorphism J . Notice that
there is a natural bijection

τ ′ : colimk→∞Ωn(Rk → {∗})
∼=−→ Ωfr

n(11.23)
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which is defined as follows. Consider an element

x = [(M, i : M → Rn+k,pr: M → {∗}, u : ν(i)→ Rk)] ∈ Ωn(Rk → {∗}).

There is a canonical strong isomorphism u′ : TM ⊕ ν(i)
∼=−→ Rn+k. From u

and u′ we get an isomorphism v : TM ⊕ Rk → Rn+k covering the projection
M → {∗}. Define τ ′(x) by the class of (M,v). The Thom space Th(Rn+k) is
Sn+k. Hence the Pontrjagin-Thom construction (see Theorem 3.52) induces
an isomorphism

P : colimk→∞Ωn(Rk → {∗}) ∼= colimk→∞ πn+k(Sk).(11.24)

Notice that the stable n-th homotopy group of a space X is defined by

πsn(X) := colimk→∞ πn+k(Sk ∧X).(11.25)

Recall that stable n-stem is defined by

πsn := πsn(S0) := colimk→∞ πn+k(Sk)

Thus the isomorphism τ ′ of (11.23) and the isomorphism P of (11.24) yield
an isomorphism

τ : Ωfr
n

∼=−→ πsn.(11.26)

Next we explain the so called Hopf construction which defines for spaces
X, Y and Z a map

H : [X × Y,Z]→ [X ∗ Y,ΣZ](11.27)

as follows. Recall that the join X ∗ Y is defined by X × Y × [0, 1]/ ∼, where
∼ is given by (x, y, 0) ∼ (x′, y, 0) and (x, y, 1) ∼ (x, y′, 1), and that the
(unreduced) suspension ΣZ is defined by Z × [0, 1]/ ∼, where ∼ is given by
(z, 0) ∼ (z′, 0) and (z, 1) ∼ (z′, 1). Given f : X × Y → Z, let H(f) : X ∗ Y →
ΣZ be the map induced by f × id : X × Y × [0, 1]→ Z × [0, 1]. Consider the
following composition

[Sn,SO(k)]→ [Sn, aut(Sk−1)]→ [Sn × Sk−1, Sk−1]

H−→ [Sn ∗ Sk−1, ΣSk−1] = [Sn+k, Sk].

Notice that π1(SO(k)) acts trivially on πn(SO(k)) and π1(Sk) acts trivially
on πn+k(Sk) for k, n ≥ 1. Hence no base point questions arise in the next
definition.

Definition 11.28 (J-homomorphism). For n, k ≥ 1 the composition
above induces homomorphisms of abelian groups
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Jn,k : πn(SO(k))→ πn+k(Sk).

Taking the colimit for k →∞ induces the so called J-homomorphism

Jn : πn(SO)→ πsn.

With some care one can check the following

Lemma 11.29. The composition of the homomorphism J : πn(SO) → Ωfr
n

of (11.21) with the isomorphism τ : Ωfr
n

∼=−→ πsn of (11.26) is the J-homomorphism
Jn : πn(SO)→ πsn of Definition 11.28.

As discovered by Bott (see [27]), the homotopy groups of O are 8-periodic
and are listed in the following table:

i mod 8 0 1 2 3 4 5 6 7

πi(O) Z/2 Z/2 0 Z 0 0 0 Z

Notice that πi(SO) = πi(O) for i ≥ 1 and π0(SO) = 1. The first 10 stable
stems can be found in the book of Toda [240] and are listed in the following
table:

(11.30)
n 0 1 2 3 4 5 6 7 8 9

πsn Z Z/2 Z/2 Z/24 0 0 Z/2 Z/240 Z/2⊕ Z/2 Z/2⊕ Z/2⊕ Z/2

The Bernoulli numbers Bn for n ≥ 1 are defined by

z

ez − 1
= 1− z

2
+
∑
n≥1

(−1)n+1 ·Bn
(2n)!

· (z)2n.(11.31)

The first values are given by

n 1 2 3 4 5 6 7 8

Bn
1
6

1
30

1
42

1
30

5
66

691
2730

7
6

3617
510

The next result deep result we require is due to Adams [1, Theorem 1.1,
Theorem 1.3 and Theorem 1.5], modulo a factor of two in the case n =
7 mod 8. This mod 2 ambiguity was resolved by Mahowald [156] and also
followed from the solution of the Adams Conjecture [191, 234].1

Theorem 11.32 (Computation of the J-homomorphism).

1 See [191] and [234] for statements of the Adams Conjecture and also [155, Ch. 5] for a

discussion of the role of the Adams Conjecture and its solution in surgery theory.
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(i) If n 6= 3 mod 4, then the J-homomorphism Jn : πn(SO)→ πsn is injective;
(ii) The image of the J-homomorphism J4k−1 : π4k−1(SO)→ πs4k−1 has order

denominator(Bk/4k), where Bk is the k-th Bernoulli number.

Exercise 11.33. Let n be an odd natural number. Show that Θn vanishes
only if and only if one of the following conditions is satisfied:

(i) n ∈ {1, 3, 5};
(ii) n = 29 and πsn = 0;

(iii) n = 61 and πsn = 0;
(iv) n = 125, bPn+1 = 0, and πsn = 0;

Exercise 11.34. Let n be an even natural number. Show that Θn vanishes
only if and only if one of the following conditions is satisfied:

(i) n ∈ {2, 4, 6, 12};
(ii) n = 8k for k ≥ 2 and πsn = Z/2;

(iii) n = 8k + 4 for k ≥ 2 and πsn = {0};
(iv) n = 4k + 2 for k ≥ 3, n /∈ {30, 162, 126}, and πsn = 0;
(v) n = 30, 62 and πsn = Z/2;

(vi) n = 126 and either (πsn = Z/2 and bPn = 0) or (πsn = 0 and bPn = Z/2)
hold;

Remark 11.35 (Smoothly rigid spheres). Next we want to discuss the
following question: For which n is Sn smoothly rigid in the sense of Re-
mark 10.33. In low dimensions, we see that Sn is smoothly rigid if n ∈
{1, 2, 3, 4, 5, 6, 12}. If n = 2k+1 is odd, Wang and Xu[251] have proven that
S2k+1 is smoothly rigid if and only if 2k+1 ∈ {1, 3, 5, 61}. If n = 2k is even
and n ≤ 138, Behrens, Hill, Hopkins and Mahowald [24] have proven that
the n-sphere is smoothly rigid only for 2k ∈ {2, 6, 56} and perhaps 2k = 4.

We now review the history of the question above and how surgery the-
ory reduces the above question to questions in stable homotopy theory for
n ≥ 5. Recall that Sn is topologically rigid in the sense of Definition 10.30
in all dimensions since the Poincaré Conjecture holds in all dimensions, see
Theorem 1.5 and Subsection 1.6. Since in dimensions ≤ 3 there is no differ-
ence between the topologically and smooth category, Sn is smoothly rigid in
dimensions ≤ 3.

It is unknown whether the smooth 4-dimensional Poincaré Conjecture is
true which is equivalent to the statement that S4 is smoothly rigid. Note
that the smooth s-Cobordism Theorem is known to fail in dimension 4 by
the work of Donaldson [76].

In dimensions≥ 5 a closed smooth manifoldM is smoothly rigid if and only
if its smooth structure set consists of precisely one structure. We conclude
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from Lemma 11.5 and Lemma 11.6 that Sn is smoothly rigid in dimension
n ≥ 5 if and only if Θn vanishes.

We conclude from Exercise 11.33 that if Sn is smoothly then n = 1, 3 or
n ∈ {29, 61, 125} and |πsn| = 1. Now πs29

∼= Z/3 (see e.g., [204, Appendix A3])
is non-trivial and the computations of Wang and Xu show that πs61 = {e}
but that πs125 is non-trivial.

We conclude from Exercise 11.34 that S2k is smoothly for rigid for 2k ≥ 16
if and only if | coker(J2k)| = 1. Behrens, Hill, Hopkins and Mahwohald have
shown for 16 ≤ 2k ≤ 138 the only even integer 2k with coker(J2k) trivial is
2k = 56.

11.5 The computation of bPn+1

In this section we want to compute the subgroups bPn+1 ⊆ Θn (see Defini-
tion 11.8).

We have introduced the bijection β : Nn(Sn)
∼=−→ Ωalm

n in Lemma 11.12
and the map ∂ : Ωalm

n → πn−1(SO) in (11.20). Let

δ(k) : πn(BSO(k))
∼=−→ πn−1(SO(k))(11.36)

be the boundary map in the long exact homotopy sequence associated to the
fibration SO(k) → ESO(k) → BSO(k). It is an isomorphism since ESO(k)
is contractible. It can be described as follows. Consider x ∈ πn(BSO(k)).
Choose a representative f : Sn → BSO(k). If γk → BSO(k) is the univer-
sal k-dimensional oriented vector bundle, f∗γk is a k-dimensional oriented
vector bundle over Sn. Let Sn− be the lower and Sn+ be the upper hemi-
sphere and Sn−1 = Sn− ∩ Sn+. Since the hemispheres are contractible, we

obtain up to isotopy unique strong bundle isomorphisms u− : f∗γk|Sn−
∼=−→ Rk

and u+ : f∗γk|Sn+
∼=−→ Rk. The composition of the inverse of the restric-

tion of u− to Sn−1 with the restriction of u+ to Sn−1 is a bundle auto-
morphism of the trivial bundle Rk over Sn−1 which is the same as map
Sn−1 → SO(k). Define its class in πn−1(SO(k)) to be the image of x under
δ(k)−1 : πn(BSO(k))→ πn−1(SO(k)). Analogously we get an isomorphism

δ : πn(BSO)
∼=−→ πn−1(SO).(11.37)

Define a map

γ : Nn(Sn)→ πn(BSO)(11.38)

by sending the class of the normal map of degree one (f, f) : TM ⊕ Ra → ξ
covering a map f : M → Sn to the class represented by the classifying map
fξ : Sn → BSO(n+k) of ξ. One easily checks
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Lemma 11.39. The following diagram commutes

Ωalm
n

∂ //

β−1

��

πn−1(SO)

δ−1

��
Nn(Sn)

γ
// πn(BSO)

The next ingredient we need is the Hirzebruch Signature Theorem 7.168.
Recall that is says for a closed oriented manifold M of dimension n = 4k that
its signature can be computed in terms of the L-class L(M) by

sign(M) = 〈Lk(M), [M ]〉,(11.40)

where Lk(M) = Lk(M)(p1(TM), . . . , pk(TM)) is a polynomial in the Pon-
trjagin classes of the tangent bundle of M . The coefficient sk of pk(TM) is
given in terms of the Bernoulli number Bk by the following formula (see [109,
Theorem 8.2.2]):

sk :=
22k · (22k−1 − 1) ·Bk

(2k)!
.(11.41)

Assume that M is almost stably parallelisable. Then for some point x ∈ M
the restriction of the tangent bundle TM to M − {x} is stably trivial and
hence has trivial Pontrjagin classes. Since the inclusion induces an isomor-

phism Hp(M ;Z)
∼=−→ Hp(M − {x};Z) for p ≤ n−2, we get pi(M) = 0 for

i ≤ k−1. Hence (11.40) implies for a closed oriented almost stably parallelis-
able manifold M of dimension 4k

sign(M) = sk · 〈pk(TM), [M ]〉.(11.42)

We omit the proof of the next lemma which is based on certain homotopy
theoretical computations (see for instance [132, Theorem 3.8 on page 76]).

Lemma 11.43. Let n = 4k. Then there is an isomorphism

φ : πn−1(SO)
∼=−→ Z.

Define a map
pk : πn(BSO)→ Z

by sending the element x ∈ πn(BSO) represented by a map f : Sn → BSO(m)
to 〈pk(f∗γm), [Sn]〉 for γm the universal m-dimensional vector bundle over
BSO(m). Let δ : πn(BSO)→ πn−1(SO) be the isomorphism of (11.36). Put

tk := ak · (2k−1)!,(11.44)

where we recall that ak = (3−(−1)k)/2. Then



11.5 The computation of bPn+1 419

tk · φ = pk ◦ δ−1.

Lemma 11.45. For n = 4k the following diagram commutes:

Ωalm
n

sign
8 //

∂

��

Z

πn−1(SO)
φ

∼= // Z

sk·tk
8 ·id

OO

Here sign
8 is the homomorphism appearing in Corollary 11.15, the homo-

morphism ∂ has been defined in (11.20) and the isomorphism φ is taken
from (11.43).

Proof. Consider an almost stably parallelisable manifold M of dimension n =
4k. We conclude from Lemma 11.39 and Lemma 11.43

sk · tk
8
· φ ◦ ∂([M ]) =

sk
8
· pk ◦ δ−1 ◦ ∂([M ])

=
sk
8
· pk ◦ γ ◦ β−1([M ]).(11.46)

By definition the composition

Ωalm
n

β−1

−−→ Nn(Sn)
γ−→ πn(SO)

pk−→ Z

sends the class of (M,x, u) to 〈pk(ξ), [Sn]〉 for a bundle ξ over Sn for which
there exists a bundle map (c, c) : TM ⊕ Ra → ξ covering a map c : M → Sn

of degree one. This implies

sk
8
· pk ◦ γ ◦ β−1([M ]) =

sk
8
· 〈pk(ξ), [Sn]〉

=
sk
8
· 〈pk(ξ), c∗([M ])〉

=
sk
8
· 〈c∗(pk(ξ)), [M ]〉

=
sk
8
· 〈pk(TM), [M ]〉.(11.47)

Now the claim follows from (11.42), (11.46) and (11.47). ut

Theorem 11.48 (Computation of bP4k). Let k ≥ 2 be an integer and
recall that ak = (3−(−1)k)/2. Then bP4k is a finite cyclic group of order
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sk · tk
8
·
∣∣im (J4k−1 : π4k−1(SO)→ πs4k−1

)∣∣
=

1

8
· 22k · (22k−1 − 1) ·Bk

(2k)!
· ak · (2k − 1)! · denominator(Bk/4k)

= ak · 22k−2 · (22k−1 − 1) · numerator(Bk/(4k)).

Proof. We conclude from Lemma 11.22, and Lemma 11.29 that the cokernel
of the map ∂ : Ωalm

4k → π4k−1(SO) is isomorphic to the image of the homo-
morphism J4k−1 : π4k−1(SO) → πs4k−1. Now the claim follows from Theo-
rem 11.14, Theorem 11.32 (ii) and Lemma 11.45. ut

Next we treat the case n = 4k+2 for k ≥ 1. The Kervaire invariant in
stable homotopy

KI: πs4k+2 → Z/2(11.49)

is defined to be the composition of τ−1 : πsn
∼=−→ Ωfr

n , the inverse of the
Pontrjagin-Thom isomorphism of (11.26), f : Ωfr

4k+2 → Ωalm
4k+2, the forget-

ful homomorphism of (11.19) and the map KI: Ωalm
4k+2 → Z/2 appearing in

Corollary 11.15.
The determination of the Kervaire invariant is called the Kervaire invari-

ant problem and it has proven to be one of the most challenging problems
in stable homotopy theory. Before summarising progress on this problem, we
summarise its relevance for the group bP4k+2.

Theorem 11.50 (Computation of bP4k+2 in terms of the Kervaire
invariant problem). Let k ≥ 3. Then bP4k+2 is a trivial group if the
homomorphism KI: πs4k+2 → Z/2 of (11.49) is surjective and is Z/2 if the
homomorphism KI: πs4k+2 → Z/2 of (11.49) is trivial.

Proof. We conclude from Lemma 11.22, Lemma 11.29 and Theorem 11.32 (i)
that the forgetful map f : Ωfr

4k+2 → Ωalm
4k+2 is surjective. Now the claim follows

from Corollary 11.15. ut

For k = 3, 7, by Exercise 7.183 there are framings uk on Sk×Sk such that
KI([Sk × Sk, uk]) = 1. Hence bP6 = bP14 = 0, by Theorem 11.50. This was
known to Kervaire and Milnor who wondered [121, Remark p. 536] whether
the Kervaire invariant might vanish in all dimensions besides 2, 6 and 14.

In 1969 Browder proved the following result.

Theorem 11.51 (Browder’s Theorem on the Kervaire invariant).
The homomorphism KI: πs4k+2 → Z/2 of (11.49) is trivial if 2k+1 6= 2l−1.

Indeed Browder proved more than this, giving purely homotopic theoretic
condition determining precisely when KI 6= 0. Results of Mahowald and Tan-
gora (dimension 30) [157] and Barrat, Jones and Mahowald (dimension 62)
[12] then imply that Kervaire invariant is non-zero in dimensions 30 and 62.
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Recently the spectacular work of Hill, Hopkins and Ravenel [105] built on the
work of Browder to show that the Kervaire invariant vanishes in dimensions
4k+2 ≥ 254, leaving 4k+2 = 126 the only dimension in which the Kervaire
invariant problem remains unsolved. Theorem 11.50 and the above discussion
imply

Corollary 11.52. The group bP4k+2 is trivial or isomorphic to Z/2. We have

bP4k+2 =

{
Z/2 4k+2 6= 2l − 2, k ≥ 1, or 4k+2 = 2l − 2 ≥ 254,
{0} 4k+2 ∈ {6, 14, 30, 62}.

In particular, the only unresolved case is bP126.

We conclude from

Theorem 11.53 (Vanishing of bP2k+1). We have for k ≥ 3

bP2k+1 = 0.

Proof. We can identify bP2k+1 with the kernel of the map η : Θ2k
η−→ Ωalm

2k

defined in (11.13) by Lemma 11.9 and Lemma 11.12. Now apply Corol-
lary 11.15. ut

11.6 The group Θn/bPn+1

In this section we related the group Θn/bPn+1 to the stable homotopy groups
of spheres.

Theorem 11.54 (The group Θn/bPn+1).

(i) If n = 4k+2, then there is an exact sequence

0→ Θn/bPn+1 → coker (Jn : πn(SO)→ πsn)→ Z/2;

(ii) If n 6= 2 mod 4 or if n = 4k+2 with 2k+1 6= 2l − 1, then

Θn/bPn+1
∼= coker (Jn : πn(SO)→ πsn) .

Proof. Lemma 11.22, Lemma 11.29, Theorem 11.32 (i) and Lemma 11.45
imply

ker
(
∂ : Ωalm

n → πn−1(SO)
)

= Ωalm
n n 6= 0 mod 4;

ker
(
∂ : Ωalm

n → πn−1(SO)
)

= ker
(

sign
8 : Ωalm

n → Z
)

n = 0 mod 4;

ker
(
∂ : Ωalm

n → πn−1(SO)
)

= coker
(
Jn : πn(SO)→ πfr

n

)
.

Now the claim follows from Corollary 11.15 and Theorem 11.51. ut
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11.7 The Kervaire-Milnor Braid

The Kervaire-Milnor Braid of Theorem 11.58 below relates the groups we
have studied in this chapter. It is comprised of the following four long exact
sequences. In Lemma 11.22 we established the long exact sequence

· · · ∂−→ πn(SO)
J−→ Ωfr

n
f−→ Ωalm

n
∂−→ πn−1(SO)

J−→ Ωfr
n−1

f−→ · · · .

The long exact sequence

(11.55) . . .→ Ln+1(Z)→ Θn → Ωalm
n → Ln(Z)→ Θn−1 → . . .

is taken from Theorem 11.14. Denote by Θfr
n the abelian group of stably

framed h-cobordism classes of stably framed homotopy n-spheres. There is a
long exact sequence

(11.56) . . .→ Θn+1
0−→ πn(SO)→ Θfr

n → Θn
0−→ πn−1(SO)→ . . . ,

where the map πn(SO)→ Θfr
n is the map defined by reframing the standard

stable framing of Sn and Θfr
n → Θn is the forgetful map. There is also a long

exact sequence

(11.57) . . .→ Ln+1(Z)→ Θfr
n → Ωfr

n → Ln(Z)→ Θfr
n−1 → . . . ,

which is defined as follows. The map Θfr
n → Ωfr

n assigns to the class of a
framed homotopy sphere its class in Ωfr

n . The map Ωfr
n → Ln(Z) assigns to a

bordism class [M,u] in Ωfr
n the surgery obstruction of the degree one normal

map (c, c) : TM ⊕Ra → Rn+a for any map of degree one c : M → Sn, where
c is given by the framing u. The map Ln+1(Z)→ Θfr

n assigns to x ∈ Ln+1(Z)
the class of the framed homotopy n-sphere (Σ, v) for which there is a normal
map of degree one (U,U) : TW ⊕ Ra+b → Rn+a+b covering a map of triads
U : (W ; ∂0W,∂1W ) → (Sn × [0, 1];Sn × {0}, Sn × {1}) and a bundle map
(u0, u0) : TΣ ⊕ Ra+b+1 → TW0 ⊕ Ra+b covering the orientation preserving
diffeomorphism u0 : Σ → ∂0W such that U ◦ u0 = v ⊕ idRb+1 , U induces a

diffeomorphism ∂1W → Sn and the surgery obstruction associated to (U,U)
is the given element x ∈ Ln+1(Z).

Theorem 11.58 (The Kervaire-Milnor Braid). For n ≥ 5 the long exact
sequences (11.7), (11.55), (11.56) and (11.57) above fit together to form the
following exact braid:
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πn(SO)
##

  

Ωfr
n

  

##
Ln(Z)

""

  

Θn−1

Θfr
n

>>

  

Ωalm
n

>>

  

Θfr
n−1

>>

  
Ln+1(Z)

>>

<<Θn

>>

;;
πn−1(SO)

>>

;;
Ωfr
n−1

Next we interpret the braid of Theorem 11.58 as a braid of homotopy long
exact sequences of fibrations of classifying spaces. Recall from Section 6.2
that the space G/O is the homotopy fibre of the canonical map BO → BG
and similarly from Section 10.6, G/PL is the homotopy fibre of the canonical
map BPL → BG. We introduce the space PL/O, which is the homotopy
fibre of the canonical map BPL → BO. Since Ω BO ' O, Ω BPL ' PL and
Ω BG ' G, we get fibrations

O→ G→ G/O, PL→ G→ G/PL and O→ PL→ PL/O .

Notice that for an inclusion of topological groups H ⊂ K there is an obvious
fibration H → K → K/H and the fibrations above are in this spirit. But we
have to use the classifying spaces since for instance G is not a group and we
cannot talk about the homogeneous space G/PL. More information about
these spaces, their homotopy theoretic properties and their role in manifold
theory can be found, for instance, in [155].

Theorem 11.59 (Homotopy Theoretic Interpretation of the Kervaire-
Milnor Braid). The long exact homotopy sequences of these three fibrations
above yield an exact braid

πn(O)
##

!!

πn(G)

!!

##
πn(G/PL)

##

!!

πn−1(PL/O)

πn(PL)

==

!!

πn(G/O)

==

!!

πn−1(PL)

==

!!
πn+1(G/PL)

==

;;
πn(PL/O)

==

;;
πn−1(O)

==

;;
πn−1(G)

which for n ≥ 5 is isomorphic to the Kervaire-Milnor braid of Theorem 11.58.
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Proof. At least we explain how the two braids are related by isomorphisms.
Since O/ SO is the discrete group {±1}, the inclusion induces an isomorphism

πn(SO)
∼=−→ πn(O) for n ≥ 1.

The Pontrjagin-Thom isomorphism τ : Ωfr
n

∼=−→ πsn of (11.26) and the canonical
isomorphism πn(G) ∼= πsn of (5.28) yield an isomorphism

Ωfr
n

∼=−→ πn(G).

The isomorphism β : Nn(Sn)
∼=−→ Ωalm

n of Lemma 11.12 and the bijection

πn(G/O)
∼=−→ Nn(Sn) (see Theorem 6.41) induce a bijection

Ωalm
n

∼=−→ πn(G/O).

As we saw in Section 10.6, one can also develop surgery theory in the PL-
category instead of the smooth category. In Exercise 10.45 we saw that this
leads to the isomorphism πn(G/PL) ∼= Ln(Z) for n ≥ 6. The low dimensional
cases follow from direct computations (see Remark 11.71) and we obtain
isomorphisms of abelian groups

πn(G/PL)
∼=−→ Ln(Z) n ≥ 1.

There is an isomorphism

Θn
∼=−→ πn(PL/O) n ≥ 0,(11.60)

which is defined as follows. Let Σ be a homotopy n-sphere. As explained
above, there is an orientation preserving PL-homeomorphism h : Σ → Sn.
Fix a classifying map fSn : Sn → BPL for the PL-tangent bundle of Sn.
We obtain a classifying map fΣ : Σ → BO of the smooth tangent bundle
of Σ together with a homotopy h : Bi ◦ fΣ ' fSn , where Bi : BO → BPL
is the canonical map. The pair (fΣ , h) yields a map Sn → PL/O, since
PL/O is the homotopy fiber of Bi : BO→ BPL. The bijectivity of this map
for n ≥ 5 follows from the five lemma and the comparison of the surgery
exact sequence with the long homotopy sequence associated to the fibration
PL/O→ G/O→ G/PL. There is an isomorphism

Θfr
n

∼=−→ πn(PL) n ≥ 1,

which is defined as follows. As above we get a pair (fΣ , h). The framing yields
also a homotopy g : fΣ ' c for c the constant map. Since PL can be viewed
as the homotopy fiber of the obvious map PL/O → BO, these data yield
a map Sn → PL. The bijectivity of this map follows from the Five-Lemma,
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comparison of the with the long exact sequence homotopy sequence associated
to the fibration O→ PL→ PL/O and the bijection Θn ∼= πn(PL/O). ut

Exercise 11.61. Use the Kervaire-Milnor Braid, the fact that π8(G) ∼= πs8
∼=

(Z/2)2, the fact that J7 : π7(O)→ π7(G) is onto and computations reported
in this chapter to find the isomorphism class of π7(PL).

11.8 Miscellaneous

Remark 11.62 (Generators of bP4k). We have shown in Theorem 11.48
that bP4k is a finite cyclic group for k ≥ 2. An explicit generator can be con-
structed as follows. Recall that sign

8 : L4k(Z)→ Z is an isomorphism. Let W
be any oriented stably parallelisable manifold of dimension 4k whose bound-
ary is a homotopy sphere and whose intersection pairing on H2k(W ) has
signature 8. Then ∂1W is an exotic sphere representing a generator of bP4k.
Such manifolds W can be explicitly constructed by a plumbing construction
(see for instance [35, Theorem V.2.9 on page 122]).

Example 11.63 (Milnor’s exotic spheres). The first example of exotic
spheres, i.e., closed manifolds which are homeomorphic but not diffeomor-
phic to Sn, were constructed by Milnor [161] in a paper published in 1956.
See also [171]. The construction and the proof these are exotic sphere are
summarised below.

There is an isomorphism

Z⊕ Z
∼=−→ π3(SO(4))

(h, j) 7→ [S3 → SO(4), x 7→
(
y 7→ xh · y · xj

)
]

where we identify R4 with the quaternions H by (a, b, c, d) 7→ a+ bi+ cj+ dk
and xh · y · xj is to be understood with respect to the multiplication in
H. Since π3(SO(4)) ∼= π4(BSO(4)), each pair (h, j) ∈ Z ⊕ Z determines an
oriented vector bundle E(h, j) with Riemannian metric over S4 unique up
to orientation and Riemannian metric preserving isomorphism. The Euler
number and the first Pontrjagin class of E(j, h) are given by

χ(E(h, j)) = h+ j;

〈p1(E(h, j)), [S4]〉 = 2(h− j).

The Gysin sequence shows that the sphere bundle SE(h, j) is a homotopy
7-sphere if and only if χ(E(h, j)) = h+ j = ±1.2

2 In 1956 the (Generalised) Poincaré Conjecture was not known and Milnor proved that
SE
(
1+k
2
, 1−k

2

)
is homeomorphic to S7 by explicitly constructing a Morse function on

SE
(
1+k
2
, 1−k

2

)
with just two critical points.
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For an odd integer k, let W (k) be the disk bundle DE((1+k)/2, (1−k)/2)
and Σ(k) be ∂W (k) = SE((1 +k)/2, (1−k)/2). Then Σ(k) is a homotopy 7-
sphere. Next we recall Milnor’s argument why Σ(k) cannot be diffeomorphic
to S7 for certain values of k.

The embedding i : S4 ↪→ W (k) given by the zero section is a homotopy
equivalence and i∗TW (k) is isomorphic to TS4⊕E((1+k)/2, (1−k)/2). Hence

〈i∗p1(TW (k)), [S4]〉 = 2k.

Suppose that there exists a diffeomorphism Σ(k) → S7. Then we can form
the closed oriented smooth 8-dimensional manifold M(k) = W (k) ∪f D8.
Let j : W (k)→M(k) be the inclusion. Since the inclusion j ◦ i : S4 →M(k)
induces an isomorphism on H4, the signature of M(k) is one. The Hirzebruch
Signature Theorem 7.168 states that 1 = sign(M) = 〈L2(M), [M ]〉. Since

L2(M) =
7

45
p2(TM)− 1

45
p1(TM)2

we have

1 = 〈 7

45
p2(TM)− 1

45
p1(TM)2, [M ]〉 =

7

45
〈p2(TM), [M ]〉− 1

45
〈p1(TM)2, [M ]〉

=
7

45
〈p2(TM), [M ]〉 − 1

45
〈i∗j∗p1(TM), [S4]〉2 =

7

45
〈p2(TM), [M ]〉 − 4k2

45
.

Since 〈p2(TM), [M ]〉 is an integer, we conclude k2 = 1 mod 7. Hence Σ(k)
is an exotic 7-sphere if k2 6= 1 mod 7.

Remark 11.64 (Milnor’s examples in the general framework). In Ex-
ample 11.63 we only used the integrality of the signature and obtained an
invariant mod 7. Eells and Kuiper [79] exploited the integrality of the Â-
genus of spin manifolds to defined a more refined invariant which detects all
28 homotopy 7-spheres. Using the Eells-Kuiper invariant (see [79, §6]), one
can show that Milnor’s example 11.63 above fits into the general context as
follows. Let ρ28 denote reduction modulo 28 and recall that bP8 = Z/28 and
that we have an isomorphism

ρ28 ◦
sign

8
: Θ7 → Z/28,

which sends [Σ] to sign(W )/8 mod 28 for any stably parallelisable manifold
W whose boundary is oriented diffeomorphic to Σ. If Σ(k) is the oriented
homotopy 8-sphere of Example 11.63, then the isomorphism above sends

[Σ(k)] to the residue ρ28

(
1−k2

8

)
∈ Z/28.

Example 11.65 (Brieskorn spheres). Let W 2n−1(d) be the subset of
Cn+1 consisting of those points (z0, z1, . . . , zn) which satisfy the equations
zd0 +z2

1 +· · ·+z2
n = 0 and ||z0||2+||z1||2+· · ·+||zn||2 = 1. These turns out to be
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smooth submanifolds and are called Brieskorn varieties (see [30, 110]). Sup-
pose that d and n are odd. Then W 2n−1(d) is a homotopy (2n−1)-sphere. It is
diffeomorphic to the standard sphere S2n−1 if d = ±1 mod 8 and it is an ex-
otic sphere representing the generator of bP2n if d = ±3 mod 8 [30, page 11].
In general one can study the intersection K = f−1(0)∩{z ∈ Cn+1 | ||z|| = ε}
for a polynomial f(z0, z1, . . . , zn) with an isolated singularity at the origin and
examine when K is a homotopy sphere and when K is an exotic sphere [170,
§ 8, § 9].

Remark 11.66 (Selfdiffeomorphisms of spheres). Let Σ be a homo-
topy n-sphere for n ≥ 6. In Exercise 11.4 we saw that there is an orientation
preserving diffeomorphism f : Sn−1 → Sn−1 such that Σ is oriented diffeo-
morphic to Dn ∪f (Dn)−. If f is isotopic to the identity, the Σ is oriented
diffeomorphic to Sn. Hence the existence of exotic spheres shows the exis-
tence of selfdiffeomorphisms of Sn−1 which are homotopic but not isotopic
to the identity.

The next result is due to Berger and Klingenberg. Its proof and the proof
of the following theorem can be found for instance in [52, Theorem 6.1 on
page 106, Theorem 7.16 on page 126].

Theorem 11.67 (Sphere Theorem). Let M be a complete simply con-
nected Riemannian manifold whose sectional curvature is pinched by 1 ≥
sec(M) > 1

4 . Then M is homeomorphic to the standard sphere.

Theorem 11.68 (Differentiable Sphere Theorem). There exists a con-
stant δ with 1 > δ ≥ 1

4 with the following property: if M is a complete
simply connected Riemannian manifold whose sectional curvature is pinched
by 1 ≥ sec(M) > δ. then M is diffeomorphic to the standard sphere.

The following theorem is due to Brumfiel [38, 39, 40] and independently
Frank [86] in the special case of n = 4k−1.

Theorem 11.69 (Brumfiel splitting). For n 6= 2k−3 the sequence

0→ bPn+1 → Θn → coker(Jn)→ 0

splits.

Remark 11.70 (The Kervaire-Milnor extension). Following the work
of Hill, Hopkins and Ravenel [105], the group bP254 is known to be Z/2. At
the time of writing, it is not known whether the short exact sequence

0→ bP254 → Θ253 → coker(J253)→ 0

splits or not. Indeed this is the situation for all the groups Θ2k−3 with k ≥ 8.
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Remark 11.71 (Smoothing theory). The isomorphism Θn ∼= πn(PL/O)
of (11.60) is a basic result of PL-to-DIFF smoothing theory, which studies
when a PL manifold admits a smooth structure and if so, how many such
structures there are up to concordance. Smoothing theory, along with surgery
theory, is one of the basic tools of manifold theory and can be used to prove
the low dimensional isomorphisms πn(PL/O) ∼= {0} for n ≤ 6. For further
information we refer the reader to [108].

Other examples of manifolds which look close to standard models but are
not equal to them include fake projective spaces, fake lens spaces and fake
tori. These have been investigated by Wall [248, 14D, 14E, 15A] and we will
say something about them in Chapter 17.
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Chapter 12

The Geometric Surgery Obstruction
Group and Surgery Obstruction

12.1 Introduction

This chapter is the equivalent to Chapter 9 in the book of Wall [248]. We
give a geometric approach to the L-groups and the surgery obstruction based
on bordism theory in Section 12.4. We prove that this geometric surgery
obstruction is a normal bordism with cylindrical ends invariant and vanishes
in high dimensions if and only if we can transform a normal map relative
boundary to a (simple) homotopy equivalence by surgery on the interior, see
Theorem 12.46. This illuminating geometric approach will only require the
notions of the surgery kernels, but not the notions of quadratic forms and
algebraic L-groups. The geometric approach to the surgery obstruction is
easier than the algebraic one which we have presented in Chapters 7 and 8,
and we will show that both are equivalent, see Theorem 12.47. However, the
algebraic description is needed, when one wants to compute the L-groups.

There are more general situations, e.g., equivariant surgery, where the
geometric approach can be extended quite easily but the algebra becomes
very difficult, see for instance [77, 144, 145].

This geometric approach is based on the π-π-Theorem, which is formulated
and proved in Section 12.3 and is the main technical result of this chapter.
Consider a surgery problem with underlying map f : (M,∂M) → (X, ∂X),
where we do not demand that ∂f is a (simple) homotopy equivalence. Assume
that the inclusion ∂X → X induces bijections on π0 and on π1 for any choice
of base point in ∂X. Then the π-π-Theorem says that we can always arrange
by surgery on the boundary and on the interior of M that both f and ∂f
are (simple) homotopy equivalences, no surgery obstructions occur. Surgery
on the boundary, which we have not performed beforehand, is explained in
Subsection 12.2.2.

We will use the geometric approach to establish a geometric Rothenberg
sequence in Section 12.5, which relates the two L-groups associated with ZG
for decorations s and h in terms of the Tate cohomology of the Whitehead
group of G, and the geometric Shaneson splitting in Section 12.6, which
computes the L-groups of Z[G× Z] in terms of the one of ZG.

Guide 12.1. The material of this chapter is not needed for the rest of the
book, if one is familiar with the basic results of Chapters 7 and 8.

429
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12.2 Surgery on and Normal Bordisms for Pairs

12.2.1 Short Review of Normal Bordism for Manifolds
Relative Boundary

Recall that we have introduced in Subsection 7.8.1 the notion of a normal map
(M,∂M, f, ∂f, a, ξ, f , o) of degree one of manifolds relative boundary with
target a w-oriented finite n-dimensional Poincaré pair (X, ∂X,OX , [[X, ∂X]]).
It was essential that we required that ∂f : ∂M → ∂X is a homotopy equiva-
lence.

In Subsection 7.8.2 we have explained the notion of a normal bordism
(W,F, b, Ξ, F ,O) of normal maps of degree one with cylindrical ends rel-
ative boundary between two normal maps (M0, ∂M0, f0, ∂f0, a0, ξ0, f0, o0)
and (M1, ∂M1, f1, ∂f1, a1, ξ1, f1, o1) of degree one relative boundary with the
same target (X, ∂X,OX , [[X, ∂X]]). Recall that we had an appropriate de-
composition of ∂W = ∂0W ∪ ∂1W ∪ ∂2W and demanded that ∂2F : ∂2W →
∂X × [0, 1] is a homotopy equivalence.

Notation 12.2. To keep the notation simple, we will often only denote
the underlying maps of spaces (f, ∂f) : (M,∂M) → (X, ∂X) instead of
(M,∂M, f, ∂f, a, ξ, f , o) and analogously only (F, ∂F ) : (W,∂W ) → (X ×
[0, 1], ∂(X × [0, 1])) instead of (W,F, b, Ξ, F ,O) keeping the decomposition
∂F = ∂0F ∪ ∂1F ∪ ∂2F in mind. Moreover, when considering a normal bor-
dism (M1, ∂M1, f1, ∂f1, a1, ξ1, f1, o1), we will often think of the diffeomor-

phism ui : Mi

∼=−→ ∂iW to be the identity and just identify Mi = ∂iW for
i = 0, 1.

In Subsections 7.8.3 and 8.4.2 we have assigned for n ≥ 5 to such a normal
map (f, ∂f) : (M,∂M) → (X, ∂X) its intrinsic surgery obstruction σ(f, ∂f)
in the intrinsic surgery obstruction group Ln(ZΠ(X),OX). It is a normal
bordism with cylindrical ends invariant and vanishes if and only if we can
do surgery on the interior of M without changing ∂f such that f becomes a
homotopy equivalence.

The simple version of these notions and results were treated in Chapter 9.
Next we want to drop the conditions that ∂f is a (simple) homotopy

equivalence and that ∂2F is a (simple) homotopy equivalence and also allow
that we can do surgery on the boundary as explained below, in other words,
we will also modify ∂f . Then it turns out that for n ≥ 5 there are no surgery
obstructions at all to achieve by surgery on the interior of M and on ∂M that
both f and ∂f are (simple) homotopy equivalences, provided that the π-π
condition explained below is satisfied. For this purpose we have to explain
what surgery on the boundary means.
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12.2.2 Surgery on the Boundary

The main difference is that in the case of Subsections 7.8.3 and 8.4.2 we did
not change the boundary, what we will allow in this chapter. Namely, we can
do also surgery on the boundary for a normal map of degree one of manifolds
with boundary (f, ∂f) : (M,∂M) → (X, ∂X) as described next. The idea is
to consider the surgery problem ∂f : ∂M → ∂X. Notice that the bundle data
for (f, ∂f) restrict to the boundary. Moreover, ∂f is automatically of degree
one by the following argument. The following diagram commutes

Hn(M,∂M ;OM )
Hn(F,∂F ;α) //

∂n

��

Hn(X, ∂X;OX)

∂n

��
Hn−1(∂M ;O∂M )

Hn(∂F ;∂α)
// Hn−1(∂X;O∂X)

where α : OM → F ∗OX and ∂α : O∂M → ∂F ∗O∂X are the isomorphisms of
infinite cyclic coefficients systems over M and ∂M coming from the bundle
data, see Definition 6.20. The vertical maps are the boundary maps. The left
one sends [[M,∂M ]] to [[∂M ]] by Lemma 4.34, the right one sends [[X, ∂X]]
to [[∂X]] by Definition 4.67.

We know how to do surgery on ∂f : ∂M → ∂X, see Section 3.6, and
we intend just to glue this surgery step back to the given surgery problem
(f, ∂f) : (M,∂M)→ (X, ∂X) as follows. In the applications one usually does
surgery on the boundary first to arrange the map on the boundary and then
does surgery on the interior to arrange everything on the whole manifold
without changing the boundary.

Consider ω ∈ πk+1(∂f). Recall that we obtain from Theorem 3.39 (iv) a
manifold W by attaching an appropriate handle to ∂M × [0, 1] and a map
F : W → ∂X. The boundary of W is the disjoint union of a copy of ∂M and
a new closed manifold N such that F restricts on ∂M to ∂f and on N to a
map g : N → ∂X. Everything is covered by bundle maps so that F : W → ∂X
is a normal bordism of degree one between the normal map of degree one
∂f : ∂M → ∂X and the new normal map of degree one g : N → ∂X which
is the result of surgery on ∂f and ω, see Definition 3.40. Now we can form
M ′ = M∪∂MW and obtain a map f ′ : M ′ → X which is uniquely determined
by the properties that its restriction to M is f and to W is F . Notice that
N = ∂M ′ and F restricted to ∂M ′ = N is the map g : N → ∂X. Everything
is covered by bundle data so that we obtain a normal map of degree one of
pairs (f ′, ∂f ′) : (M ′, ∂M ′)→ (X, ∂X). We call it the result of surgery on the
boundary on (f, ∂f) and ω ∈ πk+1(∂f).

Notice that (f, ∂f) : (M,∂M) → (X, ∂X) and (f ′, ∂f ′) : (M ′, ∂M ′) →
(X, ∂X) are normally bordant with cylindrical ends. The underlying map
(E, ∂E) : (V, ∂V ) → (X × [0, 1], ∂(X × [0, 1])) is given by V = M ′ × [0, 1]
and E = f ′ × id[0,1]. One easily checks that E maps ∂V to ∂(X × [0, 1]) and
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therefore we can define ∂E = E|∂V . We decompose

∂V = ∂0V ∪ ∂1V ∪ ∂2V

by putting

∂0V = M × {0};
∂1V = M ′ × {1};
∂2V = W × {0} ∪ ∂M ′ × [0, 1],

where we consider M×{0} and W×{0} as subsets of M ′×{0} in the obvious
way. One easily checks that

∂0V ∩ ∂1V = ∅,
∂∂2V = ∂∂0V q ∂∂1V ;

∂∂0V = ∂M × {0};
∂∂1V = ∂M ′ × {1},

hold. Moreover, ∂E induces maps

∂0E : ∂0V → X × {0};
∂1E : ∂1V → X × {1};
∂2E : ∂2V → ∂(X × [0, 1]).

such that ∂0E = f and ∂1E = f ′ hold.
We leave to the reader to check that everything is covered by appropriate

bundle data and E has degree one. Notice that in contrast to Subsection 7.8.2
we do not demand that ∂2E is a (simple) homotopy equivalence.

Exercise 12.3. Check that the normal map (f ′, ∂f ′) : (M ′, ∂M ′)→ (X, ∂X)
and the normal bordism (E, ∂E) : (V, ∂V ) → (X × [0, 1], ∂(X × [0, 1])) have
degree one.

12.3 The π-π-Theorem

The main result of this section is

Theorem 12.4 (π-π-Theorem). Let (X, ∂X,OX , [[X, ∂X]]) be an w-orien-
ted finite n-dimensional (simple) Poincaré pair in the sense of Definition 4.67.
Suppose that the inclusion ∂X → X induces a bijection on the set of path
components and an isomorphism on the fundamental groups for every choice
of base point in ∂X, or, equivalently, induces an equivalence Π(∂X)→ Π(X)
between the fundamental groupoids. Assume that n ≥ 6.
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Then every normal map of pairs of degree one (f, ∂f) : (M,∂M) →
(X, ∂X) with target (X, ∂X) in the sense of Subsection 7.8.1 can be changed
by applying a sequence of homotopies, surgeries on the interior, and surgeries
on the boundary to a normal map of pairs (g, ∂g) : (N, ∂N)→ (X, ∂X) such
that g and ∂g are (simple) homotopy equivalences. In particular (f, ∂f) and
(g, ∂g) are normally bordant with cylindrical ends.

Exercise 12.5. Let N be a connected closed smooth manifold of dimension
4k for k ≥ 2. Suppose that ∂N is connected and non-empty and the in-

clusion ∂N → N induces an isomorphism π1(∂N)
∼=−→ π1(N). Construct a

normal map of degree one (f, ∂f) : (M,∂M) → (N, ∂N) with the following
properties:

(i) The map ∂f : ∂M → ∂N is a diffeomorphism;
(ii) The normal map (f, ∂f) is not normally bordant relative boundary to a

normal map (f ′, ∂f) : (M ′, ∂M) → (N, ∂N) such that f ′ is a homotopy
equivalence;

(iii) The normal map (f, ∂f) : (M,∂M)→ (X, ∂X) can be changed applying
a sequence of homotopies, surgeries on the interior, and surgeries on the
boundary to a normal map of pairs (g, ∂g) : (N, ∂N) → (X, ∂X) such
that g and ∂g are simple homotopy equivalences.

There is a slightly more general version of Theorem 12.4 whose proof is
completely analogous.

Theorem 12.6 (π-π-Theorem for triads). Let (X; ∂X0, ∂1X) be an n-
dimensional finite (simple) Poincaré triad. Suppose that the inclusion ∂0X →
X induces a bijection on the set of path components and an isomorphism on
the fundamental groups for every choice of base point in ∂0X, or, equivalently,
induces an equivalence Π(∂0X)→ Π(X) between the fundamental groupoids.
Assume that n ≥ 6.

Consider a manifold triad (M ; ∂0M,∂1M). Let

(f ; ∂0f, ∂1f) : (M ; ∂0M,∂1M)→ (X, ∂0X0, ∂1X)

be a map such that ∂1f : ∂1M → ∂1X is a (simple) homotopy equivalence and
f has degree one. Suppose that f is covered by appropriate bundle data so that
we obtain a normal map of degree one of pairs (f, ∂f) : (M,∂M)→ (X, ∂X).

Then this normal map can be changed by applying a sequence of homo-
topies, surgeries on the interior of M , and surgeries on the boundary to a nor-
mal map of triads (g, ∂0g, ∂1g) : (N ; ∂0N, ∂1N) → (X; ∂0X, ∂1X) such that
no modifications take place at ∂1M and hence ∂1M = ∂1N and ∂1g = ∂1f ,
and both g and ∂g are (simple) homotopy equivalences.

In particular (f, ∂f) and (g, ∂g) are normally bordant.

The Subsections 12.3.2 and 12.3.3 are devoted to the proof of the π-π-
Theorem 12.4. We will follow [248, part 1, Sections 5 and 6] and give a
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purely geometric proof which does not use the algebra and the theory of
surgery obstructions we have already established before. The reason is that
the proof itself is quite illuminating and that we finally can give a geometric
approach to the surgery obstruction which is independent of (but of course
equivalent to) the already developed algebraic approach. Moreover, there
are more general situations, e.g., equivariant surgery, where the geometric
approach can be extended quite easily but the algebra becomes very difficult,
see for instance [77, 144, 145].

12.3.1 Algebraic Proof of the π-π-Theorem 12.4

Nevertheless, we outline a quick proof of the π-π-Theorem 12.4 using the
material of the previous sections to convince the reader about its validity.

Consider the situation of Theorem 12.4 assuming that ∂X and X are path
connected. We consider only the simple case. Then f : M → X is a normal
nullbordism of degree one for the normal map of degree one ∂f : ∂M → ∂X.
Hence the surgery obstruction of ∂f : ∂M → ∂X in Lsn−1(ZΠ(∂X)) is
mapped to zero under the map Lsn−1(ZΠ(∂X))→ Lsn−1(ZΠ(X)) induced by
the inclusion ∂X → X, see Theorem 7.165. Since this inclusion induces an iso-
morphism on π1 by assumption, the map Lsn−1(ZΠ(∂X))→ Lsn−1(ZΠ(X)) is
bijective. Hence the surgery obstruction of ∂f : ∂M → ∂X vanishes. By The-
orem 9.26, we can do finitely many surgery steps on ∂f : ∂M → ∂X to obtain
a simple homotopy equivalence ∂f ′ : ∂M ′ → ∂X. Let g : (V ; ∂M, ∂M ′)→ X
be the corresponding normal bordism of degree one between ∂f : ∂M → ∂X
and ∂f ′ : ∂M ′ → ∂X. Define M ′ = M ∪∂M V and f ′ : M ′ → X by f ∪∂f g.
Then f ′ : M ′ → X is obtained from f : M → X by finitely many surgeries on
the boundary and it induces a simple homotopy equivalence ∂f ′ : ∂M ′ → ∂X
on the boundary. Hence it remains to treat the case, where ∂f : ∂M → ∂X
is already a simple homotopy equivalence, otherwise replace f by f ′.

The normal map of degree one (f, ∂f) : (M,∂M)→ (X, ∂X) has a surgery
obstruction in Lsn(ZΠ(X)). By Theorem 9.27, we can find a normal map of
degree one of the shape (g; ∂0g, ∂1g) : (V ; ∂0V, ∂1V ) → (∂M × [0, 1]; ∂M ×
{0}, ∂M×{1}) such that ∂0g is an orientation preserving diffeomorphism, ∂1g
is a simple homotopy equivalence and its surgery obstruction in Lsn(ZΠ(∂M×
[0, 1])) is mapped under the composition of the isomorphisms Lsn(ZΠ(∂M ×
[0, 1])) → Lsn(ZΠ(∂X)) induced by ∂f and the projection ∂M × [0, 1] →
∂M , and Lsn(ZΠ(∂X)) → Lsn(ZΠ(X)) induced by the inclusion, to the the
negative of the surgery obstruction of (f, ∂f) : (M ; ∂M) → (X, ∂X). Define
N = M ∪(∂0g)−1 V and F : N → X by requiring that F |M is f and F |V is the

composite V
g−→ ∂M × [0, 1]

pr−→ ∂M
∂f−−→ ∂X → X. Then F yields a normal

map of degree one (F, ∂F ) : (N, ∂N)→ (X, ∂X) which is obtained by finitely
many surgery steps on the boundary of (f, ∂f) : (M,∂M) → (X, ∂X) such
that ∂F is a simple homotopy equivalence and the surgery obstruction of
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(F, ∂F ) in Lsn(ZΠ(X)) is trivial. Hence by Theorem 9.26 we can do finitely
many surgery steps on the interior of N to obtained a simple homotopy
equivalence F ′ : N ′ → X. This finishes the algebraic proof of Theorem 12.4
in the simple case.

12.3.2 Preliminaries for the Proof of the
π-π-Theorem 12.4

Without loss of generality we can assume for the n-dimensional finite Poincaré
pair (X, ∂X) that ∂X and X are path connected and the inclusion π1(∂X)→
π := π1(X) is an isomorphism since we can treat in the general case each
path component of X separately.

Consider a normal map (f, ∂f) : (M,∂M) → (X, ∂X) of degree one of
pairs. By doing surgery on the boundary and then surgery in the interior, we
can arrange that the maps f and ∂f are highly connected, see Theorem 6.49.
This means that f is k-connected and ∂f is (k−1)-connected, if n = 2k, and
that f and ∂f are k-connected, if n = 2k + 1.

Notice that by assumption k ≥ 3. Hence ∂M , M , ∂X and X are path
connected and in the following commutative diagram all arrows are isomor-
phisms

π1(∂M) ∼=

π1(∂f) //

∼=π1(iM )

��

π1(∂X)

∼= π1(iX)

��
π1(M)

∼=
π1(f)

// π1(X)

where the vertical maps are induced by the inclusions. We will identify all
these fundamental groups and denote them by π. By passing to the universal
covering we obtain a commutative square of π-equivariant maps

(12.7) ∂̃M
∂̃f //

ĩM
��

∂̃X

ĩX
��

M̃
f̃

// X̃

Define the surgery kernel Kl(M̃) to be the Zπ-module given by the kernel

of (f̃)∗ : Hl(M̃) → Hl(X̃). Define analogously Kl(M̃, ∂̃M), and Kl(∂̃M) to

be the kernels of the maps (f̃ , ∂̃f)∗ and (∂̃f)∗. Define Kl(M̃) to be the Zπ-

module given by the cokernel of (f̃)∗ : H l(X̃)→ H l(M̃). Define analogously

Kl(M̃, ∂̃M) and Kl(∂̃M) to be the cokernels of the maps (f̃ , ∂̃f)∗ and (∂̃f)∗.
We will frequently use Poincaré duality for kernels in the form
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Kl(M̃, ∂̃M) ∼= Kn−l(M̃);

Kl(M̃) ∼= Kn−l(M̃, ∂̃M);

Kl(∂̃M) ∼= Kn−1−l(∂̃M),

which we have explained in Theorem 7.113 (ii).
We only treat the more complicated case, where we want to achieve a

simple homotopy equivalence of pairs, the proof of the case, where we want to
achieve a homotopy equivalence only is then given by ignoring all arguments
concerning stable U -equivalence classes of stable basis and torsion invariants.

We will often use the fact that for highly connected (f, ∂f) and after pos-
sibly performing certain handle subtractions the surgery kernels are stably
finitely generated free and inherit a preferred U -equivalence class of stable
Zπ-basis as explained in Lemma 9.21 and Lemma 9.23. The point is that
the kernel is stably finite generated free and can be identified with the only
non-trivial homology group of a U -based finite Zπ-chain complex associated
to a manifold or a map of manifolds and therefore there exists a preferred
U -equivalence class of stable bases on this homology group for which the
Reidemeister U -torsion in the sense of Definition 9.14 vanishes. In this chap-
ter we will call this stable U -equivalence class of stable Zπ-basis just the
Reidemeister stable U -equivalence class of stable Zπ-basis

More generally, we may have a stably U -based finite Zπ-chain complex C∗
such that each homology group Hi(C∗) is stably finitely generated free and
for some natural number j each homology group Hi(C∗) for i 6= j comes with
a preferred stable U -equivalence class of Zπ-basis. Then Hj(C∗) inherits a
unique stable U -equivalence class of stable Zπ-basis, also called the Reide-
meister stable U -equivalence class of stable Zπ-basis for which the Reidemeis-
ter U -torsion in the sense of Definition 9.14 vanishes. We use the convention
that a trivial module is always equipped with the trivial stable U -equivalence
class of stable Zπ-basis. In all application the Zπ-basis for the chain modules
of C∗ come from a CW -structure of a manifold and we will use the fact that
the Whitehead torsion of a homeomorphism of finite CW -complexes vanishes.

Exercise 12.8. Consider the following U -based finite Q-chain complex con-
centrated in dimension 0 and 1

· → 0→ 0→ Q4

 1
3 −

1
3 0 0

1 −1 0 0


−−−−−−−−−→ Q2

where U = {±1}. We have the equality H1(C∗) = {(x, x, y, z) ∈ Q4 | x, y, z ∈
Q} and the Q-isomorphism ε : H0(C∗)

∼=−→ Q induced by the map ε : Q2 →
Q, (x, y) 7→ x + y. Equip H0(C∗) with the U -equivalence class of stably Q-
basis given by ε−1(7).
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Find a representative for the Reidemeister stable U -equivalence class of
stable Q-basis for H1(C∗), which is given by the requirement that the U -
Reidemeister torsion of C∗ in the sense of Definition 9.14 vanishes.

12.3.3 Proof of the π-π-Theorem 12.4 in the
Even-Dimensional Case

In this Subsection we give the proof Theorem 12.4 in the even-dimensional
case n = 2k for k ≥ 3.

Consider a normal map of manifolds with boundary (f, ∂f) : (M,∂M) →
(X, ∂X). Recall that by doing surgery on the boundary and then surgery
on the interior, we can arrange that the map ∂f is (k − 1)-connected and
the map f is k-connected, see Theorem 6.49. In [78, Appendix 9] and [181,
Section 2] one can find the definition of the homotopy groups of a square and
the homology groups of a square and the proof that there exists a Hurewicz
isomorphism

πk+1(f̃ , ∂̃f)
∼=−→ Hk+1(f̃ , ∂̃f).(12.9)

An element in πk+1(f̃ , ∂̃f) is given by pointed homotopy classes of pointed
maps from the square

Sk−1 //

��

Sk+

��
Sk− // Dk+1

where Sk+ and Sk− are the upper and lower hemispheres in Sk = ∂Dk+1, we
have Sk−1 = Sk+ ∩ Sk+, and the maps are the inclusions, to the square

∂̃M
∂̃f //

ĩM
��

∂̃X

ĩX
��

M̃
f̃

// X̃.

The homology group Hk+1(f̃ , ∂̃f) is defined to be the (k + 1)-th homol-

ogy of the mapping cone of the Zπ-chain map C∗(f̃ , ∂̃f) : C∗(M̃, ∂̃M) →
C∗(X̃, ∂̃X). There are long exact sequences
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· · · → πl+1(M̃, ∂̃M)
(f̃ ,∂̃f)∗−−−−−→ πl+1(X̃, ∂̃X)→ πl+1(f̃ , ∂̃f)

→ πl(M̃, ∂̃M)
(f̃ ,∂̃f)∗−−−−−→ πl(X̃, ∂̃X)→ · · ·

and

· · · → Hl+1(M̃, ∂̃M)
(f̃ ,∂̃f)∗−−−−−→ Hl+1(X̃, ∂̃X)→ Hl+1(f̃ , ∂̃f)

→ Hl(M̃, ∂̃M)
(f̃ ,∂̃f)∗−−−−−→ Hl(X̃, ∂̃X)→ · · · .

We define the surgery kernel Kk(M̃, ∂̃M) to be the kernel of the map

(f̃ , ∂̃f)∗ : Hk(M̃, ∂̃M) → Hk(X̃, ∂̃X), see Definition 7.112. We obtain from

Lemma 7.113 (i) an isomorphism Hk+1(f̃ , ∂̃f) ∼= Kk(M̃, ∂̃M). The obvious

map πk+1(f̃ , ∂̃f) → πk+1(f, ∂f) is a bijection. Hence we obtain from (12.9)
an explicit isomorphism

πk+1(f, ∂f)
∼=−→ Kk(M̃, ∂̃M).(12.10)

In the sequel we put
U = {±g | g ∈ π}.

The kernel Kk(M̃, ∂̃M) is a stably finitely generated free Zπ-module. We

equip Kk(M̃, ∂̃M) with the Reidemeister stable U -equivalence class of sta-
ble Zπ-basis, see Subsection 12.3.2. By trivial surgery we can arrange that

Kk(M̃, ∂̃M) is a finitely generated free Zπ-module, compare Example 7.59,

and that we can choose a Zπ-basis B = {b1, b2, . . . , br} for Kk(M̃, ∂̃M) which
represents the Reidemeister stable U -equivalence class of stable Zπ-bases. Let
A = {a1, a2, . . . , ar} be the Zπ-basis on πk+1(f, ∂f) which corresponds un-
der the isomorphism (12.10) to B. Analogously to Theorem 3.39 (i) and (ii)
one shows that each ai ∈ A determines an up to regular homotopy unique
immersion

ui : (Dk ×Dk, ∂Dk ×Dk)→ (M,∂M).

Lemma 12.11. We can change the immersions ui within their regular ho-
motopy class such that they are disjoint embeddings.

Proof. It is enough to show this by a tubular neighbourhood argument for
the restricted immersions ui : (Dk, ∂Dk) → (M,∂M). The strategy of proof
is analogous to the one in Theorem 7.27.

We can arrange that the system of immersions ui is in general position.
Then the set of intersection and self-intersection points consists of isolated
points in the interior of M , the preimage of each self-intersection point of a
map uj consists of precisely two points, and the preimage of an intersection
point of two different maps ui and uj under each of the maps ui and uj consist
of precisely one point, since the dimension of M is 2k. We have to explain
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how we get rid of each of intersection and self-intersection point without
changing the regular homotopy class of the ui-s and without introducing new
intersection of self-intersection points.

Consider an intersection point P between two different embeddings ui
and uj . We can choose embedded arcs αi and αj in Dk such that the image
of αi under ui and the image of αj under uj is still an embedded arc in
M which starts in ∂M and ends in P and which does not meet any other
intersection or self intersection point of the ul-s. The union of these images
is an embedded arc whose endpoints lie on ∂M . Recall that ∂M and M are
path connected and the inclusion ∂M → M induces an isomorphism on the
fundamental groups and k ≥ 3. Hence we can find an embedded disk D2 ∈M ,
whose boundary ∂S1 consist of three segments, the first one corresponds to
ui(αi), the second one to uj(αj), and the third segment lies on ∂M and the
intersection of this disk D2 with the union of the images of the embeddings ul
for l = 1, 2, . . . , r consists of the union of the first and the second segment on
∂D2. Now apply the Whitney trick (see [167, Theorem 6.6 on page 71], [263]
and Figure 7.28) to get rid of the intersection point P . Essentially one pulls
the arc ui(αi) along the disc D2 to the other side of the arc uj(αj) to get rid
of the intersection point P . Everything takes place in a small enough tubular
neighbourhood of D2 so that one does not introduce new intersection or
self-intersection points.

In the case of a self intersection point P for the immersion ul, the preimage
ul
−1(P ) consist of two points x and x′ in Dk and we choose disjoint arcs α and

α′ in Dk such that they do not meet any further preimages of self-intersection
points or intersection points and they connect a point on ∂Dk with x and
x′ respectively. Now proceed as above, replacing ui(αi) and uj(αj) by ul(α)
and ul(α

′). This finishes the proof of Lemma 12.11. ut

Let H ⊆ M be the union of the images of the embeddings ui for
i = 1, 2, . . . , r. Since each ui corresponds to a class ai ∈ πk+1(f, ∂f), the
restriction of (f, ∂f) to (H,H∩∂M) is homotopic as a map of pairs to a map
(H,H ∩ ∂M)→ (X, ∂X) whose image lies in (∂X, ∂X). By a cofibration ar-
gument we can change (f, ∂f) : (M,∂M)→ (X, ∂X) up homotopy such that
f(H) ⊆ ∂X holds. Changing the underlying map of a normal map of pairs
up to homotopy results in a normal map which is normally bordant to the
old one, and so we can assume in the sequel without loss of generality that
f(H) ⊆ ∂X holds.

Next we perform a handle subtraction. Namely, let N be obtained from
M by deleting H. Let Ñ → N and H̃ → H be the restriction of the universal
covering M̃ →M of M to N and H. Then N is path connected, the inclusion
induces an isomorphism π1(N) → π1(M) which we will use to identify π =

π1(N), the covering Ñ → N is the universal covering of N , and H̃ is π-
homeomorphic to H×π. Let (g, ∂g) : (N, ∂N)→ (X, ∂X) be the normal map
obtained by restricting (f, ∂f) : (M,∂M)→ (X, ∂X) to (N, ∂N). One easily

checks that (g, ∂g) and (f, ∂f) are normally bordant. Let ∂̃N → ∂N and
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∂̃X → ∂X be the restrictions of the universal coverings Ñ → N and X̃ → X

to ∂N and ∂X. Let (f̃ , ∂̃f) : (M̃, ∂̃M) → (X̃, ∂̃X) and (g̃, ∂̃g) : (Ñ , ∂̃N) →
(X̃, ∂̃X) be the π-maps obtained by lifting f and g to the universal coverings.

Lemma 12.12. The Zπ-chain map C∗(g̃, ∂̃g) : C∗(Ñ , ∂̃N) → C∗(X̃, ∂̃X) is
a simple Zπ-chain homotopy equivalence.

Proof. In the sequel of the proof we will use Lemma 9.18 and Lemma 9.19
over and over again without mention it explicitly.

Excision gives an explicit Zπ-isomorphism

Hl(H̃, H̃ ∩ ∂̃M) ∼=
r⊕
i=1

Hl(π ×Dk ×Dk, π × Sk−1 ×Dk) ∼=

{
Zπr l = k;

0 l 6= k.

We equip Hk(H̃, H̃ ∩ ∂̃M) with the stable U -equivalence class of stable Zπ-
basis coming from the standard basis on Zπr and the isomorphism above.
One easily checks that it agrees with the Reidemeister stable U -equivalence

class of stable Zπ-bases on Hk(H̃, H̃ ∩ ∂̃M). Recall that we have already

chosen a Zπ-basis B for Kk(M̃, ∂̃M) above whose choice we demand to be
compatible with the Reidemeister stable U -equivalence class of stable Zπ-
basis. The obvious composite of Zπ-isomorphisms

Hk(H̃, H̃ ∩ ∂̃M)
∼=−→ Hk(H̃ ∪ ∂̃M, ∂̃M)

∼=−→ Kk(M̃, ∂̃M)(12.13)

respects by construction the stable U -equivalence class of stable Zπ-bases.
This implies that the obvious composite of Zπ-chain maps

h∗ : ΣC∗(H̃, H̃ ∩ ∂̃M)→ ΣC∗(M̃, ∂̃M)→ cone(C∗(f̃ , ∂̃f))(12.14)

is a simple Zπ-chain complex since the homology groups of the source and
target are concentrated in the same dimensions and in this dimension it
is given by the isomorphism (12.13) which respects the preferred stable U -
equivalence class of stable Zπ-bases. We have the following short exact se-
quence of finite Zπ-chain complexes compatible with the preferred stable
U -equivalence classes of Zπ-basis

0→ C∗(H̃, H̃ ∩ ∂̃M)→ C∗(M̃, ∂̃M)→ C∗(M̃, H̃ ∪ ∂̃M)→ 0.

It yields a short exact sequence of finite free Zπ-chain complexes respecting
the preferred stable U -equivalence classes of stable Zπ-basis

0→ ΣC∗(H̃, H̃ ∩ ∂̃M)
h∗−→ cone(C∗(f̃ , ∂̃f))→ cone(C∗(f̃ , f̃H̃∪∂̃M ))→ 0.

Since the Zπ-chain map h∗ of (12.14) is a simple Zπ-chain complex , the
Zπ-chain map
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C∗(f̃ , f̃H̃∪∂̃M ) : C∗(M̃, H̃ ∪ ∂̃M)→ C∗(X̃, ∂̃X)

is a simple Zπ-chain homotopy equivalence. The Zπ-chain map

C∗(Ñ , ∂̃N)
∼=−→ C∗(M̃, H̃ ∪ ∂̃M)

induced by the inclusion is a base preserving isomorphism of Zπ-chain com-
plexes and in particular a simple Zπ-chain homotopy equivalence. Since the
composite of two simple Zπ-chain homotopy equivalences is again a simple
Zπ-chain homotopy equivalence,

C∗(g̃, ∂̃g) : C∗(Ñ , ∂̃N)→ C∗(X̃, ∂̃X)

is a simple Zπ-chain homotopy equivalence. ut

Lemma 12.15. Let (f, ∂f) : (X, ∂X) → (Y, ∂Y ) be a map of (simple) fi-
nite Poincaré pairs of dimension n. Suppose that X, Y , ∂X and ∂Y are
path connected, the maps induced by the inclusions π1(∂X) → π1(X) and
π1(∂Y ) → π1(Y ) and the map π1(f) : π1(X) → π1(Y ) are bijections, and

(f, ∂f) has degree one. Let f̃ : X̃ → Ỹ be the π = π1(X) = π1(Y )-equivariant

lift of f to the universal coverings and let ∂̃X → ∂X and ∂̃Y → ∂Y be the
restriction of the universal coverings X̃ → X and Ỹ → Y to ∂X and ∂Y .

Consider the following assertions:

(i) f : X → Y is a (simple) homotopy equivalence;

(ii) The Zπ-chain map C∗(f̃ , f̃ |∂̃X) : C∗(X̃, ∂̃X) → C∗(Ỹ , ∂̃Y ) is a (simple)
Zπ-chain homotopy equivalence;

(iii) ∂f : ∂X → ∂Y is a (simple) homotopy equivalence.

Then all of them are true if and only if one of the assertions (i) and
assertion (ii) is true.

Proof. We treat the case of simple homotopy equivalences only, the case of
a homotopy equivalence is obtained by ignoring all remarks about torsion
invariants. Since π1(f) is a bijection by assumption, the classical Whitehead

Theorem implies that assertion (i) is equivalent to the statement that C∗(f̃) is

a simple Zπ-chain homotopy equivalence. The coverings ∂̃X → X and ∂̃Y →
Y are the universal coverings and f̃ |

∂̃X
: ∂̃X → ∂̃Y covers ∂f : ∂X → ∂Y .

Hence assertion (iii) is equivalent to the statement that C∗(∂̃f) : C∗(∂̃X)→
C∗(∂̃Y ) is a simple Zπ-chain complex. In the sequel of the proof we will use
Lemma 2.17 over and over again without mention it explicitly.

We have the following commutative diagram of finite free Zπ-chain com-
plexes
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0 // C∗(∂̃X) //

C∗(∂̃f)
��

C∗(X̃) //

C∗(f̃)
��

C∗(X̃, ∂̃X) //

C∗(f̃ ,∂̃f)
��

// 0

0 // C∗(∂̃Y ) // C∗(Ỹ ) // C∗(Ỹ , ∂̃Y ) //// 0

where the rows are U -based exact. Hence all of the three vertical arrows are
simple Zπ-chain homotopy equivalences if two of them are. Since (f, ∂f) has
degree one, the following diagram of finite based free Zπ-chain complexes

Cn−∗(X̃, ∂̃X)

−∩[X,∂X]

��

Cn−∗(Ỹ , ∂̃Y )

−∩[Y,∂Y ]

��

Cn−∗(f̃ ,∂̃f)oo

C∗(X̃)
C∗(f̃)

// C∗(Ỹ )

commutes. The vertical arrows are simple Zπ-chain homotopy equivalences
since (X, ∂X) and (Y, ∂Y ) are simple finite Poincaré pairs by assumption.

One easily checks that C∗(f̃ , ∂̃f) is a simple Zπ-chain homotopy equivalence if

and only if Cn−∗(f̃ , ∂̃f) is a simple Zπ-chain homotopy since their Whitehead
torsion is mapped to one another under the involution on Wh(π) of (2.26).

Hence C∗(f̃ , ∂̃f) is a simple Zπ-chain homotopy equivalence if and only if

C∗(f̃) is a simple Zπ-chain homotopy equivalence. This finishes the proof of
Lemma 12.15. ut

We conclude from Lemma 12.12 and Lemma 12.15 that both g : N → X
and ∂g : X → Y are simple homotopy equivalences. Since (g, ∂g) is obtained
from (f, ∂f) by a sequence of homotopies, surgeries on the interior, surgeries
on the boundary, and handle subtractions, and a handle subtraction can be
interpreted as a surgery on the boundary, this finishes the proof of the
π-π-Theorem 12.4 in the even-dimensional case.

12.3.4 Proof of the π-π-Theorem 12.4 in the
Odd-Dimensional Case

In this Subsection we give the proof Theorem 12.4 in the odd-dimensional
case n = 2k + 1 for k ≥ 3.

Lemma 12.16. We can perform a sequences of homotopies, surgeries on the
interior, and surgeries on the boundary on the normal map (f, ∂f) : (M,∂M)→
(X, ∂X) to arrange that f and ∂f are k-connected and Kk(M̃, ∂̃M) = 0.

Proof. By doing surgery on the boundary and then surgery in the interior,
we can arrange that the maps f and ∂f are k-connected, see Theorem 6.49.
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It remains to explain how we can perform additionally a handle subtraction

to arrange Kk(M̃, ∂̃M) = 0 without destroying the property that f and ∂f
are k-connected.

Recall that π = π1(M) = π1(X) = π1(∂M) = π1(∂X). We obtain from
Lemma 7.113 (iii) a sequence of Zπ-isomorphisms

hk : πk+1(f)
∼=−→ πk+1(f̃)

∼=−→ Hk+1(f̃)
∼=−→ Kk(M̃).

Since f̃ is k-connected, Hl(cone(C∗(f̃))) = 0 for l ≤ k. Denote by ck+1 the

(k+1)-th differential of cone∗ := cone(C∗(f̃)). We obtain the exact sequences
of Zπ-modules

0→ ker(ck+1)→ conek+1
ck+1−−−→ conek

ck−→ conek−1
ck−1−−−→ · · · c1−→ cone0 → 0.

Since each Zπ-module conel is finitely generated free, we conclude that
ker(ck+1) is a finitely generated projective Zπ-module. Since Hk+1(f̃) =

Hk+1(cone∗) is a quotient of ker(ck+1), the Zπ-module Hk+1(f̃) is finitely
generated. Hence also πk+1(f) is a finitely generated Zπ-module. Fix a finite
subset {x1, x2, . . . , xr} of πk+1(f) which generates the Zπ-module πk+1(f).
Choose for i = 1, 2, . . . , r commutative diagrams

Sk ×Dk+1 ui //

��

M

f

��
Dk+1 ×Dk+1 // X

such that the corresponding class in πk+1(f̃) is xi and ui is an embedding
whose image is disjoint from ∂M . This is possible by Theorem 3.39. By a
general position argument we can additionally arrange that ui(S

k×{0}) and
uj(S

k ×{0}) are disjoint for i 6= j and then by possibly shrinking Dk+1 that
the images of ui and uj are disjoint for i 6= j.

Next we describe how we can connected each ui with a tube to the bound-
ary ∂M , so that we obtain a commutative diagram

Sk−1 ×Dk+1

��

vi // ∂M

��
Dk ×Dk+1 Vi // M

such that it still represents xi, each map (Vi, vi) : (Dk×Dk+1, Sk−1×Dk+1)→
(M,∂M) is an embedding and the images of two different embeddings (Vi, vi)
and (Vj , vj) are disjoint. Namely, choose an embedded closed disk Bk ⊆ Sk

which one should think of to be very small. Consider Xk = Sk \ int(Bk)∪∂Bk
∂Bk × [0, 1], where we identify ∂Bk with ∂Bk × {0} in ∂Bk × [0, 1]. Now we



444 12 The Geometric Surgery Obstruction Group and Surgery Obstruction

can find an embedding Vi : Xk ×Dk+1 ↪→M such that Vi|Sk\Bk×Dk+1 agrees

with the restriction of ui to Sk \Bk×Dk+1 ⊆ Sk×Dk+1 and the intersection
of the image of Vi with ∂M is Vi(∂Bk×{1}×Dk+1) = Vi(∂Xk×Dk+1). Since
(Xk, ∂Xk) is isomorphic to (Dk, Sk−1), we obtain the desired embedding Vi.
Since we can choose the disks Bk as small as we want, the images of ui and
uj are disjoint for i 6= j, and two embedded arcs in M between two different
endpoints can be changed by a homotopy relative endpoint to be disjoint, we
can additionally arrange that the images of Vi and Vj are disjoint for i 6= j.

Let H ⊆ M be the union of the images of the maps (Vi, vi) for i =
1, 2, . . . , r. We can change (f, ∂f) up to homotopy to arrange that f(H) ⊆ ∂X
holds. Let N be obtained from M by deleting the interior of H. Let
(g, ∂g) : (N, ∂N) → (X, ∂X) be obtained by restricting f to N . Notice that
N and ∂N are path connected, the inclusions ∂N → N → M induce iso-
morphisms on π1. Hence we can identify π = π1(N) = π1(∂N) and the

coverings Ñ → N and ∂̃N → ∂N obtained by restricting the universal cov-
ering M̃ → M to N and ∂N are the universal coverings of N and ∂N . Let
H̃ → H be the restriction M̃ →M to H. Then H̃ = π ×Dk ×Dk+1.

It remains to prove that g and ∂g are k-connected and Kk(Ñ , ∂̃N) ∼=
Hk+1(g̃, ∂̃g) vanishes.

We first show that Hl(g̃, ∂̃g) vanishes for l ≤ k+ 1. We have the following
exact sequence of finite free Zπ-chain complexes

0→ C∗(H̃ ∪ ∂̃M, ∂̃M)→ C∗(M̃, ∂̃M)→ C∗(M̃, H̃ ∪ ∂̃M)→ 0

and the Zπ-chain isomorphism

C∗(Ñ , ∂̃N)
∼=−→ C∗(M̃, H̃ ∪ ∂̃M).

Hence we obtain an exact sequence of Zπ-chain complexes

0→ ΣC∗(H̃ ∪ ∂̃M, ∂̃M)→ cone(C∗(f̃ , ∂̃f))→ cone(C∗(g̃, ∂̃g))→ 0.

The associated long exact homology sequence is

· · · → Hl(H̃ ∪ ∂̃M, ∂̃M)→ Hl+1(f̃ , ∂̃f)→ Hl+1(g̃, ∂̃g)

→ Hl−1(H̃ ∪ ∂̃M, ∂̃M)→ · · · .

Obviously Hl(H̃ ∪ ∂̃M, ∂̃M) = 0 for l ≤ (k− 1) since Hl(π×Dk×Dk+1, π×
Sk−1 × Dk+1) = 0 holds for l ≤ (k − 1). Hence we obtain for l ≤ k an
isomorphism

Hl(f̃ , ∂̃f)→ Hl(g̃, ∂̃g)

and we have the exact sequence

· · · → Hk(H̃ ∪ ∂̃M, ∂̃M)→ Hk+1(f̃ , ∂̃f)→ Hk+1(g̃, ∂̃g)→ 0.
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Since f̃ and ∂̃f are k-connected, Hl(f̃ , ∂̃f) and hence Hl(g̃, ∂̃g) vanish for

l ≤ k. Next we show that Hk+1(g̃, ∂̃g) is trivial. It suffices to show that the
map

Hk(H̃ ∪ ∂̃M, ∂̃M)→ Hk+1(f̃ , ∂̃f)

is surjective. Since ∂f is k-connected and hence Hk(∂̃f) = 0, the map

Hk+1(f̃)→ Hk+1(f̃ , ∂̃f) is surjective. The Hurewicz homomorphism πk+1(f̃)→
Hk+1(f̃) is surjective as f̃ is k-connected. Hence the composite

πk+1(f̃)→ Hk+1(f̃)→ Hk+1(f̃ , ∂̃f)

is surjective. Let yi ∈ Hk+1(f̃ , ∂̃f) be the image of the class xi under this

composite. Since the xi-s generate πk+1(f̃), the yi-s generate Hk+1(f̃ , ∂̃f).

The element yi lies in the image of Hk(H̃ ∪ ∂̃M, ∂̃M) → Hk+1(f̃ , ∂̃f), a
preimage is given by the class the i-th handle in

Hk(H̃ ∪ ∂̃M, ∂̃M) ∼=
r⊕
i=1

Hk(π ×Dk ×Dk+1, π × Sk−1 ×Dk+1) ∼=
r⊕
i=1

Zπ,

This finishes the proof that Hl(g̃, ∂̃g) vanishes for l ≤ k + 1.
Since we have the pushout

Dk × Sk //

��

N

��
Dk ×Dk+1 // M

the inclusion N →M is k-connected. Since f : M → X is k-connected and g
is f |N , the map g is k-connected.

It remains to show that ∂g : ∂M → ∂X is k-connected. This is equivalent

to showing that Hl(∂̃g) vanishes for l ≤ k. This follows from the facts that

Hl(g̃) = 0 vanishes for l ≤ k and Hl(g̃, ∂̃g) = 0 vanishes for l ≤ k + 1. This
finishes the proof of Lemma 12.16. ut

In the sequel we can assume that the conclusions of Lemma 12.16 holds.

Lemma 12.17. We have

Ki(M̃) = 0 for i 6= k;

Ki(∂̃M) = 0 for i 6= k;

Ki(M̃, ∂̃M) = 0 for i 6= k + 1.

Proof. Recall we can assume because of Lemma 12.16 that f̃ and ∂̃f are k-

connected. Hence Ki(M̃) = Hi+1(f̃) and Ki(∂̃M) = Hi+1(∂̃f) vanish for
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i ≤ k−1. We have the short exact sequence of finite free Zπ-chain complexes

0→ C∗(∂̃f)→ C∗(f̃)→ C∗(f̃ , ∂̃f)→ 0.(12.18)

We conclude from its long exact homology sequence that Ki(M̃, ∂̃M) =

Hi+1(f̃ , ∂̃f) vanish for i ≤ k − 1. We know already from Lemma 12.16 that

Kk(M̃, ∂̃M) vanishes. Hence we have proven so far

Ki(∂̃M) = 0 for i ≤ k − 1;

Ki(∂̃M) = 0 for i ≤ k − 1;

Ki(M̃, ∂̃M) = 0 for i ≤ k.

Since Hi(f̃) and Hi(∂̃f) vanish for i ≤ k, the chain complexes cone(C∗(f̃))

and cone(C∗(∂̃f)) are Zπ-chain homotopy equivalent to Zπ-chain complexes
whose chain modules are trivial in dimensions ≤ k. Hence the cochain com-
plexes cone(C∗(f̃)) and cone(C∗(∂̃f))∗ respectively are Zπ-chain homotopy
equivalent to cochain complexes whose cochain modules vanish in dimen-

sions ≤ k. This implies Ki(M̃) = Hi+1
(
cone(C∗(f̃))

)
= 0 and Ki(∂̃M) =

Hi+1
(
cone(C∗(∂̃f))

)
= 0 for i ≥ k−1. Poincaré duality yields isomorphisms,

see Theorem 7.113 (ii),

Ki(∂̃M) ∼= K2k−i(∂̃M);

Ki(M̃, ∂̃M) ∼= K2k+1−i(M̃).

We conclude that Ki(∂̃M) = 0 for i ≥ k + 1 and Ki(M̃, ∂̃M) = 0 for i ≥
k+2. The long homology sequence associated to (12.18) implies Ki(∂̃M) = 0
for i ≥ k + 1. This finishes the proof of Lemma 12.17. ut

One may expect that we present elements of a basis for Kk+1(M̃, ∂̃M) by
disjoint embeddings and then proceed as above. But for the desired embed-
ding theorem one need that the inclusion ∂N → N is 2-connected and that is
too much, we do not want to make assumption about the induced homomor-

phism on π2. At any rate we still have πk+2(f̃ , ∂̃f) ∼= Kk+1(M̃, ∂̃M) and can
find for each i ∈ {1, 2, . . . , r} immersions ui : (Dk+1, Sk) → (M,∂M) which
are framed, i.e., come with explicit trivilisations of their normal bundles, such
that bi is given by a map of squares
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Sk //

��

ui|Sk

%%

Sk+1
+

��

$$

Sk+1
−

//

ui

%%

Dk+2

%%

∂̃M
∂̃f //

ĩM
��

∂̃X

ĩX
��

M̃
f̃

// X̃

(12.19)

if we identify Sk+1
− = Dk+1. These ui are unique up to regular homotopy.

Lemma 12.20. We can change the framed immersions ui such that their
restrictions to Sk form a system of disjoint embeddings Sk to ∂M .

Proof. We can put the framed immersions ui into general position. The set of
intersections and self intersections form a system of 1-dimensional submani-
folds of M which intersect transversely, meet ∂M transversely and for which
there are no triple intersections, see for instance [4, 210, 211, 212, 213, 264].
These 1-dimensional submanifolds are either circles which do not touch the
boundary and therefore do not concern us here, or they are embedded arcs
which meet the boundary transversely and in precisely two points. Fix such an
embedded arc α. Next we explain how we can change the framed embeddings
in their regular homotopy class such that the two endpoints of α disappear
and hence we get rid of two of the intersection or self-intersection points on
the boundary without introducing new intersection or self-intersection points
on the boundary. The arc becomes then a circle within the interior or M .

We only treat the case, where the arc consists of intersection points of
two different framed embeddings ui and uj , the case of self-intersections is
analogous. For the immersion ui we can find an embedded 2-disks δi in Sk

whose boundary consist of two segments, one segment is mapped under ui to
the arc α, the second segment is mapped under ui to an arc βi in ∂M , and
analogously we get δj and βj for uj , Moreover, the arcs βi and βj meet in
precisely two points, namely the endpoints of α on ∂M . Obviously βi ∗ β−j is

a loop in ∂M . If we regard βi ∗ β−j in M , then it is nullhomotopic, thanks to
the disks δi and δj . Since ∂M →M induces an isomorphism on π1, the loop
βi ∗ β−j is null-homotopic in ∂M . Since k ≥ 3 by assumption, we can find an

embedded disk D2 ⊆ ∂M whose boundary is just the loop βi ∗ β−j . Now we
can use the Whitney trick mentioned earlier to get rid of the two intersection
points of ui|Sk : Sk → ∂M and uj |Sk : Sk → ∂M . This move extends to a
move in M in the obvious way. The result is that we have two intersection
points on the boundary less than before the move. ut
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Since each ui is framed, we can extend each ui to an immersion

ui : (Dk+1 ×Dk, Sk ×Dk)→ (M,∂M)

such that ui|Sk×Dk : Sk × Dk ↪→ ∂M is an embedding and the images of
ui|Sk×Dk and uj |Sk×Dk are disjoint for i 6= j. For each i ∈ {1, 2, . . . , r} we
attach a handle Dk+1×Dk to M using the embedding ui|Sk×Dk : Sk×Dk ↪→
∂M . Denote by N the resulting (2k+ 1)-dimensional compact manifold. Let
H ⊆ N be the union of these r attached handles.

By a cofibration argument using (12.19) we can change f : (M,∂M) →
(X, ∂X) up to homotopy such that we can arrange:

• The map f is the trivial map on im(ui) ∩ ∂M for i ∈ {1, 2, . . . , r};
• Define a map (g, ∂g) : (N, ∂N) → (X, ∂X) by requiring that it agrees on
M with f and is constant on H;

• There is a simple homotopy equivalence h : M∨
∨r
i=1 S

k+1 '−→ N such that
the composite of g with h is homotopic to the wedge of f : M → X with
the constant map

∨r
i=1 S

k+1 → X.

Hence the simple homotopy equivalence h together with the inclusion M →
M ∨

∨r
i=1 S

k+1 induce for l ≤ k an isomorphism

ξl : Kl(M̃)
∼=−→ Kl(Ñ)(12.21)

and for l = k + 1 an isomorphism

ξk+1 : Kk+1(M̃)⊕ Zπr
∼=−→ Kk+1(Ñ)(12.22)

The long exact homology sequence of the triple (∂N ⊆ H ∪ ∂N ⊆ N)
yields the long exact sequence

(12.23) . . .→ Kl+1(Ñ , ∂̃N)→ Kl+1(Ñ , H̃ ∪ ∂̃N)

→ Kl(H̃ ∪ ∂̃N, ∂̃N)→ Kl(Ñ , ∂̃N)→ . . .

where all spaces marked with a twiddle are obtained by pulling back the
universal covering M̃ → M . The excision isomorphisms associated to the

inclusions (H̃, H̃ ∩ ∂̃N)→ (H̃ ∪ ∂̃N, ∂̃N) and (M̃, ∂̃M)→ (Ñ , H̃ ∪ ∂̃N) yield
Zπ-isomorphisms

Kl(H̃, H̃ ∩ ∂̃N)
∼=−→ Kl(H̃ ∪ ∂̃N, ∂̃N);(12.24)

Kl(M̃, ∂̃M)
∼=−→ Kl(Ñ , H̃ ∪ ∂̃N).(12.25)

Next we show
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Kl(M̃, ∂̃M) = 0 for l 6= k + 1;(12.26)

Kk(H̃, H̃ ∩ ∂̃N) = 0 for l 6= k;(12.27)

Kk+1(Ñ , ∂̃N) = 0 for l 6= k, k + 1.(12.28)

We have

(12.29) Kl(H̃, H̃ ∩ ∂̃N) ∼= Hl(H̃, H̃ ∩ ∂̃N) ∼=

∼=
k⊕
i=1

Hl(π ×Dk+1 ×Dk, π ×Dk+1 × Sk−1) ∼=

{
0 l 6= k;

Zπr l = k.

Recall that f and ∂f are k-connected. This implies Kl(M̃) = Kl(∂̃M) =

Kl(M̃, ∂̃M) = 0 for l ≤ k − 1. Hence we also have Kl(Ñ) ∼= Kl(M̃) = 0
for l ≤ k − 1. Since ∂N is obtained from ∂M by surgery in dimension k, we

have Kl(∂̃N) = 0 and hence Kl(Ñ , ∂̃N) = 0 for l ≤ k − 2. We conclude that

Kl(M̃) ∼= Kl(M̃)∗ and Kl(Ñ) ∼= Kl(Ñ)∗ vanish for l ≤ k−1. Poincaré duality

implies that Kl(M̃, ∂̃M) ∼= K2k+1−l(M̃) and Kl(Ñ , ∂̃N) ∼= K2k+1−l(Ñ) = 0
vanish for for l ≥ k + 2. This finishes the verification of (12.26), (12.27),
and (12.28). Combining these with the isomorphisms (12.24) and (12.25)
implies that the long exact sequence (12.23) reduces to the exact sequence of
finitely generated free Zπ-modules

(12.30) 0→ Kk+1(Ñ , ∂̃N)→ Kk+1(M̃, ∂̃M)
δ−→ Kk(H̃, H̃ ∩ ∂̃N)

→ Kk(Ñ , ∂̃N)→ 0.

Consider the composite

µ : Kk+1(H̃, H̃ ∩ M̃)→ Kk(H̃ ∩ M̃)→ Kk(M̃)

where the first map comes from the boundary map in the long homology
sequence of the pair (H̃, H̃∩M̃) and the second map comes from the inclusion

H̃ ∩ M̃ → M̃ . We have the isomorphism of Zπ-modules

Kk+1(H̃, H̃ ∩ M̃)
∼=−→ Hk+1(H̃, H̃ ∩ M̃)

∼=←−
r⊕
i=1

Hk+1(π ×Dk+1 ×Dk, π × Sk ×Dk)

∼= Zπr.

The composite µ sends the base element corresponding to the i-th handle to
the class represented by the lift ũi : S

k → M̃ of the attaching map ui : S
k →

M . Since ui is nullhomotopic, the map µ is trivial. Hence also the following
composite is trivial
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ν : Kk(H̃, H̃ ∩ ∂̃N)∗
∼=−→ Kk(H̃, H̃ ∩ ∂̃N)

∼=−→ Kk+1(H̃, H̃ ∩ M̃)

µ−→ Kk(M̃)
∼=−→ Kk+1(M̃, ∂̃M)

∼=−→ Kk+1(M̃, ∂̃M)∗,

where the maps except µ are given by Poincaré duality or the Kronecker
pairing. The following diagram commutes

Kk+1(M̃, ∂̃M)
δ //

∼=
��

Kk(H̃, H̃ ∩ ∂̃N)

∼=
��(

Kk+1(M̃, ∂̃M)∗
)∗

ν∗ //
(
Kk(H̃, H̃ ∩ ∂̃N)∗

)∗
where δ is the map appearing in (12.30). Hence δ is trivial and the short
exact sequence (12.30) reduces to the Zπ-isomorphisms

Kk+1(Ñ , ∂̃N)
∼=−→ Kk+1(M̃, ∂̃M);(12.31)

Kk(H̃, H̃ ∩ ∂̃N)
∼=−→ Kk(Ñ , ∂̃N).(12.32)

The handles attached using the ui-s give the preferred stable U -equivalence

class of Zπ-basis {b1, b2, . . . , br} for Kk+1(M̃, ∂̃M) by construction. In view
of the isomorphisms (12.22) and (12.31), the canonical map

Kk+1(Ñ)→ Kk+1(Ñ , ∂̃N)

is surjective since the composite

Kk+1(M̃)⊕ Zπr
∼=−→ Kk+1(Ñ)→ Kk+1(Ñ , ∂̃N)

∼=−→ Kk+1(M̃, ∂̃M)

sends the standard base of Zπr to this Zπ-base of Kk+1(M̃, ∂̃M). If we com-
bine this with the isomorphisms (12.21) and inspect the long exact sequences

of kernels associated to (Ñ , ∂̃N), we conclude Kl(∂̃N) = 0 for l ≤ k. Since

∂N is 2k-dimensional, we conclude from Poincaré duality that Kl(Ñ) = 0 for

all l ≥ 0. In particular Kk+1(Ñ)
∼=−→ Kk+1(Ñ , ∂̃N) is an isomorphism. This

implies that Kk+1(M̃) = 0. In the sequel we equip Kk+1(Ñ) with the Zπ-

basis from the isomorphism Zπr
∼=−→ Kk+1(Ñ) of (12.22). Then the composite

of Zπ-isomorphisms

Kk+1(Ñ)
∼=−→ Kk+1(Ñ , ∂̃N)

∼=−→ Kk+1(M̃, ∂̃M)

respects the preferred stable U -equivalence classes of stable Zπ-basis.
Since Kl(Ñ) = 0 for all l ≥ 0, the map ∂g is a homotopy equivalence.

Actually, it is a simple homotopy equivalence as we will see below. It remains
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now to achieve by surgery on the interior that also g is a simple homotopy
equivalence.

Recall that we have already equipped Kk+1(Ñ) with a Zπ-basis. Recall
that we have Hi

(
cone(C∗(g̃))

)
= 0 for i 6= k + 1, k + 2 and canonical iden-

tifications Hi+1

(
cone(C∗(g̃))

)
= Ki(Ñ) for i = k, k + 1. Hence Kk(Ñ) in-

herits a Reidemeister stable U -equivalence class of stable Zπ-basis as ex-
plained in Subsection 12.3.2. After possible trivial surgery, we can choose
a Zπ-basis {a1, a2, . . . , ar} for Kk(Ñ) representing the Reidemeister stable
U -equivalence class of stable Zπ-basis. Since dim(N) = 2k + 1, we can per-
form surgery on the interior of N according to this basis. Thus we get a new
normal map, which will be the one we are aiming for,

(h, ∂h) : (P, ∂P )→ (X, ∂X)

with ∂P = ∂N and ∂h = ∂g and a normal bordism

(L; ∂0L, ∂1L) : (W ; ∂0W,∂1W )→ (X × [0, 1];X × 0, ∂X × [0, 1] ∪X × {1})

such that ∂0W = N , ∂0L = g, ∂1W = P ∪∂P×{1} ∂P × [0, 1], and ∂1L =
h ∪∂h×id{1} ∂h× id∂P×[0,1] hold. The bordism W is obtained from P × [0, 1]

by attaching a handle Dk+1 ×Dk to P × {1} for each i ∈ {1, 2, . . . , r}. We
have

Kl(W̃ , ∂̃0W ) ∼=
r⊕
i=1

Hl(D
k+1 ×Dk × π, Sk ×Dk × π) ∼=

{
Zπr l = k + 1;

0 l 6= k + 1.

We will equip Kk+1(W̃ , ∂̃0W ) with the preferred stable U -equivalence class
of stable Zπ-basis coming from the Zπ-isomorphism above. One easily checks
that it agrees with the Reidemeister stable U -equivalence class of Zπ-basis

on Kk+1(W̃ , ∂̃0W ). We obtain from the pair (W̃ , ∂̃0W ) the exact sequence of
Zπ-modules

0→ Kk+1(∂̃0W )
j−→ Kk+1(W̃ )→ Kk+1(W̃ , ∂̃0W )

∂−→ Kk(∂̃0W )→ Kk(W̃ )→ 0.

The map ∂ sends the Zπ-basis of Kk+1(W̃ , ∂̃0W ) determined by the attached

handles to the Zπ-basis {a1, a2, . . . , ar} of Kk(∂̃0W ) = Kk(Ñ). Hence it is a

simple isomorphism. We conclude that Kk(W̃ ) vanishes. Hence the sequence
above reduces to the exact sequence
(12.33)

0→ Kk+1(∂̃0W )
j−→ Kk+1(W̃ )→ Kk+1(W̃ , ∂̃0W )

∂−→ Kk(∂̃0W )→ 0

and Ki(W̃ ) = 0 for i 6= k + 1. So Kk+1(W̃ ) comes with a Reidemeister
stable U -equivalence class of Zπ-basis. We have specified for each term in
the short exact sequence (12.33) a preferred stable U -equivalence class of
Zπ-basis and the Reidemeister U -torsion in the sense of Definition 9.5 of
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the sequence (12.33) is trivial because of Lemma 9.19. Since ∂ is a simple
isomorphism, the map

j : Kk+1(∂̃0W )
∼=−→ Kk+1(W̃ )

is a simple isomorphism.
Let

J : Kk+1(W̃ )→ Kk+1(W̃ , ∂̃1W )

be induced by the the map W̃ → (W̃ , ∂̃W ). The following diagram commutes

Kk(∂̃0W )∗
∂∗

∼=
// Kk+1(W̃ , ∂̃0W )∗

Kk(∂̃0W )

∼=
��

∼=

OO

Kk+1(W̃ , ∂̃0W )

∼=
��

∼=

OO

Kk+1(∂̃0W )
j

∼= // Kk+1(W̃ )
J
// Kk+1(W̃ , ∂̃1W )

Since all maps in the diagram above different from J are simple isomorphisms,

the isomorphisms J : Kk+1(W̃ ) → Kk+1(W̃ , ∂̃1W ) is an isomorphism. We

conclude from Lemma 9.18 that the obvious chain map cone(C∗(L̃)) →
cone(C∗(L̃, ∂̃1L)) is a simple Zπ-homotopy equivalence. Since we have the
based exact short exact sequence of Zπ-chain complexes

0→ cone(C∗(∂̃1L))→ cone(C∗(L̃))→ cone(C∗(L̃, ∂̃1L))→ 0

the Reidemeister U -torsion of the contractible based free Zπ-chain complex

cone(C∗(∂̃1L)) vanishes. Hence ∂1L : ∂1W → ∂X× [0, 1]∪X×{1} is a simple
homotopy equivalence. We conclude from Lemma 12.15 that also the induced
map on the boundary ∂1L|∂(∂1W ) : ∂(∂1W ) → ∂X is a simple homotopy
equivalence. Hence the maps h : P → X and ∂h : ∂P → ∂X are simple
homotopy equivalences. Since (h, ∂h) : (P, ∂P ) → (X, ∂X) is obtained from
(f, ∂f) : (M,∂M) → (X, ∂X) by a sequence of homotopies, surgeries on the
interior, surgeries on the boundary, and handle subtractions, and a handle
subtraction can be interpreted as a surgery on the boundary, the proof of the
π-π-Theorem 12.4 is finished.
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12.4 The Geometric Surgery Obstruction Group and
Surgery Obstruction

In this section we want to give a geometric construction of the (simple)
surgery obstruction group, which will be identified with the algebraic L-
group, and of the geometric (simple) surgery obstruction, which will be iden-
tified with the algebraic surgery obstruction.

12.4.1 The Construction of the Geometric Surgery
Groups

We begin with the construction of the geometric surgery obstruction group
in terms of normal bordisms of normal maps of degree one with reference.

Recall the following category R of Subsection 7.7.2. Objects are pairs
(K,OK) consisting of a space K and an infinite cyclic coefficient system OK
over K, i.e., a covariant functor OK : Π(K) → Z-MOD such that its value
at each object is an infinite cyclic group. A morphisms (u, u) : (K0,OK0

) →
(K1,OK1

) consists of a map u : K0 → K1 and a natural transformation
u : OK0

→ OK1
◦Π(u).

The goal of this section is to define covariant functors

Lhn,Lsn : R → Z-MOD.(12.34)

They will be defined as bordism groups of normal maps of degree one
with reference to (K,OK), where a normal map of degree one with ref-
erence to (K,OK) is a normal map (M,∂M, f, ∂f, a, ξ, f , o) with target
some w-oriented finite n-dimensional Poincaré pair (X, ∂X,OX , [[X, ∂X]])
in the sense of Subsection 7.8.1 together with a morphism (u, u) : (X,OX)→
(K,OK) in R. Recall that here we demand that ∂f : ∂M → ∂X is a (simple)
homotopy equivalence.

If we have two such normal maps (Mm, ∂Mm, fm, ∂fm, am, ξm, fm, om)
with target (Xm, ∂Xm,OXm , [[Xm, ∂Xm]]) and reference map
(um, um) : (Xm,OXm) → (K,OK) for m = 0, 1, we call them normally
bordant if there exists a normal bordism of degree one (not necessarily
with cylindrical ends) (W,F, b, Ξ, F ,O) with target (Y, ∂Y,OY , [[Y, ∂Y ]])
from (M0, ∂M0, f0, ∂f0, a0, ξ0, f0, o0) to (M1, ∂M1, f1, ∂f1, a1, ξ1, f1, o1) in
the sense of Subsection 7.8.2 together with a reference map (U,U) : (Y,OY )→
(K,OK) such that the composite of (U,U) with the morphism (Xm,OXm)→
(Y,OY ) in R induced by the inclusion agrees with (um, um) for m = 0, 1. Re-
call that here we demand that ∂2F : ∂2W → ∂2Y is a (simple) homotopy
equivalence.

The addition is given by taking the disjoint union. The inverse of the bor-
dism class of the normal map of degree one with reference to (K,OK) given
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by (M,∂M, f, ∂f, a, ξ, f , o) with target some w-oriented finite n-dimensional
Poincaré pair (X, ∂X,OX , [[X, ∂X]]) and reference map (u, u) : (X,OX) →
(K,OK) is given by the same data, except that we replace o by −o and
[[X, ∂X]] by −[[X, ∂X]].

By taking the compositions of reference maps to (K0,OK0) with a mor-
phisms (u, u) : (K0,OK0) → (K1,OK1) in R representing a morphism in R,
we get the desired covariant functors (12.34).

Definition 12.35 ((Simple) geometric surgery obstruction group).
We call Lsn(K,OK) the n-th simple geometric obstruction group and Lhn(K,OK)
the n-th geometric obstruction group.

Lemma 12.36. Let (ui, ui) : (K,OK) → (K ′,O′K′) for i = 0, 1 be two
morphisms in R. Suppose that they are homotopic, see paragraph before
Lemma 7.154.

Then we get

Lsn(u0, u0) = Lsn(u1, u1);

Lhn(u0, u0) = Lhn(u1, u1).

Proof. The idea is to construct from the homotopy between (u0, u0) and
(u1, u1) a normal bordism between the representatives of the image under
Lsn(u0, u0) and Lsn(u1, u1) of a given element in Lsn(K0,OK0), and analogous
for the h-decoration. ut

Exercise 12.37. Let (K,OK) be an object in R for a CW -complex K. Let
K(K) be the direct set of finite sub-CW -complexes ofK directed by inclusion.
For L ∈ K(L) let iL : L → K be the inclusion, i∗LOK be the pullback of OK
with iL and iL : i∗LOK → OK be the canonical bundle map covering iL. For
L,L′ ⊆ K(K) let iL⊆L′ : L→ L′ be the inclusion and iL⊆L′ : i

∗
LOK → ıL′OK

be the canonical bundle map covering iL⊆L′ . Let ε stand for h or s. Thus we
obtain a directed system of abelian groups {Lεn(L, i∗LOK) | L ∈ K(K)} and
a canonical homomorphism

ψ : colimL⊆K(K) Lεn(L, i∗LOK)→ Lεn(K,OK).

Show that ψ is an isomorphism.

12.4.2 Making the Reference Map a π0- and
π1-Isomorphism

In order to apply later the π-π-Theorem 12.4, the following result will be
crucial.
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Lemma 12.38. Let (K,OK) be an object in R. Consider a natural number
n ≥ 5. Let (M,∂M, f, ∂f, a, ξ, f , o) be a normal map of degree one with target
some w-oriented finite n-dimensional Poincaré pair (X, ∂X,OX , [[X, ∂X]])
coming with a reference map (u, u) : (X,OX) → (K,OK) such that ∂f is a
homotopy equivalence.

Then it can be modified by surgery without changing ∂M , ∂X, ∂f , f |∂M ,
u|∂X , u|∂X , and its class in Lhn(K,OK) such that the reference map u : X →
K induces a bijection on π0 and for every base point in X an isomorphism
on π1.

The analogous statement holds with the decoration s.

Its proof needs some preparation. The next lemma will ensure that we
have a “manifold part” in a Poincaré pair (X, ∂X) on which we can perform
surgery on the reference to K.

Definition 12.39 (Special Poincaré pair). Let (X, ∂X) be a finite (sim-
ple) Poincaré pair of dimension n ≥ 5. It is called special if there exists:

• An n-dimensional compact manifold H with boundary ∂H such that the
inclusion i : ∂H → H induces an epimorphism π0(∂H) → π0(H), and for
every component D of H an epimorphism ∗C∈π0(∂H)

i(C)⊆D
π1(C)→ π1(D);

• A finite CW -complex X̂ obtained from ∂X by attaching finitely many
cells of dimension ≤ (n− 2);

• A map z : ∂H → X̂ that induces a bijection on π0 and for every choice of
base point in ∂H an epimorphism on π1,

such that X is the pushout

∂H
z //

��

X̂

��
H // X = H ∪z X̂

Lemma 12.40. Let (X, ∂X) be an n-dimensional finite (simple) Poincaré
pair of dimension n ≥ 5. Then there exists a special Poincaré pair (X ′, ∂X ′)
with ∂X = ∂X ′ together with a (simple) homotopy equivalence g : X → X ′

inducing the identity on ∂X.

Proof. See [246, Corollary 2.3.2], [248, Lemma 2.8 on page 30 and the pre-
ceding paragraph]. ut

Lemma 12.41. Let X = H ∪z X̂ be a special CW -pair. Then the inclusion
H → X induces bijections on π0 and for every choice of base points of H an
epimorphism on π1.
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Proof. Recall from the definition of a special Poincaré pair that ∂H → X̂
induces bijections on π0 and for every choice of base point in ∂H a surjection
on π1, and the inclusion i : ∂H → H induces an epimorphism π0(∂H) →
π0(H), and for every component D of H an epimorphism ∗C∈π0(∂H)

i(C)⊆D
π1(C)→

π1(D). This implies that H → X induces a bijection on π0. The Seifert von

Kampen Theorem implies that the inclusion of H → X = H ∪z X̂ induces a
surjection on π1 for every choice of base point in H. ut

In the sequel we often denote only the underlying maps when dealing with
normal maps, normal bordisms or reference maps.

Lemma 12.42. Let (f, ∂f) : (M,∂M) → (X, ∂X) be the underlying map of
a normal map of degree one such that f is 2-connected. Suppose that (X, ∂X)

is special in the sense of Definition 12.39, i.e., X = H ∪z X̂. Consider an
embedded Sl ⊆ H \ ∂H for l ∈ {0, 1}.

Then we can change f up to homotopy relative to the boundary ∂M such
that f−1(Sl) ⊆ M is an embedded submanifold and f induces a diffeomor-
phism f |f−1(Sl) : f−1(Sl) → Sl which is covered by bundle map between the

normal bundles ν(f−1(Sl) ⊆M) and ν(Sl ⊆ H).

Proof. We begin with the case l = 0. Obviously it suffices to treat each point
of Sl separately. Hence it suffices to show for y ∈ H that we can change f
up to homotopy so that f−1(y) consists of one point. We can change f up to
homotopy so that f is transverse to the submanifold {y} ⊆ H. Hence f−1(y)
is a finite set and for every x ∈ f−1 the differential Txf : TxM → TyH is
an isomorphism. We fix an orientation on the fiber ξy of the bundle ξ over
X at y ∈ X. Then the bundle data yield preferred orientations on TxM
for every x ∈ f−1(y). Fix an orientation on TyH. Define the local degree
deg(f, x) for x ∈ f−1(y) to be 1 if Txf is orientation preserving, and to be
−1 if Txf is orientation reversing. Let D be the path component of X con-
taining y. Since π0(f) is bijective by assumption, there is precisely one path
component C of M with f(C) ⊆ D. The degree one condition on the normal
map (f, ∂f) : (M,∂M) → (X, ∂X) implies that the sum of the local degrees∑
x∈f−1(y) deg(f, x) is ±1. Hence f−1(y) can be written as {x0, x1, . . . , x2m}

for some integer m ≥ 0 such that deg(f, x2i−1) = −deg(f, x2i) holds for
i = 1, 2, . . .m. Hence it suffices to describe a procedure which modifies f
such that f−1(y) is reduced to {x0, x1, . . . , x2m−2} provided that m ≥ 1.

Choose an embedded arc in M joining x2m−1 and x2m which does not meet
any of the other points x0, x1, . . . , x2(m−1). Let U be an open neighbourhood
of x2m which is diffeomorphic to Rn. Now perform a local homotopy of f along
this arc to move x2m−1 so close to x2m such that x2m−1 lies in U . Hence it
suffices to prove the following: Given a map f : Rn → Rn such that f is
transversal to 0 ∈ Rn, the preimage f−1(0) consists of precisely to points
x0 and x1 belonging to the interior of the disk Dn ⊆ Rn, the differential
Tx0

f : Tx0
Rn → T0Rn is bijective and reverses the standard orientations and
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the differential Tx1
f : Tx1

Rn → T0Rn is bijective and preserves the standard
orientations, then we can change f up to homotopy relative Rn \ Dn such
that f−1(0) is empty.

Choose ε > 0 so small that the image of Sn−1 ⊆ Rn under f does not meet
the interior of ε · Dn. Let prε : Rn → ε · Dn be the retraction which sends
x ∈ Rn to ε

||x|| · x if ||x|| ≥ ε, and to x if ||x|| ≥ ε. Then prε ◦f induces a map

(Dn, Sn−1)→ (ε ·Dn, ε ·Sn−1) of compact oriented manifolds. By inspecting
the preimage of 0 ∈ ε · Dn we see that its degree is zero. Hence also the
induced map Sn−1 → ε · Sn−1 has degree zero and hence is nullhomotopic.
This implies that the map f0 : Sn−1 → Rn\{0} induced by f is nullhomotopic
and hence extends to a map f1 : Dn → Rn \ {0}. Let f ′ : Rn → Rn \ {0} be
the map whose restriction to Dn is f1 and whose restriction to Rn\Dn agrees
with the restriction of f to Rn \Dn. We obtain homotopy h : f ' f ′ of maps
Rn → Rn by h(x, t) = t · f ′(x) + (1 − t) · f which is stationary outside the
interior of Dn. Since the image of f ′ does not contain zero, the claim follows
in the case l = 0.

Next we treat the case l = 1. Again we can make f transversal to S1 ⊆M .
Then the preimage f−1(S1) is an embedded 1-dimensional submanifold of M
Hence each component C of f−1(S1) is an embedded S1 ⊆ M with trivial
normal bundle. We want to reduce inductively the number of components of
f−1(S1) to 1. If there is one component C in f−1(S1) such that f(C) 6= S1,
then f |C : C → S1 is nullhomotopic and one easily changes f up to homotopy
in small neighbourhood of C such that the component C in f−1(S1) disap-
pears and no new components in f−1(S1) are generated. Hence it remains to
treat the case where f(C) = S1 holds for all components C of f−1(S1).

We next describe a procedure to change f within its homotopy type such
that f is still transversal to S1 ⊆ H but two beforehand different compo-
nents of f−1(S1) are now connected to one component. Consider two differ-
ent component C and D of f−1(S1). Choose points xC ∈ C and xD ∈ D
with f(xC) = f(XD) = y for some y ∈ S1. We can arrange that in a
neighbourhood of xC and xD the differentials TxC (f |C) : TxCC → TyS

1 and
TxD (f |D) : TxDD → TyS

1 are bijective. Choose an arc v : [0, 1] → M in M
joining xC and xD such that the loop f ◦ v in X is nullhomotopic. This can
be done since f is assumed to be 1-connected. We can furthermore arrange
that the arc v does meet f−1(S1) only at xC and xD and there transversely,
and that f ◦ v is an embedding which moves on [0, 1/3] a small distance
along the normal fiber of y away from S1, stays on [1/2, 1/3] constant and
then moves on [2/3, 1] back to y just reversing the part on [0, 1/3]. We leave
it to the reader to check that one can perform a homotopy of f in a small
neighbourhood of the arc v such that for the resulting map the components
C and D become their connected sum along this arc and f is still tranversal
to S1 ⊆ H. Hence we have achieved that f−1(S1) has one component less.

Finally we can arrange by this procedure that we can assume without loss
of generality that f−1(S1) is connected and f is transversal to S1 ⊆ H.
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The map f induces a map f |f−1(S1) : f−1(S1)→ S1 whose degree is ±− 1
because of the degree one condition on the normal map (f, ∂f) : (M,∂M)→
(X, ∂X). Hence f |f−1(S1) : f−1(S1) → S1 is homotopic to a diffeomor-
phisms. Since f is covered by a bundle maps between the normal bundles
ν(f−1 ⊆ M) and ν(S1 ⊆ H), we can change f itself up to homotopy such
that f |f−1(S1) : f−1(S1) → S1 is a diffeomorphism and f is still tranversal
to S1 ⊆ H. The latter implies that f |f−1(S1) is covered by a bundle map

between the normal bundles ν(f−1(Sl) ⊆ M) and ν(Sl ⊆ H). This finishes
the proof of Lemma 12.42. ut

Lemma 12.43. Let (K,OK) be an object in R. Consider a normal map of
degree one, whose underlying map is (f, ∂f) : (M,∂M) → (X, ∂X). Sup-
pose that it comes with a reference map (u, u) : (X,OX) → (K,OK). Let
(g, ∂g) : (X, ∂X) → (X ′, ∂X ′) be a (simple) homotopy equivalence of (sim-
ple) finite Poincaré pairs.

Then we can find another normal map of degree one with reference to
(K,OK) whose underlying map is (g, ∂g) ◦ (f, ∂f) : (M,∂M) → (X ′, ∂X ′)
which is normally bordant to the given one as normal map of degree one with
reference to (K,OK) and hence defines the same element in the geometric
L-group of (K,OK).

Proof. Choose a map (h, ∂h) : (X ′, ∂X ′)→ (X, ∂X) which is as a map of pairs
a homotopy inverse of (g, ∂g). If ξ is the vector bundle over X coming from the
bunde data, let ξ′ over X ′ be the pullback h∗ξ. Then g : X → X ′ is covered
by a bundle map g : ξ → g∗ξ′. Since g is a homotopy equivalence, we can find
an isomorphism og : OX → g∗OX′ of infinite cyclic coefficient systems over

X. Let o′ : Oξ′
∼=−→ OX′ be an isomorphisms such that the following digram

of isomorphisms of infinite cyclic coefficient systems over X

Oξ
Og //

o

��

g∗Oξ′

g∗o′

��
OX og

// g∗OX′

commutes. By composition with (g, g) and using o′, we obtain a new normal
map of degree one with target (X ′, ∂X ′) whose underlying map of spaces
is the composite (g, ∂g) ◦ (f, ∂f) : (M,∂M) → (X ′, ∂X ′). We equip it with
the reference map to (K,OK) given by the composite (u, u) ◦ (h, h), where
h : OX′ → h∗OX comes from the inverse of h∗og : h∗oX → h∗g∗OX′ and an

isomorphism OX′
∼=−→ h∗g∗OX′ induced by a homotopy between g ◦ h and

idX .
We leave it to the reader to check that the new and the old normal map

with reference to (K,OK) are normally bordant and hence give the same
element in the geometric L-group of (K,OK). ut
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Exercise 12.44. Let X and Y be CW -complexes which are homotopy equiv-
alent to 1-dimensional CW -complexes. Let u : X → Y be a map. Let ξ and ξ′

be n-dimensional vector bundles over X and let η be an n-dimensional vector
bundle over Y for n ≥ 1. Show:

(i) The vector bundles ξ and ξ′ over X are isomorphic if and only if the
infinite cyclic coefficient systems Oξ and Oξ′ are isomorphic;

(ii) For every morphisms of infinite cyclic coefficients systems α : Oξ → u∗Oη
there is a bundle map u : ξ → η covering u such that Ou = α holds.

Now we are ready to prove Lemma 12.38.

Proof of Lemma 12.38. Obviously we can assume without loss of generality
that K is connected, since the image of u : X → K meets only finitely many
of the components of K and we can treat any of these components of K
separately.

We want to perform surgery on the reference map u : X → K although
X is not a manifold and K is not a Poincaré complex. Just to do surgery to
improve the connectivity of a normal map itself does not use Poincaré duality
for the target, but of course we have to deal with the problem that X itself
is not a compact manifold. This problem is taken care of by the conclusion
from Lemma 12.40 and Lemma 12.43 that we can assume that (X, ∂X) is

special in the sense of Definition 12.39, i.e., X = H ∪z X̂ so that we can
perform surgery within H. Moreover, since we want to do surgeries only in
dimensions 0 and 1, the data about the infinite cyclic coefficient systems are
enough to get the bundle data necessary to carry out the surgery step.

From the very beginning we can do surgery on f : M → X to arrange that
f is 2-connected, compare Theorem 3.43.

Consider an element ω in πl+1(u|H) for l = 0, 1. We want to kill it by
surgery on the interior H◦ := H \ ∂H of H. Essentially we proceed now as
in Theorem 3.43. the proofs of some of the claims below are analogous to the
one appearing there. The goal is to kill ω.

We can represent ω by a diagram

Sl ×Dn−l q //

��

H◦

u|H◦
��

Dl+1 ×Dn−l Q // K

We can find an isomorphism Q : ODl+1×Dn−l
∼=−→ Q∗OK of infinite cyclic

coefficient systems since Dl+1 ×Dn−l is contractible. There is precisely one
isomorphism q : OSl×Dn−l → q∗Oξ|H◦ of infinite cyclic coefficient systems
such that the following diagram
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OSl×Dn−l
q //

��

q∗OX |H◦

u|H◦
��

ODl+1×Dn−l
Q // Q∗OK

commutes. The group homomorphism given by the determinant det : GL(n,R)→
GL(1,R) is 1-connected. Hence the map Bdet : BGL(n,R) → BGL(1,R) is
2-connected. Since we assume that l ≤ 1 and and Sl ×Dn−l is homotopic Sl

and w1(H) = w1(ξ), we can find a bundle map

q : TSl ×Dn−l → TH◦

covering q and an isomorphism k : OH → OX |H of infinite cyclic coefficient
systems over H such that the composite k ◦ Oq and Oq agree.

The bundle map q determines an embedding q′ : Sl×Dn−l ↪→ H◦ such that
Tq′ and q are after possible stabilisation with a trivial bundles homotopic
bundle maps. Now we can perform surgery on q′ and obtain a new map
uH′ : H

′ → K in the usual way, delete the interior of the image of q′ and
attach Dl+1 ×Dn−l−1 along the common boundary Sl × Sn−l−1. A bordism
RW : W → K between u|H : H → K and uH′ : H

′ → K is given by attaching
a handle Dl+1 × Dn−l to H × [0, 1], where RW is determined by Q and
the map H × [0, 1] → K sending (x, t) to u(x). Everything is covered by
appropriate bundle data. The effect of this surgery on u is that we have
killed ω ∈ πl+1(u|H).

This surgery is done relative boundary of H and hence ∂H = ∂H ′ and
W contains a copy of ∂H × [0, 1]. So we can perform a glueing construction

with X̂ to get back to X instead of H. Namely, we can define a new Poincaré
pair (X ′, ∂X ′) with ∂X ′ = ∂X by putting X ′ = H ′ ∪z X̂. Moreover, we

get a Poincaré triad (Z; ∂0Z, ∂1Z) by putting Z = W ∪z×id[0,1]
X̂ × [0, 1],

∂0Z = X×{0} and ∂1Z = X ′×{1}∪∂X×{1}∪∂X× [0, 1]. The reference map
u : X ′ = X ′ × {0} → K extends to a reference map U : Z → K inducing a
reference map u1 : ∂1Z → K. Moreover, everything can be covered by maps of
infinite cyclic coefficient systems as well. One easily checks that all this data
factorize through the quotient of Z which is obtained by collapsing ∂X×[0, 1]
to ∂X so that ∂1Z becomes X ′.

Notice that X ′ is again a special Poincaré pair, the conditions about maps
on π0 and π1 appearing in Definition 12.39 survive the surgery step, essen-
tially because ∂H = ∂H ′ and the Seifert-van Kampen Theorem.

Of course we have to take care about the surgery problem f : M → X
as well. This is no problem since we can arrange because of Lemma 12.42
that f−1(Sl × Dn−l) is an embedded submanifold of M and f induces a
diffeomorphism

f |f−1(Sl×Dn−l) : f−1(Sl ×Dn−l)→ q
(
Sl ×Dn−l)
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for the embedding q : Sl × Dn−l ↪→ H◦. Namely, then we can perform a
simultaneous surgery step on the interior of M according to the surgery on
X so that we also obtain a new normal map f ′ : M ′ → X ′ together with an
appropriate normal bordism to the given surgery problem f : M → X.

So with these kind of surgery steps we do not change the bordism class
of the normal map of degree one with reference to (K,OK). We cannot
kill arbitrary elements in πl+1(u : X → K) but we can kill elements in
πl+1(u : X → K) which lie in the image of πl+1(u|H : H → K) provided
that l = 0, 1. This is enough for our purposes by the following argument.

Recall that we can assume that K is connected. We can arrange that H
is connected and H → K is 1-connected by doing this surgery step on the
reference map finitely many times for l = 0. Hence also X is connected by
Lemma 12.41.

Now we perform these kind of surgery steps for l = 1 in order to arrange
that u|H : H → K is 2-connected and in particular that π1(u|H) : π1(H) →
π1(K) is a bijection. The inclusion H → X = H ∪z X̂ induces a surjection on
π1 by Lemma 12.41. Hence u : X → K induces an isomorphism on π1. This
finishes the proof of Lemma 12.38. ut

12.4.3 The Geometric Surgery Obstruction

Definition 12.45 (Geometric surgery obstruction). Consider a w-orien-
ted finite n-dimensional Poincaré pair (X, ∂X,OX , [[X, ∂X]]) in the sense
of Definition 4.67 of dimension n ≥ 5. Consider a normal map with re-
spect to the tangent bundle of degree one relative boundary (f, f) =
(M,∂M, f, ∂f, a, ξ, f , o) with target (X, ∂X,OX , [[X, ∂X]]) in the sense of
Subsection 7.8.1. (Recall that this means that ∂f : ∂M → ∂X is a (simple)
homotopy equivalence.) Define its geometric simple surgery obstruction

σsgeo(f, f) ∈ Lsn(X,OX)

to be the class of the normal map of degree one with reference to (X,OX)
given by (f, f) and the reference map id: X → X covered by the identity
id : OX → OX .

If we require only that ∂f is a homotopy equivalence and (X, ∂X) a finite
Poincaré pair, we can define analogously its geometric surgery obstruction

σhgeo(f, f) ∈ Lhn(X,OX)

Theorem 12.46 (Geometric Surgery Obstruction Theorem). Let
(X, ∂X,OX , [[X, ∂X]]) be a w-oriented finite n-dimensional Poincaré pair
in the sense of Definition 4.67 of dimension n ≥ 5. Consider a normal
map with respect to the tangent bundle of degree one relative boundary
(f, f) = (M,∂M, f, ∂f, a, ξ, f , o) with target (X, ∂X,OX , [[X, ∂X]]) in the
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sense of Subsection 7.8.1. (Recall that this means that ∂f : ∂M → ∂X is a
(simple) homotopy equivalence.) Then:

(i) Its geometric (simple) surgery obstruction

σhgeo(f, f) ∈ Lhn(X,OX);

σsgeo(f, f) ∈ Lsn(X,OX),

depends only on the normal bordism with cylindrical ends class of (f, f);
(ii) We have σsgeo(f, f) = 0 if and only if we can do a finite number of surgery

steps on the interior of M without changing ∂f to obtain a normal simple
homotopy equivalence, i.e., the underlying map f is a simple homotopy
equivalence. The analogous statement holds for the decoration h.

Proof. (i) This follows directly from the definition of Lsn(X,OX) in terms of
normal bordism with reference map to (X,OX). Since the normal bordism
has cylindrical ends, we can extend the identity reference map to (X,OX)
using the projection X × [0, 1]→ X to the target of the bordism.

(ii) This follows from the π-π-Theorem 12.6 for triads applied to a null-
bordism with reference map to (X,OX), since we can use Lemma 12.38 to
arrange that the π-π-condition is satisfied. ut

12.4.4 Identifying the Geometric Surgery Obstruction
Groups with the Algebraic L-Groups

Theorem 12.47 (Identifying the geometric surgery obstruction groups
with the algebraic L-groups).

(i) Consider n ≥ 5. Let (K,OK) be an object in R.
Then there are isomorphisms, natural in (K,OK),

ζsn : Lsn(K,OK)
∼=−→ Lsn(ZΠ(K),OK);

ζhn : Lhn(K,OK)
∼=−→ Lhn(ZΠ(K),OK);

from the geometric L-groups in the sense of Definition 12.45 to the alge-
braic L-groups in the sense of Definitions 7.155, 8.95 and 9.11;

(ii) Let (X, ∂X,OX , [[X, ∂X]]) be a w-oriented finite n-dimensional Poincaré
pair in the sense of Definition 4.67 of dimension n ≥ 5. Consider a nor-
mal map with respect to the tangent bundle of degree one relative bound-
ary (f, f) = (M,∂M, f, ∂f, a, ξ, f , o) with target (X, ∂X,OX , [[X, ∂X]])
in the sense of Subsection 7.8.1.

Then the isomorphism ζsn : Lsn(X,OX)
∼=−→ Lsn(ZΠ(X),OX) sends the

geometric surgery obstruction σgeo(f, f) of Definition 12.45 to the al-
gebraic surgery obstruction σs(f, f) in the sense of Section 9.4.
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The analogous statement holds for the decoration h.

Proof. We only treat the simple case, the other one is obtained from it by
deleting the word simple everywhere. We define the map

ζsn : Lsn(K,OK)
∼=−→ Lsn(ZΠ(K),OK)

as follows. Consider a normal map of degree one (M,∂M, f, ∂f, a, ξ, f , o) with
target a w-oriented finite n-dimensional Poincaré pair (X, ∂X,OX , [[X, ∂X]])
in the sense of Subsection 7.8.1 together with a morphism (u, u) : (X,OX)→
(K,OK) in R. Its class in Lsn(K,OK) is sent to the image of its algebraic
surgery obstruction σs(f, f) under the homomorphism Lsn(ZΠ(X),OX) →
Lsn(ZΠ(K),OK) induced by (u, u). This is well-defined by Remark 9.28.

One easily checks that ζsn is a homomorphism. Injectivity follows from
Theorem 9.26 (ii) and Lemma 12.38, whereas surjectivity follows from The-
orem 9.27. Hence assertion (i) is proved. Assertion (ii) holds by construc-
tion. ut

12.5 The geometric Rothenberg Sequence

In this section we establish a geometric version of the Rothenberg sequence
which measures the difference between the decorations s and h.

Firstly, we want to compare for an object (K,OK) in R the two geometric
L-groups Lsn(K,OK) and Lhn(K,OK) of Definition 12.35. For this purpose
we define a third geometric L-group

Ls,hn (K,OK)(12.48)

and construct a long exact sequence involving these three types of geometric
L-groups and finally compute Ls,hn (K,OK) in term of the Tate cohomology
of the Whitehead group of (K,OK).

The definition of Ls,hn (K,OK) is the same as the one for Lsn(K,OK) but we
additionally assume for a normal map that the underlying map f : M → X
is a homotopy equivalence. Recall that the underlying map ∂f : M → ∂X is
required to be a simple homotopy equivalence and (X, ∂X) to be a simple
finite Poincaré pair. In the definition of a bordism we additionally require
that the underlying map F : W → Y is a homotopy equivalence, and keep
the condition that ∂2F : ∂2W → ∂2Y is a simple homotopy equivalence and
(Y, ∂Y ) is a simple Poincaré pair.

Lemma 12.49. There is a long exact sequence of abelian groups
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· · · ∂n+2−−−→ Ls,hn+1(K,OK)
in+1−−−→ Lsn+1(K,OK)

jn+1−−−→ Lhn+1(K,OK)

∂n+1−−−→ Ls,hn (K,OK)
in−→ Lsn(K,OK)

jn−→ Lhn(K,OK)
∂n−→ · · ·

Proof. The maps in and jn are given by forgetting conditions on the under-
lying maps of spaces of the normal maps. The maps ∂n is given restricting
to ∂M and ∂X. One easily checks that we obtain homomorphisms of abelian
groups, since the addition is given by taking disjoint unions.

It remains to show the exactness of the sequence above. In the following
arguments we only explain what happens for the underlying maps of the
normal map and ignore both the bundle data and the reference to (K,OK),
since these are given always in the obvious way.

We start with exactness at Lhn+1(K,OK). Consider an element in the geo-
metric simple L-group Lsn+1(K,OK) given by a map (f, ∂f) : (M,∂M) →
(X, ∂X) with ∂f a simple homotopy equivalence. Its image under the com-
posite in ◦ ∂n+1 is the class of ∂f : ∂M → ∂N which is zero since the
map (f, ∂f) : (M,∂M)→ (X, ∂X) gives the desired nullbordism. This shows
im(jn+1) ⊆ ker(∂n+1).

Next we show ker(∂n+1) ⊆ im(jn+1). Consider [(f, ∂f)] in Lhn+1(K,OK)
represented by the map (f, ∂f) : (M,∂M)→ (X, ∂X). Suppose that [(f, ∂f)]
lies in the kernel of ∂n+1. Then there is a map (F ; ∂0F, ∂2F ) : (W ; ∂0W,∂2W )→
(Y ; ∂0Y, ∂2Y ) such that F : W → Y is a homotopy equivalence, ∂2F : ∂2W →
∂2Y is a simple homotopy equivalence, and ∂0F : ∂0W → Y0 can be identi-
fied with ∂f : M → X. Now we can glue (f, ∂f) : (M,∂M) → (X, ∂X) and
(F, ∂0F, ∂2F ) : (W ; ∂0W,∂2W ) → (Y, ∂0Y, ∂2Y ) together along ∂f : ∂M →
∂X and obtain a map f ∪∂f F : M ∪∂M W → X ∪∂X Y . One easily checks
that it defines an element in Lsn+1(K,OK). Its image under jn+1 is [(f, ∂f)]
since we can construct from (f ∪∂f F )× id[0,1] : M × [0, 1] ∪∂M W → X ∪∂X
Y × [0, 1] the desired bordism between f ∪∂f F : M ∪∂M W → X ∪∂X Y and
(f, ∂f) : (M,∂M)→ (X, ∂X). Hence the sequence is exact at Lhn+1(K,OK).

Next we show exactness at Ls,hn (K,OK). The composite in ◦ ∂n+1 sends a
normal map (f, ∂f) : (M,∂M)→ (X, ∂X) representing a class in Lhn+1(K,OK)
to the class given by ∂f : ∂M → ∂X in Lsn(K,OK). The latter is zero, a null-
bordism is given by (f, ∂f) : (M,∂M) → (X, ∂X). This shows im(∂n+1) ⊆
ker(in).

Next we show ker(in) ⊆ im(∂n+1). Consider an element [(f, ∂f)] in
Ls,hn (K,OK) which given by a map (f, ∂f) : (M,∂M) → (X, ∂X) such that
f : M → X is a homotopy equivalence and ∂f : ∂M → ∂X is a simple
homotopy equivalence. Suppose that [(f, ∂f)] sent to zero under in. Then
we can find a nullbordism (F ; ∂0F, ∂1F ) : (W ; ∂0W,∂1W ) → (Y ; ∂0Y, ∂1Y )
such that ∂1F : ∂1W → ∂1Y is a simple homotopy equivalence and the map
(∂0F, ∂∂0F ) : (∂0W,∂∂0W ) → (∂0Y, ∂∂0Y ) can be identified with the amp
(f, ∂f) : (M,∂M)→ (X, ∂X). This nullbordism (F ; ∂0F, ∂1F ) defines an ele-
ment in Lhn+1(K,OK). Its image under ∂n+1 is [(f, ∂f)] since ∂F : ∂W → ∂Y
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and (f, ∂f) define the same class in Ls,hn (K,OK), a desired bordism is given
by ∂F × [0, 1] : ∂W × [0, 1]→ ∂Y × [0, 1].

Finally we show exactness at Lsn(K,OK). Given an element in Ls,hn (K,OK)
represented by (f, ∂f) : (M,∂M) → (X, ∂X) its class under the composite
jn◦in is represented by ∂f : ∂M → ∂X which is zero since (f, ∂f) : (M,∂M)→
(X, ∂X) gives the desired nullbordism. This shows im(in) ⊆ ker(jn).

Next we show ker(jn) ⊆ im(in). Consider an element [(f, ∂f)] in Lsn(K,OK)
represented by (f, ∂f) : (M,∂M)→ (X, ∂X) which is mapped to zero under
jn. Then we can find a map (F ; ∂0F, ∂1F ) : (W ; ∂0W,∂1W )→ (Y ; ∂0Y, ∂1Y )
such that (∂0F, ∂∂0F ) : (∂0W,∂∂0W ) → (∂0Y, ∂∂0Y ) can be identified with
(f, ∂f) : (M,∂M) → (X, ∂X) and ∂1F : ∂1W → ∂1Y is a homotopy equiv-
alence. Then ∂1F : ∂1W → ∂1Y defines an element in Ls,hn (K,OK) since
∂∂1F = ∂f is a simple homotopy equivalence. It is image under in is
[(f, ∂f)], a desired bordism between ∂1F : ∂1W → ∂1Y and (f, ∂f) is given
by (F ; ∂0F, ∂1F ). This finishes the proof of Lemma 12.49. ut

Consider an object (K,OK) in R. Then we have defined the White-
head group Wh(Π(K)) in Definition 2.21 and an involution on Wh(Π(K))
in (2.26). The n-th Tate cohomology of an abelian group A with involution
∗ : A→ A is defined to be the subquotient of A given by

Ĥn(Z/2;A) := ker(id−(−1)n · ∗)/ im(id +(−1)n · ∗)

This is well-defined since the composite (id−(−1)n · ∗) ◦
(
id +(−1)n · ∗

)
is

trivial.

Exercise 12.50. Show that for every abelian group A with involution each
element in the Tate cohomology Ĥn(Z/2;A) is annihilated by multiplication
with 2.

Next we want to define a homomorphism

τ : Ls,hn (K,OK)→ Ĥn+1(Z/2; Wh(Π(K))).(12.51)

Consider a class [(f, ∂f)] in Ls,hn (K,OK) represented by a normal map
(f, f) = (M,∂M, f, ∂f, a, ξ, f , o) with target a w-oriented finite n-dimensional
Poincaré pair (X, ∂X,OX , [[X, ∂X]]) and reference map (u, u) : OX → OK .
Then the underlying map f : M → X is a homotopy equivalence. Let
τ(f) ∈ Wh(Π(X)) be its Whitehead torsion. We want to show that τ(f)
lies in the kernel of id−(−1)n+1 · ∗ : Wh(Π(X)) → Wh(Π(X)). Without
loss of generality we can assume that X is connected, otherwise treat each
component of X separately. Make the the choice (NBP), see Notation 7.5 in
the universal covering case, see Notation 7.33.

The following diagram of finite based free Z[π1(X)]-chain complexes com-
mutes up to Z[π1(X)]-chain homotopy
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Cn−∗(M̃, ∂M)

?∩[M,∂M ]

��

Cn−∗(X̃, ∂X)

?∩[X,∂X]

��

Cn−∗(f̃ ,∂f)oo

C∗(M̃)
C∗(f̃)

// C∗(X̃)

where ∂M is the preimage of ∂M under the universal covering M̃ → M ,
analogously for ∂X, and ∂f is the restriction of f̃ : M̃ → X̃. Here the dual
chain complexes are to be understood with respect to the w1(X)-twisted
involution on Z[π1(X)]. The vertical arrows are simple homotopy equivalences
since M is a manifold and X is assumed to be a simple Poincaré complex.
We conclude from Lemma 2.17 (i) and (iii) and the definitions

τ(Cn−∗(f̃ , ∂f)) = −τ(C∗(f̃));

τ(C∗(f̃ , ∂f)) = τ(C∗(f̃))− τ(C∗(∂f));

τ(Cn−∗(f̃ , ∂f)) = (−1)n · ∗
(
τ(C∗(f̃ , ∂f)

)
.

This implies since ∂f : ∂M → ∂X is by definition a simple homotopy equiv-
alence(

id−(−1)n+1 · ∗
)
(τ(f)) = τ(C∗(f̃))− (−1)n+1 · ∗(τ(C∗(f̃)))

= τ(C∗(f̃))− (−1)n · ∗
(
τ(Cn−∗(f̃ , ∂f))

)
= τ(C∗(f̃))− τ(C∗(f̃ , ∂f))

= τ(C∗(f̃))−
(
τ(C∗(f̃ , ∂f))− τ(C∗(∂f))

)
= τ(C∗(∂f))

= 0.

Hence τ(f) defines an element in Ĥn+1(Z/2; Wh(Π(X)). We want to de-

fine the desired homomorphism τ : Ls,hn (K,OK) → Ĥn+1(Z/2; Wh(Π(K))
by sending the class of [(f, ∂f)] to the image of τ(f) under the homomor-

phism Ĥn+1(Z/2; Wh(Π(X))) → Ĥn+1(Z/2; Wh(Π(K))) induced by the
map u : X → K. The latter homomorphism is well-defined since u∗w1(OK) =
w1(OX) holds.

We have to show that this is compatible with the bordism relation. Con-
sider a nullbordism whose underlying map is (F ; ∂0F, ∂1F ) : (W ; ∂0W,∂2W )→
(Y ; ∂0Y, ∂2Y ). Recall that F and ∂0F are homotopy equivalences and ∂2F
and ∂∂0F = ∂∂2F are simple homotopy equivalences. Let j : ∂X → X,
ji : ∂iX → X for i = 0, 2, and j′ : ∂0Y ∩∂2Y → Y be the inclusions. Poincaré
duality implies τ(F, ∂F ) = −(−1)n+1 · ∗(τ(F ))) as explained earlier. We con-
clude from Theorem 2.1 that the following holds in Wh(Π(X))
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(j0)∗(τ(∂0F )) = (j0)∗(τ(∂0F ))− j′∗(τ(∂∂0F )) + (j2)∗(τ(∂2F ))

= j∗(τ(∂F ))

= τ(F )− τ(F, ∂F )

= τ(F ) + (−1)n+1 · ∗(τ(F )).

Hence (j0)∗(τ(∂0F )) lies in the image of id +(−1)n+1 ·∗. This implies that the

class of (j0)∗(τ(∂0F )) in Ĥn+1(Z/2; Wh(Π(Y )) vanishes. We conclude that

the map τ : Ls,hn (K,OK) → Ĥn+1(Z/2; Wh(Π(K))) announced in (12.51)
is well-defined. It is a homomorphism of abelian groups since the addition
on the source is given by the disjoint union and Ĥn+1(Z/2; Wh(Π(K))) is
2-torsion.

Lemma 12.52. Consider an object (K,OK) in R. Then the homomorphism
of (12.51)

τ : Ls,hn (K,OK)→ Ĥn+1(Z/2; Wh(Π(K)))

is injective if n ≥ 5 and bijective if n ≥ 6.

Proof. Obviously we can assume without loss of generality that K is con-
nected, otherwise treat each component of K separately.

We begin with injectivity. Fix an element in the kernel of τ : Ls,hn (K,OK)→
Ĥn+1(Z/2; Wh(Π(K))). It can be represented by a normal map (f, f) =
(M,∂M, f, ∂f, a, ξ, f , o) with target a w-oriented finite n-dimensional Poincaré
pair (X, ∂X,OX , [[X, ∂X]]) and reference map (u, u) : OX → OK . Recall that
the underling map f : M → X is a homotopy equivalence and the restric-
tion ∂f : M → ∂X is a simple homotopy equivalence. We have explained in
Lemma 12.43 how to arrange for an element in Lsn(K,OK) that X is con-
nected and the map u : X → K induces a bijection π1(X) → π1(K). Going
through the procedure we see that it also applies to element in Ls,hn (K,OK),
the main observation is that the simultaneous surgery to adjust the normal
map results again into a homotopy equivalence and we have never changed
∂f . Hence we can assume without loss of generality that X and K are con-

nected and u induces an isomorphism π1(X)
∼=−→ π1(K). In the sequel we will

consider all torsion invariants in Wh(Π(K)) by pushing them forward by the
obvious maps of Whitehead groups to Wh(Π(K)). By assumption there is
an element u ∈Wh(Π(K)) such that

τ(f) = u+ (−1)n+1n · ∗(u)

holds. Since n ≥ 5, we can choose by the obvious version of Theorem 1.1 (ii)
for manifolds with boundaries an h-cobordism (W,M,N) over (M,∂M) such
that τ(i) = τ(f)−u holds for the inclusion i : M →W . We can choose a map
(F, f, ∂1F ) : (W ;M,∂1W )→ (X × [0, 1], X ×{0}, ∂X × [0, 1]∪X ×{1}) such
that F and ∂1F are a homotopy equivalences and ∂f : ∂M → X is a simple
homotopy equivalence. Poincaré duality implies τ(F, ∂F ) = −(−1)n ·∗(τ(F )))
as explained earlier. We conclude from Theorem 2.1 and Lemma 2.27 (ii)
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τ(∂1F ) = τ(∂F )− τ(f) + τ(∂f)

= τ(∂F )− τ(f)

= τ(F )− τ(F, ∂F )− τ(f)

=
(
id +(−1)n+1 · ∗

)
(τ(F ))− τ(f)

=
(
id +(−1)n+1 · ∗

)(
τ(F ◦ i)− τ(i)

)
− τ(f)

=
(
id +(−1)n+1 · ∗

)(
τ(f)− (τ(f)− u)

)
− τ(f)

=
(
id +(−1)n+1 · ∗

)
(u)−

(
u+ (−1)n+1 · ∗(u)

)
= 0.

Hence ∂1F is a simple homotopy equivalence. Since F is a homotopy equiv-
alence, one can find the necessary bundle data and reference to (K,OK)
such that (F, f, ∂1F ) defines the desired nullbordism for the representative of

the class in the kernel of τ : Ls,hn (K,OK) → Ĥn+1(Z/2; Wh(Π(K)) we have
started with. This proves injectivity.

Finally we show surjectivity. Consider an element [u] ∈ Ĥn+1(Z/2,Wh(K)))
represented by u ∈ Wh(Π(K)) satisfying u − (−1)n+1 ∗ (u) = 0. Choose a
connected closed (n − 1)-dimensional manifold M with w1(M) = w1(OK)
and reference map (u, u) : OM → OK such that π1(u) : π1(M)→ π1(K) is an
isomorphism. This is possible since (n − 1) ≥ 5. In the sequel we will push
all Whitehead torsions to Wh(Π(K)) with the appropriate map to K. Since
(n − 1) ≥ 5, we can choose by Theorem 1.1 (ii) an h-cobordism (W ;M,N)
over M such τ(i) = −u holds for the inclusion i : M → W . Choose a map
(F ; id; ∂1F ) : (W ;M,N)→ (M×[0, 1],M×{0},M×{1}) such that F is a ho-
motopy equivalence. Poincaré duality implies τ(F, ∂F ) = −(−1)n · ∗(τ(F )))
as explained earlier. We conclude from Theorem 2.1 and Lemma 2.27 (ii) if
j0 : M × {0} →M × [0, 1] is the inclusion

τ(F ) = τ(F ◦ i)− τ(i)

= τ(j0)− τ(i)

= u,

and

τ(∂1F ) = τ(∂F )

= τ(F )− τ(F, ∂F )

= τ(F )− (−1)n+1 · ∗(τ(F ))

=
(
id−(−1)n+1 · ∗

)
(u)

= 0.

Hence ∂F : ∂W → ∂W is a simple homotopy equivalence. We cover id : M →
M with the bundle map id: TM → TM . Since F is a homotopy equivalence,
we can cover F and the map U : M × [0, 1]→ R, (x, t) 7→ u(x) with appropri-
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ate bundle maps such that we obtain an element in Ls,hn (K;OK) represented
by a normal map of degree one with reference to (K,OK) whose underlying
maps are F : W → M × [0, 1] and U : M × [0, 1] → K. It is mapped under

τ : Ls,hn (K,OK) → Ĥn+1(Z/2; Wh(Π(K))) to [u]. This finishes the proof of
Lemma 12.52. ut

Lemma 12.49 and Lemma 12.52 imply

Theorem 12.53 (Geometric Rothenberg sequence). Consider an ob-
ject (K,OK). There is a long exact sequence of abelian groups

· · · ∂n+2−−−→ Hn+2(Z/2,Wh(Π(K)))
in+2−−−→ Lsn+1(K,OK)

jn+1−−−→ Lhn+1(K,OK)

∂n+1−−−→ Hn+1(Z/2,Wh(Π(K)))
in−→ Lsn(K,OK)

jn−→ Lhn(K,OK)
∂n−1−−−→ · · ·

which is infinite to the left and ends at H6(Z/2,Wh(Π(K))).

Exercise 12.54. Let (v, v) : (K,OK) → (L,OL) be a morphism in R. Let ε
be the decoration h or s. Construct an abelian group Lεn(v, v) for n ≥ 0 and
a long exact sequence

· ∂n+2−−−→ Lεn+1(K,OK)
Lεn+1(u,u)
−−−−−−−→ Lεn+1(L,OL)

jn+1−−−→ Lεn+1(v, v)

∂n+1−−−→ Lεn(K,OK)
Lεn(u,u)−−−−−→ Lεn(L,OL)

jn−→ Lεn(v, v)
∂n−→ · · ·

which is natural in (v, v).

Once we have established the relationship between the L-groups with s
and h decorations, it is natural to ask what is the relationship between the
structure sets for a closed manifold X with decorations s and h. Recall the
surgery exact sequences in both cases established in Theorem 10.21. Notice
that the normal invariants do not depend on the decoration. Hence Theo-
rem 12.53 leads to the following similar theorem for structure sets, see also
Remark 10.22.

Theorem 12.55 (Geometric Rothenberg sequence for structure sets).
Let X be a closed n-dimensional manifold with n ≥ 5 and π = π1(X). There

is a long exact sequence

· · · in+2−−−→ Ss(X×I, ∂(X×I))
jn+1−−−→ Sh(X×I, ∂(X×I))

∂n+1−−−→ Hn+1(Z/2,Wh(π))

in+2−−−→ Ss(X)
jn+1−−−→ Sh(X)

∂n+1−−−→ Hn(Z/2,Wh(π)).

which is infinite to the left.

Using the methods of algebraic surgery from Chapter 14 both sequences
can be extended infinitely to the right, see Section 14.7.2.
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12.6 The geometric Shaneson Splitting

Consider an object (K,OK) in R. Let i : K → K × S1 be the inclusion
sending x to (x, s) for a fixed base point s ∈ S1 and let pr : K × S1 → K be
the projection. Define the following homomorphism of abelian groups

in : Lsn(K,OK)→ Lsn(K × S1,pr∗OK);

sn : Lhn(K,OK)→ Lsn+1(K × S1,pr∗OK).

The map in is induced by the morphisms (i, i) : (K,OK)→ (K×S1,pr∗OK)
for the obvious bundle map i.

Consider an element y ∈ Lhn(K,OK). It can be represented by a nor-
mal map (f, f) = (M,∂M, f, ∂f, a, ξ, f , o) with target a w-oriented fi-
nite n-dimensional Poincaré pair (X, ∂X,OX , [[X, ∂X]]) and reference map
(u, u) : OX → OK . By taking the cartesian product with S1 we obtain maps
f × idS1 : M × S1 → X × S1 and u × idS1 : X × S1 → K × S1. Using the
obvious identification T (M×S1) = pr∗ TM⊕R, we can cover f× idS1 by the
bundle map pr∗ f ⊕ idR → pr∗ ξ⊕ idR. We can extend u× idS1 to a reference

map (u× idS1 , u× idS1) : OX×S1 → pr∗OK in the obvious way. Notice that
∂(M × S1) = ∂M × S1 and ∂f × idS1 : ∂M × S1 → X × S1 is a simple ho-
motopy equivalence by Theorem 2.1 (iv). Hence we have defined, essentially
by taking the cartesian product with S1, a normal map of dimension n+ 1 in
the simple setting with reference to (K×S1,pr∗OK). It determines a class in
Lsn(K ×S1,pr∗OK) which we define to be sn(y). One easily checks that this
is compatible with the bordism relation and the structures of abelian groups.

Theorem 12.56 (Geometric Shaneson splitting). For n ≥ 6 the map

in ⊕ sn−1 : Lsn(K,OK)⊕ Lhn(K,OK)
∼=−→ Lsn(K × S1,pr∗OK)

is a bijection.

Proof. We only sketch the proof, details can be found in [221] and we con-
fine ourselves to describing the inverse. We have the obvious morphism
(pr,pr) : pr∗OK → OK in R. It induces a map

pn : Lsn(K × S1,pr∗OK)→ Lsn(K,OK).

The main difficulty is to construct using transversality a map

tn : Lsn(K × S1,pr∗OK)→ Lhn−1(K,OK).

We do this only in the case, where K is a connected compact manifold with
non-empty boundary ∂K. Consider an element z in Lsn(K × S1,pr∗OK).
It can be represented by a normal map with reference to (K × S1,pr∗OK)
whose underlying maps looks like
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(f ; idK×S1 , ∂1f) : (W ;K × S1, ∂1W )→
(K × S1 × [0, 1];K × S1 × {0},K × S1 × {1} ∪ ∂K × S1 × [0, 1])

such that ∂1f : ∂1W → K ×{1} is a simple homotopy equivalence, see Theo-
rem 9.27. One can additionally arrange that f is transversal to K×{s}×[0, 1].
Put V = f−1(K×{s}× [0, 1]). Then the boundary of V is the disjoint union
of K × {0} and ∂f−1(K × {s} × {1}) and we obtain by restriction a normal
map of degree one (V ;K × {0}, ∂1V ) → (K × [0, 1],K × {0},K × {1}. One
can additionally arrange that the induced map ∂1V → K × {1} is a (not
necessarily simple) homotopy equivalence. (Here we use that ∂1f is a simple
homotopy equivalence.) Hence we obtain a class in Lhn−1(K,OK) which we
define to be the image of z under tn. It turns out that tn is a well-defined
homomorphism of abelian groups. Now it is easy to check that an inverse of

in ⊕ sn−1 : Lsn(K,OK)⊕ Lhn(K,OK)
∼=−→ Lsn(K × S1,pr∗OK)

is given by

pn ⊕ tn : Lsn(K × S1,pr∗OK)
∼=−→ Lsn(K,OK)⊕ Lhn−1(K,OK).

ut

Similarly as in the previous section we have a version of the Shaneson split-
ting for the structure sets. The analogous maps to in and sn are obtained as
follows. Let (f, ∂f) : (M,∂M)→ (X×I,X×∂I) be a simple homotopy equiv-
alence whose restriction to the boundary is a homeomorphism. It represents
an element in Ss(X × I, del(X × I)). Gluing the two boundary copies of X
in the target and the corresponding two copies of the boundary in the source
produces a simple homotopy equivalence g : W → X × S1 which represents
an element in Ss(X × S1). This gives a well defined map which we denote
in. The map sn is defined simply by taking the product with the identity on
S1. We can now formulate the promised version as follows.

Theorem 12.57 (Geometric Shaneson splitting for structure sets).
Let X be a closed n-dimensional manifold with n ≥ 5. Then the map

in+1 ⊕ sn : Ss(X × I, ∂(X × I))⊕ Sh(X)
∼=−→ Ss(X × S1)

is a bijection.

We omit the proof – reference.

Exercise 12.58. Using the fact that Wh(Zm) vanishes for m ≥ 0, compute
Lsn(Z[Zm]) and Lhn(Z[Zm]) for m,n ∈ Z with m ≥ 0.
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12.7 Miscellaneous

All the material of this section which we have explained for the smooth
category, extends to the PL-category and the topological category.

The geometric definition of the L-groups from Subsection 12.4.1 can be
modified to obtain the so called geometric formulation of the surgery exact
sequence as in [192].

Note that the groups Lhn and Lsn were defined using as representatives
surgery problems of manifolds with boundary modulo the relation which used
the notion of a triad of manifolds. Quinn generalised this idea further using
the notion of manifold k-ads for any k ≥ 2. (The standard k-dimensional
simplex ∆k with the usual decomposition of its boundary into faces is a
manifold (k + 2)-ad in the language of Chapter 0 of [248].) Given a space
K and an integer n he obtained via k-ads not only geometric definition of
the L-groups, but he also constructed spaces, which we denote by L̃n(K),

whose homotopy groups πk(L̃n(K)) are the geometric L-groups Ln+k(K)
(in his model these are ∆-sets, which is a mild generalisation of simplicial
sets). Similar considerations for the other terms of the surgery exact sequence
provided him with the homotopy fibration sequence (10.46) which we already
mentioned in Chapter 10.

Another nice feature of the geometric model is that the sequence of the L-
spaces L̃n(K) constructed in this way for a given K with varying dimension
naturally form an Ω-spectrum in the sense of homotopy theory. Beware that
the notation convention here is the opposite to the standard one in homotopy
theory, so that we have homotopy equivalences L̃n(K) ' ΩL̃n−1(K). Both
the L-spaces and L-spectra have algebraic versions which can be constructed
using the technology of algebraic surgery from Chapter 14, see Section 14.7.4.
The algebraic versions are often denoted by L• or L• with various decorations.

It is a distinct feature of the topological category that the normal invariants
in the topological category form a generalised (co-)homology theory with
the coefficients in the appropriate version of this spectrum. More on this
also in Section 14.7.4, here we just mention that this fact has many further
applications some of which we touch in Chapter 18.
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Chapter 13

Chain complexes

13.1 Introduction

This chapter has two goals. Firstly, we summarise the sign conventions that
we use in the subsequent chapter about algebraic surgery and in fact through-
out the book. We try to use those that we feel are standard in textbooks on
algebraic topology. Section IV.9 of the textbook [75] in particular contains
what we believe is the standard definition of hom of chain complexes as a
chain complex and also the tensor product of chain complexes as a chain
complex. These conventions follow the Koszul sign convention [75, Remark
9.8] which we also feel is standard. Therefore we choose to have the sign con-
ventions from this source. They are in conflict with the foundational papers
in algebraic surgery, including [197] and [256]. Therefore the formulas we ob-
tain in Chapter 14 look slightly differently than the corresponding formulas
in [197] and [256], but we think that in view of the benefit of the compatibility
with many other texts this is worthwhile. With some effort it is possible to
translate between some of the conventions and in many cases the difference is
just in signs. When we feel it is appropriate, we comment on the differences
more specifically in the text.

Instead of just confronting the reader with our sign conventions, we try to
give a rather axiomatic approach in the sense that we fix a few reasonable fa-
miliar basic conventions and then all other sign conventions are consequences
taking certain algebraic or geometric considerations into account.

The second goal of this chapter is to review some basic homotopy theory
of chain complexes. This is scattered around many places in the existing
literature, for in [75], [254], or [158]. It is for benefit of the reader to have the
summary of those results we use at hand.

Guide 13.1. The reader who is familiar with homotopy theory of chain com-
plexes may just skim through this chapter and come back to it whenever it
is needed to clarify something while reading the next chapter. Also contrary
to our conventions in the previous chapters we denote a chain complex by a
letter without a subscript ∗. This is to avoid too much repetition.

473



474 13 Chain complexes

13.1.1 Modules over Associative Rings

Let R, T , and S be associative rings with units. Given bimodules TMR and

RNS , their tensor product M ⊗RN inherits the structure of a T -S-bimodule.
Given bimodules SMR and TNR, the abelian group homR(M,N) of homo-
morphisms of right R-modules inherits the structure of a T -S-bimodule.
Given bimodules RMS and RNT , the abelian group homR(M,N) of homo-
morphisms of left R-modules inherits the structure of a S-T -bimodule. Given
bimodules TLR, RMS and TNS , we have the isomorphism of abelian groups

η : homT−S(L⊗RM,N)→ homT−R(L,homS(M,N))(13.2)

f 7→ (l 7→ (m 7→ f(l ⊗m))).

where homT−S denotes the abelian group of T -S-bimodules and analogously
for homT−R.

13.1.2 Modules over Rings with Involution

Recall that a ring with involution R is an associative ring R with unit and
with an anti-automorphism r 7→ r satisfying r = r.

A right R-module M can be made into a left R-module M t via

(13.3) R×M t →M t, (r,m) 7→ m · r,

and similarly a left R-module can be made into a right R-module. Under this
procedure homomorphisms of left R-modules automatically become homo-
morphisms of right R-modules and vice versa.

For a left R-module M , its dual is the a-priori right R-module denoted
M∗ = homR(M,R) with the right R-module structure given by the formula
for f ∈M∗ and r ∈ R

(13.4) (f · r) : M → R, m 7→ f(m) · r.

Via construction (13.3) it can be made into a left R-module M∗t by the
formula for f ∈M∗ and r ∈ R

(13.5) (r · f) : M → R, m 7→ f(m) · r.

There is an evaluation map

M ⊗Z M
∗ → R, m⊗ f 7→ f(m),

which is an R-R-bimodule homomorphism with the standard R-R-bimodule
structure on R in the target.
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If M is a finitely generated free or a finitely generated projective respec-
tively R-module, its dual M∗ is also finitely generated free or finitely gener-
ated projective respectively. Suppose that M is finitely generated projective.
Then the adjoint of the evaluation map under (13.2) provides us with the
identification of left R-modules

M → (M∗)∗ x 7→ (f 7→ f(x)).

However f 7→ f(x) is a homomorphism of right R-modules. Since we would
like to work with the dual as a left R-module most of the time, we will not
use the isomorphism above, but

(13.6) ev : M → (M∗t)∗t x 7→ (f 7→ f(x)).

Now f 7→ f(x) is a homomorphism of left R-modules and ev itself is a ho-
momorphism of left R-modules.

Consider an R-homomorphism of left R-modules f : M → N . We de-
note by f∗t : N∗t → M∗t the homomorphisms of left R-modules given by
precomposition with f . One easily checks for a finitely generated projective
R-module M that the map evM : M → (M∗t)∗t is an isomorphism and we
have the equality of maps M∗t →M∗t

(13.7) idM∗t : M∗t
evM∗t−−−−→ (M∗t)∗t)∗t

(evM )∗t−−−−−→M∗t.

Moreover, for an R-homomorphism of left R-modules f : M → N , the follow-
ing diagram commutes

(13.8) M
f //

evM

��

N

evN

��
(M∗t)∗t

(f∗t)∗t// (N∗t)∗t.

For finitely generated projective left R-modules M and N , we obtain the
slant isomorphisms of abelian groups

M∗ ⊗R N → homR(M,N) f ⊗ n 7→ (m 7→ f(m) · n);

M t ⊗R N → homR(M∗t, N) m⊗ n 7→ (f 7→ f(m) · n).

Let M be a finitely generated projective R-module. Then the abelian group
M t ⊗R M inherits the structure of a Z[Z/2]-module from the involution of

abelian groups M t ⊗RM
∼=−→M t ⊗RM sending x⊗ y to y ⊗ x. This is well-

defined because xr⊗y and y⊗ry are both sent to y⊗rx = yr⊗x. We obtain
an involution of abelian groups on homR(M∗,M) by sending f : M∗ →M to
ev−1 ◦f∗, where ev−1 is the inverse ev−1 : (M∗t)∗t →M of the isomorphism
ev of (13.6). This is indeed an involution because of (13.7) and (13.8).
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Exercise 13.9. Let M be a finitely generated projective R-module. Show

that the slant isomorphism above s : M t ⊗R M
∼=−→ homR(M∗t,M) is an

isomorphism of Z[Z/2]-modules.

Later in the book we very often drop the superscript t to increase the
readability, so a right R-module M at a place of a left module means M t by
default.

13.1.3 Some Basic Constructions about Chain
Complexes

We will give some basic definitions about constructing chain complexes or
chain maps and sign conventions. We will justify our choices. Then all other
relevant constructions and sign conventions will be consequences of these.

Let C and D be chain complexes of left R-modules. Then we have chain
complexes of abelian groups (Ct ⊗R D, d⊗) and (homR(C,D), dhom defined
in [75, VI.9.1] and [75, VI.10.1] by

(Ct ⊗R D)n =
⊕
p+q=n

Ctp ⊗R Dq;

d⊗(x⊗ y) = c(x)⊗ y + (−1)|x|x⊗ d(y).

(13.10)

and

homR(C,D)n =
⊕
q−p=n

homR(Cp, Dq);

dhom(f) = d ◦ f + (−1)n+1f ◦ c.
(13.11)

Let us spell out how these formulas for the differentials have to be interpreted.
The formula for d⊗ explains what the image under the differential of the
element x ⊗ y in the summand Ctp ⊗Dq of (Ct ⊗R D)n is. The image takes
possibly non-zero values only in the summands Cp−1⊗Dq and Cp⊗RDq−1 of
(Ct⊗RD)n−1 and these are cp(x)⊗ y and (−1)p · x⊗ dq(y). The formula for
dhom explains what the image under the differential of the element f in the
summand homR(Cp, Dq) of homR(C,D)n is. The image takes possibly non-
zero values only in the summands homR(Cp, Dq−1) and homR(Cp+1, Dq) of
homR(C,D)n−1 and these are dq ◦ f and (−1)n+1 · f ◦ cp+1. In the sequel we
define for an element x ∈ Cp its degree |x| by |x| = p.

Besides [75] this agrees also with [28, 46, 101, 151, 226]. The formula
d⊗ differs from both [197] and [256]. The dhom differs from Ranicki [197]
but coincides with [256]. As a result of this almost all formulas from [197]
and [256] will be changed. The notes [129] are also very helpful.
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Remark 13.12. We can ask why do we need signs in the definitions of the
above complexes. A purely algebraic answer is that these complexes are total
complexes of double complexes and in order to obtain a chain complex, that
means for d◦d = 0 to hold, we need some signs. For the tensor product there
is also a geometric motivation for this particular choice. Namely, if X and Y
are CW -complexes, then the cellular chain complex of X × Y is the tensor
product of the cellular chain complexes of X and cellular chain complexes
of Y . The particular choice of the signs for the hom complex is motivated
by the discussion below about chain maps. We note that these choices are
compatible in the sense that we obtain the pleasant adjunction (13.13).

The conventions about the hom-complex are convenient since they lead to
the following interpretation of the homology groups.

Given n ∈ Z, a chain map of degree n of chain complexes f : C → D is a
collection of homomorphisms fi : Ci → Di+n for i ∈ Z satisfying di+n ◦ fi =
(−1)n · fi−1 ◦ ci. If n is 0, we just talk about a chain map.

A chain homotopy g : f ' f ′ from a chain map f of degree n to a chain
map f ′ of degree n is a map g : C → D of degree n+1 satisfying di+n+1 ◦gi+
(−1)n · gi−1 ◦ ci = f ′i − fi for i ∈ Z. We obtain the identification of abelian
groups

Hn(homR(C,D))

= {homotopy classes of chain maps of degree n from C to D}.

Next we want to introduce the conventions for relations between homR

and ⊗R complexes.
The functors homR and ⊗R are adjoint via the Z-chain isomorphism [75,

VI.10.29.2] and [151, V.3.2]

Φ: homZ(Ct ⊗R D,E)→ homR(C,homZ(D,E)),

f = {fs}s∈Z 7→ (x 7→ (y 7→ f|x|+|y|(x⊗ y))),
(13.13)

and, more generally for chain complexes of bimodules TCR, RDS and TES
we have the isomorphism

Φ: homT−S(C ⊗R D,E)→ homT−R(C,homS(D,E)),

f = {fs}s∈Z 7→ (x 7→ (y 7→ f|x|+|y|(x⊗ y))).
(13.14)

It is convenient that no signs appear in (13.13) and (13.14).
There is the switch chain map [75, VI.9.5]

(13.15) sw: Ct ⊗R D
∼=−→ Dt ⊗R C, x⊗ y 7→ (−1)|x|·|y| · y ⊗ x.

which is an Z-chain isomorphism. The signs are forced here, because otherwise
we would not have a chain map. This sign is also the source of the convention
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in homological algebra, which says that whenever you permute tensor product
expressions you introduce the sign as in this definition.

Next we have the composition chain map [75, VI.10.29]

(13.16) −◦− : homR(C ′, D)⊗ZhomR(C,C ′)→ homR(C,D), f⊗g 7→ f◦g.

It is convenient that no signs appear in (13.16).
We have the tensoring chain map [75, VI.10.23]

⊗ : homR(C,D)⊗Z homR(C ′, D′)→ homR(C ⊗Z C
′, D ⊗Z D

′),

f ⊗ g 7→ (x⊗ y 7→ (−1)|x|·|g| · f(x)⊗ g(y)).

(13.17)

The signs are forced here, because otherwise we would not have a chain map.

13.1.4 Further Constructions about Chain Complexes
over Rings with Involution

Note that the composite of (13.16) with the corresponding switch map (13.15)
involves a sign, namely it looks like

homR(C,C ′)⊗Z homR(C ′, D)→ homR(C,D), g ⊗ f 7→ (−1)|f |·|g| · f ◦ g.

We come to other useful chain maps which can be derived from the
maps (13.13), (13.15), (13.16), and (13.17). In the sequel we use the no-
tation that for an integer n and an R-module M we define n[M ] to be the
R-chain complex concentrated in dimension n with M as n-th chain module.
We start with the dual chain complex C−∗ of a chain complex C which is
defined by C−∗ = homR(C, 0[R]). This means that we have

C−r = homR(C, 0[R])r = homR(C−r, R) = C∗−r;

(dC−∗)r = (−1)r+1 · homR(c−r+1, idR) = (−1)r+1 · c∗−r+1.
(13.18)

Recall that the dual chain complex C−∗ is a priori a chain complex of right
R-modules. A special case of (13.16) is the map

(13.19) C−∗ ⊗Z C → 0[R] (f ⊗ x 7→ f(x)).

namely, take D = C = 0[R] and replace C ′ by C, and use the obvious

identification of chain complexes homR(0[R], C)
∼=−→ C. It is compatible with

the obvious R-R-bimodule structures. The evaluation map (13.19) composed
with the switch map (13.15) is a chain map of chain complexes of R-R-
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bimodules

C ⊗Z C
−∗ → C−∗ ⊗Z C → 0[R], x⊗ f 7→ (−1)|x|·|f | · f(x) = (−1)|x| · f(x).

Its adjoint under the adjunction (13.14) is a map of chain complexes of left
R-modules

C → (C−∗)−∗, x 7→ (f 7→ (−1)|x|·|f | · f(x) = (−1)|x| · f(x)),

where the switch map is responsible for the sign (−1)|x|.
Note that C−∗ is a chain complex of right R-modules. Since we want to

work entirely in the category of left R-modules, we replace C−∗ by C−∗t and
proceed as in the case of R-modules, namely and will use the modified version
of (13.19) called evaluation chain map

(13.20) ev = evC : C → (C−∗t)−∗t, x 7→ (f 7→ (−1)|x| · f(x)).

The above convention means that when taking the dual of a chain map we
also need to introduce signs. Namely, we define a Z-chain isomorphism

(13.21) I : homR(C,D)→ homR(D−∗t, C−∗t)

by associating to the element f ∈ homR(Cp, Dp+n) the element given as
(−1)pn · (fp)∗t : D∗tp+n → C∗tp in homR((D−∗t)−p−n, (C

−∗t)−p). This follows
since the map I can be seen as the adjoint of the map

homR(C,D)⊗Z homR(D,R)→ homR(C,R), f ⊗ α 7→ (−1)|α|·|f | · α ◦ f.

If C belongs to bR-CHfgp, then the map (13.20) is an isomorphism of R-chain
complexes of left R-modules and we have the equality of R-chain maps from
C−∗t to C−∗t

(13.22) idC−∗t : C−∗t
evC−∗t−−−−−→ (C−∗t)−∗t)−∗t

I(evC)−−−−→ C−∗t.

Incidentally, in this case we have I(evC) = (evC)−∗t, since the degree of the
map evC is zero. Moreover, for a R-chain map f : C → D, the following
diagram commutes

(13.23) C
f //

evC

��

D

evD

��
(C−∗t)∗t

I2(f) // (D−∗t)−∗t.

Hence, upon the identification (13.20) the map I of (13.21) becomes an invo-
lution in the sense that the above diagram commutes. Note that on elements
we have for α ∈ (C−∗t)∗t that I2(f)(α) = (−1)|f |(f−∗t)−∗t(α).
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Finally we obtain the slant maps (only the second one will really be used):

\ : (C−∗ ⊗R D)→ homR(C,D),

f ⊗ y 7→ (x 7→ (−1)|x|·|y| · f(x) · y),
(13.24)

and

\ : (Ct ⊗R D)→ homR(C−∗t, D),

(x⊗ y) 7→ (f 7→ (−1)|x|·|y|+|x| · f(x) · y).
(13.25)

Because of the adjunction (13.14) we have to specify a chain map of left R-
modules C−∗ ⊗R D ⊗Z C → D in order to define the Z-chain map (13.24)
This is done by the composite

C−∗ ⊗R D ⊗Z C
sw−→ C−∗ ⊗Z C ⊗R D

ev⊗R idD−−−−−−→ 0[R]⊗R D
∼=−→ D.

The switch map is responsible for the sign (−1)|x|·|y| in (13.24).
Because of the adjunction (13.14) we have to specify a chain map of left

R-modules Ct⊗RD⊗ZC
−∗t → D in order to define the Z-chain map (13.25).

This is done by the composite

Ct ⊗R D ⊗Z C
−∗t sw−→ C−∗t ⊗Z C

t ⊗R D
ev⊗R idD−−−−−−→ 0[R]⊗R D

∼=−→ D.

where ev : C−∗t⊗ZC
t → 0[R] is the chain map of R-R-bimodule map sending

f ⊗ x to f(x) and is motivated by (13.19). The switch may is responsible for
the sign (−1)(|x|+|y|)·|f | = (−1)|x|·|y|+|x| in (13.25).

If C and D belong to bR-CHfgp, then the slant maps (13.24) and (13.25)
are Z-chain isomorphisms. If C and D belong to hR-CHfgp,then the slant
maps (13.24) and (13.25) are Z-chain homotopy equivalences.

Ranicki in [197] and Weiss in [256] do not have the sign in (13.25), so here
we pay a price for our conventions (13.10) and (13.11).

13.2 Homotopy Theory of Chain Complexes

In this section we describe several constructions for chain complexes. Mainly
we are interested in the notions of homotopy pushout and homotopy pullback
for chain maps and their special cases, mapping cone alias homotopy cofiber
and mapping cocone alias homotopy fiber. Recall that a pushout of spaces
can be thought of as a gluing construction. However, it suffers from the fact
that it is not homotopy invariant and therefore we prefer to work with the
homotopy pushout alias double mapping cylinder which is homotopy invari-
ant. The situation with chain complexes is analogous. We want to do gluing
constructions (most prominently gluing cobordisms along a common piece of
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boundary, see 14.4) and these ought to be homotopy invariant. The situation
for chain complexes is better than for spaces due to the facts that the no-
tions of homotopy cofibration sequence and homotopy fibration sequence, see
Theorem 13.63, as well as the notions of a homotopy cocartesian square and
homotopy cartesian square, see Theorem 13.68, coincide. The same situation
happens in spectra, we deal with a “stable category”.

The situation with references is similar to the previous section. There is
no single place where one can find all conventions. Therefore one has to
combine several conventions or come up with own ones. We have decided to
use mainly the conventions from [72], which seems compatible with [75]. The
introductions to [158] and [256] are also very useful. Further inspiration is
the first chapter of [254].

For a reader, who is familiar with triangulated categories, higher cate-
gories, or the stable homotopy category of spectra, this section contains no
new information since the homotopy category of chain complexes is a very
easy and elementary example or analogue. However, for someone who is not
familiar with these these concepts and wants to learn them, this section is
a good entry. Moreover, in this section we also state and motivate some
conventions about and properties of mapping cylinders, mapping cones, and
suspensions, which will be needed later.

13.2.1 Chain Homotopy

Recall that 0[Z] denotes the chain complex concentrated in dimension 0 with
the value Z, in other words the cellular chain complex of the one-point space.
Let I denote the 1-dimensional cellular Z-chain complex of the unit inter-
val [0, 1], alias the 1-simplex. Explicitly it is given by

(13.26) I1 = Z{σ01} I0 = Z{σ0} ⊕ Z{σ1} d1(σ01) = σ1 − σ0.

or, equivalently, by specifying its first differential by Z

−1
+1


−−−−−→ Z ⊕ Z. The

two inclusions of the end points define two chain maps i0, i1 : 0[Z] → I,
and projection to the point defines a chain map pr: I → 0[Z]. They satisfy
pr ◦ik = id0[Z] for k = 0, 1. There is a preferred chain homotopy hk : ik ◦pr '
idI for k = 0, 1. Explicitly hk : Z⊕ Z→ Z is given by (0, 1) for k = 0 and by
(−1, 0) for k = 1.

Consider two R-chain maps f0, f1 : C → D and an R-chain homotopy
h : f0 ' f1 between them. Recall that the n-th-differential of I ⊗ C is given
by
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(13.27)

−cn−1 0 0
− id cn 0
+ id 0 cn

 : Cn−1 ⊕ Cn ⊕ Cn =
(
I1 ⊗ Cn−1

)
⊕
(
I0 ⊗ Cn

)
→ Cn−2 ⊕ Cn−1 ⊕ Cn−1 =

(
I1 ⊗ Cn−2

)
⊕
(
I0 ⊗ Cn−1

)
.

To get closer to standard conventions, we have changed the order of
(
I0 ⊗

Cn
)
⊕
(
I1⊗Cn−1

)
to
(
I1⊗Cn−1

)
⊕
(
I0⊗Cn

)
. We can associate to this data

the R-chain map

(13.28) h : I ⊗Z C → D, (σj)⊗ x) = fj(x) and h(σ01 ⊗ x) = h(x)

satisfying h ◦ ij = fj for j = 0, 1. Equivalently, it is defined by hn =(
hn−1 (f0)n (f1)n

)
: Cn−1 ⊕ Cn ⊕ Cn → Dn.

Vice versa, given an R-chain map h : C ⊗ I → D satisfying h ◦ ij = fj
for j = 0, 1, we get an R-chain homotopy h : f0 ' f1 by the composite of hn

with

id
0
0

 : Cn−1 → Cn−1 ⊕ Cn ⊕ Cn.

Of course all of this is motivated by the observation that for a CW -
complex X and a cellular map h : [0, 1] × X → Y we get an R-chain map

I ⊗Z C
c
∗(X;R) = Cc∗([0, 1]×X;R)

Cc∗(h)−−−−→ Cc∗(Y ;R).

Note that we have the switch Z-chain isomorphism C ⊗Z I
∼=−→ I ⊗Z C

of (13.15), and hence we can think of such a chain homotopy also as of a map
of the shape C ⊗ I → D, but signs creep into formula (13.28). Explicitly,
when we define

(13.29) h(x⊗ σj) = fj(x) and h(x⊗ σ01) = (−1)|x| · h(x),

we obtain a chain map

(13.30) h : C ⊗ I → D such that h ◦ ij = fj for j = 0, 1

To avoid these extra signs and to get nicer sign conventions for mapping
cones and mapping cylinders, we use I ⊗C instead of C ⊗ I although on the
space level one usually writes a homotopy with X × [0, 1] as source.

13.2.2 Pushouts

Pushouts exist in the category of R-chain complexes. Namely, given a di-

agram of R-chain complexes E C
goo f // D , we can complete it to a

commutative square of R-chain complexes called pushout
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C
f //

g

��

D

g

��
E

f

// D ∪C E

with the following universal property: Given R-chain maps u : C → Z,
v : D → Z and w : E → Z satisfying v ◦ f = u = w ◦ g, then there ex-
ists precisely one R-chain map z : D ∪C E → Z with z ◦ f = w and z ◦ g = v.
Recall that the category of R-chain complexes inherits the structure of an
abelian category from the structure of an abelian category on the category
of R-modules by a degreewise construction. Therefore we can construct the

pushouts to be the cokernel of the R-chain map

(
f
−g

)
: C → D ⊕ E. In

particular a commutative square of R-chain complexes

C
f //

g

��

D

g

��
E

f

// F

is a pushout if and only if the following sequence of R-chain complexes is
exact:

C

 f
−g


−−−−−→ D ⊕ E

(
g f

)
−−−−→ F → 0.

The drawback of the pushout is that it is not homotopy invariant, i.e., the
following statement is not true: If we have two pushouts of R-chain complexes

C
f //

g

��

D

g

��
E

f

// F

C ′
f ′ //

g′

��

D′

g′

��
E′

f ′
// F ′

and R-chain homotopy equivalences u : C
'−→ C ′, v : D

'−→ D′, and w : E
'−→

E′ satisfying v ◦ f = f ′ ◦u and w ◦ g = g′ ◦w and z : F → F ′ is the unique R-
chain map coming from the pushout property, then z is an R-chain homotopy
equivalence.

Exercise 13.31. Give a counterexample to the statement that the pushout
of R-chain complexes is homotopy invariant.
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The deficiency of the pushout not being homotopy invariant will lead to
the notions of homotopy pushout. Before we explain this, we introduce the
notion of a mapping cylinder and of a mapping cone.

13.2.3 Mapping Cylinders, Mapping Cones and
Suspension

In view of the definition of cyl(f) as a pushout, see (2.33), we define the
mapping cylinder of a chain map f : C → D by the following pushout

0[Z]⊗Z C = C

f

��

i1⊗ZidC // I ⊗Z C

f

��
D

j
// cyl(f).

(13.32)

Explicitly, the n-th differential of the mapping cylinder is given by

(13.33)

−cn−1 0 0
− id cn 0
fn−1 0 dn

 : Cn−1 ⊕ Cn ⊕Dn → Cn−2 ⊕ Cn−1 ⊕Dn−1.

The R-chain map j : D → cyl(f) is given in terms of (13.33) in degree n by
the canonical inclusion Dn → Cn−1⊕Cn⊕Dn, and the R-chain map f : I⊗Z

C → cyl(f) is given in terms of (13.27) and (13.32) by

id 0 0
0 id 0
0 0 fn

 : Cn−1 ⊕

Cn ⊕ Cn → Cn−1 ⊕ Cn ⊕Dn.
Define the R-chain map

k : C → cyl(f)

to be the composite C = 0[Z] ⊗Z C
i0⊗Zid−−−−→ I ⊗Z C

f−→ cyl(f). It is explicitly
given by the canonical inclusion Cn → Cn−1 ⊕ Cn ⊕Dn.

Thanks to the pushout property of (13.32) the map idD : D → D and the

composite I ⊗Z C
pr⊗Z id−−−−−→ 0[Z] ⊗Z C = C

f−→ D together yield the R-chain
map

p : cyl(f)→ D

satisfying p ◦ j = idD and p ◦ k = f . It is explicitly given by the formula(
0 fn id

)
: Cn−1 ⊕ Cn ⊕Dn → Dn.

Remark 13.34 (Universal property of the mapping cylinder). The
mapping cylinder cyl(f) of an R-chain map f : C → D has the following
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universal property. Consider R-chain maps u : C → E and v : D → E and a
chain homotopy h : u ' v ◦ f . We can think of h as an R-chain map h : I ⊗Z

C → E such that for k = 0, 1 the composite C = 0[Z]⊗ZC
ik⊗ZidC−−−−−→ I⊗ZC

h−→
E agrees with u for k = 0 and with v◦f for k = 1, see (13.28). By the pushout
property (13.32) we obtain precisely one R-chain map z(u, v, h) : cyl(f)→ E
such that z(u, v, h) ◦ j = v and z(u, v, h) ◦ f = h hold. It is explicitly given
by
(
hn−1 un vn

)
: Cn−1 ⊕ Cn ⊕Dn → En.

Vice versa, if z : cyl(f)→ E is an R-chain map, then we get R-chain maps
u : C → E by u = z ◦ f ◦ i0, and v : D → E by z ◦ j together with an R-chain
homotopy h : v ◦ f ' u defined by h = z ◦ f . These two constructions are
inverse to one another.

Obviously p ◦ j = idD. There is an R-chain homotopy h : idcyl(f) ' j ◦ p

which is given by hn =

0 id 0
0 0 0
0 0 0

 : Cn−1⊕Cn⊕Dn → Cn⊕Cn+1⊕Dn+1 in

degree n. In particular p : cyl(f) → D is an R-chain homotopy equivalence.
To summarise, we get a diagram of R-chain complexes

D

C

f

<<

k //

'
f ""

cyl(f)

'p

OO

D

'j

OO
(13.35)

where the upper triangle commutes strictly and the lower triangle commutes
up to a preferred R-chain homotopy, and j and p are R-chain homotopy
equivalences satisfying p ◦ j = idD.

The mapping cone cone(f) of an R-chain map f : C → D is the cokernel
of the R-chain map k : C → cyl(f). By construction we obtain a canonical
exact sequence of R-chain complexes

(13.36) 0→ C
k−→ cyl(f)

q−→ cone(f)→ 0,

which is degreewise split exact and in degree n given by the canonical exact
sequence 0→ Cn → Cn−1 ⊕Cn ⊕Dn → Cn−1 ⊕Dn → 0. Explicitly, the nth
differential of the mapping cone is given by

(13.37)

(
−cn−1 0
fn−1 dn

)
: Cn−1 ⊕Dn → Cn−2 ⊕Dn−1,

The R-chain map
l := q ◦ j : D → cone(f)



486 13 Chain complexes

is in degree n given by the canonical inclusion Dn → Cn−1 ⊕Dn.

Remark 13.38 (Universal property of the mapping cone). There is a
preferred homotopy h : 0 ' l ◦ f for the composite of f : C → D with the
R-chain map l : D → cone(f), namely, hn : Cn → cone(f)n+1 = Cn ⊕Dn+1

is the canonical inclusion. Consider an R-chain map v : D → E together
with an R-chain homotopy h′ : 0 ' v ◦ f . Then there is precisely one R-
chain map z(v, h′) : cone(f) → E such that the composite of z with the
canonical inclusion D → cone(f) is v and the composite of the preferred
chain homotopy h with z is h′, namely, put zn = (h′n−1, vn) : cone(f)n =
Cn−1 ⊕Dn → En.

Conversely, let z : cone(f) → E be a chain map. Let v : D → E be the
composite z ◦ l. Let h′ be the R-chain homotopy given by the composite of
the preferred R-chain homotopy h with z. Then h′ is an R-chain homotopy
h′ : 0 ' v ◦ f and z = z(v, h′).

Given an R-chain complex C, its suspension ΣC is the R-chain com-
plex whose n-th chain module (ΣC)n is Cn−1 and whose n-differential is
−cn−1 : Cn−1 → Cn−2. Given an R-chain map f : C → D, define Σf : ΣC →
ΣD by (Σf)n = −fn−1.

For an R-chain map f : C → D consider the composite

l : D
j−→ cyl(f)

q−→ cone(f),

which is in degree n given by the canonical inclusion Dn → Cn−1 ⊕Dn. We
obtain a canonical exact sequence of R-chain complexes

(13.39) 0→ D
l−→ cone(f)

r−→ ΣC → 0.

which is degreewise split exact and given in degree n by the canoncial se-
quence 0→ Dn → Cn−1 ⊕Dn → Cn−1 → 0.

The suspension ΣC can be viewed as the tensor product I/∂I⊗ZC where
∂I = Cc∗(∂[0, 1]) = Cc∗({0, 1}) = 0[Z] ⊕ 0[Z], and I/∂I denotes the cokernel
of the inclusion ∂I → I. Actually, I/∂I = 1[Z] = Σ0[1]. In particular we
see that for a pointed CW -complex (X,x) and its suspension S1 ∧ X =
[0, 1] × X/[0, 1] × {x} ∪ 0 × X with its preferred base point y we get an
identification of cellular Z-chain complexes

(13.40) Cc∗(S
1 ∧X, {y}) = ΣCc∗(X, {x}).

We will also use the inverse operation, namely the desuspension Σ−1C,
explicitly it is

(13.41) (Σ−1C)n = Cn+1 (dΣ−1C)n = −cn.

This can be viewed as the tensor product (I/∂I)−∗ ⊗Z C = (−1)[Z] ⊗Z C.
Note that Ranicki uses Ω instead of Σ−1 in [197], but we prefer Σ−1.
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Example 13.42. Take f in Remark 13.38 to be the zero map. Then cone(f) =
ΣC ⊕D and we get an obvious bijection of abelian groups

[ΣC,E]× [D,E]
∼=−→ [cone(f), E] = [ΣC ⊕D,E], ([h], [v]) 7→ [h⊕ v]

where [D,E] denotes the abelian group of R-chain homotopy classes of R-
chain maps and [v] the R-chain homotopy class of an R-chain map v. Note
that an R-chain map h : ΣC → D is the same as a homotopy h : 0 ' 0 of
R-chain maps C → D. If we fix an R-chain map v : D → E, then an R-chain
map h : ΣC → E is an R-chain homotopy of R-chain maps C → E from
0 to v ◦ f and the R-chain map z(v, h) of Remark 13.38 represents [h ⊕ v].
In particular we see that the R-chain homotopy class of z(v, h) depends for
fixed v on h.

Exercise 13.43. Let f : C → D and v : D → E be R-chain maps. Consider
two R-chain homotopies h′, h′′ : 0 ' v◦f . Show that the R-chain maps z(v, h′)
and z(v, h′′) defined in Remark 13.38 are R-chain homotopic if and only if
there exists an R-homotopy b : 0 ' 0 of R-chain maps D → E together with
anR-chain homotopy a : h′+b◦f ' h′′ ofR-chain homotopies ofR-chain maps
C → E, i.e., a map a : C → E of degree 2 satisfying e◦a−a◦c = h′′−(h′+b◦f).

Finally we prove two propositions about R-chain homotopy equivalences
needed later.

Proposition 13.44. Consider an R-chain map f : C → D.

(i) f is an R-chain homotopy equivalence if and only if its mapping cone
cone(f) is contractible;

(ii) If the R-chain complexes C and D are projective and bounded form below,
i.e., there exists a natural number N with Cn = 0 for n ≤ N , then the
following assertions are equivalent:

(a) f is an R-chain homotopy equivalence;
(b) Hn(f) is an isomorphisms for all n ∈ Z;
(c) cone(f) is acyclic.

Proof. (i) Let γ : cone(f) → cone(f) be an R-chain contraction given in
degree n by (

hn−1 gn
ln−1 kn

)
: Cn−1 ⊕Dn → Cn ⊕Dn+1.

Since it is an R-chain contraction, we obtain the equality of maps of the form
Cn−1 ⊕Dn → Cn−1 ⊕Dn(
−cn 0
fn dn+1

)
◦
(
hn−1 gn
ln−1 kn

)
+

(
hn−2 gn−1

ln−2 kn−1

)
◦
(
−cn−1 0
fn−1 dn

)
=

(
idCn−1

0
0 idDn

)
.

This is equivalent to
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−cn ◦ hn−1 − hn−2 ◦ cn−1 + gn−1 ◦ fn−1 = idCn−1
;

−cn ◦ gn + gn−1 ◦ dn = 0;

fn ◦ hn−1 + dn+1 ◦ ln−1 − ln−2 ◦ cn−1 + kn−1 ◦ fn−1 = 0;

fn ◦ gn + dn+1 ◦ kn + kn−1 ◦ dn = idDn .

Hence the collection of the gn-s, hn-s, and kn-s define an R-chain map g : D →
C and R-chain homotopies h : g ◦ f ' idC and k : f ◦ g ' idD and thus f is
an R-chain homotopy equivalence.

Given an R-chain map g : D → C and R-chain homotopies h : g ◦ f ' idC
and k : f ◦ g ' idD, define a R-chain isomorphism u : cone(f)

∼=−→ cone(f) by

un =

(
idCn−1

0
fn ◦ hn−1 − kn−1 ◦ fn−1 idDn

)
and an R-chain homotopy δ : u ' 0

by δn =

(
hn−1 gn

0 −kn

)
. Then we obtain a chain contraction γ by γ = u−1 ◦ δ.

(ii) The implication (iia) =⇒ (iib) is obvious. We get implication (iib)
=⇒ (iic) from the long exact homology sequence of the short exact sequence

of R-chain complexes 0 → D → cone(f) → ΣC → 0. It remains to prove
the implication (iic) =⇒ (iia). Because of assertion (i) is suffices to show
for an acyclic projective bounded from below R-chain complex (P, c) that it
admits an R-chain contraction γ. Fix a natural number N with Pn = 0 for
n ≤ N . We define the desired chain contraction γ as follows. Put γn = 0 for
n ≤ N − 1. Now we define inductively for n = N − 1, N + 1, . . . R-maps
γn : Pn → Pn+1 satisfying cm+1 ◦ γm + γm−1 ◦ cm = idPm for m ∈ Z,m ≤ n.
The induction step from n to n+ 1 is done as follows. We have

cn+1 ◦
(
idPn+1 −γn ◦ cn+1

)
= cn+1 − cn+1 ◦ γn ◦ cn+1

= cn+1 −
(
idPn −γn−1 ◦ cn

)
◦ cn+1

= cn+1 − idPn ◦cn+1

= 0.

Since P is acyclic and hence im(cn+2) = ker(cn+1), the image of idPn+1
−γn ◦

cn+1 : Pn+1 → Pn+1 is contained in im(cn+2). As Pn+1 is projective, we can
find an R-map γn+1 : Pn+1 → Pn+2 satisfying cn+1 ◦ γn+1 + γn ◦ cn+1 =
idPn+1

. ut

Exercise 13.45. Show that assertion (ii) of Proposition 13.44 is not true
anymore if we drop the assumption projective or the assumption bounded
from below.

Proposition 13.46. Consider the commutative diagram of R-chain com-
plexes



13.2 Homotopy Theory of Chain Complexes 489

0 // C

u

��

i // D

v

��

p // E

w

��

// 0

0 // C ′
i′
// D′

p′
// E′ // 0.

Assume that the rows are in each degree short split exact sequences of R-
modules. Suppose that two of the R-chain maps u, v, and w are R-chain
homotopy equivalences.

Then all three R-chain maps u, v, and w are R-chain homotopy equiva-
lences.

Proof. We conclude from Proposition 13.44 (i) that it suffices to show for a

sequence of R-chain complex 0→ C
i−→ D

p−→ E → 0 which is in each degree
a split exact sequence of R-modules that all three R-chain complexes C, D,
and E are contractible if two of them are.

We begin with the case, where C and E is contractible. We have to show
that D is contractible. By assumption we can choose for each n ∈ Z an R-
map tn : En → Dn with pn ◦ tn = idEn . Let ε : E → E be a chain contraction
of E. Define sn : En → Dn by sn = dn+1 ◦ tn+1 ◦ εn + tn ◦ εn−1 ◦ en. The
collection of the sn-s defines an R-chain map s : E → D satisfying p◦s = idE
by the following calculations

dn ◦ sn = dn ◦ dn+1 ◦ tn+1 ◦ εn + dn ◦ tn ◦ εn−1 ◦ en
= dn ◦ tn ◦ εn−1 ◦ en
= dn ◦ tn ◦ εn−1 ◦ en + tn−1 ◦ εn−2 ◦ en−1 ◦ en
= sn−1 ◦ en,

and

pn ◦ sn = pn ◦ dn+1 ◦ tn+1 ◦ εn + pn ◦ tn ◦ εn−1 ◦ en
= dn ◦ pn+1 ◦ tn+1 ◦ εn + pn ◦ tn ◦ εn−1 ◦ en
= dn ◦ idEn+1 ◦εn + idEn ◦εn−1 ◦ en
= dn ◦ εn + εn−1 ◦ en
= idEn .

Hence obtain an R-chain isomorphism i⊕s : C⊕E
∼=−→ D. Since C and E are

contractible, D is contractible.
Now suppose that C and D are contractible. We have to show that E is

contractible. We have the two short exact sequences of R-chain complexes

0 → ΣC → cone(p) → cone(idE) → 0 and 0 → D → cyl(p)
q−→ cone(p) → 0.

There is an obvious chain contraction for cone(idE). Since C and cone(idE)
are contractible, cone(p) is contractible by the case we have already dealt
with. Since D and cone(p) are contractible, cyl(p) is contractible by the case



490 13 Chain complexes

we have already dealt with. Since cyl(p) and E are R-chain homotopy equiv-
alent, E is contractible.

It remains to treat the case, where D and E are contractible and we
must show that C is contractible. If we apply the second case, we have al-

ready proved, to 0 → D → cyl(p)
q−→ cone(p) → 0 and observe that D

and cyl(p) ' E are contractible, we conclude that cone(p) is contractible.
Since 0 → ΣC → cone(p) → cone(idE) → 0 is degreewise split exact and
cone(idE) is contractible, we get from the argument in the proof of the first
case an R-chain isomorphism ΣC ⊕ cone(idE) → cone(p) and hence an R-
chain homotopy equivalence ΣC → cone(p). Hence C is contractible. This
finishes the proof of Proposition 13.46. ut

13.2.4 Cofibrations and Homotopy Cofibrations

A R-chain map f : C → D is a cofibration if it is degreewise a split monomor-
phism.

Lemma 13.47. Consider two pushouts of R-chain complexes

C
f //

g

��

D

g

��
E

f

// F

C ′
f ′ //

g′

��

D′

g′

��
E′

f ′
// F ′

and R-chain homotopy equivalences u : C
'−→ C ′, v : D

'−→ D′, and w : E
'−→

E′ satisfying v ◦ f = f ′ ◦ u and w ◦ g = g′ ◦ u. Let z : F → F ′ be the unique
R-chain map coming from the pushout property. Suppose that f and f ′ are
cofibrations.

Then z is an R-chain homotopy equivalence.

Proof. Since f and f ′ are cofibrations, we get a commutative diagram of
R-chain complexes such that the rows are degreewise split exact

0 // C

u

��

 f
−g


// D ⊕ E

v⊕w
��

(
g f

)
// F

z

��

// 0

0 // C ′  f ′

−g′

// D′ ⊕ E (

g′ f ′
) // F ′ // 0.

Now apply Proposition 13.46. ut
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The mapping cylinder can be used to replace an arbitrary chain map by
a cofibration, see (13.35) since k : C → cyl(f) is a cofibration.

Lemma 13.48. Consider a diagram of R-chain complexes

C
f //

u

��

D

v

��
C ′

f ′
// D′

together with an R-chain homotopy h : f ′ ◦ u ' v ◦ f .

(i) By the universal property of the mapping cone, see Remark 13.38, we get
an R-chain map z(u, v, h) : cone(f)→ cone(f ′);

(ii) If two of the three R-chain maps u, v, and z(u, v, h) are R-chain homo-
topy equivalences, then all three are R-chain homotopy equivalences

Proof. (i) We have the R-chain map v′ : D
v−→ D′

l′−→ cone(f ′) for the canoni-
cal inclusion l′. The R-chain homotopy h : f ′ ◦u ' v ◦f and the canonical R-
chain homotopy 0 ' l′ ◦f ′ together yield an R-chain homotopy h′ : 0 ' v′ ◦f .
Let z = z(u, v, h) : cone(f)→ cone(f ′) the R-chain map associated to (v′, h′)
by the universal property of cone(f ′) of Remark 13.38. It is explicitly given

by

(
un−1 0
hn−1 vn

)
: Cn−1 ⊕Dn → C ′n−1 ⊕D′n.

(ii) There is an obvious diagram of R-chain complexes

0 // D //

v

��

cone(f) //

z

��

ΣC //

Σu

��

0

0 // D′ // cone(f ′) // ΣC ′ // 0

Now the claim follows from Proposition 13.46. ut

Definition 13.49 (Cofibration and homotopy cofibration sequence).

We call sequence of R-chain complexes C
f−→ D

g−→ E a cofibration sequence

if f is a cofibration and the sequence 0→ C
f−→ D

g−→ E → 0 is exact.

A homotopy cofibration sequence is a sequence of R-chain maps C
f−→ D

g−→
E together with a null homotopy h : 0 ' g ◦ f such that the induced map
z : cone(f)→ E, see Remark 13.38, is an R-chain homotopy equivalence.

The mapping cone cone(f) is sometimes also called the homotopy cofiber
of f .

Exercise 13.50. Show that any cofibration sequence 0 → C
f−→ D

g−→ E →
0 is a homotopy cofibration sequence with respect to the trivial R-chain
homotopy 0: 0 ' g ◦ f .
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Exercise 13.51. Construct an example of a sequence of R-chain complexes

C
f−→ D

g−→ E together with two R-chain homotopies h, h′ : 0 ' g ◦ f such
that the sequence is a homotopy cofibration sequence for h but not for h′.

Lemma 13.52. (i) Consider the (not necessarily strictly commutative) dia-
gram of R-chain maps

C
f //

u'
��

D
g //

v'
��

E

w'
��

C ′
f ′ // D′

g′ // E′

Suppose that u, v and w are R-chain homotopy equivalences. Consider
R-chain homotopies h : 0 ' g ◦ f , h′ : 0 ' g′ ◦ f ′, k : f ′ ◦ u ' v ◦ f and
k′ : g′ ◦ v ' w ◦ g. Suppose that these are compatible in the sense that

w ◦ h = h′ ◦ u+ g′ ◦ k + k′ ◦ f

holds.

Then C
f−→ D

g−→ E together with h is a homotopy cofibration sequence if

and only if C ′
f ′−→ D′

g′−→ E′ together with h′ is a homotopy cofibration
sequence;

(ii) Consider the sequence of R-chain maps C
f−→ D

g−→ E together with
two R-chain homotopies h, h′ : 0 ' g ◦ f . Suppose that h and h′ are R-
chain homotopic, i.e., there exists a map k : C → E of degree 2 satisfying
en+2 ◦ kn − kn−1 ◦ cn = h′n − hn.

Then C
f−→ D

g−→ E together with h is a homotopy cofibration sequence

if and only if C
f−→ D

g−→ E together with h′ is a homotopy cofibration
sequence.

Proof. (i) Let z(g, h) : cone(f) → E and z(g′, h′) : cone(f ′) → E′ be the
R-chain maps given by the universal property of the mapping cone, see Re-
mark 13.38. Note that we have to show that z(g, h) is an R-chain homotopy
equivalence if and only if z(g′, h′) is an R-chain homotopy equivalence. Let
z(u, v, k) : cone(f) → cone(f ′) be the R-chain map associated to the (not
necessarily strictly commutative) diagram of R-chain complexes

C
f //

u

��

D

v

��
C ′

f ′
// D′
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together with an R-chain homotopy k : f ′ ◦ u ' v ◦ f , see Lemma 13.48 (i).
Since u and v are R-chain homotopy equivalences, z(u, v, h) is an R-chain
homotopy equivalence by Lemma 13.48 (ii). We get explicitly in degree n

cone(f)n = Cn−1 ⊕Dn

z(u,v,k)n=

un−1 0
kn−1 vn


��

z(g,h)n=
(
hn−1 gn

)
// En

wn

��
cone(f ′)n = C ′n−1 ⊕D′n

z(g′,h′)n=
(
h′n−1 g

′
n

) // E′n.

We get an R-chain homotopy l : z(g′, h′) ◦ z(u, v, k) ' w ◦ z(g, h) if we put
ln =

(
0 k′n

)
: cone(f)n = Cn−1 ⊕ Dn → E′n+1 because of the following

calculation

wn ◦ z(g, h)n − z(g′, h′)n ◦ z(u, v, k)n

= wn ◦
(
hn−1 gn

)
−
(
h′n−1 g

′
n

)
◦
(
un−1 0
kn−1 vn

)
=
((
wn ◦ hn−1 − h′n−1 ◦ un−1 − g′n ◦ kn−1

) (
wn ◦ gn − g′n ◦ vn

))
=
((
k′n−1 ◦ fn−1

) (
k′n−1 ◦ dn + e′n ◦ k′n−1

))
=
(
0 k′n−1

)
◦
(
−cn−1 0
fn−1 dn

)
+ e′n ◦

(
0 k′n−1

)
.

Since w and z(u, v, k)n are R-chain homotopy equivalences, z(g, h) is an R-
chain homotopy equivalence if and only if z(g′, h′) is an R-chain homotopy
equivalence.

(ii) The difference z(g, h′) − z(g, h) : cone(f) → E is given in degree n by(
h′n−1 − hn−1 gn

)
: Cn−1⊕Dn → En. Hence z(g, h′) and z(g, h) are R-chain

homotopic, the desired R-chain homotopy is given by
(
kn−1 0

)
: Cn−1⊕Dn →

En+1. ut

Exercise 13.53. Consider a sequence of R-chain complexes C
f−→ D

g−→ E.
Show that the following statements are equivalent:

(i) There exists a nullhomotopy h : 0 ' g◦f such that C
f−→ D

g−→ E together
with h is a homotopy cofibration;

(ii) There exists a cofibration sequence C ′
f ′−→ D′

g′−→ E′ and a strictly com-
mutative square of R-chain complexes

C ′
f ′ //

u'
��

D′
g′ //

v'
��

E′

w'
��

C
f // D

g // E
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whose vertical arrows are R-chain homotopy equivalences.

13.2.5 Homotopy Pushouts

Consider the diagram of R-chain maps

E C
goo f // D.

The homotopy pushout D∪̃CE is defined to be the mapping cone of the R-

chain map

(
f
−g

)
: C → D ⊕E. The n-differential of the homotopy pushout

D∪̃CE is

−cn−1 0 0
fn−1 dn 0
−gn−1 0 en

 : Cn−1 ⊕Dn ⊕ En → Cn−2 ⊕Dn−1 ⊕ En−1. We

obtain a (not necessarily strictly commutative) square of R-chain complexes

C
f //

g

��

D

g

��
E

f

// D∪̃CE.

together with a preferred R-chain homotopy h : f ◦ g ' g ◦ f from Re-
mark 13.38. Explicitly the R-maps gn : D → Cn−1 ⊕ Dn ⊕ En, fn : E →
Cn−1 ⊕Dn ⊕En, and hn : Cn−1 → Cn−1 ⊕Dn ⊕En are given by the canon-
ical inclusions for n ∈ Z.

Remark 13.54 (Universal property of the homotopy pushout). The
homotopy pushout has the following universal property by Remark 13.38.
Let u : D → Z and v : E → Z be R-chain maps and let h′ : v ◦ g ' u ◦ f
be an R-chain homotopy. Then there exists precisely one R-chain map z =
z(u, v, h′) : D∪̃CE → Z such that u = z ◦ g, v = z ◦ f and h′ = z ◦ h hold.
Explicitly zn is given by

(
h′n−1 un vn

)
: Cn−1 ⊕Dn ⊕ En → Zn.

Vice versa, given an R-chain map z : D∪̃CE → Z, we obtain an R-chain
map u : D → Z by z ◦ f , an R-chain map v : E → Z by z ◦ g, and an R-chain
homotopy h′ : v ◦ g ' u ◦ f by h′ = z ◦ h satisfying z = z(u, v, h′).

13.2.6 Homotopy Cocartesian Squares

Consider a diagram of R-chain complexes
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(13.55) C
u //

v

��

D

v′

��
E

u′
// F

together with an R-chain homotopy h : u′ ◦ v ' v′ ◦ u.
We have the R-chain map l′ ◦ v′ : D → cone(u′) for the canonical inclusion

l′ : F → cone(u′). The R-chain homotopy h : u′ ◦ v ' v′ ◦ u and the canonical
R-chain homotopy 0 ' l′ ◦ u′ together yield an R-chain homotopy h′ : 0 '
(l′ ◦ v′) ◦ u. Let

a : cone(u)→ cone(u′)

be the R-chain map associated to (l′ ◦ v′, h′) by the universal property of

cone(u′) of Remark 13.38. It is explicitly given by

(
vn−1 0
hn−1 v

′
n

)
: Cn−1⊕Dn →

En−1 ⊕ Fn.
Analogously we get an R-chain map

b : cone(v)→ cone(v′)

by

(
un−1 0
−hn−1 u

′
n

)
: Cn−1 ⊕ En → Dn−1 ⊕ Fn.

Moreover, there is an R-chain map

z : D∪̃CE = cone

((
u
−v

)
: C → D ⊕ E

)
→ F

given by
(
hn−1, v

′
n, u
′
n

)
: Cn−1 ⊕Dn ⊕ En → Fn.

Lemma 13.56. The following statements are equivalent

(i) The sequence C

 u
−v


−−−−−→ D ⊕ E

(
v′ u′

)
−−−−−→ F together with the R-chain

nullhomotopy 0 '
(
v′ u′

)
◦
(
u
−v

)
induced by h is a homotopy cofibration

sequence;
(ii) The canonical R-chain map z : D∪̃CE → F is an R-chain homotopy

equivalence;
(iii) The canonical map a : cone(u) → cone(u′) is R-chain homotopy equiva-

lence;
(iv) The canonical map b : cone(v) → cone(v′) is R-chain homotopy equiva-

lence;

Proof. Assertions (i) and (ii) are equivalent by definition. It remains to show
that assertions (ii), (iii), and (iv) are equivalent.

The n-th differential of cone(a) is explicitly given by
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cn−2 0 0 0
−un−2 −dn−1 0 0
vn−2 0 −en−1 0
hn−2 v′n−1 u′n−1 fn

 : Cn−2 ⊕Dn−1 ⊕ En−1 ⊕ Fn

→ Cn−2 ⊕Dn−2 ⊕ En−2 ⊕ Fn−1.

The n-th differential of cone(b) is explicitly given by
cn−2 0 0 0
−vn−2 −en−1 0 0
un−2 0 −dn−1 0
−hn−2 u′n−1 v′n−1 fn

 : Cn−2 ⊕ En−1 ⊕Dn−1 ⊕ Fn

→ Cn−2 ⊕ En−2 ⊕Dn−2 ⊕ Fn−1.

The n-th differential of cone(z) s explicitly given by
cn−2 0 0 0
−un−2 −dn−1 0 0
vn−2 0 −en−1 0
hn−2 v′n−1 u′n−1 fn

 : Cn−2 ⊕Dn−1 ⊕ En−1 ⊕ Fn

→ Cn−2 ⊕Dn−2 ⊕ En−2 ⊕ Fn−1.

Obviously cone(a) = cone(z). There is an R-chain isomorphism cone(b)
∼=−→

cone(z) which is given in degree n by
− id 0 0 0

0 0 id 0
0 id 0 0
0 0 0 id

 : Cn−2 ⊕En−1 ⊕Dn−1 ⊕ Fn
∼=−→ Cn−2 ⊕Dn−1 ⊕En−1 ⊕ Fn.

Now Lemma 13.56 follows from Proposition 13.44 (i). ut

We call the diagram (13.55) together with the R-chain homotopy h ho-
motopy cocartesian if one of the equivalent conditions appearing in Proposi-
tion 13.44 is satisfied.

Exercise 13.57. Give an example of a square (13.55) together with two R-
chain homotopies h, h′ : u′ ◦ v ' v′ ◦ u such that it is homotopy cocartesian
for h but not for h′.
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13.2.7 Pullbacks

Next we introduce the dual notions of pushout, homotopy pushout, cofi-
bration, homotopy cofibration and homotopy cofiber, namely of pullback,
homotopy pullback, fibration, homotopy cofibration and homotopy fiber.

Given a diagram of R-chain complexes D
f
// F E

g
oo , we can com-

plete it to a commutative square of R-chain complexes, the so called pullback

D ×F E
g //

f

��

D

f

��
E

g
// F

with the following universal property: Given R-chain maps u : A → D,
v : A → E and w : A → F satisfying f ◦ u = g ◦ v = w, then there ex-
ists precisely one R-chain map z : A → D ×F E satisfying f ◦ z = v and
g ◦ z = u. A commutative square of R-chain complexes

C
g //

f
��

D

f

��
E

g
// F

is a pullback if and only if the sequence of R-chain complexes

0→ C

g
f


−−−→ D × E

(
−f g

)
−−−−−−→ F

is exact. The pullback can be constructed to be the kernel of the R-chain
map

(
−f g

)
: D ⊕ E → F .

The pullback is not homotopy invariant. Therefore we will introduce the
notion of a homotopy pullback later.

13.2.8 Homotopy fibers

The homotopy fiber hofib(f) of a map f : X → Y over y ∈ Y is defined to
be the pullback of spaces
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hofib(f)
f //

e

��

map([0, 1], Y )

e

��
X

cy×f
// Y × Y

where evk : map([0, 1], Y ) → Y is the evaluation at k, i.e., w 7→ w(k), e =
ev0× ev1, and cy is the constant map with value y. This leads to the definition
of the homotopy fiber hofib(f) of a R-chain map f : C → D to be the pullback
of R-chain complexes

(13.58) hofib(f)
f //

e

��

homZ(I,D)

e

��
C

0×f
// D ×D

where evk : homZ(I,D)→ D is given by composition with ik : 0[Z]→ I and
the canonical identification homZ(0[Z], C) = C for k = 0, 1 and e = ev0× ev1.

The n-th differential of homZ(I,D) can be identified with dn 0 0
0 dn 0

(−1)n · id (−1)n+1 · id dn+1

 : Dn ⊕Dn ⊕Dn+1 → Dn−1 ⊕Dn−1 ⊕Dn.

Explicitly the n-differential of hofib(f) is given by

(13.59)

(
cn 0

(−1)n+1fn dn+1

)
: Cn ⊕Dn+1 → Cn−1 ⊕Dn.

The diagram (13.58) becomes in degree n

Cn ⊕Dn+1


0 0
fn 0
0 id


//

(
id 0

)
��

Dn ⊕Dn ⊕Dn+1id 0 0
0 id 0


��

Cn  0
fn


// Dn ×Dn.

Remark 13.60 (Universal property of the homotopy fiber). The
homotopy fibre has the following universal property. The R-chain map
e : hofib(f) → C is explicitly given in degree n by the canonical projec-
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tion Cn ⊕Dn+1 → Cn. There is a preferred nullhomotopy h : 0 ' f ◦ e given
in degree n by

(
0 (−1)n · id

)
: Cn ⊕Dn+1 → Dn+1.

Let u : A → C be an R-chain map and let h′ : 0 ' f ◦ u be a R-chain
homotopy. Then there is precisely one R-chain map z = z(u, h′) : A →
hofib(f) such that u = e ◦ z and h′ = h ◦ z holds, namely, define zn =(

un
(−1)n · h′n

)
: An → Cn ⊕Dn+1.

Vice versa, given an R-chain map z : A→ hofib(f), we get an R-chain map
u : A→ C by u = e ◦ z and an R-chain homotopy h′ : 0 ' f ◦ u by h′ = h ◦ z
such that z = z(u, h′).

The underlying modules in dimension n of Σ−1 cone(f) and hofib(f) agree,
but the differentials differ by signs. This is due to our convention to define the
mapping cone in terms of I ⊗C instead of C ⊗ I. We obtain an isomorphism
of R chain complexes

(13.61) w : Σ−1 cone(f)→ hofib(f)

by wn =

(
id 0
0 (−1)n+1 · id

)
: Cn ⊕Dn+1 → Cn ⊕Dn+1.

A chain map f : C → D is a fibration if it is degreewise split epimorphism.

Definition 13.62 (Fibration and homotopy fibration sequence). We

call sequence of R-chain complexes C
f−→ D

g−→ E a fibration sequence if g is

a fibration and the sequence 0→ C
f−→ D

g−→ E → 0 is exact.

A homotopy fibration sequence is a sequence of R-chain maps C
f−→ D

g−→ E
together with a null homotopy h : 0 ' g ◦ f such that the induced map
z : C → hofib(g), see Remark 13.60, is an R-chain homotopy equivalence.

Every fibration sequence is a homotopy fibration sequence. Every cofi-
bration sequence is a fibration sequence and vice versa. There exists a se-

quence of R-chain complexes C
f−→ D

g−→ E together with a null homotopies
h, h′ : 0 ' g ◦ f such that the sequence is a homotopy fibration sequence with
respect to h but not with respect to h′.

We have already mentioned that the pullback of R-chain complexes is not
homotopy invariant, i.e., the following statement is not true: If we have two
pullbacks of R-chain complexes

C
g //

f
��

D

f

��
E

g
// F

C ′
g′ //

f ′

��

D′

f ′

��
E

g′
// F ′

and R-chain homotopy equivalences u : D
'−→ D′, v : E

'−→ E′, and w : F
'−→

F ′ satisfying w ◦ f = f ′ ◦ u and w ◦ g = g′ ◦ v and z : C → C ′ is the
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unique R-chain map coming from the pullback property, then z is an R-chain
homotopy equivalence. However, this statement is true provided that f and
f ′ are fibrations. We leave the elementary proof to the reader.

13.2.9 Relating the Homotopy Cofiber and The
Homotopy Fiber

Consider an R-chain map f : C → D. Recall that we have associated to it

the homotopy cofibration sequence C
f−→ D

l−→ cone(f) and the homotopy

fibration sequence hofib(f)
e−→ C

f−→ D.
The n-th differential of the homotopy fiber hofib(l) of l is

dhofib(l) =

 dn 0 0
0 −cn 0

(−1)n+1 · id fn dn+1

 : Dn ⊕ Cn ⊕Dn+1

→ Dn−1 ⊕ Cn−1 ⊕Dn.

We obtain R-chain maps a : C → hofib(l) and b : hofib(l)→ C by

an =

 fn
(−1)n id

0

 : Cn → Dn ⊕ Cn ⊕Dn+1;

bn =
(
0 (−1)n id 0

)
: Dn ⊕ Cn ⊕Dn+1 → Cn.

They are R-chain homotopy inverse to one another R-chain homotopy equiv-
alences since bn ◦ an = idC holds and and there exists an R-chain homotopy
h : idhofib(l) ' an ◦ bn given by

hn =

0 0 (−1)n · id
0 0 0
0 0 0

 : Dn ⊕ Cn ⊕Dn+1 → Dn+1 ⊕ Cn+1 ⊕Dn+2.

Vice versa, the n-th differential of cone(e) is −cn−1 0 0
(−1)n−1fn−1 −dn 0

id 0 cn

 : Cn−1 ⊕Dn ⊕ Cn → Cn−2 ⊕Dn−1 ⊕ Cn−1.

We get R-chain maps u : cone(e)→ D and v : D → cone(e) by
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un =
(
0 (−1)n+1 id fn

)
: Cn−1 ⊕Dn ⊕ Cn → Dn;

vn =

 0
(−1)n+1 · id

0

 vn : Dn → Cn−1 ⊕Dn ⊕ Cn.

They are R-chain homotopy inverse to one another R-chain homotopy equiv-
alences since vn ◦ un = idD holds and and there exists an R-chain homotopy
h : idhofib(l) ' un ◦ vn given by

hn =

0 0 id
0 0 0
0 0 0

 : Cn−1 ⊕Dn ⊕ Cn → Cn ⊕Dn−1 ⊕ Cn+1

Theorem 13.63 (Homotopy cofibrations and homotopy fibrations
agree for chain complexes). Consider R-chain maps f : C → D and
g : D → E together with an R-chain homotopy h : 0 ' g ◦ f .

Then C
f−→ D

g−→ E is a homotopy cofibration if and only if it is a homotopy
fibration.

Proof. Let the R-chain map z(f, h) : C → hofib(g) be given by the universal
property of the homotopy fiber, see Remark 13.60, and let the R-chain map
z(g, h) : E → cone(f) be given by the universal property of the mapping cone,
see Remark 13.38. We have to show that z(f, h) is an R-chain homotopy
equivalence if and only if z(g, h) is an R-chain homotopy equivalence.

Next we construct a commutative diagram of R-chain complexes

C
f //

z(f,h)

%%

D
g //

id

##

E

id

%%
hofib(g)

e // D
g // E

C
f //

id

OO

z(f,h)

%%

D
l //

id

OO

id

""

cone(f)

z(g,h)

OO

w

%%
hofib(g)

e //

id

OO

D
l //

id

OO

cone(e)

u'

OO

TheR-chain map u has been constructed above. TheR-chain map w : cone(f)→
cone(e) is given by

wn =

 fn−1 0
(−1)n−1 · hn−1 0

0 id

 : Cn−1 ⊕Dn → Dn−1 ⊕ En ⊕Dn.
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It agrees with the R-chain map appearing in Lemma 13.48 (i) applied to the
commutative square

C
f //

z(f,h)

��

D

id

��
hofib(g)

e
// D

and trivial R-chain homotopy from 0 ◦ z(f, h) ' f . We conclude from
Lemma 13.48 (ii) that z(f, h) : C → hofib(g) is an R-chain homotopy equiv-
alence if and only if w is an R-chain homotopy equivalence. Recall that
u is an R-chain homotopy equivalence satisfying u = z(g, h) ◦ w. Hence
z(g, h) : C → hofib(g) is an R-chain homotopy equivalence if and only if
w is an R-chain homotopy equivalence. We conclude that z(f, h) is an R-
chain homotopy equivalence if and only if z(g, h) is an R-chain homotopy
equivalence. This finishes the proof of Theorem 13.63 ut

Theorem 13.64 (Puppe sequences for chain complexes). Consider

the sequence of R-chain maps C
f−→ D

g−→ E together with the preferred R-
chain homotopy 0 ' g ◦ f . Suppose that this gives a homotopy cofibration
sequence, or, equivalently, a homotopy fiber sequence.

Then there is an R-chain map t : E → ΣC such that for any R-chain com-
plex Z we have to both sides infinite natural long exact sequences of abelian
groups given by homotopy classes of R-chain maps

· · · (Σ2f)∗−−−−→ [Σ2C,Z]
(Σt)∗−−−→ [ΣE,Z]

(Σg)∗−−−−→ [ΣD,Z]

(Σf)∗−−−−→ [ΣC,Z]
t∗−→ [E,Z]

g∗−→ [D,Z]
f∗−→ [C,Z]

Σ−1t∗−−−−→ [Σ−1E,Z]

(Σ−1g)∗−−−−−→ [Σ−1D,Z]
(Σ−1f)∗−−−−−→ [Σ−1C,Z]

(Σ−2t)∗−−−−−→ [Σ−2E,Z]
(Σ−2g)∗−−−−−→ · · · ,

and

· · · [Z,Σ−2E]
(Σ−2t)∗−−−−−→ [Z,Σ−1C]

(Σ−1f)∗−−−−−→ [Z,Σ−1D]
(Σ−1g)∗−−−−−→

[Z,Σ−1E]
(Σ−1t)∗−−−−−→ [Z,C]

f∗−→ [Z,D]
g∗−→ [Z,E]

t∗−→ [Z,ΣC]

(Σf)∗−−−−→ [Z,ΣD]
(Σg)∗−−−−→ [Z,ΣE]

(Σt)∗−−−→ [Z,Σ2C]
(Σ2f)∗−−−−→ · · · .

Proof. Since C
f−→ D

g−→ E is a homotopy cofibration, we obtain a commuta-
tive diagram of R-chain complexes with R-chain homotopy equivalences as
vertical arrows
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C
f //

id

��

D
l //

id

��

cone(f)

z(g,h)'
��

C
f // D

g // E.

The upper row induces by the universal property of the mapping cone, see

Remark 13.38, a sequence [cone(f), Z]
l∗−→ [D,Z]

f∗−→ [C,Z] which is exact
(in the middle). Hence we obtain an exact sequence

(13.65) [E,Z]
g∗−→ [D,Z]

f∗−→ [C,Z].

Next we construct a diagram of R-chain complexes, where the squares are
either strictly commutative or commutative up to R-chain homotopy:

C
f // D

g // E
t // ΣC

Σf // ΣD

D
l //

id

OO

cone(f)
r //

z(g,h)'

OO

ΣC

id

OO

cone(f)
l′ //

id

OO

cone(l)
r′ //

z(r,0)'

OO

ΣD

id

OO

The R-chain map z(g, h) is an R-chain homotopy equivalence, we can choose
R-chain homotopy inverse z(g, h)−1 and define t = r ◦ z(g, h)−1. Then R-

chain map z(r, 0) is the one associated to the cofibration sequence 0→ D
l−→

cone(f)
r−→ ΣC → 0 associated to f of (13.39) and the trivial R-chain homo-

topy 0 ' r ◦ l. We have the cofibration sequence 0→ cone(f)
l′−→ cone(l)

r′−→
ΣD → 0 associated to l of (13.39).

It remains to show that the right most square commutes up to chain homo-
topy. The difference of the R-chain maps id ◦r′−Σf ◦ id ◦z(r, 0) : cone(l)n →
ΣD is given in degree explicitly given by

(
id −fn−1 0

)
: Dn−1 ⊕ Cn−1 ⊕

Dn → Dn−1 Hence we get an R-chain homotopy k : Σf ◦ id ' id ◦r′ by
kn =

(
0 0 id

)
: Dn−1 ⊕ Cn−1 ⊕Dn → Dn.

From the diagram above together with Lemma 13.52 (i) we conclude that

(13.66) D
g−→ E

t−→ ΣC

and E
t−→ ΣC

Σf−−→ ΣD with appropriate choices of homotopies 0 ' t ◦ g and
0 ' Σf ◦ t are homotopy cofibration sequences. Hence we get from (13.65)

the short exact sequences [ΣC,Z]
t∗−→ [E,Z]

g∗−→ [D,Z] and [ΣD,Z]
(Σf)∗−−−−→

[ΣC,Z]
t∗−→ [E,Z]. They give together with (13.65) the exact sequence
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[ΣD,Z]
(Σf)∗−−−−→ [ΣC,Z]

t∗−→ [E,Z]
g∗−→ [D,Z]

f∗−→ [C,Z].

Since ΣnC
Σnf−−−→ ΣnD

Σng−−−→ ΣnE together with Σnh is for every n a homo-
topy cofibration, we get for every n ∈ Z an exact sequence

[Σn+1D,ΣnZ]
(Σn+1f)∗−−−−−−→ [Σn+1C,ΣnZ]

(Σnt)∗−−−−→ [ΣnE,Z]

(Σng)∗−−−−−→ [ΣnD,Z]
(Σnf)∗−−−−−→ [ΣnC,Z].

The collection of these exact sequences can be spliced together to the to both
side infinite long exact sequence appearing in Proposition 13.64.

Since C
f−→ D

g−→ E is also homotopy fibration by Theorem 13.63, we
obtain a commutative diagram of R-chain complexes with R-chain homotopy
equivalences as vertical arrows

C
f // D

g
// cone(g)

hofib(g)
e //

z '

OO

D
g //

id

OO

E.

id

OO

The upper row induces by the universal property of the homotopy fiber, see

Remark 13.60, an exact sequence [Z,hofib(g)]
e∗−→ [D,Z]

l∗−→ [C,Z] Hence we
obtain an exact sequence

(13.67) [Z,C]
f∗−→ [Z,D]

g∗−→ [Z,E].

Now one proceeds as above, replacing (13.65) by (13.67). ut

13.2.10 Homotopy pullbacks

Consider the diagram of chain maps

C
f // E D.

goo

The homotopy pullback C×̃ED is defined to be the homotopy fibre of the

chain map C ⊕D (−f+g)−−−−−→ E. We obtain a homotopy commutative square
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C×̃ED //

��

D

g

��
C

f
// E.

and we have the corresponding universal property. Moreover, the homotopy
pullback is homotopy invariant in the obvious sense.

We call the diagram (13.55) together with an R-chain homotopy h : u′◦v '
v′ ◦ u homotopy cartesian if the canoncial map z : C → D×̃FE is an R-chain
homotopy equivalence.

One easily checks that Theorem 13.63 implies

Theorem 13.68 (Homotopy cartesian and homotopy cocartesian agree
for chain complexes). Consider the diagram (13.55) together with an R-
chain homotopy h : u′ ◦ v ' v′ ◦ u.

Then it is homotopy cocartesian if and only if it is homotopy cartesian.

13.3 Miscellaneous

•
•
•
•
•
•
•
•
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Chapter 14

Algebraic Surgery

14.1 Introduction

Let us discuss the theory of surgery obstructions presented in Chapters 7
and 8 from a more conceptual point of view. To a given degree one normal
map (f, f) : M → X we associated an element σ(f, f) ∈ Ln(Zπ,w) with the
property that, provided n ≥ 5, σ(f, f) = 0 if and only if (f, f) is normally
cobordant to a homotopy equivalence; see Theorem 7.109 and Theorem 8.53.

As we have seen this is a very powerful result. However, it suffers from two
conceptual drawbacks:

(i) The structures representing σ(f, f) are of different nature depending on
the parity of n. We have a quadratic form when n = 2k and a quadratic
formation when n = 2k + 1;

(ii) In order to read off either the quadratic form or the quadratic formation
representing σ(f, f), we first need to do surgery below middle dimension.

The algebraic theory of surgery of Ranicki was primarily invented to rectify
these deficiencies [197], [198], [201]. However, it also turned out to allow for
far reaching generalisations, for example, one can define L-groups of additive
categories with chain duality. We will say more about this in Section 14.7,
here we concentrate on the theory over rings with involution.

Inspired by a solution to similar drawbacks in the algebraic K-theory,
algebraic theory of surgery uses chain complexes instead of modules. The
first obstacle in developing such a theory is to find out what the analogue
of a symmetric bilinear form or a quadratic form is when we replace the
underlying module by a chain complex. These analogues come under the
names of symmetric and quadratic structures on chain complexes and the
definition is inspired by geometry. Recall that the intersection form of a
manifold is given by the cup product pairing. The symmetric structure is a
straightforward generalisation of the cup product map on the level of chain
complexes. Furthermore recall that at this level the cup product is only well-
defined up to chain homotopy. Hence we are lead to the “derived” point of
view, and the symmetric and quadratic structures on chain complexes will
be chain homotopy invariant.

The next question is how to make such structured chain complexes into
an L-group. Here the inspiration comes from Chapter 12 where the L-groups
were redefined as certain complicated cobordism groups. The structured chain
complexes can also be organised in cobordism groups and so we obtain yet an-
other definition of L-groups. It will be shown that these groups are isomorphic

507
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to the L-groups from Chapters 7 and 8, the main tool will be algebraic surgery
on structured chain complexes. We will be show that the hyperbolic forms re-
spectively the boundary formations correspond to null-cobordant complexes
(= boundaries). So at the end Wall’s groups Ln(Zπ,w) become cobordism
groups of n-dimensional quadratic chain complexes over Zπ. Note that this
solves our problem (i) above.

Furthermore we explain how such a quadratic chain complex comes from
a degree one normal map. The construction will use stable homotopy theory.
The use of stable homotopy theory is inspired by the construction of Browder
in [35, Chapter III] as mentioned in Remark 7.202. It also provides us with
a non-simply connected generalisation of Browder’s result and a solution to
problem (ii).

The chapter is organised as follows. In Section 14.2 we introduce the sym-
metric and quadratic structures on chain complexes and describe the relation-
ships between these structures on a fixed chain complex C. We also discuss
the geometric situations which produce such structured chain complexes. The
symmetric case is standard algebraic topology, the quadratic case requires
some stable homotopy theory. In Section 14.3 we show that 0-dimensional
complexes correspond to forms and 1-dimensional complexes correspond to
(split) formations. In Section 14.4 we introduce relative versions of structured
chain complexes and obtain the notion of a cobordism. It takes some work
to see that cobordism yields an equivalence relation, but after this is settled
we obtain a chain complex version of L-groups in Definition 14.183. Subsec-
tion 14.4.5 introduces the notion of algebraic surgery which is a key tool in
establishing an isomorphism between the quadratic L-groups from Chapters 7
and 8 and the quadratic L-groups from Definition 14.183. The isomorphism
is obtained in Theorem 14.261 in Section 14.5. Section 14.6 contains the iden-
tification of the surgery obstructions in Theorems 14.274 and 14.275. Finally,
Section 14.7 contains a brief overview of some of the applications.

Guide 14.1. There are various ways how one can read the present chapter.
One way is to proceed linearly. However, if the reader is interested more in
the algebraic part of the story she or he may skip Sections 14.2.6 to 14.2.8
and also 14.2.10. In this way the reader can still reach the purely algebraic
Theorem 14.261 without going into stable homotopy theory. On the other
hand if the reader wishes to understand the identification of the surgery
obstruction of a degree one normal map from Chapters 7 and 8 with its chain
complex version, which is obtained in Subsection 14.2.7 (see Remark 14.94),
he or she will need the stable homotopy part as well.

Chain complex conventions which we use (and which differ from [197]
and [256]) are summarised in the previous Chapter 13.
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14.2 Structured Chain Complexes

In this section we introduce structured chain complexes, that means, sym-
metric, quadratic and hyperquadratic chain complexes. The symmetric chain
complexes generalise the symmetric bilinear forms on modules and the
quadratic chain complexes generalise quadratic forms on modules. The hy-
perquadratic complexes do not have a well known analogue on modules; we
will see that their primary purpose is to measure the difference between the
symmetric and quadratic structures on a fixed chain complex.

We warn the reader that, strictly speaking, one should view the structured
chain complexes as analogues of co-forms, rather than forms. Recall that a
form on a finitely generated free R-module P is an element in homR(P, P ∗) ∼=
(P ⊗R P )∗ whereas a co-form is an element in homR(P ∗, P ) ∼= P ⊗R P . If we
work with finitely generated free modules we have a non-canonical one-to-one
correspondence P ⊗R P → (P ⊗R P )∗ between forms and co-forms. We will
indeed work with chain complexes of such modules or at least with chain
complexes chain homotopy equivalent to chain complexes of such modules,
see Remark 14.2 for more details. The use of co-forms is convenient at certain
stages, it corresponds to working with singular chain complexes rather than
singular cochain complexes of manifolds.

14.2.1 Basic Definitions

Let R be a ring with involution and let ε = ±1 be a unit. Denote by
R-MOD the category of left R-modules over R. Denote by R-MODfgf and
by R-MODfgp respectively the full subcategories of R-MOD consisting of
finitely generated free and finitely generated projective R-modules respec-
tively. Let R-CH, R-CHfgf , and R-CHfgp respectively be the category of chain
complexes over R-MOD, R-MODfgp, and R-MODfgp respectively. Denote
by bR-CH, bR-CHfgf , and by bR-CHfgp respectively the full subcategory
of R-CH, R-CHfgf , and R-CHfgp of those objects C which are bounded, i.e.,
there exists a natural number N such that Cn = 0 for |n| > N . Let hR-CHfgf ,
and hR-CHfgp respectively be the full subcategory of R-CH consisting of
those R-chain complexes which are R-chain homotopy equivalent to an R-
chain complex in bR-CHfgf and bR-CHfgp respectively. In particular we have
bR-CHfgp ⊆ hR-CHfgp ⊆ R-CHfgp.

Remark 14.2. To build the L-groups purely algebraically it is enough to
work in the category bR-CHfgf . However, to obtain the geometric application
in terms of surgery obstructions we also need to work with chain complexes in
hR-CHfgf , for example, we need to work with the singular chain complex of a

compact manifold M . The singular chain complex C∗(M̃) is not in bR-CHfgf ,
but it is in hR-CHfgf , with R = Z[π1(M)], since it is chain homotopy equiva-
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lent to a bounded chain complex of finitely generated free Z[π1(M)]-modules
by choosing a finite CW-complex homotopy equivalent to M and taking the
cellular chain complex of its universal cover. Such a CW-complex always ex-
ists [101, Corollary A.12]. In order for being able to use such a replacement
we will have to check that certain constructions, which we perform, are chain
homotopy invariant. We will do this quite systematically.

Another issue is that we could work with chain complexes of finitely gen-
erated projective or finitely generated free based left R-modules in the sense
of Chapter 9. This would yield the corresponding version of the L-groups.
For simplicity we first work only in the finitely generated free case and come
back to the other cases and their relationships in Section 14.7.2.

Several conventions for working with modules inR-MOD and inR-MODfgp

and with chain complexes in R-CH, bR-CHfgp, and hR-CHfgp are collected
in Chapter 13. In particular, see the definition of the tensor product C ⊗RD
and the hom-complex homR(C,D) of chain complexes in R-CH; especially
the sign conventions for the differentials.

The cyclic group of order 2 is denoted Z/2 = {1, T}. If we deal with several
copies of Z/2, we might index the elements as 1s, Ts to distinguish the copies.

Let P be an R-module in R-MODfgp. Recall Definitions 7.46 and 7.76 of
an ε-symmetric bilinear form on P and of an ε-quadratic form on P . In (7.67)
we introduced the involution T : φ 7→ φ∗ ◦ e(P ) on the abelian group of forms
(P ⊗ P )∗ ∼= homR(P, P ∗). An ε-symmetric bilinear form is a fixed point of
this involution, in other words an element in

Qε(P ) = ker(1− ε · T ) = homR(P, P ∗)Z/2 = homZ[Z/2](Z,homR(P, P ∗)).

An ε-quadratic form is an orbit of the involution T , in other words an element
in

Qε(P ) = coker(1− ε · T ) = homR(P, P ∗)Z/2 = Z⊗Z[Z/2] homR(P, P ∗).

The definition of a symmetric and quadratic chain complex in R-CH is
directly inspired by these definitions. However, as already pointed out, we
need homotopy invariant notions and therefore the fixed points have to be
replaced by homotopy fixed points and orbits have to be replaced by homotopy
orbits.

Let C be a chain complex in R-CH. The tensor product Ct⊗RC becomes
a chain complex of Z[Z/2]-modules through the involution

T = Tε : Ctp ⊗R Cq → Ctq ⊗R Cp
x⊗ y 7→ (−1)pqy ⊗ εx.

(14.3)

Remark 14.4 (Dropping “t”). In the above definition and in the previous
chapter we used the notation Ct⊗RC to emphasise that one has to be careful
about the left and right modules and use the involution appropriately in this
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context. However to ease the notation we will drop the superscript “t” in
the sequel. We implicitly assume that whenever we have a left module at the
place where only a right module fits, then we use the involution to make it a
right module via the “t” procedure, for example we simply write C ⊗R C.

Exercise 14.5. Recall that for C ∈ bR-CHfgp we have the slant product
isomorphism \ : (C ⊗R C) → homR(C−∗, C). Use it to obtain a description
of the involution T from (14.3) on homR(C−∗, C) for such a C.

Definition 14.6 (Standard resolutions). The standard free Z[Z/2]-resolution
of Z is the chain complex W given by:

Ws =

{
Z[Z/2] = Z{1s, Ts} for s ≥ 0;

0 otherwise,

and
dW = (1 + (−1)sT ) : Ws →Ws−1,

so that we have

W := · · · 1−T−−−→ Z[Z/2]
1+T−−−→ Z[Z/2]

1−T−−−→ Z[Z/2] −−−→ 0.

The complete standard free Z[Z/2]-resolution of Z is the chain complex Ŵ
given by:

Ŵs = Z[Z/2] = Z{1s, Ts} for s ∈ Z,

and
d
Ŵ

= (1 + (−1)sT ) : Ŵs → Ŵs−1,

so that we have

Ŵ := · · · 1−T−−−→ Z[Z/2]
1+T−−−→ Z[Z/2]

1−T−−−→ Z[Z/2]
1+T−−−→ Z[Z/2]

1−T−−−→ · · · .

We have a degreewise split short exact sequence of chain complexes

(14.7) 0→ Σ−1W−∗ → Ŵ →W → 0,

where

(14.8) (Σ−1W−∗)s → Ŵs is

{
+1 s ≡ 1, 2 (4);

−1 s ≡ 0, 3 (4),

and the map Ŵ →W is the projection. See Appendix for the sign conventions
in Σ−1W−∗ which force the signs in (14.8).

Definition 14.9 (W -complexes). Let C be a chain complex in R-CH and
let T be the involution on C ⊗R C from (14.3). The complex W%(C) of the
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“homotopy fixed points” of the involution T , the complex W%(C) of “ho-

motopy orbits” of T and the “Tate” complex Ŵ%(C) of T are the following
chain complexes of abelian groups:

W%(C) := W ⊗Z[Z2] (C ⊗R C) ∼= homZ[Z2](W
−∗, C ⊗R C),

W%(C) := homZ[Z2](W,C ⊗R C),

Ŵ%(C) := homZ[Z2](Ŵ , C ⊗R C).

For C and D in R-CH and a chain map f : C → D the map of Z[Z/2]-chain
complexes f ⊗ f : C ⊗R C → D ⊗R D induces chain maps

f% : W%(C)→W%(D), f% : W%(C)→W%(D), f̂% : Ŵ%(C)→ Ŵ%(D).

Remark 14.10. The functors C 7→W%(C), C 7→W%(C) and C 7→ Ŵ%(C)
are homotopy functors from R-CH to Z-CH. Also they take bR-CHfgp to
bZ-CHfgp. The first two functors do not preserve direct sums, nor the cofibra-

tion sequences, but the functor Ŵ%(C) does. We will come to these properties
later in Subsection 14.2.3.

We come straight to the definition of structures on chain complexes that
generalise ε-symmetric bilinear forms and ε-quadratic forms. As already indi-
cated, we will need one more auxiliary type of structure which does not have
a straightforward analogue on modules. These hyperquadratic structures will
be used to study the difference between the symmetric and quadratic struc-
tures.

Definition 14.11 (Structured chain complexes). Let C be a chain com-
plex in hR-CHfgp.

An n-dimensional symmetric structure on C is a cycle ϕ ∈W%(C)n.
An n-dimensional quadratic structure on C is a cycle ψ ∈W%(C)n.

An n-dimensional hyperquadratic structure on C is a cycle θ ∈ Ŵ%(C)n.
The pair (C,ϕ) is called an n-dimensional symmetric complex .
The pair (C,ψ) is called an n-dimensional quadratic complex .
The pair (C, θ) is called an n-dimensional hyperquadratic complex .

Note that the dimension n refers only to the degree of the element ϕ, ψ,
or θ and does not mean that the chain complex C has to be concentrated
between degrees 0 and n.

Remark 14.12 (Various versions of structured chain complexes).
Our Definition 14.11 differs from definitions in [197] in two aspects. In [197,
page 102] homology classes are called structures and only chain complexes
that are homotopy equivalent to chain complexes between dimensions 0 and
n were considered.
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On the other hand in [201, Definition 1.6] structures are cycles and chain
complexes in bR-CHfgp are considered (and denoted B(R)).

The cycle definition is more convenient from certain points of view,
for example in the theory of normal complexes presented in [201, §3] and
in [256], [257]. For us the difference will play no role. It turns out that the
class of a structured chain complex in a symmetric or quadratic L-group only
depends on the homology class.

The dimension restrictions do make a difference, the resulting theories have
different periodicity properties, see [201, Example 1.11] for more explanation.

Remark 14.13 (The role of ε = ±1.). Although we suppress it from the
notation the unit ε = ±1 plays a role in Definition 14.11 because it is used
in (14.3). Recall that ε was used in Chapters 7 and 8 to treat the groups
Ln(R) simultaneously for n ≡ 0, 2 (4) and for n ≡ 1, 3 (4). In the chain
complex treatment it is possible to work all the time with ε = 1. However, by
including ε = ±1 we are able to treat the groups Ln(R) simultaneously for
n and n+ 2 via the skew-suspension map of Section 14.5. In particular when
identifying the groups defined by forms or formations with those defined by
chain complexes we only need to consider two cases, see also Section 14.3.

Remark 14.14 (Structures in terms of components). When we write
out the structures on C from Definition 14.11 in terms of their components
we obtain the following equations.

Let ϕ ∈W%(C)n be an n-dimensional symmetric structure on C. Denoting
ϕs = ϕ(1s) where 1s ∈Ws = Z[Z/2] = Z{1s, Ts} we see that ϕ is a collection
of chains {ϕs ∈ (C ⊗R C)n+s | s ∈ N} satisfying

(14.15) dC⊗RC(ϕs) = (−1)n(ϕs−1 + (−1)sT (ϕs−1)) ∈ (C ⊗R C)n+s−1.

These describe ϕ0 as a cycle and each ϕs for s ≥ 1 as a path between ϕs−1

and T (ϕs−1) (or their negatives).
Let ψ ∈ W%(C)n be an n-dimensional quadratic structure on C. Writing

out ψ = Σs≥0(1s ⊗ ψs) we obtain that ψ becomes a collection of chains
{ψs ∈ (C ⊗R C)n−s | s ∈ N} satisfying

(14.16) dC⊗RC(ψs) = T (ψs+1) + (−1)s+1ψs+1 ∈ (C ⊗R C)n−s−1.

These identities describe each ψs−1 as a path between ψs and T (ψs) (or their
negatives).

Let θ ∈ Ŵ%(C)n be an n-dimensional hyperquadratic structure on C.
Denoting θs = θ(1s) we see that θ is {θs ∈ (C ⊗R C)n+s|s ∈ Z}, a collection
of chains satisfying

(14.17) dC⊗RC(θs) = (−1)n(θs−1 + (−1)sT (θ)s−1) ∈ (C ⊗R C)n+s−1.

These identities describe each θs as a path between θs−1 and T (θ)s−1 (or
their negatives) for all s ∈ Z.
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Note that when C ∈ bR-CHfgp in each case only a finite number of
components is (up to homotopy) non-zero, since then we also have that
(C ⊗R C) ∈ bZ[Z/2]-CHfgp.

Also note that in view of the definition of C ⊗R C each of ϕs, ψs, θs also
consists of components which we will later index by r. As an exercise the
reader may try to write out the corresponding formulas in terms of these
components.

Recall that for C ∈ R-CH we have the slant chain map (13.25)

−\− : C ⊗R C → homR(C−∗, C)

which is an isomorphism if C ∈ bR-CHfgp and a chain equivalence if
C ∈ hR-CHfgp. Therefore the identities from Remark 14.14 can be rephrased
as identities with chains ϕs, ψs, θs represented by collections of R-module
morphisms. If we have C ∈ bR-CHfgp, then having the collections of these
R-module morphisms is equivalent to giving a respective structure. Before
we do that we need to recall what do our sign conventions from Chapter 13
tell us about the relationship between the functors hom and Σ.

Observe first that we have isomorphisms

(14.18) Σ homR(C,D)→ homR(C,ΣD) f 7→ f ;

and

(14.19) Σ homR(C,D)→ homR(Σ−1C,D) f 7→ (−1)|f |f.

The sign conventions for chain maps and chain homotopies guarantee that
for n ∈ Z we have:

Hn(homR(C,D)) = {htpy classes of chain maps of degree n from C to D}
= H0(homR(ΣnC,D)) = {htpy classes of chain maps from ΣnC to D}.

Recall now the dual R-chain complex C−∗ from (13.18), see also Re-
mark 14.4. We will often work with the R-chain complex Cn−∗ = ΣnC−∗.
By our conventions we we have

(Cn−∗)p = (Cn−p)
∗ = homR(Cn−p, R)

and
(dCn−∗)p = (−1)p+1 · (cn−p+1)∗ : (Cn−p)

∗ → (Cn−p+1)∗.

Our conventions for chain maps mean that we have that a R-chain chain
map g : Cn−∗ → D is a collection g = {gp : (Cn−p)

∗ → Dp | p ∈ Z} satisfying

0 = dp ◦ gp + (−1)p · gp−1 ◦ (c∗n−p+1) : (Cn−p)
∗ → Dp−1.
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Remark 14.20 (Structures in terms of components as R-modules
morphisms). By the above conventions the promised identities from Re-
mark 14.14 with chains ϕs, ψs, θs represented as collections of R-module
morphisms look as follows.

A cycle ϕ ∈W%(C)n gives a collection of maps {ϕs : Cn+s−∗ → C|s ∈ N}
satisfying

(14.21) dCϕs − (−1)n+sϕsdC−∗ = (−1)n(ϕs−1 + (−1)sT (ϕ)s−1).

These identities describe ϕ0 as a chain map and each ϕs for s ≥ 1 as a chain
homotopy between ϕs−1 and T (ϕ)s−1 (or their negatives).

Recall again that each ϕs is itself a collection of R-module homomor-
phisms. In terms of the components (ϕs)r : Cn+s−r → Cr the formula above
becomes

(14.22) dC(ϕs)r+1 − (−1)r(ϕs)rd
∗
C =

= (−1)n(ϕs−1)r + (−1)t(n,s,r)ε ev−1(ϕs−1)∗n−1+s−r : Cn−1−r+s → Cr

where t(n, r, s) = r · (n− 1 + s− r) + 1.
A cycle ψ ∈W%(C)n gives a collection of maps {ψs : Cn−s−∗ → C|s ∈ N}

satisfying

(14.23) dCψs − (−1)n−sψsdC−∗ = T (ψ)s+1 + (−1)s+1ψs+1.

These identities describe each ψs−1 as a chain homotopy between ψs and
T (ψ)s.

Similarly as above in terms of the components (ψs)r : Cn−s−r → Cr the
formula above becomes (and we will need this):

(14.24) dC(ψs)r+1 − (−1)r(ψs)rd
∗
C =

= (−1)t(n,r,s)ε ev−1(ψs+1)∗n−s−r−1 + (−1)s+1(ψs+1)r : Cn−1−s−r → Cr

where now t(n, r, s) = r · (n− 1 + s− r) + n+ s+ 1.

Finally a cycle θ ∈ Ŵ%(C)n gives a collection {θs : Cn+s−∗ → C|s ∈ Z}
satisfying

(14.25) dCθs − (−1)n+sθsdC−∗ = (−1)n(θs−1 + (−1)sT (θ)s−1)

or in terms of the components (θs)r : Cn+s−r → Cr:

(14.26) dC(θs)r+1 − (−1)r(θs)rd
∗
C =

= (−1)n(θs−1)r + (−1)t(n,s,r)ε ev−1(θs−1)∗n−1+s−r : Cn−1−r+s → Cr.

These identities describe each θs as a chain homotopy between θs−1 and
T (θ)s−1 (or their negatives) for all s ∈ Z.
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Note that if C is in bR-CHfgp, then only finitely many of them are non-
zero, since C is bounded. If C is in bR-CHfgp the same holds up to homotopy.

Definition 14.27 (Q-groups). For a C in R-CH the Q-groups of C are
defined by

Qn(C) = Hn(W%(C)), Qn(C) = Hn(W%(C)), Q̂n(C) = Hn(Ŵ%(C)).

Remark 14.28 (Q-groups are group (co-)homology groups). It might
be helpful to think about these groups in terms of group co-homology, since
we have

Qn(C) ∼= Hn(Z/2;C ⊗R C);

Qn(C) ∼= Hn(Z/2;C ⊗R C);

Q̂n(C) ∼= Ĥn(Z/2;C ⊗R C).

The relationship between these structures is described by the following
proposition. It will be further elaborated on in Section 14.2.3.

Proposition 14.29 (The long exact sequence of Q-groups). For a
chain complex C in R-CH we have a long exact sequence of Q-groups

. . . // Qn(C)
1+T // Qn(C)

J // Q̂n(C)
H // Qn−1(C) // . . .

Proof. The sequence is induced from the short exact sequence of chain com-
plexes

(14.30) 0 // W%(C) // Ŵ%(C) // ΣW%(C) // 0

which comes from the degreewise split short exact sequence (14.7) by applying
the functor homZ[Z/2](−, C ⊗R C). ut

The connecting map

(14.31) 1 +T : W%(C)→W%(C) ((1 +T )ψ)s =

{
(1 + T )ψ0 if s = 0;

0 if s ≥ 1,

is called the symmetrisation map.

Corollary 14.32 (Relating structures on a fixed chain complex). For
a chain complex C in bR-CHfgp we have a homotopy cofibration sequence of
chain complexes

W%(C)
1+T−−−→W%(C)

J−→ Ŵ%(C).

Remark 14.33 (Recipe for a quadratic structure, version 1). Corol-
lary 14.32 is the most convenient formulation of the relationship between
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symmetric and quadratic structures on a fixed chain complex C in bR-CHfgp,
since it tells us that in order to produce a quadratic structure on C it is
enough to produce a symmetric structure together with a hyperquadratic
null-homology of this symmetric structure in the chain complex of hyper-
quadratic structures. This statement will be further simplified in the following
section, see Remark 14.77.

Remark 14.34 (Recipe for a quadratic structure in components,
version 1). Let us see concretely what it means for an n-dimensional sym-

metric structure ϕ ∈ W%(C)n to have a null-homology θ ∈ Ŵ%(C)n+1. It
means that we have the equation:

(14.35) d(θ) = J(ϕ) ∈ Ŵ%(C)n

Written out in coordinates we have

(14.36) dC⊗RC(θs)− (−1)n(θs−1 + (−1)sT (θ)s−1) = ϕs ∈ (C ⊗R C)n+s

for all s ≥ 0. In particular for s = 0 we have that

(−1)n(1 + T )θ−1 ∼ ϕ0 ∈ (C ⊗R C)n

where the symbol ∼ means “homologous”. And we see that defining

ψs := ±θ−1−s for s ≥ 0

provides us with a quadratic structure which symmetrises to a structure
homologous to ϕ.

14.2.2 The Symmetric Construction

Now we present the geometric situation which produces a symmetric chain
complex.

Construction 14.37 (The symmetric construction, Section 1 in [198]).
Let X be a topological space with the singular chain complex C(X).

The Alexander-Whitney diagonal approximation is a chain map

ϕX : C(X)→W%(C(X)),

called the symmetric construction on X, such that for every n-dimensional
cycle [X] ∈ C(X), the component ϕX([X])0 : Cn−∗(X) → C(X) is the cap
product with the cycle [X].

The construction of ϕX is via the standard acyclic models theory. It is the
same construction that underlies the construction of Steenrod squares and it
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is well described in detail for example in the standard textbook [29, Chapter
VI.1, VI.4 and VI.16]. We summarise briefly.

Recall that an Alexander-Whitney diagonal map is a chain map of degree 0
of the shape

(14.38) ∆0 : C(X)→ C(X)⊗ C(X)

which equals the actual diagonal on the 0-chains. Such a map exists by acyclic
models, but there is no canonical choice. On the other hand precisely because
it is constructed by acyclic models the choices that one has to make can be
made independently of X and hence there exists a choice such that ∆0 is
natural in X. Furthermore it can be shown that all the choices of ∆0 are
naturally chain homotopic.

However ∆0 is not equivariant with respect to the trivial Z/2-action on
the source and the switch involution on the target. On the other hand the
composition T ◦∆0 is another diagonal approximation and so there is a chain
homotopy ∆1 : ∆0 ' T ◦∆0. This process can be iterated and at the end we
obtain a sequence of maps of degree s

(14.39) ∆s : C(X)→ C(X)⊗ C(X)

for s ≥ 0 such that

(14.40) d∆s+1 + (−1)s∆s+1d = (T + (−1)s+1)∆s.

These can be put together to a chain map of degree 0 as follows.

∆X : W ⊗ C(X)→ C(X)⊗ C(X)

1s ⊗ x 7→ ∆s(x)
(14.41)

The symmetric construction map ϕX is defined to be the adjoint of ∆X . By
the above discussion it can be chosen natural in X. Furthermore, since ∆0 is
the diagonal approximation in the sense of [29, Chapter VI.4] it defines the
cup product on the cochain complex of X and via the slant homomorphism
also the cap product. The maps ∆s for s ≥ 1 are used to construct Steenrod
squares; see [29, Chapter VI.16]. We will use this interpretation explicitly in
Section 14.2.10.

Construction 14.42 (The symmetric construction – equivariant version,
Section 1 in [198]). The symmetric construction has an equivariant version

as follows. Let X̃ be the universal cover of the connected CW -complexX. We
abbreviate π = π1(X). The singular chain complex C(X̃) is a chain complex

over Zπ. The symmetric construction ϕX̃ on X̃ is a chain map of Zπ-modules.
Applying Z⊗Zπ− we obtain a chain map of chain complexes of abelian groups

(14.43) ϕX : C(X)→W%(C(X̃)) = homZ[Z/2](W,C(X̃)⊗Zπ C(X̃)),
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still called the symmetric construction of X, and such that for every cycle
[X] ∈ C(X), the component ϕ([X])0 : Cn−∗(X̃) → C(X̃) is the cap product
with the cycle [X], but now ϕ([X])0 is a map of Zπ-chain complexes. There
is also a version of it for pointed spaces where one works with the reduced
chain complex C̃(X̃).

The examples of quadratic and hyperquadratic structures arising from
geometry are relegated to Section 14.2.7.

14.2.3 Operations on Structured Chain Complexes

Next we would like to define operations on structured chain complexes, which
correspond to products and suspensions of topological spaces. The products
are needed to establish the homotopy invariance of the functors from Sec-
tion 14.2.1 and the suspension is needed in order to bring stable homotopy
theory into the game. This will then be used to obtain quadratic complexes
from geometric situations in Section 14.2.7.

14.2.4 Products

Section 14.2.2 tells us that we can informally think of an n-dimensional sym-
metric structure on a chain complex C as of a topological space together with
a choice of an n-dimensional cycle in the singular chain complex, the choice
of a cup product on the chain level, the choice of a homotopy between the cup
product and its composition with the switch map and choices of higher homo-
topies. Another way of thinking about these data is as of a Z/2-equivariant
map from S∞ to X ×X.

As already mentioned these data are also used in the standard construc-
tion of Steenrod squares. Recall that for Steenrod squares one has the Cartan
formula which describes the Steenrod squares on a product, see [29, Chap-
ter VI, Proposition 15.1]. A crucial ingredient in the proof is the diagonal
map for the resolution W which can be thought of as a Z/2-equivariant di-
agonal approximation for S∞. In [29] a mod 2 formula for such a diagonal
approximation is implicit on page 419 (the map Dn). An explicit formula
from the paper [197, Section 8] is extracted from the more general case de-
scribed in [46, Chapter XII] together with an explicit formula for a diagonal

map of the periodic resolution Ŵ .
Another way of thinking about the products below is in view of Re-

mark 14.28 as about the products in group co-homology.
We recall the formulas for the diagonal maps now. In the notation the

r-th module Wr, respectively Ŵr, is identified as Z[Z/2] ∼= Z{1r, Tr} and ⊗̂
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denotes the completed tensor product as in [36, Chapter VI.5] to indicate we
work with “infinite chains”:

∆ : W →W ⊗W 1s 7→
s∑
r=0

(−1)r(s−r) 1r ⊗ T rs−r;(14.44)

∆ : Ŵ → Ŵ ⊗̂Ŵ 1s 7→
∞∑

r=−∞
(−1)r(s−r) 1r ⊗ T rs−r.(14.45)

We note that the formulas look slightly different than those in the pa-
per [197, Section 8] due to the fact that we have a different convention for
the differential in the tensor product of chain complexes.

Using these we define products for structured chain complexes. To obtain
the ones involving quadratic structures we recall that we can view quadratic
structures as cycles in

W%(C) = W ⊗Z[Z2] (C ⊗R C) ∼= homZ[Z2](W
−∗, C ⊗R C).

The diagonal (14.45) restricts to another diagonal

(14.46) ∆ : W−∗ →W ⊗̂W−∗ 1−s 7→
∞∑
r=0

(−1)r(−s−r) 1r ⊗ T r−s−r,

where s ≥ 0.

Definition 14.47 (Products of structures on chain complexes).
The products:

−⊗− : W%(C)⊗W%(D)→W%(C ⊗D);(14.48)

−⊗− : Ŵ%(C)⊗ Ŵ%(D)→ Ŵ%(C ⊗D);(14.49)

−⊗− : W%(C)⊗W%(D)→W%(C ⊗D),(14.50)

are defined via the formula (the “same” one in all cases):

(14.51) ϕC ⊗ ϕD 7→ (idC ⊗sw⊗ idD)(ϕC ⊗ ϕD) ◦∆.

where sw: C ⊗R D → D ⊗R C is the switch map (13.15).

Note that these products admit a kind of unit. It is the 0-dimensional
symmetric chain complex [0]Z, given by a chain complex concentrated in
dimension 0 with the value Z and with the symmetric structure given by
ν = 1 ∈ ([0]Z⊗ [0]Z)0

∼= Z.
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14.2.5 Homotopy Invariance

As the first application of these products let us show that the functors
W%(−), W%(−), and Ŵ%(−) are homotopy functors. Observe that a chain
homotopy h : f ' g : C → D does not give rise to a canonical chain homotopy
of the maps

f ⊗ f : C ⊗ C → D ⊗D and g ⊗ g : C ⊗ C → D ⊗D

and so we do not obtain a canonical homotopy between f% and g% just by
simple concatenation with such a hypothetical homotopy.

Therefore we proceed as follows.1 We use notation from Chapter 13, in
particular, we denote by I the cellular chain complex of the 1-simplex ∆1

and by ij : [0]Z→ I for j = 0, 1 the inclusions of the two ends. Recall that a
chain homotopy h : f0 ' f1 : C → D between chain maps f0, f1 can be seen
as a chain map h̄ : I⊗C → D which restricts to f0 and f1 upon precomposing
with the inclusions i0 and i1.

Now choose once and for all a 1-chain ω ∈W%(I) such that

dW%(I)(ω) = i%1 (ν)− i%0 (ν).

The choice of ω is equivalent to choosing a chain map ω̄ : I →W%(I) whose
restrictions to ∂I coincide with the push-forwards of ν. Then observe that a
chain homotopy h : f0 ' f1 induces the chain homotopies h%, h% and ĥ%:

I ⊗W%(C)
ω̄⊗−−−−→W%(I)⊗W%(C)→W%(I ⊗ C)

h̄%

−−→W%(D);(14.52)

I ⊗W%(C)
ω̄⊗−−−−→W%(I)⊗W%(C)→W%(I ⊗ C)

h̄%

−−→W%(D);(14.53)

I ⊗ Ŵ%(C)
ω̄⊗−−−−→W%(I)⊗ Ŵ%(C)→ Ŵ%(I ⊗ C)

h̄%

−−→ Ŵ%(D).(14.54)

Remark 14.55 (A choice of ω). One choice of ω is as follows. Denote the
non-degenerate simplices of ∆1 by: σ01 for the 1-simplex and σ1, σ0 for the
two 0-simplices so that we have d(σ01) = σ1 − σ0. Define

ω0 := σ01 ⊗ σ0 + σ1 ⊗ σ01 ∈ (I ⊗ I)1;

ω1 := −σ01 ⊗ σ01 ∈ (I ⊗ I)2.

Then we have

d⊗(ω0) = σ1 ⊗ σ1 − σ0 ⊗ σ0 = i%1 (ν)− i%0 (ν);

d⊗(ω1) = −[σ1 ⊗ σ01 − σ0 ⊗ σ01 − σ01 ⊗ σ1 + σ01 ⊗ σ0] = T (ω0)− ω0.

1 The reader might review the relevant definitions from Chapter 13, especially the equiv-

alence between the chain homotopy h and the chain map h̄ in Subsection 13.2.1
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To be able to write down explicit formulas consider the chain complex
Ct ⊗R C and define µ1 and µ2 to be the degreewise homomorphisms (not
chain maps)

(14.56) µ1 : Ct ⊗R C → C ⊗R C x⊗ y 7→ (−1)|x| · x⊗ y,

and

(14.57) µ2 : Ct ⊗R C → C ⊗R C x⊗ y 7→ (−1)|y| · x⊗ y.

Remark 14.58 (Formulas for h%, h% and ĥ%). For the particular choice
of ω as in Remark 14.55 we obtain the formulas:

h%(ϕ)s = (h⊗ f0)(ϕs) + (f1 ⊗ h)(ϕs) + (−1)s(h⊗ h)(µ1T (ϕs−1));(14.59)

h%(ψ)s = (h⊗ f0)(ψs) + (f1 ⊗ h)(ψs) + (−1)s(h⊗ h)(µ1T (ψs+1);(14.60)

ĥ%(θ)s = (h⊗ f0)(θs) + (f1 ⊗ h)(θs) + (−1)s(h⊗ h)(µ1T (θs−1)),(14.61)

where µ1 comes into play because of the use of the switch map in the for-
mula (14.51).

Exercise 14.62. Notice that another choice in Remark 14.55 would be ω′

with ω′s = T (ωs) for s = 0, 1. Find the corresponding modification of the
formulas from Remark 14.58.

14.2.6 The Suspension Map

In this section we define the suspension maps for structured chain complexes.
The definition is designed to be compatible with the suspension of topological
spaces, see Proposition 14.69). As we mentioned in the introduction to this
chapter this is desirable because of Browder’s idea of employing suspensions
to obtain quadratic refinements [35, Chapter III]. However, his definition of
the quadratic refinement in terms of functional Steenrod squares is involved.

On the other hand in algebraic surgery we have two relatively straightfor-
ward ways to see the relation between the suspension and quadratic refine-
ments. One way is to study abstractly the behavior of the functors W%(−),

W%(−) and Ŵ%(−) with respect to the suspension maps, this leads us
to Corollary 14.78 which reformulates Corollary 14.32 entirely in terms of
quadratic and symmetric structures. The second way is to look at the con-
crete formulas in terms of components for the suspension maps as given in
Remark 14.67. Using these formulas one can directly construct a quadratic
refinement of a symmetric structure whose suspension is null-homologous as
described in Remark 14.79.
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Definition 14.63 (The suspension maps). The suspension maps

S : ΣW%(C)→W%(ΣC);(14.64)

S : ΣW%(C)→W%(ΣC);(14.65)

S : ΣŴ%(C)→ Ŵ%(ΣC),(14.66)

are defined as follows. Consider the collapse map I ⊗ C → ΣC as the chain
homotopy from 0 and itself. Then the product map (14.52) uniquely factors
through a map ΣW%(C) → W%(ΣC). This is the desired map. Similarly
the two other cases.

Remark 14.67 (Formulas for the suspension maps). For the choice of
ω from Remark 14.55 the formula for the suspension S(ϕ) is an (n + 1)-
dimensional symmetric structure on ΣC given by

(Sϕ)0 = 0;

(Sϕ)s+1 = (−1)s+1µ1T (ϕs) s ≥ 0.

We note that the fact that the 0-th component is zero corresponds to the
well-known observation from algebraic topology that cup products vanish on
suspensions. It also shows that S : ΣW%(C)→W%(ΣC) is not surjective.

For quadratic structures we obtain

(Sψ)s−1 = (−1)s−1µ1T (ψs) s ≥ 1.

From the formula we see that the map S : ΣW%(C) → W%(ΣC) is not
injective.

For hyperquadratic structures we obtain

(Sθ)s+1 = (−1)s+1µ1T (θs) s ∈ Z.

From the formula we see that the map S : ΣŴ%(C) → Ŵ%(ΣC) is bijec-
tive. That this map is a chain homotopy equivalence will be reproved below
without explicit formulas.

The occurrence of T is caused by the occurrence of T in the formulas
of Remark 14.58, which is in turn forced by the choices of ∆ and ω. It is
possible to make these choices so that T does not occur in the suspension
formulas, but then we would pay for this at another place. Hence we consider
the occurrence of T in them to be an acceptable irritation. In [197] the
corresponding formulas are to be found on page 106 and in [256] on page
159.

Exercise 14.68. Check that S(ϕ) is indeed an (n+1)-dimensional symmetric
structure on ΣC, that means to check that it is a cycle in W%(ΣC).



524 14 Algebraic Surgery

We have already mentioned that the suspension map (14.64) corresponds
to the suspension of topological spaces. This is made precise by the following
lemma which links the symmetric construction ϕX on a topological space X
from (14.43) with the symmetric construction ϕΣX on its suspension.

Proposition 14.69 (Suspension maps for symmetric complexes ver-
sus suspensions of spaces). [198, page 201] For every space X there exists
a natural chain homotopy ΓX as follows:

ΣC(X)
S◦Σ(ϕX) //

Σ

��

ΓX

))

W%(ΣC(X))

Σ%

��
C(ΣX)

ϕΣX
// W%(C(ΣX))

The proof uses acyclic models. The proposition can be viewed as a special
case of commuting between products and symmetric constructions, and as
such the proof is analogous to the proof of Cartan formula for Steenrod
squares.

We remark that there exists another commutative diagram relating the
algebraic and topological suspension which commutes strictly as can be seen
from the definitions:

ΣW%(C(X))
S //

Σ%

��

W%(ΣC(X))

Σ%

��
ΣW%(Σ−1C(ΣX))

S
// W%(C(ΣX)).

(14.70)

Remark 14.71. One may ask whether the functors W%(−), W%(−), and

Ŵ%(−) send a cofibration sequence of bounded finitely generated projec-
tive R-chain complexes to a homotopy cofibration sequence. The answer is
negative for W%(−) and W%(−), but is positive for Ŵ%(−).

Let C
i−→ D

p−→ be a cofibration sequence of bounded finitely generated
projective R-chain complexes. Recall that this means that we have an exact

sequence of bounded chain complexes 0 → C
i−→ D

p−→ E → 0 which yields
in each degree a split short exact sequence of finitely generated projective
modules. The induced sequence of Z[Z/2]-chain complexes

(14.72) C ⊗ C i⊗i−−→ D ⊗D p⊗p−−→ E ⊗ E

is not short exact because we might have Q := ker(p ⊗ p)/ im(i ⊗ i) 6= 0.
This is the reason why the answer is negative for W%(−), and W%(−). The
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answer for Ŵ%(−) is positive by the following additional observation which

works only for Ŵ%(−).
At least i ⊗ i is split injective and p ⊗ p is split surjective. Hence we get

cofibration sequences of bounded finitely generated projective Z[Z/2]-chain

complexes C ⊗C i⊗i−−→ ker(p⊗ p) q−→ Q and ker(p⊗ p)→ D⊗D p⊗p−−→ E ⊗E.
They induce cofibration sequences of Z-chain complexes

Ŵ%(C)→ homZ[Z/2](W, ker(p⊗ p))→ homZ[Z/2](W,Q);

homZ[Z/2](W, ker(p⊗ p))→ Ŵ%(D)→ Ŵ%(E).

Hence the sequence Ŵ%(C)
Ŵ%(i)−−−−→ Ŵ%(D)

Ŵ%(p)−−−−→ Ŵ%(E) is a homotopy

cofibration with respect to the trivial nullhomotopy for Ŵ%(p) ◦ Ŵ%(i) = 0

if we can show that homZ[Z/2](W, ker(p⊗ p))→ Ŵ%(D) is a chain homotopy
equivalence, see Lemma 13.52 (i). For this purpose it suffices to show that C⊗
C

i⊗i−−→ ker(p⊗ p) is a Z[Z/2]-chain homotopy equivalence. This is equivalent
to the assertion that the homology of Q is trivial since Q is bounded and
projective, see Proposition 13.44 (ii).

We will use a variant of Shapiro’s lemma from homological algebra. Let
G be a finite group with a subgroup H < G. A Z[G]-module N is called
induced if N ∼= Z[G] ⊗Z[H] M for some Z[H]-module M . Shapiro’s lemma

says that then Ĥ∗(H,M) ∼= Ĥ∗(G,N) [36, (5.2)]. If H = {1}, then we have

Ĥ∗(G,N) = 0 for all ∗ ∈ Z.
LetH = {1} andG = Z/2 and let E be a chain complex in bR-CHfgpZ[Z/2]

such that each Er is an induced Z[Z/2]-module. Then an inductive argument

as in [72, Anhang Proposition 2.1] shows that Ĥ∗(Z/2;E) = 0 for all ∗ ∈ Z.
Now the claim follows since Q := ker(p ⊗ p)/ im(i ⊗ i) is in fact degreewise
coinduced over Z[Z/2].

Exercise 14.73. Show that the functor Ŵ%(−) sends a homotopy cofibra-
tion sequence of bounded finitely generated projective chain complexes to a
homotopy cofibration sequences.

Next we consider the behavior of the functors W%(−), W%(−) and Ŵ%(−)
with respect to the suspension maps. The simplest situation is in the case of
hyperquadratic structures, we follow [256, Section 1] closely.

Proposition 14.74 (Suspension is a homotopy equivalence on hyper-
quadratic structures). For C ∈ hR-CHfgp the suspension map

S : ΣŴ%(C)→ Ŵ%(ΣC)

is a chain homotopy equivalence.

Proof. We can assume without loss of generality C ∈ bR-CHfgp because of ho-
motopy invariance, see Subsection 14.2.5. We get from Remark 14.71 applied
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to the canonical cofibration sequence C → cone(C)→ ΣC a homotopy cofi-

bration sequence Ŵ%(C) → Ŵ%(cone(C)) → Ŵ%(ΣC). We conclude from

homotopy invariance, see Subsection 14.2.5 that Ŵ%(cone(C)) is contractible
as the mapping cone cone(C) is contractible. Hence the boundary map in

the long exact homology sequence of Ŵ%(C) → Ŵ%(cone(C)) → Ŵ%(ΣC)

yields isomorphism Hn(Ŵ%(ΣC))
∼=−→ Hn−1(Ŵ%(C)) = Hn(ΣŴ%(C)). We

leave it to the reader to check that the composition of it with the map
Hn(S) : Hn(ΣŴ%(C)) → Hn(Ŵ%(ΣC)) is the identity. Hence the chain

map S : ΣŴ%(C) → Ŵ%(ΣC) induces an isomorphism on homology and
hence is a chain homotopy equivalence by Proposition 13.44 (ii). ut

The analogous propositions for the symmetric and quadratic structures do
not hold. Although we will not use it, we describe the failure of the suspension
map to be a chain equivalence in the following proposition. We need some
notation. For −∞ ≤ i ≤ j ≤ ∞ let W [i, j] be the truncation of Ŵ given by

W [i, j]s = Ŵs for i ≤ s ≤ j.

Proposition 14.75 (Suspension on symmetric structures fails to be
a homotopy equivalence). For C ∈ bR-CHfgp we have a short exact se-
quence

0→ ΣW%(C)
S−→W%(ΣC)

proj−−→ ΣC ⊗ΣC → 0.

Proof. The map
proj : W%(ΣC)→ ΣC ⊗ΣC

is given as follows. Consider the inclusion W0 →W . It induces the projection
W%(ΣC)→ homZ[Z/2](W0, ΣC⊗ΣC). But the target is isomorphic to ΣC⊗
ΣC. This projection map obviously just takes the 0-th component ϕ0.

The first step in the proof is to observe that the suspension map factors
as

ΣW%(C)→ homZ[Z/2](W [1,∞], ΣC ⊗ΣC)→W%(ΣC)

This follows for example from the explicit formula in Remark 14.67. From the
formula one also sees that if we have an (n + 1)-cycle ϕ̄ in W%(ΣC) whose
0-th component ϕ̄0 is zero, then we can define ϕ such that ϕ̄ = S(ϕ). ut

Finally, there is a further corollary, which is the main device for producing
quadratic structures. In the next subsection it will be used in a geometric
situation.

Corollary 14.76 (Hyperquadratic structures are stable symmetric
structures). For a chain complex C ∈ hR-CHfgp we have a zig-zag of chain
homotopy equivalences

Ŵ%(C)
' // colimk→∞Σ−kŴ%(ΣkC) colimk→∞Σ−kW%(ΣkC),

'oo



14.2 Structured Chain Complexes 527

where the colimits are taken over the maps coming by applying Σ−l to the
the suspension maps appearing in Definition 14.63.

Proof. We can assume without loss of generality C ∈ bR-CHfgp because of
homotopy invariance, see Subsection 14.2.5. We have for any k ≥ 0 the com-
mutative diagram

0 // W%(C)

Sk

��

// Ŵ%(C)

Sk

��

// ΣW%(C)

Sk

��

// 0

0 // Σ−kW%(ΣkC) // Σ−kŴ%(ΣkC) // Σ−k+1W%(ΣkC) // 0

whose rows are short exact sequences, (the bottom one is a short exact
sequence because it is obtained just by reindexing another short exact se-
quence). The middle arrow is a homotopy equivalence by Proposition 14.74.
Next we observe that an n-dimensional quadratic structure ψ = {ψs}s≥0 on a
chain complex C has its component ψs contained in (C⊗RC)n−s. Its k-th sus-
pension Sk(ψ) has its component S(ψ)s contained in (ΣkC⊗RΣkC)n+k−s ∼=
(C⊗RC)n−k−s. But now if C is concentrated between dimensions, say, l and
m, with l < m, then C ⊗R C is concentrated between dimensions 2l and 2m.
For fixed n and for k >> 0 we see that Sk(ψ)s is contained in a zero module
for all s ≥ 0 and so is a zero quadratic structure. This means that

colimk→∞Σ−kW%(ΣkC) ' 0

and the result follows. ut

Remark 14.77 (Recipe for a quadratic structure, version 2). The
usefulness of Corollary 14.76 is best seen together with the statement of
Corollary 14.32. It tells us that in order to produce a quadratic structure on
a chain complex C it is enough to produce a symmetric structure together
with a null-homology of some suspension of this symmetric structure. Of
course such a null-homology might not exist, in which case the symmetric
structure does not come from a quadratic structure. However, as we will see
in Subsection 14.2.7 that there are geometric situations where this procedure
can be used effectively.

We formulate the above remark into a corollary as follows.

Corollary 14.78 (Quadratic versus symmetric versus stable sym-
metric structures). For a chain complex C ∈ hR-CHfgp we have a ho-
motopy cofibration sequence of chain complexes

W%(C)
1+T−−−→W%(C)

Sk−−→ colimk→∞Σ−kW%(ΣkC)

where the colimit is taken over the maps coming by applying Σ−l to the the
suspension maps appearing in Definition 14.63.
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Proof. The sequence is obtained from Corollary 14.32 by replacing the hyper-
quadratic structures with stable symmetric structures using Corollary 14.76.

From the diagram in the proof of Corollary 14.76 we see that the zig-zag
of chain homotopy equivalences identifying the hyperquadratic structures as
stable symmetric structures fits into a commutative square with the map
J : W%(C)→ Ŵ%(C) and the map Sk : W%(C)→ colimk→∞Σ−kW%(ΣkC).
Now the statement follows from Lemma 13.52 (i). ut

Remark 14.79 (Recipe for a quadratic structure in components,
version 2). Let us see concretely what it means for an n-dimensional sym-
metric structure ϕ ∈W%(C)n to possess a null-homology of its suspension

Sk(ϕ) ∼ 0 ∈W%(ΣkC)n+k

We start with the case k = 0. Then ϕ ∼ 0 ∈ W%(C)n means that there
exists θ ∈W%(C)n+1 such that ϕ = dW%(C)(θ). The latter equation implies

ϕ0 = dCθ0 − (−1)nθ0dC−∗

which means that the component ϕ0 is null-homologous.
Next consider the case k = 1. Then S(ϕ) ∼ 0 ∈ W%(ΣC)n+1 means that

there exists θ ∈ W%(ΣC)n+2 such that ϕ = dW%(C)(θ). The latter equation
implies

ϕ0 = dCθ0 − (−1)nθ0dC−∗ − (−1)n(θ−1 + T (θ)−1);

0 = dCθ−1 − (−1)n−1θ−1dC−∗ ,

which means that ϕ0 is homologous to a symmetrisation of a chain map.
In the general case k ≥ 0 the null-homology Sk(ϕ) ∼ 0 ∈ W%(ΣkC)n+k

gives homologies

ϕ0 = dCθ0 − (−1)nθ0dC−∗ − (−1)n(θ−1 + T (θ)−1);

(−1)n(θs−1 + (−1)sT (θ)s−1) = dCθs − (−1)n+sθsdC−∗ 0 > s > −k;

0 = dCθ−k − (−1)n−kθ−kdC−∗ ,

which means that ϕ0 is homologous to a symmetrisation of a map which
is the k-th level chain homotopy between maps and their duals where the
sequence starts with a chain map.

In the above verification we used a certain trick. Namely, according to
the formula 14.67 the signs, the homomorphism µ1 and the involution T
should interfere. What we have done here is to consider ϕ and θ as chains
in Ŵ%(C). The suspension map is bijective for Ŵ%(−) and so if we can
uniquely desuspend θ and the desuspended formulas are precisely those given
here.
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14.2.7 The Quadratic Construction

Now we would like to describe the geometric situation which gives rise to
quadratic structures. The idea is to use Corollary 14.32 and Corollary 14.76
which tell us that in order to find a quadratic structure it is enough to find
a symmetric structure together with a null-homotopy of some suspension of
this symmetric structure.

Such a situation arises when we have a stable map of topological spaces
F : ΣpX → ΣpY for some p ≥ 0 (see also Remarks 14.94 for geometric
problems in the context of surgery theory which lead to such stable maps).
Recall that the symmetric construction from Constructions 14.37 and 14.42
is natural with respect to maps between spaces. However, it is not natural
with respect to such stable maps between spaces. This means that we have
the equation

(14.80) F% ◦ ϕΣpX − ϕΣpY ◦ F∗ = 0,

but when we consider the composition chain map

(14.81) f : C(X)
Σp−−→ Σ−pC(ΣpX)

F∗−−→ Σ−pC(ΣpY )
Σ−p−−−→ C(Y )

where Σ−p : Σ−pC(ΣpY ) → Σ−pC(Y ) is some chain homotopy inverse of
Σp : C(Y )→ Σ−pC(ΣpY ), then we may have

(14.82) f% ◦ ϕX − ϕY ◦ f 6= 0.

Therefore, when we pick some n-dimensional cycle [X] ∈ Cn(X) and apply
the left-hand side of (14.82) to it, we may obtain some non-zero symmetric
structure on C(Y ). On the other hand the geometric suspension of this struc-
ture is given by applying the left-hand side of (14.80) to Σp[X] and hence it
is zero. This is realised by some null-homotopies and so in order to describe
the resulting quadratic structure we have to describe these null-homotopies.
We will do this now, but we remark that the situation is perhaps more tech-
nically demanding than what one would first expect. One of the problems
is that we aim for a functorial construction and in the above description we
have one map which is not natural, namely the chain homotopy inverse Σ−p

in the composition (14.81). To remedy this we follow [199, page 30].

Construction 14.83 (The quadratic construction, Section 1 of [198]). Let
C̄(X) be the mapping cone of the following natural chain map

(14.84) C̄(X) = cone
(
Σ−1C(X)⊕Σ−1C(Y )

(F◦Σp,Σp)−−−−−−−→ Σ−p−1C(ΣpY )
)

so that we have the homotopy pullback diagram
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C̄(X) //

��

C(Y )

Σp

��
C(X)

F◦Σp
// Σ−pC(ΣpY )

The projection map C̄(X) → C(X) is a chain homotopy equivalence. This
follows from the fact that the map Σp : C(Y )→ Σ−pC(ΣpY ) is a chain ho-
motopy equivalence. Therefore we can replace C(X) by C̄(X), the advantage
of this passage is that we obtain a natural chain map to C(Y ).

Now the whole situation can be summarised in the diagram in Figure 14.89.
Its inner square does not commute in general. On the other hand all the other
squares in the diagram do commute either strictly or up to chain homotopy.
These chain homotopies can be put together to obtain the desired quadratic
construction map

(14.85)

ψF : C̄(X)→W ′ :=Σ−1 cone
(
W%(Σ−pC(ΣpY ))

Sp−−→ Σ−pW%(C(ΣpY ))
)

by the formula given as follows. Recall first that an n-dimensional chain
in C̄(X) is a triple (x, y, z) such that x ∈ Cn(X), y ∈ Cn(Y ) and z ∈
(Σ−pC(ΣpY )n+1. (It is a cycle if the boundary of z equals the image of
x− y.)

The image ψF (x, y, z) has two components, one in W%(Σ−pC(ΣpY ))n
and one in Σ−pW%(C(ΣpY ))n+1. They are

(14.86) (Σ−pF )% ◦Σp
X ◦ ϕX(x)−Σp

Y ◦ ϕY (y) ∈W%(Σ−pC(ΣpY ))n,

and

(14.87) ΓX ◦Σ−pF%(x)−Σ−p ◦ϕΣpY (z)−ΓY (y) ∈ Σ−pW%(C(ΣpY ))n+1.

We observe that the chain equivalence C(Y ) → Σ−pC(ΣpY ) induces a
chain equivalence

W%(C(Y ))
'−→W ′

for p >> 0.
However, there is no natural inverse. Therefore a choice of an inverse pro-

duces a quadratic structure on C(Y ), but it is not functorial in Y . On the
other hand for our purposes (see remark 14.94 below) it will often be enough
to specify the homology class of a quadratic structure. This is well defined
and functorial. We call the corresponding assignment also the quadratic con-
struction map

(14.88) ψF : Hn(X)→ Qn(C(Y )).
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The whole situation is depicted in the diagram Figure 14.89.

Figure 14.89 (Quadratic construction).

Σ−pC(ΣpX) //

��

Σ−pC(ΣpY )

��

C̄(X) //

��

hh

C(Y )

��

66

W%(C(X))

��

W%(C(Y ))

��
W%(Σ−pC(ΣpX))

vv

// W%(Σ−pC(ΣpY ))

((
Σ−pW%(C(ΣpX)) // Σ−pW%(C(ΣpY ))

Remark 14.90 (The quadratic structure is an obstruction to desus-
pension). Note that in the case that the stable map F = ΣpG : ΣpX →
ΣpY for some G : X → Y , then obviously ψF [X] = 0 ∈ Qn(C(Y )) for any
[X] ∈ Hn(X).

Construction 14.91 (The quadratic construction – equivariant version,
Section 1 of [198]). The equivariant version of the quadratic construction
goes as follows. Let π be a discrete group, let X and Y be π-spaces and let
F : ΣpX → ΣpY be a π-map for some p ≥ 0. Then, by similar considerations
as above, we obtain the quadratic construction map of the shape

(14.92) ψF : Hπ
n (X)→ Qn(C(Y )),

where C(Y ) is considered as a chain complex of Zπ-modules. There also
exists a pointed equivariant version. For details about both of these, see [198,
Proposition 1.5] and [199, page 30].

14.2.8 Equivariant S-duality and Umkehr maps

In the previous section we applied the quadratic construction to a stable map
between spaces. However, we would like to produce quadratic complexes in
the context of surgery theory, that means we want to associate a quadratic
complex with a degree one normal map (f, f) : M → X from a manifold to a
Poincaré complex. In Chapter 5 we have already seen close relationship be-
tween Poincaré complexes and stable homotopy via S-duality of Section 5.6.



532 14 Algebraic Surgery

Namely, by Theorem 5.73 the S-dual of the Thom space Th(pX) of the Spi-
vak normal fibration pX of a Poincaré complex X is the suspension Σp

+X of
X with added base point for some p ≥ 0.

In order to use this idea in the context of the present chapter we need a
mild generalisation of the S-duality from Chapter 5 to a certain equivariant
setting, which is due to Ranicki [198]. In this subsection we summarise its
definition and some of its properties.

Given a discrete group π we use the notions of a π-space, π-CW-complex,
π-spectrum, smash product −∧π− over π as in [198, Section 3]. Specifically a
π-CW-complex is a CW-complex with a cellular π-action which preserves the
base point and which acts freely by permutation on other cells [198, bottom
of page 216].

Given π-spaces X, Y and a map

α : SN → X∧πY

for some N ≥ 0, there is defined for any π-spectrum Z the slant product

α\− : {X,Z}π → {SN , Y ∧πZ},
f 7→ (f∧1) ◦Σpα.

The map α is called S-π-duality if these slant maps are bijections for
every Z. There always exists an S-π-dual for a finite CW-complex X with
π = π1(X) and it has properties analogous to those of the S-duality from
Chapter 5, see [198, Section 3] for a thorough list.

Given an n-dimensional Poincaré complex X there is the S-π-duality

(14.93) α : SN → X̃+∧π Thπ(pX)

where Thπ(pX) = Ẽ/∂Ẽ is the Thom π-space defined via the universal cov-
ering of the regular neighbourhood E of X in a large euclidean space RN .

We note that in case X is an n-dimensional manifold we can proceed
directly to construct an Umkehr map as follows. Given a degree one normal
map (f, f) : M → X between n-dimensional closed manifolds, approximate
the map f × 0: M → X×Dp for p large enough by a framed embedding, say
f ′ : M×Dp ↪→ X×Dp. This lifts to an embedding of covers M̃×Dp ↪→ X̃×Dp

and we can use the collapse map to define

F : ΣpX̃+ = X̃×Dp/X̃×Sp−1 collapse−−−−−→ X̃×Dp/X̃ ×Dp r im(f ′) = ΣpM̃+.

If X is only a Poincaré complex, then we need to use the construction
of (14.93) and its properties as in [198, Section 3]. Using them we obtain

the Umkehr π-map F : ΣpX̃+ → ΣpM̃+ from a degree one normal map
(f, f) : M → X when X is not a manifold, but just a Poincaré complex X
with π = π1(X).
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Construction 14.94 (Stable Umkehr maps from degree one normal maps).
Let (f, f) : M → X be a degree one normal map of Poincaré complexes (which
can be manifolds, of course) with π = π1(X). Then the map f : pM → pX of
the Spivak normal fibrations induces a map between the respective Thom π-
spaces Thπ(f) : Thπ(pM )→ Thπ(pX). For Poincaré complexes we have that

the S-π-dual of Thπ(pX) is homotopy equivalent to some suspension ΣkX̃+.
By the functoriality of the S-π-duality we obtain a stable map

F := Thπ(f)∗ : ΣkX̃+ → ΣkM̃+

This map induces an Umkehr map on the level of reduced chain complexes

f ! : C̃(X̃)→ Σ−kC̃(ΣkX̃+)
F→ Σ−kC̃(ΣkM̃+)→ C̃(M̃).

Consider its mapping cone cone(f !) and the corresponding inclusion map

e : C̃(M̃) → cone(f !). Via Construction 14.91 we obtain an n-dimensional
quadratic complex over Z[π1(X)]

(14.95) (cone(f !), e%ψF ([X])).

The class of this quadratic complex in the appropriate L-group (Section 14.4)
will be ultimately identified with the surgery obstruction from Chapters 7, 8
and 9 in the case when M is a manifold.

Remark 14.96 (Stable Umkehr maps from immersions). It will be
used and explained in 14.6.2 how an immersion g : Sr #M produces a stable
Umkehr map whose associated quadratic structure gives an obstruction to
modifying g by a regular homotopy to an embedding.

Remark 14.97 (Stable Umkehr maps from vector bundles). It will
be used and explained in 14.6.1 how a vector bundle α : Sr → BSO(q) with a
stable trivialisation β : Dr+1 → BSO produces a stable map whose associated
quadratic structure measures whether the bundle is itself trivial or not.

14.2.9 Poincaré Complexes

Definition 14.98 (Algebraic Poincaré complexes). An n-dimensional
symmetric complex (C,ϕ) in hR-CHfgf is called Poincaré if ϕ0 is a chain
homotopy equivalence.

An n-dimensional quadratic complex (C,ψ) in hR-CHfgf is called Poincaré
if ((1 + T ) · ψ)0 is a chain homotopy equivalence.

An analogous notion for hyperquadratic complexes is not defined.
If X is an n-dimensional geometric Poincaré complex with the fundamental

class [X], then ϕX([X])0 is the Poincaré duality chain equivalence. Therefore
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in this case the symmetric construction (14.43) yields an n-dimensional sym-
metric complex over Z[π1(X)]

(C(X̃), ϕX([X]))

which is Poincaré.
Similarly, if (f, f) : M → X is a degree one normal map of n-dimensional

Poincaré complexes (which can be manifolds), then the n-dimensional quadratic
complex

(cone(f !), e%ψF ([X]))

from (14.95) is Poincaré.

14.2.10 Wu Classes

In this subsection we start by studying the behavior of the symmetric,
quadratic and hyperquadratic structures under sums. We show that the in-
duced maps satisfy a certain polarisation identity. In a later version we will
apply our study to the so-called Wu classes. These play a role at two stages
later in this chapter. On one hand they are obstructions to performing alge-
braic surgery below the dimension on a given cohomology class, this will come
up in Section 14.5. On the other hand they play a role in the identification of
the surgery obstruction of a degree one normal map as defined in Chapters 7
and 8 with the equivalence class of a quadratic Poincaré complex obtained
in Subsection 14.2.9 via the quadratic construction of Section 14.2.7.

Let C and D be two bounded chain complexes over R. Then we have the
obvious inclusion

(C ⊗ C)⊕ (D ⊗D) ⊂ (C ⊕D)⊗ (C ⊕D).

Definition 14.99. Let C and D be two bounded chain complexes over R.
Define the operations of the direct sum

W%(C)⊕W%(D)→W%(C ⊕D);

W%(C)⊕W%(D)→W%(C ⊕D);

Ŵ%(C)⊕ Ŵ%(D)→ Ŵ%(C ⊕D),

by the compositions

W
(1,1)−−−→W ⊕W → (C ⊗ C)⊕ (D ⊗D)→ (C ⊕D)⊗ (C ⊕D);

W
(1,1)−−−→W ⊕W → (C ⊗ C)⊕ (D ⊗D)→ (C ⊕D)⊗ (C ⊕D);

Ŵ
(1,1)−−−→ Ŵ ⊕ Ŵ → (C ⊗ C)⊕ (D ⊗D)→ (C ⊕D)⊗ (C ⊕D).
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Given two symmetric chain complexes (C,ϕ) and (C ′, ϕ′) we denote

(C,ϕ)⊕ (C ′, ϕ′) = (C ⊕ C ′, ϕ⊕ ϕ′),

and similarly in the quadratic and hyperquadratic case.
The functors W%(−), W%(−), Ŵ%(−) behave with respect to this oper-

ation as follows.

Proposition 14.100 (Proposition 1.4 in [197]).

(i) Let C and D be two bounded chain complexes over R. The we have

W%(C ⊕D) 'W%(C)⊕W%(D)⊕ (C ⊗D);

W%(C ⊕D) 'W%(C)⊕W%(D)⊕ (C ⊗D);

Ŵ%(C ⊕D) ' Ŵ%(C)⊕ Ŵ%(D);

(ii) Let f, g : C → D be two chain maps between bounded chain complexes
over R. Then we have the identities

(f + g)% − f% − g%(ϕ) = (1 + T )(f ⊗ g)ϕ0;

(f + g)% − f% − g%(ψ) = (1 + T )(f ⊗ g)ψ0;

(f̂ + g)% − f̂% − ĝ% = 0.

Proof. Direct computation using Shapiro’s lemma as in Subsection 14.2.6. ut

Now we turn our attention to Wu classes. Recall from algebraic topology
(for example [29, Chapter VI.17] or [174, Chapter 11]) that the r-th Wu class
of a Poincaré complexX is a characteristic cohomology class vr ∈ Hr(X;Z/2)
of X characterised by the property

〈vr ∪ x, [X]〉 = 〈Sqr(x), [X]〉

for all x ∈ Hn−r(X;Z/2).
We now introduce the Wu classes as invariants of symmetric, quadratic

and hyperquadratic chain complexes generalising the classical Wu classes.

Definition 14.101 (Wu classes).

(i) Let (C,ϕ) be an n-dimensional symmetric complex over R. Define its
r-th Wu class by

vr(ϕ) : Hn−r(C)→ Qn([n− r]R), [f ] 7→ [(f ⊗ f)ϕn−2r];

(ii) Let (C,ψ) be an n-dimensional quadratic complex over R. Define its r-th
Wu class by

vr(ψ) : Hn−r(C)→ Qn([n− r]R); [f ] 7→ [(f ⊗ f)ψ2r−n];
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(iii) Let (C, θ) be an n-dimensional hyperquadratic complex over R. Define
its r-th Wu class by

v̂r(ψ) : Hn−r(C)→ Q̂n([n− r]R), [f ] 7→ [(f ⊗ f)θn−2r].

Here f : Cn−r → R and ϕn−2r, ψ2r−n, θn−2r ∈ Cn−r ⊗ Cn−r.

Proposition 14.102 (Page 144 in [197]). Let C be a bounded chain com-
plex over R, let ϕ be an n-dimensional symmetric structure on C and let ψ
be an n-dimensional quadratic structure on C with n = 2r. Then we have

vr(ϕ)(f + g)− vr(ϕ)(f)− vr(ϕ)(g) = (1 + T )(f ⊗ g)ϕ0

vr(ψ)(f + g)− vr(ψ)(f)− vr(ψ)(g) = (f ⊗ g)(1 + T )ψ0.

14.3 Forms and Formations

Recall that an n-dimensional symmetric chain complex as introduced in
Definition 14.11 is a pair (C,ϕ) such that C ∈ bR-CHfgp and ϕ is an n-
dimensional cycle, but there is no condition on the dimension of C itself
other than that it is concentrated in a finite number of dimensions. Similarly
in the quadratic and hyperquadratic case. In this section we are going to im-
pose such conditions on the chain complex C itself, we will have the notion of
a homotopy (strictly) n-dimensional complex which refers to C in addition to
the n-dimensional condition on ϕ. For n = 0, we will show that the homotopy
classes of such quadratic complexes can be identified with stable isomorphism
classes of ε-quadratic forms from Chapter 7. For n = 1 we will show that the
homotopy classes of such quadratic complexes can be identified with stable
isomorphism classes of split ε-quadratic formations, which is a small modifi-
cation of ε-quadratic formations from Chapter 8. Although the modification
means that the stable isomorphism classes are not the same, it will not mat-
ter after the passage to L-groups, as we show in Section 14.5. The technique
of algebraic surgery from Section 14.4.5 will enable us in Section 14.5 to pass
between the homotopy (strictly) n-dimensional quadratic chain complexes
and the n-dimensional quadratic complexes in the sense of Section 14.2. This
is not quite possible in the symmetric case (see Remark 14.253), but we will
nevertheless include the symmetric case in this section, since it is often a
good preparation for the more complicated quadratic case.

Remark 14.103. (The role of ε = ±1.) We remark again that the skew-
suspension map of Section 14.5 enables us to translate between n-dimensional
and (n+ 2)-dimensional complexes, which is the reason why in this section it
is enough to work with 0-dimensional and 1-dimensional complexes and we
do not have to include 2-dimensional and 3-dimensional ones.
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14.3.1 Homotopy Theory of Highly-Connected
Structured Chain Complexes

Definition 14.104 (Strictly n-dimensional chain complex). A chain
complex C in bR-CHfgp is called strictly n-dimensional if

Ci = 0 for i < 0 and i > n.

Definition 14.105 (Homotopy n-dimensional chain complex). A chain
complex C in hR-CHfgp is called homotopy n-dimensional if it is chain ho-
motopy equivalent to a strictly n-dimensional chain complex in bR-CHfgp.

Definition 14.106 (Stable isomorphism of strictly n-dimensional chain
complexes). Two strictly n-dimensional chain complexes C, C ′ are called
stably isomorphic if there exist contractible strictly n-dimensional chain com-
plexes D, D′ and an isomorphism

f : C ⊕D → C ′ ⊕D′.

Definition 14.107 (Strictly/Homotopy n-dimensional symmetric chain
complex). An n-dimensional symmetric chain complex (C,ϕ) is called a
(strictly/homotopy) n-dimensional if the underlying chain complex C is
(strictly/homotopy) n-dimensional.

Definition 14.108 (Strictly/Homotopy n-dimensional quadratic chain
complex). An n-dimensional quadratic chain complex (C,ψ) is called a
(strictly/homotopy) n-dimensional if the underlying chain complex C is
(strictly/homotopy) n-dimensional.

Definition 14.109 (Stable isomorphism of strictly n-dimensional sym-
metric complexes). A stable isomorphism

[f ] : (C,ϕC)
∼=s−−→ (C ′, ϕC′)

of strictly n-dimensional symmetric chain complexes is an isomorphism of
the form

f : (C,ϕC)⊕ (D, 0)→ (C ′, ϕC′)⊕ (D′, 0)

with D, D′ some strictly n-dimensional contractible chain complexes.

Definition 14.110 (Stable isomorphism of strictly n-dimensional quadratic
complexes). A stable isomorphism

[f ] : (C,ψC)
∼=s−−→ (C ′, ψC′)

of strictly n-dimensional quadratic chain complexes is an isomorphism of the
form
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f : (C,ψC)⊕ (D, 0)→ (C ′, ψC′)⊕ (D′, 0)

with D, D′ some strictly n-dimensional contractible chain complexes.

Proposition 14.111. [197, Proposition 1.5]
There are natural one-to-one correspondences:{
homotopy n-dim. sym.

R-chain complexes

}/
' 1−1←−→

{
strictly n-dim. sym.

R-chain complexes

}/
∼=s;

{
homotopy n-dim. quadr.

R-chain complexes

}/
' 1−1←−→

{
strictly n-dim. quadr.

R-chain complexes

}/
∼=s .

Proof. We will only prove the symmetric case, the quadratic case is similar.
We have a map from the right hand side to the left hand side since

any strictly n-dimensional symmetric complex (C,ϕC) is also a homotopy
n-dimensional symmetric complex and a stable isomorphism of strictly n-
dimensional symmetric complexes

[f ] : (C,ϕC)→ (C ′, ϕC′)

induces a homotopy equivalence (the first and last maps are the obvious ones)

g : (C,ϕC) '
// (C,ϕC)⊕ (D, 0)

f

∼=
// (C ′, ϕC′)⊕ (D′, 0) '

// (C ′, ϕC′).

By definition for any homotopy n-dimensional complex C there exists a
chain homotopy equivalence g : C → C ′ to a strictly n-dimensional com-
plex C ′. If (C,ϕC) is a homotopy n-dimensional symmetric complex, then
define ϕC′ = g%(ϕC). Then we have homotopy equivalence of homotopy
n-dimensional complexes

g : (C,ϕC)→ (C ′, ϕC′)

and so the map is onto.
To show that it is one-to-one we have to work harder. Let

g : (C,ϕ)→ (C ′, ϕ′)

be a homotopy equivalence of strictly n-dimensional symmetric complexes.
We want to construct a stable isomorphism

[f ] : (C,ϕ)→ (C ′, ϕ′).

Since g is a homotopy equivalence of chain complexes of finitely generated
free R-modules we have the short exact sequence of chain complexes of such
R-modules



14.3 Forms and Formations 539

0 // C
i0 // cyl(g)

pr0 // cone(g) // 0

with cone(g) contractible and

0 // C ′
j // cyl(g)

pr1 // cone(− idC) // 0

with cone(− idC) contractible.
Now arguing as in Lemma 2.17 we can find sections s : cone(g) → cyl(g)

of pr0 and t : cone(− idC)→ cyl(g) of pr1 such that

i+ s : C ⊕ cone(g)→ cyl(g);

j + t : C ′ ⊕ cone(− idC)→ cyl(g),

are isomorphisms of chain complexes. Then we obtain an isomorphism

f = (j + t)−1 ◦ (i+ s) : C ⊕ cone(g)→ C ′ ⊕ cone, (− idC)

which is almost what we want except that cone(g) and cone(− idC) may not
be strictly n-dimensional, they may have non-trivial modules in dimension
(n+ 1). To correct this we define

Dn = coker(dcone(g) : cone(g)n+1 → cone(g)n);

Di = cone(g)i i < n,

and similarly

D′n = coker(dcone(− idC) : cone(− idC)n+1 → cone(− idC)n);

D′i = cone(− idC)i i < n.

The differentials of cone(g) produce the differentials of D and the differentials
of cone(− idC) produce differentials of D′ so that we obtain chain complexes.
The modules Dn and D′n remain free.

Furthermore the isomorphism f induces the desired isomorphism

f : C ⊕D → C ′ ⊕D′.

To obtain an explicit formula we need to make some choices. Therefore,
let σ : cone(g)→ cyl(g) be a level-wise section of pr0 given as:

σ(y, z) = (y, 0, z) ∈ Cr−1 ⊕ Cr ⊕ C ′r

and let Γ be a chain contraction for cone(g):

dcone(g)Γ + Γdcone(g) = 1cone(g)

with components
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Γ =

(
h g′

k h′

)
: cone(g)r = Cr−1 ⊕ C ′r → Cr ⊕ C ′r+1.

Then using the recipe from Lemma 2.17 the formula for i+ s is as follows: 1 −h −g′
0 1 0
0 0 1

 .

Let τ : cone(− idC)→ cyl(g) be a level-wise section of pr1 given as:

τ(y, z) = (y, z, 0) ∈ Cr−1 ⊕ Cr ⊕ C ′r

and let Ψ be a chain contraction for cone(− idC):

dcone(− idC)Ψ + Ψdcone(− idC) = 1cone(− idC)

with components

Ψ =

(
0 −1
0 0

)
: cone(− idC)r = Cr−1 ⊕ Cr → Cr ⊕ Cr+1.

Then using the recipe from Lemma 2.17 the formula for i+ t is as follows:0 0 1
0 1 0
1 0 −g

 .

The formula for f is then(
g −gh 1− gg′
−d 1− dh −dg′

)
: Cn ⊕Dn → C ′n ⊕D′n

(upon identifying
(

1 −d
)

: D′n
∼=−→ Cn−1) and g −gh 1− gg′

0 1 0
1 −h −g′

 : Ci ⊕Di → C ′i ⊕D′i for i < n.

This finishes the proof. ut

The following proposition is essentially taken from [197, Proposition 1.5].

Proposition 14.112. There are obvious inclusion of categories{
n-dim. sym. chain

compl. in bR-CHfgp

}
→

{
homotopy n-dim. sym. chain

compl. in hR-CHfgp

}
,

and
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n-dim. quadr. chain

compl. in bR-CHfgp

}
→

{
homotopy n-dim. quadr. chain

compl. in hR-CHfgp

}
.

They induce bijections{
n-dim. sym. chain

compl. in bR-CHfgp

}/
∼=s

∼=−→

{
homotopy n-dim. sym.

chain compl. in hR-CHfgp

}/
';

and{
n-dim. quadr. chain

compl. in bR-CHfgp

}/
∼=s

∼=−→

{
homotopy n-dim. quadr.

chain compl. in hR-CHfgp

}/
',

where ∼=s referes to stable isomorphisms classes and ' to chain homotopy
classes.

Proof. Since any n-dimensional symmetric complex (C,ϕC) is also a ho-
motopy n-dimensional symmetric complex and a stable isomorphism of n-
dimensional symmetric complexes

[f ] : (C,ϕC)→ (C ′, ϕC′)

induces a homotopy equivalence (the first and last maps are the obvious ones)

g : (C,ϕC) '
// (C,ϕC)⊕ (D, 0)

f

∼=
// (C ′, ϕC′)⊕ (D′, 0) '

// (C ′, ϕC′),

the inclusion of categories is well-defined.
By definition for any homotopy n-dimensional complex C there exists a

chain homotopy equivalence g : C → C ′ to an n-dimensional complex C ′. If
(C,ϕC) is a homotopy n-dimensional symmetric complex, then define ϕC′ =
g%(ϕC). Then we have homotopy equivalence of homotopy n-dimensional
complexes

g : (C,ϕC)→ (C ′, ϕC′)

and so the map is onto.
To show that it is injective we have to work harder. Let

g : (C,ϕ)→ (C ′, ϕ′)

be a homotopy equivalence of n-dimensional symmetric complexes. We want
to construct a stable isomorphism

[f ] : (C,ϕ)→ (C ′, ϕ′).

Since g is a homotopy equivalence of finitely generated projective R-chain
complexes we have the short exact sequence of finitely generated projective
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R-chain complexes

0 // C
i // cyl(g)

pr0 // cone(g) // 0

with cone(g) contractible and

0 // C ′
j // cyl(g)

pr1 // cone(− idC) // 0

with cone(− idC) contractible, see Proposition 13.44 (i).
Now arguing as in Lemma 2.17 we can find R-chain maps s : cone(g) →

cyl(g) with pr0 ◦s = id and t : cone(− idC) → cyl(g) with pr1 ◦t = id such
that

i⊕ s : C ⊕ cone(g)→ cyl(g);

j ⊕ t : C ′ ⊕ cone(− idC)→ cyl(g),

are isomorphisms of R-chain complexes. Then we obtain an isomorphism

f = (j ⊕ t)−1 ◦ (i⊕ s) : C ⊕ cone(g)
∼=−→ C ′ ⊕ cone(− idC),

which is almost what we want except that cone(g) and cone(− idC) may not
be n-dimensional, they may have non-trivial modules in dimension (n + 1).
This will be corrected as follows.

Since cone(g) is contractible and positive, we can find a R-submodule Pn
of cone(gn) such that the obvious map

im
(
dcone(g) : cone(g)n+1 → cone(g)n

)
⊕ Pn

∼=−→ cone(g)n

is an R-isomorphism. Define an n-dimensional finitely generated projective
R-subchain complex D ⊆ cone(g) by

Dr =


Pn if r = n;

cone(g)r if 0 ≤ r ≤ n− 1;

0 otherwise.

Define an n-dimensional finitely generated projective quotient R-chain com-
plex D′ of cone(− id) by

D′r =


Cn−1 if r = n;

cone(− id)r if 0 ≤ r ≤ n− 1;

0 otherwise.
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where the n-th differential ofD′ is given by

(
−cn−1

− id

)
: Dn = Cn−1 → Cn−2⊕

Cn−1. The projection p : cone(− idC)→ D′ is given by

pr =


(

id −cn
)

: Cn−1 ⊕ Cn → Cn−1 if r = n;

idcone(− idC)r if 0 ≤ r ≤ n− 1;

0 otherwise.

Now define the desired R-chain map f to be the composite

f : C ⊕D idC ⊕k−−−−→ C ⊕ cone(g)
f−→ C ′ ⊕ cone(− idC)

idC′ ⊕p−−−−−→ C ⊕D′

where k : D → cone(g) is the inclusion. It is an R-chain isomorphism since
it agrees with f in all dimensions except in dimension n, the source and
target are n-dimensional and f induces an isomorphism on homology as both
i : D → cone(g) and p : cone(− id)→ D′ induce isomorphisms on homology.

To obtain an explicit formula we need to make some choices. Therefore,
let σ : cone(g)→ cyl(g) be the levelwise section of pr0 given as:

σ =

idCr−1
0

0 0
0 idC′r

 : Cr−1 ⊕ C ′r → Cr−1 ⊕ Cr ⊕ C ′r

and let γ be a chain contraction for cone(g):

dcone(g) ◦ γ + γ ◦ dcone(g) = idcone(g)

with components

γr =

(
hr−1 g

′
r

kr−1 h
′
r

)
: Cr−1 ⊕ C ′r → Cr ⊕ C ′r+1.

Then using the recipe from Lemma 2.17 the formula for i⊕ s is as follows:

i⊕ s =

 0 idCr−1
0

id −hr−1 −g′r
0 0 idC′r

 : Cr ⊕ Cr−1 ⊕ C ′r → Cr−1 ⊕ Cr ⊕ C ′r.

Let τ : cone(− idC)→ cyl(g) be the levelwise section of pr1 given as:

τr =

idCr−1 0 0
0 idCr 0
0 0 0

 : Cr−1 ⊕ Cr → Cr−1 ⊕ Cr ⊕ C ′r

and let δ be the chain contraction for cone(− idC):
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dcone(− idC) ◦ δ + δ ◦ dcone(− idC) = idcone(− idC)

with components

δ =

(
0 − idCr
0 0

)
: Cr−1 ⊕ Cr → Cr ⊕ Cr+1.

Then using the recipe from Lemma 2.17 the formula for j ⊕ t is as follows:

(j ⊕ t)r =

 0 idCr−1 0
0 0 idCr

idC′r 0 −gr

 : C ′r ⊕ Cr−1 ⊕ Cr → Cr−1 ⊕ Cr ⊕ C ′r.

We have

(j ⊕ t)−1
r =

 0 gr idC′r
idCr−1

0 0
0 idCr 0

 : Cr−1 ⊕ Cr ⊕ C ′r → C ′r ⊕ Cr−1 ⊕ Cr.

Then we get for fr

fr =

 gr −gr ◦ hr−1 idC′r −gr ◦ g
′
r

0 idCr−1
0

idCr −hr−1 −g′r

 : Cr ⊕Cr−1 ⊕C ′r → C ′r ⊕Cr−1 ⊕Cr.

Hence we get for f that fr = fr for r 6= n and fn is given by the composite

Cn⊕Pn
idCn ⊕l−−−−−→ Cn⊕Cn−1⊕C ′n

gn −gn ◦ hn−1 idC′n −gn ◦ g
′
n

0 idCn−1
0


−−−−−−−−−−−−−−−−−−−−−−−−−→ C ′r⊕Cn−1

where l : Pn → Cn−1 ⊕ C ′n is the inclusion. An explicite choice for Pn is
the kernel of the map hn−1 ⊕ g′n : Cn−1 ⊕ C ′n → Cn since the composite
of this map with the (n + 1)th -differential of cone(g) is the identity on
cone(g)n+1 = Cn. ut

14.3.2 Revision of Forms and Formations

In identifying low-dimensional structured chain complexes with forms and
formations we need to recall and extend some notions from Chapters 7 and 8.

Recall the notions of an ε-symmetric form (P,ϕ) and an ε-quadratic form
(P,ψ) from Definition 14.27, the notion of a lagrangian, see a hyperbolic
form , a metabolic form and Lemma 7.92 which says that a quadratic form
which admits a lagrangian is hyperbolic.
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We also need a symmetric version of Lemma 7.92 whose proof is by a
straightforward modification and which goes as follows, see also [197, Propo-
sition 2.2] if needed. For (M,ϕ) an ε-symmetric form on an M ∈ R-MODfgp

define the standard ε-symmetric hyperbolic form by

(14.113) Hε(M,ϕ) = (M∗ ⊕M,

(
0 1
ε ϕ

)
∈ Qε(M∗ ⊕M)).

Remark 14.114. Such forms were called metabolic in Chapter 7, which is
the usual terminology, but following [197] it seems more convenient to have
a uniform terminology here.

Lemma 14.115. Let (P,ϕ) be a non-singular ε-symmetric form. Let L ⊂
P be a sublagrangian. Then L is a direct summand in L⊥ and ϕ induces
the structure of a non-singular ε-quadratic form (L⊥/L, ϕ⊥/ϕ) on L⊥/L.
Moreover, the inclusion i : L→ P extends to an isomorphism of ε-symmetric
forms

Hε(L,ϕ1)⊕ (L⊥/L, ϕ⊥/ϕ)
∼=−→ (P,ϕ)

for some ε-symmetric form ϕ1 ∈ Qε(L
∗). In particular a non-singular ε-

symmetric form (P,ϕ) is isomorphic to Hε(Q,ϕ1) if and only if it contains
a lagrangian L ⊂ P which is isomorphic as an R-module to Q.

Furthermore recall the notion of an ε-quadratic formation (P,ψ;F,G),
the theory around it, , and in particular Lemma 8.4, which says that any
ε-quadratic formation is of the form (Hε(F );F,G). In addition we need the
notion of an ε-symmetric formation and a corresponding lemma, but we need
to be careful here because of the definition from (14.113) which involves the
new notion of the standard symmetric hyperbolic form.

Definition 14.116 (Symmetric formation). An ε-symmetric formation,
denoted by (P,ϕ;F,G), consists of a non-degenerate ε-symmetric form (P,ϕ)
together with an ordered pair of lagrangians F and G.

Lemma 14.117. Every ε-symmetric formation is isomorphic to the forma-
tion (Hε(F ∗, ϕ);F,G) for some ε-symmetric form ϕ ∈ Qε(F ∗) and some
lagrangian G.

We will also need material from Section 8.2.2 about presentations of for-
mations and that material will later be extended to define the notion of a
split formation.

14.3.3 Complexes Versus Forms and Formations

In this Section we establish the promised identification of the homotopy
classes of low-dimensional structured chain complexes with the (stable) iso-
morphism classes of forms and (split) formations.
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Proposition 14.118. There are one-to-one correspondences{
homotopy 0-dimensional

ε− symmetric chain complexes

}/
' 1−1←−→

{
ε− symmetric

forms

}/
∼=,

and{
homotopy 0-dimensional

ε− quadratic chain complexes

}/
' 1−1←−→

{
ε− quadratic

forms

}/
∼= .

Poincaré complexes correspond to non-singular forms in both cases.

Proof. A strictly 0-dimensional ε-symmetric chain complex (C,ϕ) over R con-
sists of an R-module C0 and

ϕ ∈W%(C)0 ϕ0 ∈ (C ⊗ C)0 = C0 ⊗ C0 ϕ0 − Tε(ϕ0) = 0

The adjunction

C0 ⊗R C0 → homR(C0, C0)

x⊗ y 7→ (f 7→ f(x) · y))

respects the involutions and hence establishes the correspondence in the sym-
metric case. The quadratic case is similar. ut

Before we pass to 1-dimensional complexes we need one more definition. A
homotopy 1-dimensional ε-symmetric chain complex (C,ϕ) is called connected
if H0(ϕ0 : C1−∗ → C) = 0. A homotopy 1-dimensional ε-quadratic chain
complex (C,ψ) is called connected if H0((1 + T )ψ0 : C1−∗ → C) = 0. In
particular Poincaré complexes are connected.

Proposition 14.119. There is a one-to-one correspondence{
connected homotopy 1-dimensional

ε− symmetric chain complexes

}/
' 1−1←−→

{
ε− symmetric

formations

}/
∼=s

Poincaré complexes correspond to non-singular formations.

Proof. By Proposition 14.111 we can replace the left hand side by the stable
isomorphism classes of connected strictly 1-dimensional ε-symmetric com-
plexes. A strictly 1-dimensional ε-symmetric chain complex (C,ϕ) over R
consists of the following data

0 // C0 d∗ //

ϕ0

��

C1 //

ϕ̃0

��
ϕ1}}

0

0 // C1
d
// C0

// 0
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satisfying

dϕ0 = ϕ̃0d
∗;

dϕ1 = −ϕ̃0 − εϕ∗0;

ϕ1d
∗ = −ϕ0 − εϕ̃∗0;

ϕ1 = εϕ∗1.

The condition that it is connected means that
(
ϕ̃0 d

)
: C1 ⊕ C1 → C0 is

onto.
The associated symmetric formation is the following

(
C1 ⊕ C1,

(
0 1
ε −ϕ∗1

)
;C1, im

(
εϕ̃∗0
d∗

)
: C0 → C1 ⊕ C1

)
.

To see that this is indeed a symmetric formation let us look at the mapping
cone of the chain map with components ϕ0 and ϕ̃0:

· · · // 0 // C0

−d∗
ϕ0


// C1 ⊕ C1

(
ϕ̃0 d

)
// C0

// 0 // · · · .

Its dual is

· · · // 0 // C0

εϕ̃∗0
d∗


// C1 ⊕ C1

(
−d εϕ∗0

)
// C0

// 0 // · · · .

Since the complex (C,ϕ) is connected, the map

(
εϕ̃0

d∗

)
: C0 → C1 ⊕ C1 is

a monomorphism. Using the identities above we verify that we have the
factorisation

−
(

d∗

−ϕ0

)
=

(
0 1
ε −ϕ∗1

)(
εϕ̃∗0
d∗

)
.

The dual of the left hand side is
(
−d εϕ∗0

)
. If the complex is Poincaré, then

the mapping cone boils down to a short split exact sequence and thus C0 is
a lagrangian and the formation is non-singular.

If the complex C itself is contractible, then one can check that the two
lagrangians are complementary and by a symmetric version of Lemma 8.10
(i) the formation is trivial.

Let
f : (C,ϕ)→ (C ′, ϕ′)

be an isomorphism of strictly 1-dimensional symmetric complexes. That
means that we have an isomorphism of chain complexes
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C1
d //

f

��

C0

f̃

��
C ′1

d′
// C ′0

such that
f%(ϕ)− ϕ′ = dχ ∈ homZ/2(W, (C ′ ⊗R C ′))1

for some chain χ ∈ homZ/2(W, (C ′⊗RC ′))2 which has just a single component
χ0 ∈ (C ′1 ⊗R C ′1) satisfying

fϕ0f̃
∗ − ϕ′0 = χ0(d′)∗;

f̃ ϕ̃0f
∗ − ϕ̃′0 = d′χ0;

fϕ1f
∗ − ϕ′1 = −χ0 − εχ∗0.

Using these formulas one can check that the R-module isomorphism

h =

(
f εχ0(f∗)−1

0 (f∗)−1

)
: C1 ⊕ C1 → C ′1 ⊕ (C ′)1

defines an isomorphism of the symmetric formations associated to (C,ϕ) and
(C ′, ϕ′).

By the symmetric version of Lemma 8.4 any symmetric formation is iso-
morphic to a formation of the shape

(F ⊕ F ∗,
(

0 1
ε λ

)
;F,G).

Write (
γ
δ

)
: G→ F ⊕ F ∗.

The associated symmetric 1-dimensional complex is defined as follows:

d = δ∗ : C1 = F → C0 = G∗;

ϕ̃0 = εγ∗ : C0 = G→ C1 = F ;

ϕ0 = εγ + λδ∗ : C1 = F ∗ → C0 = G∗;

ϕ1 = −λ∗ : C1 = F ∗ → C1 = F.

For an isomorphism of symmetric formations

h : (H(F, λ);F,G)→ (H(F ′, λ′);F ′, G′),

define
α = h| : F → F ′ and β = h| : G→ G′.
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Then we obtain an isomorphism of the associated 1-dimensional symmetric
complexes with components

f = α and f̃ = (β∗)−1.

If the isomorphism h is given by the matrix

(
α ω
0 (α∗)−1

)
: F ⊕ F ∗ → F ′ ⊕

(F ′)∗, then the required chain χ0 is given by ωα∗. ut

The quadratic analogue of Proposition 14.119 is more complicated. To a
1-dimensional ε-quadratic complex we can associate an ε-quadratic forma-
tion, but in this process we lose information, since the component ψ1 of the
quadratic structure does not appear in the resulting formation. Hence the
notion of a formation has to be replaced by the notion of a split formation.
As noted before this difference vanishes when we pass to the L-groups.

Recall from Definition 8.2 that an ε-quadratic formation (P,ψ;F,G) con-
sists of an ε-quadratic form (P,ψ) together with an ordered pair of la-
grangians F and G. By Lemma 8.4 any formation (P,ψ;F,G) is isomorphic
to a formation of the shape (Hε(F );F,G) for some lagrangian G. As noted
in Section 8.2.2 it is determined by the morphisms γ and δ which make up
the inclusion (

γ
δ

)
: G→ F ⊕ F ∗

which is split injective by definition. There are two conditions. Firstly, the
restriction of the standard ε-hyperbolic form on F ⊕ F ∗ to G has to be zero
in the group Qε(G). Secondly, for the symmetrisation we have G = G⊥. This
motivates the following definition in which the first condition corresponds to
the property (i) and the second condition to the property (ii).

Definition 14.120 (Split formations). A split ε-quadratic formation is a
5-tuple (F,G, γ, δ, θ) where

(a) F,G ∈ R-MODfgp,
(b) γ : G→ F , δ : G→ F ∗ are R-morphisms,
(c) θ ∈ Q−ε(G) is a (−ε)-quadratic form,

satisfying

(i) γ∗δ = θ − εθ∗ : G→ G∗;
(ii) the sequence

0 // G

γ
δ


// F ⊕ F ∗

(
δ∗ εγ∗

)
// G∗ // 0

is exact.
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The (−ε)-quadratic form θ is called a hessian for G, so a split ε-quadratic
formation is an ε-quadratic formation in the standard form together with
a choice of a hessian. In other words, a split ε-quadratic formation is an ε-
quadratic formation together with a reason for why it is a formation (i.e., θ
is such a reason).

Definition 14.121. An isomorphism of split ε-quadratic formations

(α, β, ξ) : (F,G, γ, δ, θ)→ (F ′, G′, γ′, δ′, θ′)

consists of isomorphisms α : F → F ′, β : G→ G′ and an (−ε)-quadratic form
(F ∗, ξ) such that the diagram

G
β

∼=
//

γ
δ


��

G′

γ′
δ′


��

F ⊕ F ∗

α α(ξ − εξ∗)
0 (α∗)−1


∼=

// F ′ ⊕ F ′∗

commutes and
β∗θ′β = θ + δ∗ξ∗δ ∈ Q−ε(G).

Definition 14.122. (i) A split ε-quadratic formation (F,G, γ, δ, θ) is trivial
if it is isomorphic to (F, F ∗, 0, 1, 0);

(ii) A stable isomorphism of split ε-quadratic formations is an isomorphism
of the type

(α, β, ξ) : (F,G, γ, δ, θ)⊕ (H,H∗, 0, 1, 0)

→ (F ′, G′, γ′, δ′, θ′)⊕ (H ′, H ′
∗
, 0, 1, 0)

for some H, H ′.

Remark 14.123. The condition in part (ii) implies that

f =

(
α α(ξ − εξ∗)
0 (α∗)−1

)
: Hε(F )→ Hε(F

′)

is an isomorphism of hyperbolic ε-quadratic forms such that f(F ) = F ′ and
f(G) = G′.

Proposition 14.124. A stable isomorphism of split ε-quadratic formations
determines a stable isomorphism of the underlying ε-quadratic formations.
Conversely, any stable isomorphism of ε-quadratic formations can be lifted to
a stable isomorphism of split ε-quadratic formations.
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Proof. The first statement is obvious. For the second statement let

f : (Hε(F );F,G)→ (Hε(F
′);F ′, G′)

be an isomorphism of ε-quadratic formations. We know from Lemma 8.18
that f can be expressed as

f =

(
α α(ξ − εξ∗)
0 (α∗)−1

)
: F ⊕ F ∗ → F ′ ⊕ (F ′)∗

for some R-module morphism ξ : F ∗ → F , where α = f |F . Denote β = f |G,
choose a hessian θ′ : G′ → (G′)∗ and define θ = β∗θ′β − δ∗ξ∗δ. Then one can
check that θ : G→ G∗ is a hessian for G. ut

Proposition 14.125. There is a one-to-one correspondence{
connected homotopy 1-dimensional

ε-quadratic chain complexes

}/
' 1−1←−→

{
split ε-quadratic

formations over R

}/
∼=s

Poincaré complexes correspond to non-singular formations.

Proof. A strictly 1-dimensional ε-quadratic chain complex (C,ψ) over R con-
sists of the following data

0 // C0 d∗ //

ψ0

��

ψ1

!!

C1 //

ψ̃0

��

0

0 // C1
d
// C0

// 0

satisfying

dψ0 − ψ̃0d
∗ = εψ∗1 − ψ1

Recall that in the symmetric case we have obtained the associated formation
by looking at the mapping cone of the chain map given by the zeroth compo-
nent of the symmetric structure. In the quadratic case we therefore study the
mapping cone of the zeroth component of the symmetrisation map, which
itself has two components:

(((1 + T )ψ)0)1 = ψ0 − εψ̃∗0 and (((1 + T )ψ)0)0 = ψ̃0 − εψ∗0 .

Its mapping cone is

0 // C0

 −d∗

ψ0 − εψ̃∗0


// C1 ⊕ C1

(
ψ̃0 − εψ∗0 d

)
// C0

// 0
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and via this we obtain the ε-quadratic formation(
C1 ⊕ C1,

(
0 1
0 0

)
;C1, im

(
εψ̃∗0 − ψ0

d∗

)
: C0 → C1 ⊕ C1

)
.

As already indicated, this formation does not contain ψ1. However, by setting
up

θ = ε(ψ1 + dψ0)

we obtain also the associated split ε-quadratic formation

(C1, C
0; εψ̃∗0 − ψ0, d

∗, εψ1 + εdψ0)

which does contain ψ1.

If the complex (C,ψ) is connected, then

(
εψ̃∗0 − ψ0

d∗

)
: C0 → C1 ⊕ C1

is a monomorphism. The complex is Poincaré if and only if the formation
is non-singular. Moreover it is contractible if and only if the formation is
trivial.

Let
f : (C,ψ)→ (C ′, ψ′)

be an isomorphism of strictly 1-dimensional quadratic complexes. That means
that we have an isomorphism of chain complexes

C1
d //

f

��

C0

f̃

��
C ′1

d′
// C ′0

such that
f%(ψ)− ψ′ = dχ ∈ (W ⊗Z/2 (C ′ ⊗R C ′))1

for some chain χ ∈ (W ⊗Z/2 (C ′ ⊗R C ′))2 with components

χ0 : (C ′)1 → C ′1 χ1 : (C ′)0 → C ′1 χ̃1 : (C ′)1 → C0 χ2 : (C ′)0 → C ′0

satisfying

fψ0f̃
∗ − ψ′0 = χ0(d′)∗ + χ1 + εχ̃∗1;

f̃ ψ̃0f
∗ − ψ̃′0 = d′χ0 + χ̃1 + εχ∗1;

f̃ψ1f̃
∗ − ψ′1 = −d′χ1 + χ̃1(d′)∗ + χ2 + εχ∗2.

The desired isomorphism
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(α, β, ξ) : (C1, C
0, εψ̃∗0 − ψ0, d

∗, ε(ψ1 + dψ0))→

→ (C ′1, (C
′)0, εψ̃′

∗
0 − ψ′0, (d′)∗, ε(ψ′1 + d′ψ′0))

of the associated split quadratic formations is given by the formulas

α = f ;

β = (f̃∗)−1;

ξ = f−1χ0(f∗)−1.

Conversely, let (F,G, γ, δ, θ) be a split ε-quadratic formation. The associated
ε-quadratic 1-dimensional complex is defined as follows:

d = −δ∗ : C1 = F → C0 = G∗;

ψ0 = εγ : C0 = G→ C1 = F ;

ψ̃0 = 0: C1 = F ∗ → C0 = G∗;

ψ1 = −θ : C0 = G→ C0 = G∗,

where in the last row we take any representative θ ∈ hom(G,G∗) of the
element θ ∈ Q−ε(G).

The isomorphism class of the associated 1-dimensional ε-quadratic com-
plex does not depend on the choice of the representative for any two choices
are related by θ′ − θ = τ + τ∗ for some χ ∈ hom(G,G∗) and we can pick the
identity as the isomorphism between the associated 1-dimensional quadratic
complexes using the chain χ ∈ (W ⊗Z/2 (C ′ ⊗R C ′))2 with components
χ0 = 0 = χ1 = χ̃0 and χ2 = τ .

If we start with a 1-dimensional ε-quadratic complex (C,ψ) and associate
to it a split ε-quadratic formation (F,G, γ, δ, θ) and to this we associate a 1-
dimensional ε-quadratic complex (C ′, ψ′) by the above formulas, we observe

that the complexes (C,ψ) and (C ′, ψ′) are isomorphic by taking f = id, f̃ = id

and choosing the chain χ to have components χ0 = 0, χ1 = 0, χ̃1 = ψ̃0 and
χ2 = ψ1.

For an isomorphism of split ε-quadratic formations

(α, β, ξ) : (F,G, γ, δ, θ)→ (F ′, G′, γ′, δ′, θ′),

we obtain an isomorphism of the associated 1-dimensional ε-quadratic com-
plexes with components

f = α and f̃ = (β∗)−1.

If τ ∈ hom(G,G∗) is such that we have the equation

β∗θ′β = θ + δ∗ξ∗δ + τ + τ∗ ∈ hom(G,G∗),
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then the required chain χ ∈ (W ⊗Z/2 (C ′ ⊗R C ′))2 has components

χ0 = −αξ∗α∗ χ1 = 0 χ̃1 = −(β∗)−1δ∗ξ∗α∗ χ2 = (β∗)−1τ(β)−1.

This finishes the proof. ut

The difference between formations and split formations is the choice of a
hessian, which is in general not unique. Such choices occur for example in the
proof of Proposition 14.124. It will be shown later that these choices do not
matter when we pass to the L-groups.

14.4 L-groups via Chain Complexes

Recall that in Chapters 7 and 8 the L-groups were defined as the Grothendieck
groups of quadratic forms or formations modulo the equivalence relation given
by dividing out the hyperbolic forms or trivial and boundary formations.
Now forms and formations will be replaced by structured chain complexes
and these equivalence relations will be replaced by the relation of cobordism
of structured chain complexes.

A cobordism of structured chain complexes is a notion that imitates the
notion of a cobordism of manifolds just as a symmetric Poincaré complex
imitates the notion of a manifold. One may ask why should one expect the L-
groups to be cobordism groups. The answer is provided by Chapter 12 where
an interpretation of the L-groups was given as quite complicated geometric
cobordism groups. The benefit of the chain complex treatment is that once
the definitions of structures on chain complexes and relative versions have
been set up, the definition of the L-groups as cobordism groups is simpler
than the definition in Chapter 12, in particular we do not need to include
special conditions on boundary.

14.4.1 Pairs

A geometric cobordism is a special case of a pair of Poincaré complexes and
in particular of topological spaces. So in order to define its algebraic analogue
we first need to present relative versions of the structured chain complexes
from Section 14.2.

We recall from Section 14.2.2 that an n-dimensional symmetric chain com-
plex corresponds to a topological space together with an n-dimensional sin-
gular cycle, a choice of the chain level cap product with that cycle, a choice
of a homotopy between this cap product and its dual and choices of higher
homotopies. In analogy with this situation an (n+ 1)-dimensional symmetric
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pair corresponds to a pair of topological spaces together with an (n + 1)-
dimensional relative singular cycle and choices of the chain level cap products
and homotopies. Note however, that in the relative situation the cap prod-
ucts in singular homology are maps from absolute cohomology to relative
homology or from relative cohomology to absolute homology and there are
compatibilities between them as follows.

Given a pair of spaces (X,A) and an (n + 1)-dimensional relative cycle
c ∈ Cn+1(X,A) we have a commutative diagram:

Hk−1(A) //

−∩∂c
��

Hk(X,A) //

−∩c
��

Hk(X) //

−∩c
��

Hk(A)

−∩∂c
��

Hn+1−k(A) // Hn+1−k(X) // Hn+1−k(X,A) // Hn−k(A)

(14.126)

see [29, Theorem VI.4.5 and Theorem VI.9.2 in] or [101, Theorem III.4.43].
We have to deal with this kind of mixture of the absolute and relative chain

complexes and the definitions below have this mixture encoded in themselves,
especially illuminating in this direction is Diagram (14.149) and Construc-
tion 14.157.

Recall from Definition 14.9 that, given a chain map f : C → D, we have
induced chain maps:

f% : W%(C)→W%(D) and f% : W%(C)→W%(D).

We warn the reader that the mapping cones of these chain maps cone(f%)
and cone(f%) are in general not chain homotopy equivalent to the com-
plexes W%(cone(f)) and W%(cone(f)). We already know this from Sec-
tion 14.2, the suspension map is not a chain homotopy equivalence for sym-
metric or quadratic structures. A full analysis of the difference will be pro-
vided in Proposition 14.197. But before that we come to the desired definition
of the relative structured chain complexes.

Definition 14.127 (Symmetric pair, Quadratic pair).
An (n + 1)-dimensional symmetric pair in the category hR-CHfgp is a

chain map f : C → D in hR-CHfgp together with an (n + 1)-dimensional
cycle (ϕ, δϕ) ∈ cone(f%).

An (n+1)-dimensional quadratic pair in the category hR-CHfgp is a chain
map f : C → D in hR-CHfgp together with an (n + 1)-dimensional cycle
(ψ, δψ) ∈ cone(f%).

Note that an (n + 1)-dimensional symmetric pair (f : C → D, (ϕ, δϕ))
contains an n-dimensional symmetric complex (C,ϕ) and similarly an (n+1)-
dimensional quadratic pair (f : C → D, (ψ, δψ)) contains an n-dimensional
quadratic complex (C,ψ). The cycle condition translates into the relation
between δϕ and ϕ via the equation d(δϕ) = −f%(ϕ). In other words, we can
think of δϕ as of a path from the push-forward of ϕ to 0. Similarly in the
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quadratic case d(δψ) = −f%(ψ) enables us to see δψ as of a path from the
push-forward of ψ to 0.

Remark 14.128. We follow [197] in notation here. We note that the symbol
δϕ is not to be read as δ of ϕ, the two chains ϕ and δϕ in the chain complex
cone(f%) are a priori not related in any sense. However, if we have a sym-
metric pair, that means that the pair (ϕ, δϕ) is a cycle, then as explained
above δϕ can be viewed as a chain homotopy; this justifies the notation.

Remark 14.129 (Structures in terms of components relative case).
When we write out the structures on f : C → D from Definition 14.127 in
terms of their components we obtain the following equations.

Let (ϕ, δϕ) ∈ cone(f%)n+1 be an (n + 1)-dimensional symmetric pair on
f : C → D. Denoting ϕs = ϕ(1s) and δϕs = δϕ(1s) with 1s ∈ Ws as before,
we see that (ϕ, δϕ) consists of the collections {ϕs ∈ (C⊗RC)n+s|s ∈ N} and
{δϕs ∈ (D ⊗R D)n+1+s|s ∈ N} of chains satisfying (14.15) and

(14.130) dD⊗RD(δϕs) = (−1)n+1(δϕs−1 + (−1)sT (δϕs−1))− (f ⊗ f)(ϕs)

in (D⊗RD)n+s. These describe δϕ0 as a path from (f ⊗ f)(ϕ0) to zero and
each δϕs for s ≥ 1 as a path between (f ⊗ f)(ϕs) and zero.

Let (ψ, δψ) ∈ cone(f%)n+1 be an (n + 1)-dimensional quadratic pair on
f : C → D. Writing out ψ = Σs≥0(1s ⊗ ψs) and δψ = Σs≥0(1s ⊗ δψs) we
obtain that (ψ, δψ) consist of the collections {ψs ∈ (C ⊗R C)n−s|s ∈ N} and
{δψs ∈ (D ⊗R D)n+1+s|s ∈ N} of chains satisfying (14.16)

(14.131) dD⊗RD(δψs) = (T (δψs+1) + (−1)s+1δψs+1)− (f ⊗ f)(ψs)

in (D⊗RD)n+s. These describe each δψs as a path between (f ⊗ f)(ψs) and
zero.

Exercise 14.132. Show that cone(f%) = homZ[Z/2](W, cone(f ⊗ f)).

The symmetrisation map

(14.133) 1 + T : cone(f%)→ cone(f%)

is defined as the induced map from the symmetrisations on C and D.
Recall from Section 14.2 that the 0-th component of a symmetric structure

corresponds to the cap product. We think of the passage from ϕ to ϕ0 as of
an evaluation map.

Definition 14.134 (The evaluation maps). The symmetric evaluation
map is

ev : W%(C)→ C ⊗R C ϕ 7→ ϕ0

and the quadratic evaluation map is

ev : W%(C)→ C ⊗R C ϕ 7→ (1 + T )ψ0
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Remark 14.135. The symmetric evaluation map can and sometimes should
be also thought of as a map induced by the inclusion W0 → W on the
functor hom(−, C ⊗R C). The quadratic evaluation map is the composition
of the symmetrisation map and the symmetric evaluation map.

Now we proceed to the definition of the evaluation maps in the relative
setting. Recall that a given chain map f : C → D we obtain the homotopy
cofibration sequence (see Definition 13.49 if needed)

C
f //

j : 0'ef
44

D
e // cone(f)

(14.136)

where e : D → cone(f) is just the standard inclusion e : Dr → Cr−1 ⊕ Dr

given by e(y) = (0, y) and where j is the chain homotopy given by

(14.137) j : Cr → cone(f)r+1 = Cr ⊕Dr+1 j(x) = (x, 0).

The mapping cone has a universal property described in Remark 13.38.
Next we study the following diagram where all squares with full arrows are

strictly commutative and where all rows and columns are homotopy cofibra-
tion sequences and the sequence of the two maps from the upper left corner
in the direction down right is also a homotopy cofibration sequence. (To ease
the reading the arrows with obvious maps are not labeled.)

Figure 14.138 (Big diagram for pairs).

C ⊗ C //

�� ''

j⊗f

��

f⊗j

--

C ⊗D //

��

C ⊗ cone(f)

��
D ⊗ C //

��

D ⊗D //

��

''

D ⊗ cone(f)

��

cone(f ⊗ f)

evlww

evr

66

z(j⊗j)

((
cone(f)⊗ C // cone(f)⊗D // cone(f)⊗ cone(f)

When j is the canonical chain homotopy as in (14.136), then j ⊗ f is a
chain homotopy from 0 to ef ⊗ f and f ⊗ j is a chain homotopy from 0
to f ⊗ ef . From these we obtain via the universal property of a mapping
cone, see Remark 13.38, the induced maps from cone(f ⊗ f) that are de-
noted in the diagram by evl and evr. (In the notation of Remark 13.38 these
are evl = z(e ⊗ 1, j ⊗ f) and evr = z(1 ⊗ e, f ⊗ j).) Now we are interested
in the bottom right part of the diagram. We ask ourselves whether the two
compositions (id⊗e) ◦ evl and (e⊗ id) ◦ evr agree or not. In fact they do not
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agree in general, but the construction from Exercise 13.43 provides us with
a chain homotopy

(14.139)
z(j ⊗ j) : (id⊗e) ◦ evl = z(e⊗ e, j ⊗ ef) '

' z(e⊗ e, ef ⊗ j) = (e⊗ id) ◦ evr

induced by the homotopy between chain homotopies j ⊗ j : j ⊗ ef ' ef ⊗ j.
Using the fact that homotopy cofibration sequences agree with homotopy

fibration sequences, see Theorem 13.63, we also see that in the above diagram
the square involving cone(f ⊗ f) and the three terms most down-right is a
cartesian square. We do not use this result here, only later in Section 14.4.3.

After this preparation we come to the definitions. We first observe that
there is an evaluation map of the shape

(14.140) ev : cone(f%) ∼= homZ[Z/2](W, cone(f ⊗ f))→ cone(f ⊗ f)

given by the precomposition with the inclusion W0 → W . It fits into the
commutative diagram

W%(C)
f%

//

ev

��

W%(D) //

ev

��

cone(f%)

ev

��
C ⊗ C

f⊗f // D ⊗D // cone(f ⊗ f).

(14.141)

Definition 14.142 (The relative evaluation maps — symmetric case).
The relative evaluation maps

evl : cone(f%)→ cone(f)⊗D ∼= hom(cone(f)−∗, D);

evr : cone(f%)→ D ⊗ cone(f) ∼= hom(D−∗, cone(f)),

are defined as compositions of the map ev from (14.140) with the maps evl
and evr from Figure 14.138.

The fact that the maps in Definition 14.142 are denoted by the same
symbols as the maps in Figure 14.138 should not cause confusion.

Remark 14.143 (The relative evaluation maps — formulas in the
symmetric case). Unraveling the formulas using the definition of the in-
duced map evl(ϕ0, δϕ0) = z(e⊗1, j⊗f)(ϕ0, δϕ0) = (e⊗1)(δϕ0)+(j⊗f)(ϕ0)
yields:

evl : cone(f%)→ cone(f)⊗D ∼= hom(cone(f)−∗, D)

(ϕ, δϕ) 7→ δϕ0 hom(e, 1) + fϕ0 hom(j, 1) : cone(f)n+1−∗ → D

(14.144)
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and evr(ϕ0, δϕ0) = z(1 ⊗ e, f ⊗ j)(ϕ0, δϕ0) = (1 ⊗ e)(δϕ0) + (f ⊗ j)(ϕ0) in
the other case gives

evr : cone(f%)→ D ⊗ cone(f) ∼= hom(D−∗, cone(f))

(ϕ, δϕ) 7→ eδϕ0 + jϕ0 hom(f, 1) : Dn+1−∗ → cone(f)
(14.145)

On respective modules
we obtain

(14.146)
evl(ϕ, δϕ) = δϕ0 + (−1)n−rfϕ0 : cone(f)n+1−r = Cn−r ⊕Dn+1−r → Dr,

and

(14.147) evr(ϕ, δϕ) =

(
ϕ0f

∗

δϕ0

)
: Dn+1−r → cone(f)r = Cr−1 ⊕Dr.

Remark 14.148 (The homotopy commutative ladder of a symmet-
ric pair). Note that the discussion following Figure 14.138 tells us that when
we pass to cone(f) ⊗ cone(f) ∼= homR(cone(f)−∗, cone(f)) the two compo-
sitions (id⊗e) ◦ evl and (e ⊗ id) ◦ evr are chain homotopic via the chain
homotopy z(j ⊗ j) of (14.139).

As a consequence we obtain the following diagram whose rows are homo-
topy cofibration sequences and in which the outer two squares do commute
strictly, but the middle one only commutes up to homotopy

Cn−∗

ev(ϕ)

��

∂∗ // cone(f)n+1−∗

evl(ϕ,δϕ)

��

e∗ //

''

Dn+1−∗

evr(ϕ,δϕ)

��

f∗ // Cn+1−∗

ev(ϕ)

��
C

f
// D

e
// cone(f)

∂
// ΣC

(14.149)

Exercise 14.150. Show that the chain homotopy is given by the formula:

evm = (−1)n+1+rjϕ0j
∗ : cone(f)−r → cone(f)n+r+2.

Definition 14.151 (The relative evaluation maps — quadratic case).
The relative evaluation maps

evl : cone(f%)→ cone(f)⊗D ∼= hom(cone(f)−∗, D)

evr : cone(f%)→ D ⊗ cone(f) ∼= hom(D−∗, cone(f))

are defined as compositions of the symmetric evaluation maps evl and evr
with the symmetrisation map (1 + T ) from (14.133).
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Remark 14.152 (The relative evaluation maps — formulas in the
quadratic case). Unraveling the formulas yields:

evl : cone(f%)→ cone(f)⊗D ∼= hom(cone(f)−∗, D)

(ψ, δψ) 7→ (1 + T )(δψ0 hom(e, 1) + fψ0 hom(j, 1)) : cone(f)n+1−∗ → D

(14.153)

and

evr : cone(f%)→ D ⊗ cone(f) ∼= hom(D−∗, cone(f))

(ψ, δψ) 7→ (1 + T )(eδψ0 + jψ0 hom(f, 1)) : Dn+1−∗ → cone(f)

(14.154)

or on respective modules
(14.155)
evl(ψ, δψ) = (1+T )(δψ0+(−1)n−rfψ0) : cone(f)n+1−r = Cn−r⊕Dn+1−r → Dr.

and

(14.156) evr(ψ, δψ) =

(
(1 + T )(δψ0)

(1 + T )(ψ0f
∗)

)
: Dn+1−r → C(f)r = Cr−1 ⊕Dr.

Construction 14.157 (The relative symmetric construction).
Let (X,A) be a pair of topological spaces, denote the inclusion i : A→ X.

By the naturality of the symmetric construction 14.37 we obtain a chain map

ϕ(X,A) : cone(i)→ cone(i%)

which is called the relative symmetric construction.
Using the canonical chain homotopy equivalence cone(i∗) ' C∗(X,A) we

see that applying H∗ respectively H∗ to the diagram (14.149) produces dia-
gram (14.126). There also exists an equivariant and pointed version.

Construction 14.158 (The relative quadratic construction).
Let (F, ∂F ) : Σp(X,A)→ Σp(Y,B) be a stable map of pairs of topological

spaces for some p ≥ 0. Denote the inclusions iX : A ↪→ X and iY : B ↪→ Y .
The two stable maps ∂F and F yield two quadratic construction maps ψ∂F
and ψF as in Section 14.2.7 which fit together to induce the chain map

ψ(F,∂F ) : C(X,A) ' cone((iX)∗)→ cone((iY )%)

which is called the relative quadratic construction. There also exists an equi-
variant and pointed version.

Similarly as in the absolute case we have the notion of a Poincaré pair.

Definition 14.159 (Symmetric Poincaré pair, Quadratic Poincaré
pair). An (n + 1)-dimensional symmetric algebraic Poincaré pair (SAPP)
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over R is a symmetric pair (f : C → D, (ϕ, δϕ)) such that

evl(ϕ, δϕ) : Dn+1−∗ → cone(f)

is a chain equivalence.
An (n+ 1)-dimensional quadratic algebraic Poincaré pair (QAPP) over R

is a quadratic pair (f : C → D, (δψ, ψ)) such that

evl(1 + T ) · (ψ, δψ) : Dn+1−∗ → cone(f)

is a chain equivalence.

Exercise 14.160. Show that if evl(ϕ, δϕ) is a chain homotopy equivalence,
then also evr(ϕ, δϕ) is a chain equivalence and from the ladder (14.149)
conclude that also ev(ϕ) is a chain equivalence. Similarly in the quadratic
situation.

If (X,A) is an (n+ 1)-dimensional geometric Poincaré pair with the fun-
damental class [X] ∈ Cn+1(X,A), then the evaluation map

evr ◦ϕ(X,A)([X]) : Cn+1−∗(X̃)→ C(X̃, Ã)

is a chain homotopy equivalence or and hence we obtain an (n + 1)-
dimensional SAPP (C(A)→ C(X), ϕ(X,A)([X])).

If (f, ∂f) : (M,∂M) → (X, ∂X) is a degree one normal map of (n + 1)-
dimensional geometric Poincaré pairs (e.g., manifolds with boundary) with
the fundamental class [X] ∈ Cn+1(X, ∂X), then the relative version of the
equivariant S-duality from Section 14.2.8 provides us first with a stable map
of pairs (F, ∂F ) : Σp(X, ∂X) → Σp(M,∂M) for some p ≥ 0 such that the
corresponding evaluation map

evr ◦e% ◦ ψ(F,∂F )([X]) : conen+1−∗(f !)→ cone(cone(∂f !)→ cone(f !))

is a chain homotopy equivalence and hence we obtain an (n+1)-dimensional
QAPP (cone(∂f !)→ cone(f !), e% ◦ ψ(F,∂F )([X])).

14.4.2 Cobordisms

Now we pass to the definition of a cobordism. In accordance with the geo-
metric intuition this is a Poincaré structured pair, where the boundary has
two components. The aim of this subsection is to show that cobordism gives
an equivalence relation which enables us to give a new Definition 14.183 of
the L-groups.

Definition 14.161 (Algebraic cobordism). A cobordism between n-dimen-
sional SAPCs (C,ϕ) and (C ′, ϕ′) over R is an (n+1)-dimensional SAPP over
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R
((f f ′) : C ⊕ C ′ → E, (ϕ⊕−ϕ′, δϕ)).

A cobordism between n-dimensional QAPCs (C,ψ) and (C ′, ψ′) over R is
an (n+ 1)-dimensional QAPP over R

((f f ′) : C ⊕ C ′ → E, (ψ ⊕−ψ′, δψ))

Proposition 14.162 (Algebraic cobordism is an equivalence rela-
tion).

(i) Cobordism is an equivalence relation on n-dimensional symmetric Poincaré
chain complexes over R;

(ii) Cobordism is an equivalence relation on n-dimensional quadratic Poincaré
chain complexes over R.

Proof. We confine ourselves to the symmetric case, the quadratic case being
entirely analogous.

1. Reflexivity. Let (C,ϕ) be an n-dimensional symmetric Poincaré complex.
Recall the chain map ω : I →W%(I) from Subsection 14.2.3 where I was the
cellular chain complex of the unit interval [0, 1]. Recall that we have the for-
mula dW%(I)(ω) = i%1 (ν)−i%0 (ν) which means that the map ω may be viewed

as a path between i%1 (ν) and i%0 (ν) or between the difference i%1 (ν) − i%0 (ν)
an 0 and hence (Z ⊕ Z → I, (ω, ν ⊕ −ν)) is a 1-dimensional symmetric pair
and it is easy to check that it is a Poincaré pair and hence a cobordism. The
product construction 14.48 provides us with an (n+1)-dimensional symmetric
cobordism

((i1 i0) : C ⊕ C → C ⊗ I, (ϕ⊕−ϕ,ϕ⊗ ω)).

2. Symmetry. Starting with a cobordism

((fC fC′) : C ⊕ C ′ → D, (ϕ⊕−ϕ′, δϕ))

between (C,ϕ) and (C ′, ϕ′), the pair

((fC′ fC) : C ′ ⊕ C → D, (ϕ′ ⊕−ϕ,−δϕ))

defines a cobordism between (C ′, ϕ′) and (C,ϕ).

3. Transitivity. To see the transitivity a new concept is need, namely the
union of cobordisms along a common boundary component, it is presented
Construction 14.163 below.

ut

Construction 14.163 (The union of symmetric pairs along a common
boundary). Another operation which is needed is the operation of the union
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of cobordisms along a common boundary (component). Let

c = ((fC fC′) : C ⊕ C ′ → D, (ϕ⊕−ϕ′, δϕ));

c′ = ((f ′C′ f
′
C′′) : C ′ ⊕ C ′′ → D′, (ϕ′ ⊕−ϕ′′, δϕ′)),

be two (n+1)-dimensional symmetric cobordisms. Their union is the (n+1)-
dimensional cobordism

c′′ = c ∪ c′ = ((f ′′C f ′′C′′) : C ⊕ C ′′ → D′′, (ϕ⊕−ϕ′′, δϕ′′))

whose definition is presented below. For simplicity we restrict ourselves to the
case when C = C ′′ = 0, which contains the essential ideas. We will frequently
use notions from homotopy theory of chain complexes such as homotopy
pushouts and homotopy pullbacks of chain complexes and relations among
them as described in Chapter 13.

The underlying chain complex D′′ is defined to be the homotopy pushout

(14.164) D′′ = D∪̃C′D′ = cone

((
fC′

−f ′C′

)
: C ′ → D ⊕D′

)
.

Recall that we have the canonical homotopy cofibration sequenceW%(C)
f%

−−→
W%(D)

j−→ cone(f%) and the canonical cofibration sequence W%(D)
j−→

cone(f%)
q−→ ΣW%(C), where the R-chain maps j and q are the obvious

ones. Define HPO by the homotopy pushout

W%(C ′)⊕W%(C ′)
id⊕ id //

f%⊕f ′%
��

W%(C ′)

f%⊕f ′%

��
W%(D)⊕W%(D′)

id⊕ id // HPO

where we have abbreviated f = fC′ , f
′ = f ′C′ . Let k : D → D′′ and k′ : D′′ →

D′′ be the canonical inclusions. Then we obtain R-chain maps

k% ⊕ k′% : W%(D)⊕W%(D′)→W%(D′′),

and
(k ◦ f)% : W%(C ′)→W%(D′′).

There is a canonical chain homotopy h : k ◦f ' k′ ◦f ′ of R-chain maps C ′ →
D′′ since D′′ is the defined as a homotopy pushout. It induces a preferred
chain homotopy h% : (k ◦ f)% ' (k′ ◦ f ′)% of R-chain maps W%(C ′) →
W%(D′′). Thus we obtain by 0 ⊕ h% a preferred chain homotopy from the
chain map

(k ◦ f)% ◦ (id⊕ id) = (k ◦ f)% ⊕ (k ◦ f)% : W%(C ′)⊕W%(C ′)→W%(D′′)
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to the chain map

(k%⊕k′%)◦(f%⊕f ′%) = (k◦f)%⊕(k′◦f ′)% : W%(C ′)⊕W%(C ′)→W%(D′′).

From these data the universal property of the homotopy pushout yields a
chain map

Φ : HPO→W%(D′′).

We get a diagram whose uppermost square commutes up to preferred chain
homotopy and whose other two squares commute

(14.165) W%(C ′)⊕W%(C ′)
id⊕ id //

f%⊕f ′%
��

W%(C ′)

f%⊕f ′%

��
W%(D)⊕W%(D′)

id⊕ id //

j⊕j′

��

HPO

j′′

��
cone(f%)⊕ cone(f ′%)

z //

p⊕p′

��

cone(f% ⊕ f ′%)

p′′

��
Σ(W%(C ′)⊕W%(C ′))

Σ(id⊕ id) // ΣW%(C).

Here j′′ is the obvious inclusion, p′′ is the obvious projection and the chain
map z comes from the universal property of the mapping cone and the canon-
ical chain homotopy associated to the homotopy pushout above.

We observe that the element

((ϕ′, δϕ),−(ϕ′, δϕ′)) ∈ cone(f%)n+1 ⊕ cone(f ′%)n+1

is sent under the map Σ(id⊕ id) ◦ p⊕ p′ = p′′ ◦ z to zero in ΣW%(C) Hence

there is precisely one element δ̂ϕ in HPOn+1 satisfying

j′′n+1(δ̂ϕ) = z((ϕ′, δϕ),−(ϕ′, δϕ′)).

Now we define

(14.166) δϕ′′ := Φ(δ̂ϕ) ∈W%(D′′)n+1.

Define HPO by the homotopy pushout
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(C ′ ⊗ C ′)⊕ (C ′ ⊗ C ′) id⊕ id //

(f⊗f)⊕(f ′⊗f ′)
��

C ′ ⊗ C ′

(f⊗f)⊕(f ′⊗f ′)
��

(D ⊗D)⊕ (D′ ⊗D′) id⊕ id // HPO.

Then we obtain R-chain maps

(k ⊕ k)⊕ (k′ ⊗ k′) : (D ⊗D)⊕ (D′ ⊗D′)→ D′′ ⊗D′′,

and
(k ◦ f)⊗ (k ◦ f) : C ′ ⊗ C ′ → D′′ ⊗D′′.

The canonical chain homotopy h : k ◦ f ' k′ ◦ f ′ yields a preferred chain
homotopy from the chain map

(k ◦ f)⊗ (k ◦ f) ◦ (id⊕ id) : (C ′ ⊗ C ′)⊕ (C ′ ⊗ C ′)→ D′′ ⊗D′′

to the chain map

(k ⊗ k)⊕ (k′ ⊗ k′) ◦ (f ⊗ f)⊕ (f ′ ⊗ f ′) : (C ′ ⊗ C ′)⊕ (C ′ ⊗ C ′)→ D′′ ⊗D′′.

From these data the universal property of the homotopy pushout yield a
chain maps

Φ : HPO→ D′′ ⊗D′′.

Recall that we have defined evaluation maps ev in (14.140) which was essen-
tially giben by the inclusion W0 → W One easily checks that everthing is
compatible with these evaluation maps. Hence we get a chain map

(14.167) w : HPO→ HPO,

for which the following diagram commutes

HPO
Φ //

w

��

W%(D′′)

ev

��
HPO

Φ // D′′ ⊗D′′.

Analogous to (14.165) we construct using (14.141) a commutative diagram
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(14.168)

(C ′ ⊗ C ′)⊕ (C ′ ⊗ C ′) id⊕ id //

(f⊗f)⊕(f ′⊗f ′)
��

C ′ ⊗ C ′

(f⊗f)⊕(f ′⊗f ′)
��

(D ⊗D)⊕ (D′ ⊗D′) //

��

HPO

��
(cone(f)⊗ cone(f))⊕ (cone(f ′)⊗ cone(f ′)) //

��

cone
(
(f ⊗ f)⊕ (f ′ ⊗ f ′)

)
��

Σ((C ⊗ C)⊕ (C ′ ⊗ C ′))
Σ(id⊕ id) // Σ(C ⊗ C).

Starting with the element

(ev(ϕ′, δϕ),− ev(ϕ′, δϕ′)) ∈ (cone(f)⊗ cone(f))⊕ (cone(f ′)⊗ cone(f ′))

one construct a unique element δϕ in HPOn+1 as done above for δ̂ϕ in
HPOn+1. Now define

(14.169) δϕ′′ := Φ(δϕ) ∈ (D′′ ⊗D′′)n+1.

Then the image of δϕ under ev : W%(D′′)n+1 → D′′ ⊗D′′ is δϕ′′.
This implies by inspecting the defintion of the map evr from Defin-

tion 14.142 that we obtain a up to chain homotopy commutative diagram

(C ′)n−∗ = Σ−1(C ′)n+1−∗

��

evr(ϕ)
// C ′

��
cone(f ′)n+1−∗ ⊕ cone(g′)n+1−∗

��

evr(ϕ,δϕ)⊕evr(ϕ′,δϕ′) // D ⊕D′

��
(D′′)n+1−∗ δϕ′′0 //

��

D′′

��
Σ(C ′)n−∗ = (C ′)n+1−∗ Σ evr(ϕ) // ΣC ′

Since the two lower squares in the diagram above have as vertical arrows
cofibration sequences and the chain maps evr(ϕ, δϕ) ⊕ evr(ϕ

′, δϕ′) and and
Σ−1 ev(ϕ) are chain homotopy equivalences, the chain map δϕ′′0 : (D′′)n+1−∗ →
D′′ is a R-chain homotopy equivalence.

Next we would like to define the symmetric structure δϕ′′. We consider the
commutative diagram in Figure 14.170 in which the two columns are homo-
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topy cofibration sequences. The left column is the sum of the two homotopy
cofibration sequences coming from the two pairs we start with. The complex
X is defined as the homotopy fiber of the last map in the right column. The
first and the last horizontal maps are the sum maps, the third is the identity
and the second comes from the universal property of the homotopy pullback.
The bended arrow is the sum map coming from the two obvious inclusions.

Figure 14.170 (Union of symmetric structures on pairs).

W%(C)⊕W%(C) //

��

W%(C)

��
W%(D)⊕W%(D′) //

��

33X

��

Φ // W%(D′′)

cone((f ′)%)⊕ cone((g′)%) //

��

cone((f ′)%)⊕ cone((g′)%)

��
Σ(W%(C)⊕W%(C)) // ΣW%(C)

We observe that the symmetric pairs (ϕ′, δϕ) ∈ cone((f ′)%) and (ϕ′, δϕ′) ∈
cone((g′)%) have the same image in ΣW%(C) and so they together define an
(n+ 1)-dimensional cycle δϕ in X via its universal property.

Since the upper square is a homotopy pushout we have the dashed uni-
versal arrow Φ and we define

(14.171) δϕ′′ := Φ(δϕ).

Next we need to show that δϕ′′ is an (n+ 1)-dimensional Poincaré struc-
ture, that means we need to show that δϕ′′0 : (D′′)n+1−∗ → D is a chain
equivalence. We show that it fits into a commutative diagram with columns
homotopy cofibration sequences as in Figure 14.172.

Figure 14.172 (Mayer-Vietoris sequence for a union).
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Σ(C ′)n+1−∗

��

ev(ϕ)
// C ′

��
cone(f ′)n+1−∗ ⊕ cone(g′)n+1−∗

��

evr(ϕ,δϕ)⊕

evr(ϕ′,δϕ′)

// D ⊕D′

��
(D′′)n+1−∗

��

δϕ′′0 // D′′

��
(C ′)n+1−∗ ev(ϕ) // ΣC ′

By our assumptions the two horizontal arrows are chain homotopy equiv-
alences and so by the 5-lemma is δϕ′′0 as well.

In order to shows that δϕ′′0 fits into the diagram of Figure 14.172 we pro-
ceed as follows. We consider yet another commutative diagram with columns
homotopy cofibration sequences, namely the one from Figure 14.173.

Figure 14.173 (Obtaining the zeroth component of a union).

C ′ ⊗D ⊕ C ′ ⊗D′

��

// C ′ ⊗D′′

�� **
D ⊗D ⊕D′ ⊗D′

��

//
33F

��

Φ0 // D′′ ⊗D′′

cone(f ′)⊗D ⊕ cone(g′)⊗D′

��

// cone(f ′)⊗D′ ⊕ cone(g′)⊗D′

��
Σ(C ′ ⊗D ⊕ C ′ ⊗D′) // ΣC ′ ⊗D′′

The evaluation map composed with suitable maps induced by the maps
from the pushout (14.164) produce a natural transformation from the dia-
gram in Figure 14.170 to the diagram in Figure 14.173. In particular the
arrow W%(D′′)→ D′′⊗D′′ is just the evaluation map and therefore the im-
age of δϕ′′ is δϕ

′′

0 . On the other hand the images of (ϕ′, δϕ) and (ϕ′, δϕ′) are
cycles appearing in the second entry from below in the right column of the
diagram in Figure 14.170. The cycle δϕ maps to both of these and unraveling
the definitions and using the universal properties it follows that δϕ′′0 fits into
the diagram of Figure 14.172.

Remark 14.174 (The union of symmetric pairs – formulas). Unrav-
eling the definitions yields the following explicit formulas for c′′ = c ∪ c′:
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D′′r = Dr ⊕ C ′r−1 ⊕D′r

dD′′ =

dD −fC′ 0
0 −dC′ 0
0 f ′C′ dD′

 : Dr+1 ⊕ C ′r ⊕D′r+1 → Dr ⊕ C ′r−1 ⊕D′r,
(14.175)

and

δϕ′′0 : Dn+1−r ⊕ (C ′)n+r ⊕ (D′)n+1−r → Dr ⊕ C ′r−1 ⊕D′r,

δϕ′′0 =

 δϕ0 0 0
ϕ′0f

∗ 0 ϕ′0(f ′)∗

0 0 δϕ′0

 ,

δϕ′′s : Dn+1−r ⊕ (C ′)n+r ⊕ (D′)n+1−r → Dr+s ⊕ C ′r−1+s ⊕D′r+s,

δϕ′′s =

 δϕs 0 0
ϕ′sf

∗ (−1)sµ1T (ϕ′s−1) ϕ′s(f
′)∗

0 0 δϕ′s

 .

Remark 14.176 (The union of symmetric pairs – formulas – new
pushout). Unraveling the definitions yields the following explicit formulas
for c′′ = c ∪ c′:

D′′r = C ′r−1 ⊕Dr ⊕D′r

dD′′ =

−dC′ 0 0
−fC′ dD 0
f ′C′ 0 dD′

 : C ′r ⊕Dr+1 ⊕D′r+1 → C ′r−1 ⊕Dr ⊕D′r,
(14.177)

and

δϕ′′0 : (C ′)n+r ⊕Dn+1−r ⊕ (D′)n+1−r → C ′r−1 ⊕Dr ⊕D′r,

δϕ′′0 =

0 ϕ′0f
∗ ϕ′0(f ′)∗

0 δϕ0 0
0 0 δϕ′0



δϕ′′s : (C ′)n+r ⊕Dn+1−r ⊕ (D′)n+1−r → C ′r−1+s ⊕Dr+s ⊕D′r+s,

δϕ′′s =

(−1)sµ1T (ϕ′s−1) ϕ′sf
∗ ϕ′s(f

′)∗

0 δϕs 0
0 0 δϕ′s

 .

Remark 14.178 (The union of quadratic pairs – formulas). Unravel-
ing the definitions yields the following explicit formulas for c′′ = c ∪ c′:
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D′′r = Dr ⊕ C ′r−1 ⊕D′r

dD′′ =

dD −fC′ 0
0 −dC′ 0
0 f ′C′ dD′

 : Dr+1 ⊕ C ′r ⊕D′r+1 → Dr ⊕ C ′r−1 ⊕D′r,
(14.179)

and

δψ′′0 : Dn+1−r⊕(C ′)n+r ⊕ (D′)n+1−r → Dr ⊕ C ′r−1 ⊕D′r,

δψ′′0 =

 δψ0 0 0
ψ′0f

∗ −µ1T (ψ′1) ψ′0(f ′)∗

0 0 δψ′0



δψ′′s : Dn+1−r⊕(C ′)n+r ⊕ (D′)n+1−r → Dr−s ⊕ C ′r−1−s ⊕D′r−s,

δψ′′s =

 δψs 0 0
ψ′sf

∗ (−1)sµ1T (ψ′s+1) ψ′s(f
′)∗

0 0 δψ′s

 .

Remark 14.180 (The union of quadratic pairs – formulas – new
pushout). Unraveling the definitions yields the following explicit formulas
for c′′ = c ∪ c′:

D′′r = C ′r−1 ⊕Dr ⊕D′r

dD′′ =

−dC′ 0 0
−fC′ dD 0
f ′C′ 0 dD′

 : C ′r ⊕Dr+1 ⊕D′r+1 → C ′r−1 ⊕Dr ⊕D′r,
(14.181)

and

δψ′′0 : (C ′)n+r⊕Dn+1−r ⊕ (D′)n+1−r → C ′r−1 ⊕Dr ⊕D′r,

δψ′′0 =

−µ1T (ψ′1) ψ′0f
∗ ψ′0(f ′)∗

0 δψ0 0
0 0 δψ′0


δψ′′s : (C ′)n+r⊕Dn+1−r ⊕ (D′)n+1−r → C ′r−1−s ⊕Dr−s ⊕D′r−s,

δψ′′s =

(−1)sµ1T (ψ′s+1) ψ′sf
∗ ψ′s(f

′)∗

0 δψs 0
0 0 δψ′s

 .

Exercise 14.182. Use the two choices ω and ω′ from Remark 14.55 which
give two different choices for induced homotopies of Remark 14.58, see Exer-
cise . . . , to obtain formulas for c∪ c′ that look more like the formulas in [197,
Section 3].

Definition 14.183 (L-groups via chain complexes). [197, Prop. 3.2]
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The symmetric L-groups of R are

Ln(R)chain := {cobordism classes of n-dimensional SAPCs in R}.

The quadratic L-groups of R are

Ln(R)chain := {cobordism classes of n-dimensional QAPCs in R.}

The group operation is the direct sum of the structured chain complexes in
both cases. The inverse of a SAPC (C,ϕ) is given by (C,−ϕ), and the inverse
of a QAPC (C,ψ) is given by (C,−ψ).

Remark 14.184 (The identification of the L-groups). It will be proven
in Section 14.5 that the groups Ln(R)chain are isomorphic to the surgery
obstruction groups Ln(R) of Wall from Chapters 7, 8 and 9.

Remark 14.185 (Versions of L-groups depending on the connectiv-
ity). Both symmetric and quadratic groups are 4-periodic, see Section 14.5
or [201, Proposition 1.10]. This is due to the fact that we work with homotopy
bounded rather than homotopy n-dimensional complexes.

Definition 14.186 (Poincaré bordism). Given a space X let ΩPn (X) be
the Poincaré bordism group of n-dimensional Poincaré complexes over X.

Definition 14.187 (Symmetric signature of a Poincaré complex). Let
X be an n-dimensional Poincaré complex. In Construction 14.37 we have as-
sociated to any chain representative of the fundamental class [X] ∈ Cn(X) an

n-dimensional symmetric algebraic Poincaré complex (C(X̃), ϕX [X]). By the
homotopy invariance and by the relative version of the symmetric construc-
tion from Construction 14.157 we obtain that the class of (C(X̃), ϕX [X])
in Ln(Zπ) only depends on the Poincaré bordism class of X and hence we
obtain the symmetric signature map

ssignπ : ΩPn (X)→ Ln(Zπ)chain

by
ssignπ(f : M → X, [M ]) = [(C(M̃), f%ϕM [M ])].

Definition 14.188 (Quadratic signature of a degree one normal map).
Let (f, f) : M → X be a degree one normal map from an n-manifold M to
an n-dimensional Poincaré complex X. In Subsection 14.2.7 we have asso-
ciated to the fundamental class [X] ∈ Hn(X) an n-dimensional quadratic
algebraic Poincaré complex (C(f !), e%ψF [X]) via the stable Umkehr map

F : ΣpX̃+ → ΣpM̃+ and the induced map f ! : C(X̃)→ C(M̃). By the homo-
topy invariance and by the relative version of the quadratic construction from
Construction 14.158 we obtain that the class of (C(f !), e%ψF [X]) in Ln(Zπ)
only depends on the normal bordism class of (f, f) and hence we obtain the
quadratic signature map
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qsignπ : N (X)→ Ln(Zπ)chain

by
qsignπ((f, f) : M → X) = [(C(f !), e%ψF [X])].

Remark 14.189 (Bordism invariance with not necessarily cylindri-
cal target). In Subsection 7.7.5 we stated Theorem 7.165 and in Subsec-
tion 8.4.3 we stated its odd-dimensional analogue Theorem 8.98 about the
bordism invariance of the surgery obstruction with not necessarily cylindrical
target, but we relegated the proofs in both cases to this chapter. We note
that the relative quadratic construction from Construction 14.158 provides us
now with a proof of such a theorem for the quadratic signature qsignπ(f, f).
Thus, when we identify the L-groups in Section 14.5 and when we identify
the surgery obstructions with quadratic signatures in Section 14.6 we will
automatically obtain also the proofs of Theorem 7.165 and Theorem 8.98.

14.4.3 The Algebraic Thom Construction

The aim of this section is to introduce the algebraic Thom construction which
produces from an (n + 1)-dimensional symmetric pair with the underlying
chain map f : C → D an (n + 1)-dimensional symmetric complex with the
underlying chain complex the mapping cone cone(f). It corresponds to the
passage from a (nice) pair of spaces (X,A) equipped with a relative cycle
in Cn+1(X,A) to the quotient X/A and the corresponding absolute cycle in
Cn+1(X/A) ' Cn+1(X,A). In other words it is a passage from the relative cap
products on the pair (X,A) to the absolute cap products on the space X/A
both of which come from a relative cycle in Cn+1(X,A).

Such a construction and its properties seem to be interesting on their
own. For us its importance comes from the homotopy theoretic point of view
on geometric surgery and cobordism. As explained in more detail in Re-
mark 14.225 from the homotopy theoretic point of view a geometric surgery
is a process which involves attaching a cell and detaching a cell. In the chain
complex world both of these constructions are viewed as taking a mapping
cone of some chain map and therefore it is desirable to understand the be-
haviour of the symmetric and quadratic structures when passing to mapping
cones.

The ideas in this section as well as the following ones are taken besides the
original sources of Ranicki also from the unpublished lecture notes of Lurie
from 2011. Lurie works in the setting of ∞-categories, so the statements and
proofs here are translated into the world of chain complexes.

Construction 14.190 (The algebraic Thom construction). The algebraic
Thom construction associates to an (n+ 1)-dimensional symmetric algebraic
pair (f : C → D, (ϕ, δϕ)) an (n + 1)-dimensional symmetric algebraic com-
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plex (cone(f), δϕ/ϕ) with the underlying chain complex the mapping cone
of f as follows.

The homotopy cofibration sequence of chain complexes

C
f //

j : 0'ef
44

D
e // cone(f)

induces a sequence of chain maps

W%(C)
f%

−−→W%(D)
e%−−→W%(cone(f)).

Although, as we know, this is usually not a cofibration sequence anymore, the
composition e%◦f% is null-homotopic, for example via the null-homotopy j%

as in (14.52). This choice of a null-homotopy induces a chain map

z(e%, j%) : cone(f%)→W%(cone(f))

(ϕ, δϕ) 7→ e%(δϕ) + j%(ϕ) =: δϕ/ϕ.
(14.191)

Remark 14.192 (The algebraic Thom construction — formulas). We
also need to understand the behavior of the algebraic Thom construction with
respect to the evaluation maps. Unraveling the definitions via (14.59) yields
that

(14.193) (δϕ/ϕ)0 = (id⊗e) ◦ evr(ϕ, δϕ) = (e⊗ e)(δϕ0) + (ef ⊗ j)(ϕ0)

or in other words

(14.194) (δϕ/ϕ)0 =

(
0 ϕ0f

∗

0 δϕ0

)
: Cn−∗ ⊕Dn−∗+1 → C∗−1 ⊕D∗

This equation is important in view of the homotopy commutative ladder
(14.149) since it equals the composition first down then right in the middle
square. Similarly we can write out the remaining components as

(δϕ/ϕ)s =

(
(−1)sµ1T (ϕs−1) ϕsf

∗

0 δϕs

)
: Cn−∗ ⊕Dn+1−∗ → C∗+s−1 ⊕D∗+s.

Exercise 14.195. Find the formulas for the algebraic Thom construction
using the other choice of ω from Remark 14.55 which gives a different formula
for j%.

Remark 14.196 (Poincaré pairs usually collapse to non-Poincaré
complexes). We note that if we start with a symmetric Poincaré pair we
usually end up with a symmetric complex which is not Poincaré, see for-
mula (14.194). This is in accordance with the geometric example, in which
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we start with a manifold with boundary (W,∂W ) and pass to the quotient
W/∂W which usually is not a manifold.

As already noted, the algebraic Thom construction map z(e%, j%) from
(14.191) is usually not a chain equivalence, we think of it as losing some
information. In the following proposition we determine the failure of it being
a chain equivalence. This is very useful since it will give us a way to reverse
the algebraic Thom construction in some sense, it will tell us precisely what
additional information we need besides the symmetric structure on a quotient
to recover a pair. We found the proposition in Lecture 11 of the unpublished
notes of Lurie from 2011. It can also be found in [10, Proposition 18].

Proposition 14.197 (Symmetric pairs versus quotients). Let f : C →
D be a chain map in hR-CHfgp. Then we have a chain homotopy equivalence

cone(f%) 'W%(cone(f))×̃cone(f)⊗2D ⊗ cone(f),

where the symbol −×̃−− denotes the homotopy pullback of chain complexes
as in Chapter 13 and cone(f)⊗2 is short for cone(f)⊗ cone(f) to save space.

Proof. We derive the proof from diagram in Figure 14.138, but we look at
it from a slightly different point of view, namely we study another of its
incarnations:

cone(f ⊗ f)

((

&&

gg
'

'' P

��

// cone(f)⊗D ⊕D ⊗ cone(f)

��
cone(f)⊗2 // cone(f)⊗2 ⊕ cone(f)⊗2

(14.198)

Here P denotes just the homotopy pullback. It follows from diagram in Fig-
ure 14.138 that the dashed arrow is a chain homotopy equivalence, hence
the arrow both ways. Now apply the functor

homZ[Z/2](W,−)

to the diagram. On one hand it preserves the homotopy pullbacks and on the
other hand we can apply Shapiro’s lemma, if the the argument is a coinduced
chain complex. From this we obtain that the following is a cartesian square

cone(f%)

z(e%,j%)

��

evr // D ⊗ cone(f)

e⊗id

��
W%(cone(f))

ev
// cone(f)⊗ cone(f)
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An inspection also explains the maps. ut

Proposition 14.197 should also be viewed in a more general context as
follows.

Proposition 14.199 (The algebraic Thom construction versus the
suspension — symmetric case). Let f : C → D be a chain map in
hR-CHfgp so that we have a homotopy cofibration sequence

C
f //

j : 0'ef
44

D
e // cone(f)

Then we have the following commutative diagram in which the top row is
a homotopy cofibration sequence.

W%(C)
f%

// W%(D) //

e% &&

cone(f%)
proj //

z(e%,j%)

��

ΣW%(C)
Σ(f%) //

S

��

W%(D)

S

��
W%(cone(f))

∂%

// W%(ΣC)
(Σf)%

// W%(ΣD)

Proof. The proof follows from the naturality of the algebraic Thom construc-
tion. ut

Next we collect several ideas about the intuitive and practical meaning of
Propositions 14.197 and 14.199.

Remark 14.200 (Criterion for being an image). We can ask ourselves
the following question. Given an n-dimensional symmetric structure ϕD onD,
when is it homologous to a cycle in the image of f%? Proposition 14.197 tells
us that a necessary condition is that it is null-homologous in W%(cone(f)),
but we also see that it is not a sufficient condition, we need that the image
of its evaluation in D⊗ cone(f) is also null-homologous in a compatible way.

Remark 14.201 (Reversing the algebraic Thom construction). We
can use Proposition 14.197 to produce symmetric pairs. By definition an
(n+ 1)-dimensional symmetric pair is given by an (n+ 1)-dimensional cycle
in cone(f%).

This means that any (n+1)-dimensional cycle in the right hand side of the
chain homotopy equivalence from Proposition 14.197 also gives us an (n+1)-
dimensional symmetric pair. The point here is, of course, that in certain
situations we will be able to construct such a cycle in the right hand side.

Suppose now that we have an (n+1)-dimensional symmetric pair (f : C →
D, (ϕ, δϕ)) and let us look at the image of (ϕ, δϕ) in the right hand side. We
notice that we actually land in the honest pullback
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W%(cone(f))×cone(f)⊗2 D ⊗ cone(f)

and the image is given by the pair (δϕ/ϕ, evr(ϕ, δϕ)).
We can look at this situation as follows. Suppose we start with a symmetric

pair (ϕ, δϕ) and we pass to the quotient δϕ/ϕ and forget that this symmetric
structure came from a pair. We ask ourselves what information we need to
remember to recover the pair (ϕ, δϕ). Proposition 14.197 tells us that we need
the underlying chain complexes, that means we need to know that cone(f) is
the mapping cone of f : C → D , or equivalently that C is the fiber of e : D →
cone(f) and we also need the evaluation map evr(ϕ, δϕ) ∈ D ⊗ cone(f), but
that is all we need.

In other words the information contained in (δϕ/ϕ)s for s ≥ 0, and in the
maps e : D → cone(f) and evr(ϕ, δϕ) enables us to recover (δϕ)s and ϕs for
all s ≥ 0.

Yet another point of view on this situation is as follows. Suppose we start
with a symmetric pair (ϕ, δϕ) and we pass to the quotient δϕ/ϕ and we
again forget that this symmetric structure came from a pair. We can also ask
ourselves is the quotient δϕ/ϕ the result of the algebraic Thom construction
on some other symmetric pair (f ′ : C ′ → D′, (ϕ′, δϕ′)) such that cone(f) '
cone(f ′). And if yes, then what information do we need to recover the pair
(ϕ′, δϕ′). The answer is similar to the one in the previous paragraph. If we
know the map of underlying chain complexes e′ : D′ → cone(f) and hence
we have C ′ is the homotopy fiber of e′, then we need also an element, say
ē ∈ D′ ⊗ cone(f) ∼= hom((D′)n+1−∗, cone(f)), that means a hypothetical
evaluation evaluation map ē = evr(ϕ

′, δϕ′), but that is all we need.
Hence given a symmetric structure on some chain complex, if one chooses

some factorisation of the zeroth component of that structure, then one obtains
a symmetric pair whose algebraic Thom construction is the original structure.
This is exactly the situation that will happen when we define the notion of
algebraic surgery in Section 14.4.5.

The algebraic Thom construction in the quadratic case and its properties
are as follows.

Construction 14.202 (The algebraic Thom construction – the quadratic
case). The algebraic Thom construction associates to an (n+ 1)-dimensional
quadratic algebraic pair (f : C → D, (ψ, δψ)) an (n+1)-dimensional quadratic
algebraic complex (cone(f), δψ/ψ) with the underlying chain complex the
mapping cone of f as follows.

As in the symmetric case the sequence of chain maps

W%(C)
f%−−→W%(D)

e%−−→W%(cone(f))

is usually not a cofibration sequence, but the composition e% ◦ f% is null-
homotopic, for example via the null-homotopy j% as in (14.53). This choice
of a null-homotopy induces a chain map
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z(e%, j%) : cone(f%)→W%(cone(f))

(ψ, δψ) 7→ e%(δψ) + j%(ψ) =: δψ/ψ.
(14.203)

Remark 14.204 (The algebraic Thom construction in the quadratic
case – formulas). We also need to understand the behavior of the alge-
braic Thom construction with respect to the evaluation maps. Unraveling
the definitions yields that

(14.205) (δψ/ψ)0 = (e⊗ e)(δψ0) + (ef ⊗ j)(ψ0) + (j ⊗ j)(µ1T (ψ1)),

or in other words

(14.206) (δψ/ψ)0 =

(
µ1T (ψ1) ψ0f

∗

0 δψ0

)
: Cn−∗ ⊕Dn−∗+1 → C∗−1 ⊕D∗

Similarly we can write out the remaining components as

(δψ/ψ)s =

(
(−1)sµ1T (ψs+1) ψsf

∗

0 δψs

)
: Cn−∗ ⊕Dn−∗+1 → C∗−1−s ⊕D∗−s.

Exercise 14.207. Find the formulas for the algebraic Thom construction
using the other choice of ω from Remark 14.55 which gives a different formula
for j%.

Proposition 14.208 (Quadratic pairs versus quotients). Let f : C → D
be a chain map in bR-CHfgp. Then we have a chain homotopy equivalence

cone(f%) 'W%(cone(f))×̃cone(f)⊗2D ⊗ cone(f)

Proof. The proof is the same as the proof of Proposition 14.197 except we
use the functor W ⊗− = hom(W−∗,−) instead of hom(W,−) and Shapiro’s
lemma in homology rather than cohomology. ut

Proposition 14.209 (The algebraic Thom construction versus the
suspension — quadratic case). Let f : C → D be a chain map in
hR-CHfgp so that we have a homotopy cofibration sequence

C
f //

j : 0'ef
44

D
e // cone(f)

Then we have the following commutative diagram in which the top row is a
homotopy cofibration sequence.



578 14 Algebraic Surgery

W%(C)
f% // W%(D) //

e% &&

cone(f%)
proj //

z(e%,j%)

��

ΣW%(C)
Σ(f%) //

S

��

W%(D)

S

��
W%(cone(f))

∂%

// W%(ΣC)
(Σf)%

// W%(ΣD)

Remark 14.210. Proposition 14.208 has similar consequences as Proposi-
tion 14.197 only adapted to the quadratic case. In the symmetric case this
was described in Remark 14.201 in detail. The changes that appear in the
quadratic case are the following.

The information contained in (δψ/ψ)s for s ≥ 0, in the map e : D →
cone(f) and in the evaluation map evr(1 + T )(ψ, δψ) enables us to recover
(δψ)s and ψs for all s ≥ 0.

Hence given a quadratic structure on some chain complex, if one chooses
some factorisation of the zeroth component of the symmetrisation of that
structure, then one obtains a quadratic pair whose algebraic Thom construc-
tion is the original structure. This is exactly the situation that will happen
when we define the notion of algebraic surgery in Section 14.4.5.

14.4.4 The Algebraic Boundary

Suppose now we start with an n-dimensional symmetric complex (C,ϕ) and
we would like to associate to it some n-dimensional symmetric pair whose
Thom construction would be (C,ϕ) without any additional data. This is not
in contradiction with Remark 14.201. In the notation of that remark what
we want to do here is to invent a chain map f ′ : C ′ → D′, which will be the
underlying map of chain complexes in the desired pair, from the symmetric
complex (C,ϕ) itself.

To do this we view C as the mapping cone of the projection map from
Σ−1 cone(ϕ0 : Cn−∗ → C) to Cn−∗. This makes sense because of the assertion
appearing in the following exercise

Lemma 14.211. Let f : C → D be a chain map. Let r : cone(f) → ΣC be
the canoncial chain map, see (13.39). Then there is a natural chain map

v : cone(r)
'−→ D

which is a chain homotopy equivalence.

Proof. We have the canonical cofibration sequence C
f−→ D

l−→ cone(f)

of (13.39). It induces the cofibration sequence ΣC−1 Σ−1f−−−−→ Σ−1D
Σ−1l−−−→

Σ−1 cone(f) The associated extended homotopy cofibration sequence con-
tains the homotopy cofibration sequence
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Σ−1 cone(f)
r−→ C

f−→ D.

It induces the desired canonical chain homotopy equivalence v : cone(r)
'−→

D.
ut

The additional data needed is the relative evaluation map which can be
chosen to be id ∈ C−∗⊗C ∼= hom(C,C). So in the notation of Remark 14.201
C is cone(f), Cn−∗ is D and the desuspension of the cone of ϕ0 is C.

The construction is such that the resulting (n+ 1)-dimensional symmetric
pair is Poincaré although the (n + 1)-dimensional symmetric complex we
start with will typically be non-Poincaré. The construction is important in
itself, but also because it is a special case of algebraic surgery, a construction
which is of crucial importance in proving that the cobordism definition of the
L-groups coincides with the form and formation definition. There is also a
geometric intuition behind it for which we refer the reader to Remark 14.218.

Construction 14.212 (Algebraic boundary – symmetric case). Let (C,ϕ)
be an (n + 1)-dimensional symmetric algebraic complex (not necessarily
Poincaré). We are going to associate to it an (n+ 1)-dimensional symmetric
algebraic Poincaré pair

(∂C
i−→ Cn+1−∗, (∂ϕ, ϕ)).

Note that this in particular means that we have to produce an n-dimensional
symmetric Poincaré complex (∂C, ∂ϕ). This is our first goal. We proceed as
follows.

Define
∂C := Σ−1 cone(ϕ0 : Cn+1−∗ → C),

so that we have a homotopy cofibration sequence

∂C
i−→ Cn+1−∗ ϕ0−→ C

e−→ Σ∂C = cone(ϕ0).

Applying Proposition ?? to i : ∂C → Cn+1−∗ we obtain the homotopy
cartesian square

cone(i%)

z(e%,j%)

��

evr // Cn+1−∗ ⊗ ∂C

e⊗id

��
W%(∂C)

ev
// ∂C ⊗ ∂C.

Using the canonical chain map v : cone(i)
'−→ Cn−∗ we get a commutative

diagram whose vertical arrows are chain homotopy equivalences
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W%(∂C)
ev

//

W%(v)

��

∂C ⊗ ∂C

v⊗v
��

Cn+1−∗ ⊗ ∂C
e⊗id

oo

id⊗v
��

W%(C)
ev

// C ⊗ C Cn+1−∗ ⊗ C
φ0⊗id

oo

Hence we obtain a homotopy cartesian square

cone(i%)

W%(v)◦z(e%,j%)

��

(id⊗v)◦evr // Cn+1−∗ ⊗ C

φ0⊗id

��
W%(C)

ev
// C ⊗ C.

We define HPP to be the homotopy pullback

HPP

��

// Cn+1−∗ ⊗ C

φ0⊗id

��
W%(C)

ev
// C ⊗ C.

Then we obtain a chain homotopy equivalence

u : cone(i%)
'−→ HPP .

We have the adjunctions coming from (13.25)

(Cn+1−∗ ⊗D)k ∼= homR(C,D)−n−1+k;

(C ⊗D)k ∼= homR(Cn+1−∗, D)−n−1+k.

They yield in particular identifications

(Cn+1−∗ ⊗ C)n+1 = homR(C,C)0;

(C ⊗ C)n+1 = homR(Cn+1−∗, C)0.

Hence the chain maps idC and T (ϕ0) define elements in (Cn+1−∗⊗C)n+1 =
homR(C,C)0 and (C ⊗ C)n+1 = homR(Cn+1−∗, C)0. Define an element2

(T (ϕ), T (ϕ0), id) ∈ HPPn+1 = W%(C)n+1⊕ (Cn+1−∗⊗C)n+1⊕ (C ⊗C)n+2

Applying Proposition 14.197
we observe that

2 Of course here we could take also the triple (ϕ,ϕ0, id). However, this would not fit nicely

with our formulas for other constructions, so we choose (T (ϕ), T (ϕ0), id) for aesthetic

reasons.
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cone(i%) 'W%(C)×̃C⊗CC−∗ ⊗ C.

We observe that we can construct an (n+1)-dimensional cycle on the right
hand side of the homotopy equivalence. Namely, consider the triple

(T (ϕ), T (ϕ0), id)

using the adjunction C−∗ ⊗R C ∼= homR(C,C).3 and adjust the right side.
Define

∂ϕ := Σ−1proj(T (ϕ), T (ϕ0), id)

as the formal desuspension under the map

proj : cone(i%)→ ΣW%(∂C).

Furthermore note that it pushes further to a null homotopy ϕ. So we have
an (n+ 1)-dimensional pair.

Now we have to show that it is Poincaré. This follows from studying dia-
gram (14.149) applied to our situation. It looks as follows:

(Σ∂C)n+1−∗

ev(∂ϕ)

��

e∗ // Cn+1−∗

evl(∂ϕ,ϕ)

��

ϕ∗0 //

evm

''

C

evr(∂ϕ,ϕ)

��

i∗ // (∂C)n+1−∗

ev(∂ϕ)

��
∂C

i
// Cn+1−∗

ϕ0

// C
e

// Σ∂C

(14.213)

But now we can use that
evl(∂ϕ, ϕ) = id

and
evr(∂ϕ, ϕ) = id

by definition. Hence the map ev(∂ϕ) is a homotopy equivalence and the n-
dimensional symmetric complex (∂C, ∂ϕ) is Poincaré. Furthermore, of course,
this also shows that we have an (n+ 1)-dimensional symmetric Poincaré pair

(∂C
i−→ Cn+1−∗, (∂ϕ, ϕ)).

Definition 14.214 (Boundary of a symmetric complex). Let (C,ϕ) be
an (n + 1)-dimensional symmetric complex. The boundary of (C,ϕ) is the
n-dimensional symmetric Poincaré complex (∂C, ∂ϕ) obtained via Construc-
tion 14.212.

Remark 14.215. Notice that an (n + 1)-dimensional symmetric complex
(C,ϕ) is Poincaré if and only if its boundary is contractible.

3 Of course here we could take also the triple (ϕ,ϕ0, id). However, this would not fit nicely

with our formulas for other constructions, so we choose (T (ϕ), T (ϕ0), id) for aesthetic

reasons.
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Remark 14.216 (Boundary of a symmetric complex – formulas). Un-
ravelling the definitions yields the following explicit formulas for (∂C, ∂ϕ):

∂Cr = Cn+1−r ⊕ Cr+1

d∂C : ∂Cr = Cn+1−r ⊕ Cr+1 → ∂Cr−1 = Cn−r ⊕ Cr,

d∂C =

(
(−1)r+1d∗ 0

ϕ0 d

)
,

(14.217)

and

∂ϕ0 : ∂Cn−∗ =C∗+1 ⊕ Cn+1−∗ → ∂C∗ = Cn+1−∗ ⊕ C∗+1,

∂ϕ0 =

(
0 ε
1 −µ1(ϕ1)

)
∂ϕs : ∂Cn−∗ =C∗+1 ⊕ Cn+1−∗ → ∂C∗+s = Cn+1−∗−s ⊕ C∗+1+s,

∂ϕs =

(
0 0
0 (−1)s+1µ1(ϕs+1)

)
.

For the null-homotopy we can take ϕ = 0.
Here we have in fact used a minor generalisation of Proposition 14.197,

where we have replaced in the homotopy cofibration sequence ∂C → Cn−∗ →
C the mapping cone of i with C using cone(i) ' C. Note that our formula
differs from the one on page 141 of [197] in that the involution T does not
appear in the matrices for ∂ϕs. This is cause by our choice of the triple
(T (ϕ), T (ϕ0), id) to define ∂ϕ.

Remark 14.218. Construction 14.212 also has a geometric analogue which
arises from considering an n-dimensional manifold with boundary, say (N, ∂N).
Consider the chain complex C(N, ∂N) and its suspended dual Cn−∗(N, ∂N).
There is a symmetric structure on C(N, ∂N), which is not Poincaré. However,
there is the Poincaré duality Cn−∗(N, ∂N) ' C(N). Thus the mapping cone
of the duality map Cn−∗(N, ∂N)→ C(N, ∂N) becomes homotopy equivalent
to the mapping cone of the map C(N)→ C(N, ∂N) which is ΣC(∂N).

Construction 14.219 (Algebraic boundary – quadratic case). Let (C,ψ)
be an (n + 1)-dimensional quadratic algebraic complex (not necessarily
Poincaré). We are going to associate to it an (n + 1)-dimensional quadratic
algebraic Poincaré pair

(∂C
i−→ Cn+1−∗, (∂ψ, ψ)).

Note that this in particular means that we have to produce an n-dimensional
quadratic Poincaré complex (∂C, ∂ψ). We proceed analogously to the sym-
metric case.

Define
∂C := Σ−1 cone((1 + T )ψ0 : Cn+1−∗ → C),
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so that we have a homotopy cofibration sequence

∂C
i−→ Cn+1−∗ (1+T )ψ0−−−−−→ C

e−→ Σ∂C = cone((1 + T )ψ0).

Applying Proposition 14.208 we observe that

cone(i%) 'W%(C)×̃C⊗CC−∗ ⊗ C.

We observe that we can construct an (n+ 1)-dimensional cycle on the right
hand side of the homotopy equivalence.

Namely consider the triple

(T (ψ), (1 + T )ψ0, id)

using the adjunction C−∗ ⊗R C ∼= homR(C,C).
Define

∂ψ := Σ−1proj(T (ψ), (1 + T )ψ0, id)

as the formal desuspension under the map

proj : cone(i%)→ ΣW%(∂C).

Furthermore note that it pushes further to a null homotopy ψ. So we have
an (n+ 1)-dimensional quadratic pair.

Now we have to show that it is Poincaré. This follows from studying dia-
gram (14.149) applied to our situation. It looks as follows:

(Σ∂C)n+1−∗

ev(∂ψ)

��

e∗ // Cn+1−∗

evl(ψ,∂ψ)
��

(1+T )ψ∗0 //

evm

''

C

evr(ψ,∂ψ)

��

i∗// (∂C)n+1−∗

ev(∂ψ)

��
∂C

i
// Cn+1−∗

(1+T )ψ0

// C
e
// Σ∂C

(14.220)

But now we can use that
evl(∂ψ, ψ) = id

and
evr(∂ψ, ψ) = id

by definition. Hence the map ev(∂ψ) is a homotopy equivalence an the n-
dimensional quadratic pair (∂C, ∂ψ) is Poincaré. Furthermore, of course, this
also shows that the (n+ 1)-dimensional quadratic pair

∂C
i−→ Cn+1−∗, (∂ψ, ψ).

is Poincaré.
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Definition 14.221 (Boundary of a quadratic complex). Let (C,ψ) be
an (n + 1)-dimensional quadratic complex. The boundary of (C,ψ) is the
n-dimensional quadratic Poincaré complex (∂C, ∂ψ) obtained via Construc-
tion 14.212

Remark 14.222. Notice that an n-dimensional quadratic complex (C,ψ) is
Poincaré if and only if its boundary is contractible.

Remark 14.223 (Boundary of a quadratic complex – formulas). Un-
ravelling the definitions yields the following explicit formulas for (∂C, ∂ψ):

∂Cr = Cn+1−r ⊕ Cr+1

d∂C∂Cr = Cn+1−r ⊕ Cr+1 → ∂Cr−1 = Cn−r ⊕ Cr,

d∂C =

(
(−1)r+1d∗ 0
(1 + T )ψ0 d

)(14.224)

and

∂ψ0 : ∂Cn−∗ =C∗+1 ⊕ Cn+1−∗ → ∂C∗ = Cn+1−∗ ⊕ C∗+1,

∂ψ0 =

(
0 0
1 0

)
,

∂ψs : ∂Cn−∗ =C∗+1 ⊕ Cn+1−∗ → ∂C∗+s = Cn+1−∗+s ⊕ C∗+1−s,

∂ψs =

(
0 0
0 (−1)s+1µ1(ψs−1)

)
.

Again, for the null-homotopy we can take ψ = 0. And again the missing T in
comparison with the the formula from the one on page 141 of [197] is caused
by T in the triple (T (ψ), (1 + T )(ψ0), id) used to define ∂ψ.

14.4.5 Algebraic Surgery

Our next aim is to show that the L-groups defined in the previous Section 14.4
coincide with the L-groups defined in Chapters 7, 8. For this a technical tool
is needed which goes under the name of algebraic surgery.

Recall the well-known fact that using Morse theory any geometric cobor-
dism can be decomposed into elementary cobordisms which are in turn ob-
tained via surgery. Although it has slightly different properties there exists
an analogous notion of algebraic surgery which we now recall. We start with
the symmetric case and later proceed to quadratic complexes.

The basic idea how this is used in the identification of the L-groups is that
in the quadratic case algebraic surgery can make Poincaré complexes highly
connected and highly connected Poincaré complexes correspond to forms and
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formations as already noted in Section 14.3. Full details are to be found in
Section 14.5.

Remark 14.225. Recall the basic setup for a surgery on an n-dimensional
closed manifold M . For simplicity we assume that we are in a simply-
connected situation. The starting data is an embedding x : Sk×Dn−k ↪→M .
Then we construct the effect of the surgery on M using x to be

M ′ = (M r int(x)) ∪Dk+1 × Sn−k−1

and the trace of the surgery is the cobordism

W = M × [0, 1] ∪Dk+1 ×Dn−k

between M and M ′. From the homotopy theoretic point of view we have that

M ∪x Dk+1 'W 'M ′ ∪y Dn−k

for some embedding y : Dk+1 × Sn−k−1 ↪→M ′. Hence one may view surgery
on M as a process in which we attach one (k+1)-dimensional cell and detach
another (n − k)-dimensional cell. The whole situation can be conveniently
described in a commutative braid in Figure 14.226.

Figure 14.226 (Surgery braid).

Σ−1C(W,M)

##

x

��
C(M)

##

x∗

  
C(W,M ′)

##
Σ−1C(W,M tM ′)

##

;;

C(W )

;;

##

C(W,M tM ′)

Σ−1C(W,M ′)

;;

y

??
C(M ′)

;;

y∗

??
C(W,M)

;;

In the diagram we have

C(W,M) ' Σk+1Z,
C(W,M ′) ' Σn−kZ,

Cn+1−∗(W,M) ' C(W,M ′).

Remark 14.227. One formal difference between the situation described in
Remark 14.225 and Construction 14.228 below is that the starting data
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in 14.228 are cohomological, rather than homological. But this is really just
a formal difference and it is possible to translate between these data via
the duality. More comments on why this is an advantage are described in
Remark 14.231.

Construction 14.228. (Algebraic surgery) [201, Definition 1.12]
Let (C,ϕ) be an n-dimensional symmetric complex.
The data for an algebraic surgery on (C,ϕ) is an (n + 1)-dimensional

symmetric pair (f : C → D, (ϕ, δϕ)).
The effect of the algebraic surgery on (C,ϕ) using (f : C → D, (ϕ, δϕ)) is

the n-dimensional symmetric complex (C ′, ϕ′) which will be defined presently.
The underlying chain complex is defined by

C ′ = Σ−1 cone(evr(ϕ, δϕ))

so that we have the diagram as in Figure 14.229.

Figure 14.229 (Algebraic surgery braid – part).

C

f

##
D

%%

ΣC ′

cone(f)

e′

::

C ′

f ′

;;D
n+1−∗

evr(ϕ,δϕ)

99

The diagram in Figure 14.229 corresponds to the part of the diagram from
Remark 14.225 depicted in Figure 14.230.

Figure 14.230 (Surgery braid – part).

C(M)

x∗

&&
C(W,M ′)

((

ΣC(M ′)

C(W,M ∪M ′)
e′

66

C(M ′)
88

C(W,M)

66
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To define the symmetric structure on C ′ we apply the technology of Propo-
sition 14.197 to the homotopy cofibration sequence

C ′
f ′−→ Dn+1−∗ evl(ϕ,δϕ)−−−−−−→ cone(f).

It provides us with a map

proj : cone((f ′)%) 'W%(cone(f))×cone(f)⊗2 D−∗ ⊗ cone(f)→ ΣW%(C ′).

We have a preferred element in the source of this map, namely the triple

(T (δϕ/ϕ), T ((δϕ/ϕ)0), e).

Define
ϕ′ = Σ−1proj(T (δϕ/ϕ), T ((δϕ/ϕ)0), e).

Furthermore observe that the homotopy cofibration sequence

cone((f ′)%)
proj−−→ ΣW%(C ′)→ ΣW%(Dn+1−∗)

provides us also with a path from the pushforward (f ′)%(ϕ′) to 0 and we
denote this path by δϕ′ so that we have an (n+ 1)-dimensional pair

(C ′
f ′−→ Dn+1−∗, (ϕ′, δϕ′)).

Remark 14.231. The philosophy of the approach here is to express the pro-
cess of surgery in terms of the cobordism given by the trace. The advantage of
this approach is that when we start with the cohomological data, these give
us an (n+1)-dimensional symmetric pair, since they correspond to the inclu-
sion M → W/M ′ and the pair (W,M tM ′) has the fundamental class [W ].
The algebraic Thom construction provides us with an (n + 1)-dimensional
symmetric structure on the quotient W/M tM ′ which can be pushed further
to an (n + 1)-dimensional symmetric structure on ΣM ′. This turns out to
have a desuspension since it in fact comes from the suspension of the funda-
mental class [M ′]. The point here is that the cohomological setup enables us
to use the technology of constructing symmetric complexes and pairs by the
reverse of the algebraic Thom construction given by Proposition 14.197 and
Proposition 14.199.

Remark 14.232. Let (C,ϕ) be an n-dimensional symmetric complex. Then
the boundary (∂C, ∂ϕ) which is by Definition 14.214 an (n− 1)-dimensional
symmetric Poincaré complex is isomorphic to the effect of the surgery on
(0, 0) with data the symmetric pair (0→ C, (0, ϕ)).

Remark 14.233 (Algebraic surgery on a symmetric complex – for-
mulas). Let (C,ϕ) be an n-dimensional symmetric complex and let the for
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an algebraic surgery on (C,ϕ) be (f : C → D, (ϕ, δϕ)). The effect (C ′, ϕ′) is
given by the following explicit formulas:

C ′r = Dn+1−r ⊕ Cr ⊕Dr+1

dC′ : C
′
r = Dn+1−r ⊕ Cr ⊕Dr+1 → C ′r−1 = Dn+2−r ⊕ Cr−1 ⊕Dr,

dC′ =

dDn+1−∗ 0 0
−ϕ0f

∗ dC 0
−δϕ0 −f −dD

 ,

(14.234)

and

ϕ′0 : (C ′)n−r = Dr+1 ⊕ Cn−r ⊕Dn−r+1 → C ′r = Dn+1−r ⊕ Cr ⊕Dr+1,

ϕ′0 =

0 0 ε
0 T (ϕ0) −ϕ1f

∗

1 0 −µ1(δϕ1)

 ,

ϕ′s : (C ′)n−r = Dr+1 ⊕ Cn−r ⊕Dn−r+1 → C ′r = Dn+1−r−s ⊕ Cr+s ⊕Dr+s+1,

ϕ′s =

0 0 0
0 T (ϕs) (−1)s+1ϕs+1f

∗

0 0 (−1)s+1µ1(δϕs+1)

 .

The component δϕ′ = 0 in W%(Dn+1−∗). One can check that with these
definitions we have that T (δϕ/ϕ) = δϕ′/ϕ′ in W%(cone(f)) = W%(cone(f ′))
which proves that the above formula are correct.

Construction 14.235. (Algebraic surgery – quadratic case) [201, Defini-
tion 1.12]

Let (C,ψ) be an n-dimensional quadratic complex. We proceed analo-
gously to Construction 14.228 making necessary amendments.

The data for an algebraic surgery on (C,ψ) is an (n + 1)-dimensional
quadratic pair (f : C → D, (ψ, δψ)).

The effect of the algebraic surgery on (C,ψ) using (f : C → D, (ψ, δψ)) is
the n-dimensional quadratic complex (C ′, ψ′) which will be defined presently.

The underlying chain complex is defined by

C ′ = Σ−1 cone(evr(ψ, δψ)).

To define the symmetric structure on C ′ we apply the technology of Propo-
sition 14.208 to the homotopy cofibration sequence

C ′
f ′−→ Dn+1−∗ evl(ψ,δψ)−−−−−−→ cone(f).

It provides us with a map

proj : cone((f ′)%) 'W%(cone(f))×cone(f)⊗2 D−∗ ⊗ cone(f)→ ΣW%(C ′).
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We have a preferred element in the source of this map, namely the triple

(T (δψ/ψ), (1 + T )(δψ/ψ)0, e).

Define
ψ′ = Σ−1proj(T (δψ/ψ), (1 + T )(δψ/ψ)0, e).

Furthermore observe that the homotopy cofibration sequence

cone((f ′)%)
proj−−→ ΣW%(C ′)→ ΣW%(Dn+1−∗)

provides us also with a path from the pushforward (f ′)%(ψ′) to 0 and we
denote this path by δψ′ so that we have an (n+ 1)-dimensional pair

(C ′
f ′−→ Dn+1−∗, (ψ′, δψ′)).

Remark 14.236 (Algebraic surgery on a quadratic complex – for-
mulas). Let (C,ψ) be an n-dimensional quadratic complex and let the for
an algebraic surgery on (C,ψ) be (f : C → D, (ψ, δψ)). The effect (C ′, ψ′) is
given by the following explicit formulas:

C ′r = Dn+1−r ⊕ Cr ⊕Dr+1

dC′ : C
′
r = Dn+1−r ⊕ Cr ⊕Dr+1 → C ′r−1 = Dn+2−r ⊕ Cr−1 ⊕Dr,

dC′ =

 d∗D 0 0
−(1 + T )ψ0f

∗ dC 0
−(1 + T )δψ0 −f −dD

 ,

(14.237)

and

ψ′0 : (C ′)n−r = Dr+1 ⊕ Cn−r ⊕Dn−r+1 → C ′r = Dn+1−r ⊕ Cr ⊕Dr+1,

ψ′0 =

0 0 0
0 ψ0 0
1 0 0

 ,

ψ′s : (C ′)n−r = Dr+1 ⊕ Cn−r ⊕Dn−r+1 → C ′r = Dn+1−r+s ⊕ Cr−s ⊕Dr−s+1,

ψ′s =

0 0 0
0 ψs (−1)s+1ψs−1f

∗

0 0 (−1)s+1µ1(δψs−1)

 .

The component δψ′ = 0 in W%(Dn+1−∗). One can check that with these
definitions we have that T (δψ/ψ) = δψ′/ψ′ in W%(cone(f)) = W%(cone(f ′))
which proves that the above formulas are correct.

The two (n+ 1)-dimensional symmetric pairs in Construction 14.228

(C
f−→ D, (ϕ, δϕ)) and (C ′

f ′−→ Dn+1−∗, (ϕ′, δϕ′)).
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have associated homotopy commutative ladders (see 14.149) and these fit
together into the following homotopy commutative diagram (14.238).

Cn−∗
ϕ0 //

∂∗

��

C

f

��
(C ′)n−∗

(e′)∗ //

ϕ′0
��

cone(f)n+1−∗ evl(ϕ,δϕ) //

e∗

��

D
(f ′)∗ //

e

��

(C ′)n+1−∗

ϕ′0
��

C ′
f ′

// Dn+1−∗
evr(ϕ,δϕ)

//

f∗

��

cone(f)

∂

��

e′
// ΣC ′

Cn+1−∗
ϕ0

// ΣC

(14.238)

Proposition 14.239. [197, Proposition 4.1] Algebraic surgery preserves the
homotopy type of the boundary of (C,ϕ) or of (C,ψ). In particular we have
that

(C,ϕ) is Poincaré⇔ (C ′, ϕ′) is Poincaré,

and
(C,ψ) is Poincaré⇔ (C ′, ψ′) is Poincaré.

Proof. The symmetric case follows from Diagram 14.238. The boundary ∂C
is the homotopy fiber of the top row and the boundary ∂C ′ is the homotopy
fiber of the left vertical map. Hence both of them are iterated homotopy
fibers of the middle square and as such are homotopy equivalent.

The quadratic case follows form the same diagram upon taking into ac-
count that the boundary of a quadratic complex is obtained via its symmetri-
sation and the symmetrisation of ∂ψ′ is ∂ϕ′. ut

As indicated in the introduction to this subsection algebraic surgery is
analogous to geometric surgery in many aspects. Now we would like to con-
centrate on the relation between algebraic surgery and cobordisms. Therefore
we assume that the n-dimensional symmetric complex (C,ϕ) in Construc-
tion 14.228 is Poincaré and hence by Proposition 14.239 also the effect (C ′, ϕ′)
is Poincaré.

Notice that in this case it is more convenient to rewrite Diagram 14.238
in the shape of a homotopy commutative braid (completely analogous to the
braid from Remark 14.225, but with a shift to the right) as in Figure 14.240.

Figure 14.240 (Algebraic surgery braid).
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C

##

f

��
D

##

  
ΣC ′

cone(f)n+1−∗

##

;;

cone(f)

;;

##
C ′

;;

f ′

??Dn+1−∗

;;

??ΣC

Proposition 14.241. Let (C,ϕ) be an n-dimensional symmetric Poincaré
complex and let (f : C → D, (ϕ, δϕ)) be data for algebraic surgery with the
effect the n-dimensional symmetric Poincaré complex (C ′, ϕ′). Then there
exists a cobordism

(C ⊕ C ′ g g
′

−−→ E, ((ϕ⊕−ϕ′), δϕE))

between (C,ϕ) and (C ′, ϕ′).

Proof. The underlying chain complex is defined as

E := cone(f)n+1−∗,

and the maps g and g′ are those from the diagram in Figure 14.240
From the diagram in Figure 14.240 we also see that we have a homotopy

cofibration sequence

C ⊕ C ′ → cone(f)n+1−∗ → cone(f).

To this sequence we can apply the technology of Proposition 14.197.
By noticing that

cone((g g′)%) 'W%(cone(f))×cone(f)⊗2 cone(f)n+1−∗ ⊗ cone(f)

we obtain the map

proj : cone((g g′)%)→ ΣW%(C ⊕ C ′),

and the homotopy cofibration sequence

(14.242) cone((g g′)%)
proj−−→ ΣW%(C ⊕ C ′)→ ΣW%(cone(f)n+1−∗).

In addition we have a commutative diagram
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cone(f%)⊕ cone((f ′)%) // ΣW%(C)⊕ΣW%(C ′)

��
W%(cone(f))×cone(f)⊗2 cone(f)n+1−∗ ⊗ cone(f) //

OO

ΣW%(C ⊕ C ′)

where

cone(f%) 'W%(cone(f))×cone(f)⊗2 D ⊗ cone(f),

cone((f ′)%) 'W%(cone(f))×cone(f)⊗2 Dn+1−∗ ⊗ cone(f).

In the lower left entry of this diagram we have a preferred element

(T (δϕ/ϕ), T (δϕ/ϕ)0, id),

Under the vertical maps it goes to the two triples

(T (δϕ/ϕ), T (δϕ/ϕ)0, evr) and (T (δϕ/ϕ), T (δϕ/ϕ)0, e).

which in turn produce the symmetric structures ϕ and ϕ′. Hence we have
that the symmetric structure

ϕ⊕−ϕ′,

which sits in the middle entry of the sequence (14.242), comes from the left
and hence we have a preferred path to 0 on the right. This path gives

δϕE : (g g′)%(ϕ⊕−ϕ′) ∼ 0.

To see that the resulting pair is Poincaré one observes that the “middle”
evaluation map

evm : cone(g′)n+1−∗ ' Dn+1−∗ → cone(g) ' Dn+1−∗

is homotopic to the identity. ut

Of course, we also have a quadratic version.

Proposition 14.243. Let (C,ψ) be an n-dimensional quadratic Poincaré
complex and let (f : C → D, (ψ, δψ)) be data for algebraic surgery with the ef-
fect the n-dimensional quadratic Poincaré complex (C ′, ψ′). Then there exists
a cobordism

(C ⊕ C ′ g g
′

−−→ E, ((ψ ⊕−ψ′), δψE))

between (C,ψ) and (C ′, ψ′).

The proof is analogous and we leave it to the reader.
The relationship between the algebraic cobordism and algebraic surgery is

further clarified be the following proposition.
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Proposition 14.244. [197, Proposition 4.1] The equivalence relation gener-
ated by algebraic surgery and homotopy equivalence is the same as the equiv-
alence relation given by cobordism in both the symmetric and quadratic case.

Proof. The only thing left to show is that if we have a cobordism and we use
the inclusion of one end as data for algebraic surgery, then we get a structured
complex that is homotopy equivalent to the other end. This can be directly
verified. ut

Proposition 14.245. [197, Proposition 4.6]

(i) Let (C,ϕC) and (C ′, ϕC′) be two n-dimensional symmetric Poincaré com-
plexes. We have that

(C,ϕC) ∼ (C ′, ϕC′)

if and only if there exist two (n + 1)-dimensional symmetric complexes
(D,ϕD) and (D′, ϕD′) and a homotopy equivalence

(C,ϕC)⊕ ∂(D,ϕD) ' (C ′, ϕC′)⊕ ∂(D′, ϕD′);

(ii) Let (C,ψC) and (C ′, ψC′) be two n-dimensional quadratic Poincaré com-
plexes. We have that

(C,ψC) ∼ (C ′, ψC′)

if and only if there exist two (n + 1)-dimensional quadratic complexes
(D,ψD) and (D′, ψD′) and a homotopy equivalence

(C,ψC)⊕ ∂(D,ψD) ' (C ′, ψC′)⊕ ∂(D′, ψD′).

Proof. This is obvious by the following observation. Consider the identity
isomorphism C ⊕ C ′ ⊕ C ′ → C ⊕ C ′ ⊕ C ′. If (C,ϕC) ∼ (C ′, ϕC′), then the
sum (C,ϕC) ⊕ (C ′,−ϕC′) is a boundary on one side and of course the sum
(C ′, ϕC′)⊕ (C ′,−ϕC′) is always a boundary on the other side. The quadratic
case is the same. ut

14.5 The Identification of the L-Groups

In this section we finally use algebraic surgery to show that the quadratic L-
groups from Chapters 7 and 8 defined via quadratic forms and formations
and the L-groups from Section 14.4 defined via quadratic chain complexes
are isomorphic. The corresponding statement about symmetric L-groups is
not true in general, we will remark on this later (Remark 14.248). The main
tool in the proof will be algebraic surgery below middle dimension, which is
of course inspired by the geometric surgery below middle dimension.

A useful way to proceed is to first establish 4-periodicity of the chain
complex L-groups, so that we only have to deal with four cases. In fact using



594 14 Algebraic Surgery

the unit ε = ±1 appropriately we only have to deal with two cases. The
periodicity is obtained via the skew suspension isomorphisms.

Lemma 14.246. Let C be a bounded chain complex over R and let ε = ±1.
Then the following map

S : Σ2(C ⊗R C)→ (ΣC)⊗R (ΣC)

x⊗ y 7→ (−1)|x|x⊗ y

is a Z/2-equivariant chain isomorphism of degree 2 with respect to the invo-
lution Tε in the source and the involution T−ε in the target.

The map S from Lemma 14.246 induces isomorphisms on structured chain
complexes which we denote by the same letter and we call them all a skew
suspension:

S : Σ2W%
ε (C)→W%

−ε(ΣC);

S : Σ2W ε
%(C)→W−ε% (ΣC);

S : Σ2Ŵ%
ε (C)→ Ŵ%

−ε(ΣC).

These isomorphisms induce in turn skew isomorphisms of L-groups:

S : Ln(R, ε)chain → Ln+2(R,−ε)chain;

S : Ln(R, ε)chain → Ln+2(R,−ε)chain.
(14.247)

Remark 14.248. We warn the reader that here we use a different definition
of an n-dimensional structured complex as in [197, 198]. We use the definition
from [201]. With our definition the skew suspension maps give isomorphisms
in both quadratic and symmetric case. In [197, 198] this was not the case.
See Example 1.11 in [201] for more explanation.

At the same time we warn the reader that although we do have 4-
periodicity in both the symmetric case and the quadratic case here, the iden-
tification of the L-groups with the L-groups from Chapters 7 and 8 will only
work in the quadratic case. Of course, in Chapters 7 and 8 we only defined
quadratic L-groups in terms of quadratic forms and formations. Nevertheless,
with some modifications, it is also possible to define analogous groups using
symmetric forms and formations, for example as in [197, Section 5]. But even
if we did it, the identification with the L-groups via chain complexes would
still only work in the quadratic case. This is so because surgery below middle
dimension which will be used below is obstructed in the symmetric case in
general (see Remark 14.253).

As promised the main ingredient will be algebraic surgery below middle
dimension. We need two cases that are presented in the following two propo-
sitions. In order not to obscure the arguments we treat the case n = 0, which
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is simpler and n ≥ 1 separately, so in fact each of the propositions has two
versions.

Proposition 14.249. Let (C,ψC) be a 0-dimensional quadratic Poincaré
complex. Then there exists another 0-dimensional quadratic Poincaré com-
plex (C ′, ψC′) such that

(C,ψC) ∼ (C ′, ψC′) and Hk(C ′) = 0 for k 6= 0.

Proof. Let D be a chain complex defined as follows

Dr =

{
Cr r ≥ 1;

0 r ≤ 0,

and let j : C → D be the obvious projection map. Notice that this gives us
a 1-dimensional quadratic pair

(j : C → D, (ψC , 0)).

Let (C ′, ψC′) be the 0-dimensional quadratic Poincaré complex obtained as
the effect of algebraic surgery on (C,ψC) with data (j : C → D, (ψC , 0)).
We claim that (C ′, ψC′) has the desired properties. This follows from the
following computations. The pair (j : C → D, (ψC , 0)) yields

Hk(j) : Hk(C)
∼=−→ Hk(D) for k ≥ 2;

0→ H1(C)
H1(j)−−−−→ H1(D)→ H1(cone(j))→ H0(C)→ 0;

Hk(D) = 0 for k ≤ 0,

and

Hk(j) : Hk(C)
∼=←− Hk(D) for k ≥ 2;

0← H1(C)← H1(D)← H1(cone(j))← H0(C)← 0;

Hk(D) = 0 for k ≤ 0,

and also

Hk(cone(j))
∼=−→ Hk−1(C) and Hk−1(C)

∼=−→ Hk(cone(j)) for k ≤ 0.

Therefore for k ≥ 1 we obtain an exact sequence

0 ∼= Hk+1(cone(j))→ Hk(C ′)→ H1−k(D) ∼= 0,

and by duality we have

Hk(C ′) = 0 for k 6= 0,
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which is what we wanted. ut

Proposition 14.250. Let (C,ψC) and (C ′, ψC′) be two 0-dimensional cobor-
dant quadratic Poincaré complexes with Hk(C) = 0 and Hk(C ′) = 0 for k 6= 0
such that

(C,ψC)⊕ (C ′,−ψC′) ' ∂(D,ψD)

for some 1-dimensional quadratic complex (D,ψD). Then there exists a 1-
dimensional quadratic complex (D′, ψD′) such that Hk(D′) = 0 for k < 0 and
a chain homotopy equivalence

(C,ψC)⊕ (C ′,−ψC′) ' ∂(D′, ψD′).

Proof. Let E be a chain complex defined as follows

Er =

{
Dr r ≥ 2;

0 r ≤ 1,

and let j : D → E be the obvious projection map. Notice that this gives us
a 2-dimensional quadratic pair

(j : D → E, (ψD, 0)).

Let (D′, ψD′) be the 0-dimensional quadratic complex obtained as the ef-
fect of algebraic surgery on (D,ψD) along (j : D → E, (ψD, 0)). We claim
that (D′, ψD′) has the desired properties. Firstly, note that since algebraic
surgery preserves the homotopy type of the boundary, we automatically have
the desired homotopy equivalence. The connectivity statement follows from
the following computations. The pair (j : D → E, (0, ψD)) yields

Hk(j) : Hk(D)
∼=−→ Hk(E) for k ≥ 3;

0→ H2(D)
H2(j)−−−−→ H2(E)→ H2(cone(j))→ H1(D)→ 0;

Hk(E) = 0 for k ≤ 1,

and

Hk(j) : Hk(E)← Hk(D) for k ≥ 3;

0← H2(D)← H2(E)← H2(cone(j))← H1(D)← 0;

Hk(E) = 0 for k ≤ 1,

Hk(cone(j))
∼=−→ Hk−1(D) and Hk−1(D)

∼=−→ Hk(cone(j)) for k ≤ 1.

Therefore for k ≥ 2 we obtain an exact sequence

0 ∼= Hk+1(cone(j))→ Hk(C ′)→ H1−k(D) ∼= 0.
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Now we do not have duality in general, since D was not assumed to be
Poincaré, but we do have duality in a range, since the boundary ∂(D,ψD)
was assumed to be (−1)-connected. Therefore we have for k ≤ −1 that

H1−k(E)

∼=
��

// Hk+1(cone(j))

∼=
��

// Hk(D′) // H2−k(E)

∼=
��

// Hk(cone(j))

∼=
��

H1−k(D)
∼= // Hk+1(cone(j)) H2−k(D)

∼= // Hk(cone(j))

and so
Hk(D′) = 0

in this case. ut

Proposition 14.251. Let n ≥ 0 and let (C,ψC) be a n-dimensional quadratic
Poincaré complex. Then there exists another n-dimensional quadratic Poincaré
complex (C ′, ψC′) such that

(C,ψC) ∼ (C ′, ψC′) and Hk(C ′) = 0 unless 0 ≤ k ≤ n.

Proof. Let D be a chain complex defined as follows

Dr =

{
Cr r ≥ n+ 1;

0 r ≤ 0.

and let j : C → D be the obvious projection map. Notice that this gives us
a 1-dimensional quadratic pair

(j : C → D, (ψC , 0)).

Let (C ′, ψC′) be the 0-dimensional quadratic Poincaré complex obtained as
the effect of algebraic surgery on (C,ψC) along (j : C → D, (ψC , 0)). We claim
that (C ′, ψC′) has the desired properties. This follows from the following
computations. The pair (j : C → D, (ψC , 0)) yields

Hk(j) : Hk(C)
∼=−→ Hk(D) for k ≥ n+ 2;

0→ Hn+1(C)
Hn+1(j)−−−−−→ Hn+1(D)→ Hn+1(cone(j))→ Hn(C)→ 0;

Hk(D) = 0 for k ≤ n,

and

Hk(j) : Hk(C)
∼=←− Hk(D) for k ≥ n+ 2;

0← Hn+1(C)← Hn+1(D)← Hn+1(cone(j))← Hn(C)← 0;

Hk(D) = 0 for k ≤ n,
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and also

Hk(cone(j))
∼=−→ Hk−1(C) and Hk−1(C)

∼=−→ Hk(cone(j)) for k ≤ 0.

Therefore for k ≥ n+ 1 we obtain an exact sequence

0 ∼= Hk+1(cone(j))→ Hk(C ′)→ H1−k(D) ∼= 0,

and by duality we have

Hk(C ′) = 0 for k < 0,

which is what we wanted. ut

Proposition 14.252. Let n ≥ 0 and let (C,ψC) and (C ′, ψC′) be two n-
dimensional cobordant quadratic Poincaré complexes with Hk(C) = 0 and Hk(C ′) =
0 unless 0 ≤ k ≤ n such that

(C,ψC)⊕ (C ′,−ψC′) ' ∂(D,ψD)

for some n-dimensional quadratic complex (D,ψD). Then there exists an (n+
1)-dimensional quadratic complex (D′, ψD′) such that Hk(D′) = 0 for k < 0
and a homotopy equivalence

(C,ψC)⊕ (C ′,−ψC′) ' ∂(D′, ψD′)

Proof. Let E be a chain complex defined as follows

Er =

{
Dr r ≥ n+ 2;

0 r ≤ n+ 1,

and let j : D → E be the obvious projection map. Notice that this gives us
an (n+ 2)-dimensional quadratic pair

(j : D → E, (ψD, 0)).

Let (D′, ψD′) be the (n+ 1)-dimensional quadratic complex obtained as the
effect of algebraic surgery on (D,ψD) along (j : D → E, (ψD, 0)). We claim
that (D′, ψD′) has the desired properties. Firstly note that since algebraic
surgery preserves the homotopy type of the boundary we automatically have
the desired homotopy equivalence. The connectivity statement follows from
the following computations.

The pair (j : D → E, (0, ψD)) yields
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Hk(j) : Hk(D)
∼=−→ Hk(E) for k ≥ n+ 3;

0→ Hn+2(D)
Hn+2(j)−−−−−→ Hn+2(E)→ Hn+2(cone(j))→ Hn+1(D)→ 0;

Hk(E) = 0 for k ≤ n+ 1,

and

Hk(j) : Hk(E)← Hk(D) for k ≥ n+ 3;

0← Hn+2(D)← Hn+2(E)← Hn+2(cone(j))← Hn+1(D)← 0;

Hk(E) = 0 for k ≤ n+ 1,

and also

Hk(cone(j))
∼=−→ Hk−1(D) and Hk−1(D)

∼=−→ Hk(cone(j)) for k ≤ n+1.

Therefore for k ≥ n+ 2 we obtain an exact sequence

0 ∼= Hk+1(cone(j))→ Hk(C ′)→ H1−k(D) ∼= 0.

Now we do not have duality in general, since D was not assumed to be
Poincaré, but we do have duality in a range, since the boundary ∂(D,ψD)
was assumed to be (−1)-connected. Therefore we have for k ≤ −1 that

Hn+1−k(E)

∼=
��

// Hk+1(cone(j))

∼=
��

// Hk(D′) // Hn+2−k(E)

∼=
��

// Hk(cone(j))

∼=
��

Hn+1−k(D)
∼= // Hk+1(cone(j)) Hn+2−k(D)

∼= // Hk(cone(j))

and so
Hk(D′) = 0

in this case. ut

Remark 14.253. As noted above the analogous propositions do not hold in
the symmetric case. The reason is the following. If (C,ϕ) is a 0-dimensional
symmetric complex and we define the chain complex D as in Proposi-
tions 14.249 or 14.250, then the pushforward j%(ϕ) might not be null-
homotopic in W%(D) and so we do not obtain a symmetric pair along which
we could do surgery. The obstructions for the null-homotopy can be formu-
lated in terms of the Wu classes from Section 14.2.10 and conditions for their
vanishing can be studied. This is done in [197], but we will not go into that
here.

At this stage it is convenient to first introduce the notion of a well-
connected 0-dimensional complex.

Definition 14.254 (Well-connected complexes).
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(i) An n-dimensional symmetric complex (C,ϕ) is called well connected if
we have that Hi(C) = 0 for i ≤ 0.

(ii) An n-dimensional quadratic complex (C,ψ) is called well connected if we
have that Hi(C) = 0 for i ≤ 0.

It allows us to obtain an improvement on Proposition 14.245, which we
will need.

Proposition 14.255. [197, Proposition 4.6] Let (C,ϕC) and (C ′, ϕC′) be
two 0-dimensional symmetric Poincaré complexes such that Hi(C) ∼= Hi(C

′) =
0 for i 6= 0. We have

(C,ϕC) ∼ (C ′, ϕC′)

if and only if there exist two 1-dimensional symmetric complexes (D,ϕD)
and (D′, ϕD′) which are well connected and a homotopy equivalence

(C,ϕC)⊕ ∂(D,ϕD) ' (C ′, ϕC′)⊕ ∂(D′, ϕD′).

Proof. The proof again uses slightly more careful version of algebraic surgery
and can be found in [197, Proposition 4.6].

ut

The desired identification will be established by defining maps from the
chain complex versions to the module versions of the L-groups, which will
then be shown to be isomorphisms. To see that the maps are well-defined we
will need two propositions which correspond to the cases n = 0 and n = 1
respectively. We first state their symmetric versions which are not used, but
they are easier, which should illuminate the harder quadratic case.

Proposition 14.256. The boundary of a well connected 1-dimensional sym-
metric complex is a 0-dimensional symmetric complex which is equivalent to
a hyperbolic form.

Proof. A well-connected 1-dimensional symmetric complex is homotopy equiv-
alent to a complex (D,ϕ) which consists of the following data

0 // 0 //

��

D1 //

��
ϕ1}}

0

0 // D1
// 0 // 0

Its boundary is the 0-dimensional complex

(∂D, ∂ϕ) ∂D0 = D1 ⊕D1 ∂ϕ =

(
0 1
1 −T (ϕ1)

)
.

This is equivalent to a hyperbolic form, where we remind the reader, that in
the symmetric case the definition of this notion is in (14.113). ut
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Proposition 14.257. The boundary of a well-connected 2-dimensional sym-
metric complex is a 1-dimensional symmetric complex which is equivalent to
a boundary formation.

Proof. A well-connected 2-dimensional symmetric complex is homotopy equiv-
alent to a complex (D,ϕ) which consists of the following data:

0 // 0 //

��

D1 d∗ //

ϕ0

��ϕ̃1}}

D2 //

��
ϕ1}}

0

0 // D2
d
// D1

// 0 // 0

plus ϕ2 : D2 → D2 satisfying certain relations. Its boundary is the 1-
dimensional symmetric complex

0 // D2 ⊕D1

d −ϕ∗0
0 −d∗


//

 0 1
1 −T (ϕ̃1)


��

D1 ⊕D2 //

 0 1
1 −T (ϕ1)


��

0 0
0 T (ϕ2)


zz

0

0 // D1 ⊕D2 −d∗ 0
ϕ0 d


// D2 ⊕D1

// 0

The fact that the left hand vertical map is an isomorphism shows that the
associated formation is a boundary in the sense of Chapter 8. ut

And now, as promised, we proceed with the quadratic versions, which is
the case we really need.

Proposition 14.258. The boundary of a well connected 1-dimensional quadratic
complex is a 0-dimensional quadratic complex which corresponds to a hyper-
bolic form.

Proof. A well-connected 1-dimensional quadratic complex is homotopy equiv-
alent to a complex (D,ψ) which consists of the following data

0 // 0 //

��

D1 //

��

0

0 // D1
// 0 // 0.

Its boundary is the 0-dimensional complex
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(∂D, ∂ψ) ∂D0 = D1 ⊕D1 ∂ψ =

(
0 0
1 0

)
.

This is the standard hyperbolic form. ut

Proposition 14.259. The boundary of a well-connected 2-dimensional quadratic
complex is a 1-dimensional quadratic complex which corresponds to a bound-
ary formation.

Proof. A well-connected 2-dimensional quadratic complex is homotopy equiv-
alent to a complex (D,ψ) which consists of the following data:

0 // 0 //

��

D1 d∗ //

ψ0

��

D2 //

��

0

0 // D2
d
// D1

// 0 // 0

satisfying certain relations. Its boundary is the 1-dimensional quadratic com-
plex

0 // D2 ⊕D1

d −(1 + T )ψ∗0
0 −d∗


//

 0 0
1 0


��

 0 0
0 −T (ψ0)


%%

D1 ⊕D2 //

 0 0
1 0


��

0

0 // D1 ⊕D2  −d∗ 0
(1 + T )ψ0 d


// D2 ⊕D1

// 0

The fact that the symmetrisation of the left hand vertical map is an isomor-
phism shows that the resulting split formation is a boundary in the sense of
Chapter 8. ut

We finally come to the desired identification. Recall that Ln(R) denotes
the group from Definition 7.89 when n is even and the group from Defini-
tion 8.12 when n is odd. The symbol Ln(R)chain denotes the groups from
Definition 14.183 in both cases. The proof of the following theorem uses as
an input Propositions 14.255, 14.258, and 14.259.

The following theorem is one of the main results of this chapter. It was
originally proved by Ranicki[197, Propositions 5.1 and 5.2]. Recall that the
quadratic L-groups are 4-periodic and if one allows to pass from ε-quadratic
to −ε-quadratic one can identify L0 = L2 and L1 = L3, see Definition 7.89
and (14.247).
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Theorem 14.260 (Identification of the form/formation and the chain
complex version of quadratic L-groups). Let R be a ring with involu-
tion. Then there is for all n ∈ Z a natural isomorphism

Ln(R)
∼=−→ Ln(R)chain.

For n = 0 and n = 1 it sends a class given by a quadratic form or for-
mation to the class given by the 0- and 1-dimensional quadratic Poincaré
chain complex associated to it. The inverse is given by the inverse process,
see Proposition 14.118.

Theorem 14.261 ([197, Propositions 5.1 and 5.2]).
Let R be a ring with involution. We have for all n ∈ Z

Ln(R) ∼= Ln(R)chain.

Proof. By the skew-suspension isomorphisms it is enough to show the result
for n = 0, 1, see Definition 7.89 and (14.247).

For n = 0 we consider the map from the right hand side to the left hand side
given by associating to a strictly 0-dimensional ε-quadratic complex (C,ψ)
the quadratic form obtained in Proposition 14.118. Proposition 14.258 the
map is well-defined. By Proposition 14.118 it is also onto and it is one-to-one
since by the proof of Proposition 14.258 if the form associated associated to a
strictly 0-dimensional complex is hyperbolic, then the complex is a boundary
of a well-connected 1-dimensional complex.

For n = 1 we consider the map from the right hand side to the left hand side
given by associating to a strictly 1-dimensional ε-quadratic complex (C,ψ)
the underlying formation (F,G; γ, δ) of the split formation obtained in the
proof of Proposition 14.125. By Proposition 14.259 this map is well defined.
It is onto since any formation comes from a split formation by a choice of a
hessian, which always exists, and by the other direction of Proposition 14.125.
It is one-to-one since a boundary formation ∂(Q,µ) of a (−ε)-quadratic form
(Q,µ) in the sense of Chapter 8 is the same as a boundary of (Q,µ) considered
as a two-dimensional complex concentrated in dimension 1. ut

Thanks to Theorem 14.261 we can leave out the subscript “chain” from
the notation for L-groups defined in this chapter in the sequel.

14.6 The identification of the surgery obstructions

In this section we identify the quadratic signature of a degree one normal
map (f, f) : M → X from Definition 14.188 in Section 14.2 with the surgery
obstruction defined in Chapters 7 and 8.

We start by recalling (and slightly adapting) notation in the case n = 2k.
Let (f, f) : M → X be a degree one normal map from an n-dimensional
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manifold M to an n-dimensional Poincaré complex X with π = π1(X) and
with the orientation character w : π → {±1}. The surgery obstruction

σ(f, f) = [(Kk(M̃), s, t)] ∈ L2k(Zπ,w)

was obtained in Theorem 7.109 by first making the map (f, f) to be k-
connected by surgery below the middle dimension and then taking the surgery
kernel (Kk(M̃), s, t) as explained in Definition 7.35, Lemma 7.58, and Exam-
ple 7.85.

On the other side recall from Definition 14.188 the quadratic signature of
the degree one normal map (f, f) : M → X

qsignπ((f, f) : M → X) = [(cone(f !), e%ψF [X])] ∈ Ln(Zπ).

The obstruction groups were identified in Section 14.5 via the skew-
suspension isomorphism

S
k

: Ln−2k(Zπ,w)→ Ln(Zπ).

Note that in the process of this identification an ε-quadratic form is thought
of as an n-dimensional quadratic complex simply by shifting the underlying
module from dimension 0 to the middle dimension k and applying Proposi-
tion 14.118. In the reverse direction one can pass from the highly connected
n-dimensional quadratic complex to an ε-quadratic form by taking the Wu
classes vk from Subsection 14.2.10.

Also note that we have proved normal bordism invariance for the surgery
obstruction σ(f, f) with the cylindrical target, see Theorems 7.109 and 8.53,
and for the quadratic signature qsignπ(f, f) even for the not necessarily cylin-
drical target, see Definition 14.188 and Construction 14.158. Hence, thanks
to the surgery below middle dimension, in order to identify them it is enough
to show the identification for k-connected maps.

The identification for highly-connected maps boils down to comparing the
Wu classes vk of the quadratic signature applied to the Poincaré dual of the
kernel homology class of an immersion g : Sk #M with the self-intersection
number t(g). We will show in Proposition 14.270 that the Wu class vk of
the quadratic signature at the Poincaré dual of g equals the sum of the
self-intersection number t(g) and a certain element j(νg, νh) which is an ob-
struction to framing g. Recall that because g represents a class in the surgery
kernel we can always choose g to be framed and so we obtain the desired
identification.

The ingredients needed for the proof of the formula are the following.
Besides the definition of the quadratic construction we will need its additivity
upon composition of maps. Furthermore we will need to understand how
quadratic structures measure failure of a stably trivial bundle to be trivial.
This is done in Subsection 14.6.1 and the translation goes via associating to
the geometric problem an appropriate stable map which becomes unstable in
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the desired case. Next we will need to investigate how can quadratic structure
measure failure of an immersion to be regularly homotopic to an embedding.
Again this is done by producing out of an immersion a stable (Umkehr) map
which becomes unstable in the desired case. In both cases also the equivariant
S-duality will be used.

In the odd-dimensional case n = 2k+1 we can similarly pass to k-connected
maps and we have that the skew suspension induces the isomorphism

S
k

: Ln−2k(Zπ,w)→ Ln(Zπ).

This isomorphism yields the correspondence between ε-quadratic formations
and 1-dimensional quadratic complexes. The correspondence between the
underlying modules of the formations and 1-dimensional complexes is just
standard verification via homological algebra. The next key idea is that the
surgery obstruction in the odd-dimensional case is in fact defined via surgery
kernels of even-dimensional highly-connected maps. Hence we can use what
we have already shown in the even-dimensional cases case and obtain finally
the identification also in the odd-dimensional case.

In this section we follow very closely the original source, which is in the
paper [198, Sec. 5] of Ranicki.

14.6.1 Euler Classes

As promised above, in this section we aim to understand how the quadratic
construction measures failure of a stably trivial normal bundle to be actually
trivial.

The homomorphism

(14.262) j : πm(BSO(q)) = πm−1(SO(q)→ Qm+q([q]Z))

is defined as follows. Given a q-plane bundle α : Sm → BSO(q), the Thom
space Th(α) can be identified as

Th(α) = Sq ∪J(α) e
m+q

where J : πm−1(SO(q))→ πm+q−1(Sq) is the J-homomorphism (as in Chap-
ter11). Consider the composition

Hm+q(Th(α))
ϕTh(α)−−−−→ Qm+q(C(Th(α)))

vm−−→ homZ(Hq(Th(α)), Qm+q([q]Z)),

where Hm+q(Th(α)) ∼= Z and define

j(α) = vm(ϕTh(α)(1))(1) ∈ Qm+q([q]Z)
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keeping in mind that also Hq(Th(α)) ∼= Z.
Next we define the homomorphism

(14.263) j : πm+1(BSO,BSO(q)) = πm(SO(q))→ Qm+q([q]Z).

Suppose in addition to the above data that there is given a null-homotopy
β : Dm+1 → BSO(p + q) of α ⊕ Rp : Sm → BSO(p + q). The induced iso-
morphism of bundles β : Rp+q → α ⊕ Rp induces a homotopy equivalence of
Thom spaces

Th(β) : Th(Rp+q) ' Sp+q ∨ Sm+p+q → Th(α⊕ Rp) ' Σp Th(α).

The composite

I(β) : Sm+p+q incl−−→ Sp+q ∨ Sm+p+q Th(β)−−−−→ Σp Th(α)

is a stable map which represents the generator 1 ∈ Hm+p+q(Σ
p Th(α)) = Z.

Now we can apply the quadratic construction (14.85) and the Wu class from
Definition 14.101

Hm+q(S
m+q)

ψI(β)−−−→ Qm+q(C(Th(α)))
vm−−→ homZ(Hq(Th(α)), Qm+q([q]Z)),

where Hm+q(S
m+q) ∼= Z, to get

j(α, β) = vm(ψI(β)(1))(1) ∈ Qm+q([q]Z).

Alternatively this could be

(14.264) j(α, β) = vm(ψI(β)[S
m+q])(uα) ∈ Qm+q([q]Z).

Lemma 14.265. Let α : Sm → BSO(q) be a q-dimensional bundle and let
β : Dm+1 → BSO(p + q) be a null-homotopy of α ⊕ Rp : Sm → BSO(p + q).
If β can be factored through BSO(q), then

j(α, β) = 0 ∈ Qm+q([q]Z).

Proof. This follows from the fact that the quadratic construction is an ob-
struction to desuspension of a stable map. ut

14.6.2 Self-Intersections

In this subsection we use the symmetric construction and the quadratic con-
struction to define certain invariants λ and µ of immersions. In the follow-
ing subsection we show how they are related to the intersections and self-
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intersections of immersions studied in Chapter 7. The maps λ and µ will be
defined using the Wu classes from Subsection 14.2.10.

Let M be an n-dimensional manifold with π = π1(M) and with the orien-
tation character w : π → {±1}. Let Sr(M) denote the Zπ-module of regular
homotopy classes of oriented immersions g : Sr # M with a preferred lift
g̃ : S̃r = π × Sr # M̃ to the universal cover.

For g ∈ Sr(M) let νg : Sr → BSO(n − r) be its normal bundle, Thπ(νg)
the Thom π-space and uνg ∈ Hn−r(Thπ(νg)) the Thom class.

Define the Umkehr map g! : C(M̃)→ C(Thπ(νg)) as the composition

g! : C(M̃)
∩−→ Cn−∗(M̃)

g̃∗−→ Cn−∗(S̃r)
∩−→ Σn−rC(S̃r)

∩−1

−−→ C(Thπ(νg)).

Denote x = (g!)∗(uνg ) ∈ Hn−r(M̃) and using the symmetric construction
ϕ
M̃

from Construction 14.37 define

(14.266) λ(g) = vr(ϕM̃ [M ])(x) ∈ Qn−2r([n− 2r]Zπ).

In the following subsection this invariant will be related to the symmetric
intersection number of g with itself if 2r = n.

We now turn to µ. Let g ∈ Sr(M) with νg and Thπ(νg) be as above and
assume in addition that p > 2r − n + 1. Then it is possible to deform the
immersion g × id : Sr # M × Dp into an embedding g′ : Sr ↪→ M × Dp

by a small regular homotopy so that νg′ = νg ⊕ Rp. Let E be the tubular
neighbourhood of g′(Sr). Then the Umkehr map
(14.267)

G : ΣpM̃ = M̃ ×Dp/M̃ × Sp−1 col−−→ Ẽ/∂Ẽ = Thπ(νg′) = Σp Thπ(νg)

induces the map g! : C(M̃)→ C(Tπ(νg)) above.
For such a g ∈ Sr(M) define

(14.268) µ(g) = vr(ψG[M ])(uνg ) ∈ Qn−2r([n− 2r]Zπ).

These maps λ and µ have properties as listed in Proposition 5.2 of [198]
which relate them to the geometric intersection and self-intersection num-
bers.

14.6.3 Putting Together

The next result is the promised relation between λ and µ from the previous
section and the geometric intersection and self-intersection numbers from
Chapter 7. It is taken from [198] where it appears as Proposition 5.2. In
its proof the formulas for quadratic construction of the sum and of the com-



608 14 Algebraic Surgery

position of maps are used as well as a modification of a trick of Browder
from [35].

Proposition 14.269 (The symmetric and quadratic self-intersections).
The functions

λ : Sr(M)→ Qn−2r([n− 2r]Zπ) (g : Sr #M) 7→ λ(g);

µ : Sr(M)→ Qn−2r([n− 2r]Zπ) (g : Sr #M) 7→ µ(g),

satisfy the following statements:

(i) λ(ag) = aλ(g)a, µ(ag) = aµ(g)a;
(ii) λ(g) = (j(νg), 0) + (1 + T )µ(g);

(iii) µ(g1 + g2)− µ(g1)− µ(g2) =

{
[s(g1, g2)] n = 2r;

0 n 6= 2r;

(iv) If g ∈ Sr(M) contains an embedding, then µ(g) = 0, and if it contains a
framed embedding, then also λ(g) = 0;

(v) if n = 2r ≥ 6 and µ(g) = 0, then g ∈ Sr(M) contains an embedding.

Proof. (i) This is an elementary consequence of Definition 14.101.
(ii) Note that by the definition of the quadratic construction we have the

relation
(g!)%ϕ

M̃
[M ] = ϕThπ(νg)g

!
∗[M ]− (1 + T )ψG[M ].

Now apply vr(−)(uνg ).
(iii) We use the additivity formulas from Subsection 14.2.10.

Let g1, g2 ∈ Sr(M) be two immersions and let g1 + g2 ∈ Sr(M) be their
sum represented by the connected sum construction. Then we have for
the Thom spaces that

Thπ(νg1+g2) ' Thπ(νg1) ∨ Thπ, (νg2)

and we also have the identification of the chain complexes

C(Thπ(νg1+g2)) ' C(Thπ(νg1))⊕ Thπ(νg2).

For the quadratic self-intersection we have

µ(g) = −vr(ψG[M ])(uνg1 , uνg2 ) ∈ Qn([n− r]Zπ)

with
G = G1 ∨G2 : ΣpM̃+ → Σp Thπ(νg1) ∨Σp Thπ(νg2).

By the additivity properties of the Q-groups from Proposition 14.100 we
obtain that that the quadratic construction of the map G is of the form
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ψG =

 ψG1

ψG2

(g!
1 ⊗ g!

2)∆0

 : Hn(M)→

→ Qn(C(Thπ(νg1)))⊕Qn(Thπ(νg2))⊕Hn(C(Thπ(νg1))⊕C(Thπ(νg2))).

Applying the Wu class vr yields the required identity upon observing
that

vr((g!
1 ⊗ g!

2)∆0[M ])(uνg1 , uνg2 ) = s(g1, g2).

(iv) If g is regularly homotopic to an embedding, then the map G can be
desuspended and ψG = 0. If it is regularly homotopic to framed embed-
ding, then also the normal bundle νg is trivial and so the map j in the
definition of λ is applied to the constant map.

(v) Recall that t : Sr(M)→ Qn([n]Zπ) from Chapter 7 satisfies the relation

t(g1 + g2)− t(g1)− t(g2) = [s(g1, g2)],

and has the property that t(g) = 0 if and only if g is regularly homotopic
to an embedding.
It will now be shown that µ(g) = t(g) by a generalisation of a trick by
Browder [35, Lemma IV.7]. Let a ∈ Zπ be a lift of t(g) and consider the
immersion

g′ = Sr #M ′ = M#(Sr × Sr)

representing the homology class

g′[Sr] = (0, a, 1) ∈ Hr(M
′) = Hr(M)⊕ Zπ ⊕ Zπ.

Define the immersion

g′′ = g#0 + g′ : Sr #M ′

and apply the sum formulas available for both t and µ:

µ(g′′) = µ(g#0) + µ(g′) = µ(g)− [a] = µ(g)− t(g);

t(g′′) = t(g#0) + t(g′) = t(g)− [a] = 0.

Applying (iv) we have t(g) = 0 implies µ(g) = 0.
This finishes the proof. ut

Next we need the quadratic improvement of the property (ii) in the above
proposition. It appears as Proposition 5.3 in [198].

Proposition 14.270 (Wu classes of the quadratic kernel).
Let (f, f) : M → X be a degree one map normal map from an n-manifold

to an n-dimensional Poincaré complex. Let g : Sr # M be an immersion
with the normal bundle νg : Sr → BSO(n − r), the null-homotopy h : fg '
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0: Sr → X and the stable trivialisation νh : Dr+1 → BSO of νg determined
by f : TM ⊕ Ra → ξ.

Consider the quadratic kernel

(C = cone(f !), ψ = e%ψF [X])

and the Wu class

vr(ψ) : Hn−r(C)→ Qn−2r([n− 2r]Zπ)

and the Poincaré dual x ∈ Kn−r(M) of the image of (g, h) in Kr(M)
Then we have

vr(ψ)(x) = (j(νg, νh), 0) + µ(g).

Proof. We use properties of the quadratic construction, especially the sum
formula.

We have the diagram

Sk
g //

��

M

f

��
Dk+1

h
// X

(14.271)

with the corresponding normal bundle data diagram

Thπ(g∗νM ) //

��

Thπ(νM )

f

��
Thπ(h∗νX) // Thπ(νX)

(14.272)

and its S-dual:

Σp Thπ(νg) ΣpM̃+
Goo

Σp ∨π Sn

Ih

OO

ΣpX̃+.

F

OO

H
oo

(14.273)

From the commutativity of this diagram and from the additivity formula for
compositions from [198, Proposition 1.5 (iii)] we obtain

g!
%ψF [X] + ψG[M ] = ψI(νh)[S

n] + I(νh)%ψH [X].

However, the map H can be desuspended (use X = X(n−1) ∪ en) and hence
ψH = 0. Next we apply the Wu class
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vr : Qn(C(Sr))→ hom(Hn−r(Sr), Qn−r([n− r]Zπ)).

Unraveling the definitions shows:

vr(ψ)(x) = vrψF [X]((g!)∗(uνg )) = vrg!
%ψF [X](uνg )

and
µ(g) = vrψG[M ](uνg )

and
j(νg, νh) = vrψI(νh)[S

n](uνg ).

This finishes the proof. ut

The proof of the identification is finalised in the following two propositions
corresponding to the two cases depending on the parity of n. They appear as
in [198].

Theorem 14.274 (The identification of the surgery obstruction with
the quadratic signature for a highly connected map in case n = 2k).
Let n = 2k ≥ 5 and let (f, f) : M → X be a k-connected degree one normal
map. Then we have

σ(f, f) = qsignπ(f, f) ∈ Ln(Zπ).

Proof. Since f is k-connected we have that

cone(f !) ' SkKk(M̃).

Since any class in the kernel Kk(M̃) can be represented by a framed immer-
sion, g : Sk #M the formula from Proposition 14.270 gives us

ψ(x)(x) = vk(ψ)(x) = t(g).

This identifies the quadratic form associated with the quadratic structure
with the self-intersection quadratic form of Chapter 7. ut

Theorem 14.275 (The identification of the surgery obstruction with
the quadratic signature for a highly connected map in case n =
2k + 1). Let n = 2k + 1 ≥ 5 and let (f, f) : M → X be a k-connected degree
one normal map. Then we have

σ(f, f) = qsignπ(f, f) ∈ Ln(Zπ).

Proof. The chain complex cone(f !) is chain homotopy equivalent to the 1-
dimensional chain complex

· · · → 0→ Kk+1(M̃, Ũ)→ Kk(Ũ)→ 0→ · · ·
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whose homology groups are Kk(M̃) and Kk+1(M̃). The associated quadratic
formation has as its underlying quadratic form the self-intersection form
of the map ∂U → Sn−1 which is the quadratic form associated with a k-
connected 2k-dimensional degree one normal map by the previous proposi-
tion. The lagrangians of the quadratic formation associated with the above
1-dimensional complex are precisely the lagrangians of the kernel formation
of (f, f) in the sense of Chapter 8. ut

In order to finish the proof of the identification we just need to combine
these two theorems with the bordism invariance of the quadratic signature
from Construction 14.158. Altogether we have the desired result:

Theorem 14.276 (The identification of the surgery obstruction with
the quadratic signature.). Let n ≥ 5 and let (f, f) : M → X be a degree
one normal map. Then we have

σ(f, f) = qsignπ(f, f) ∈ Ln(Zπ).

Remark 14.277 (Bordism invariance for not necessarily cylindrical
target). Thus, as we already indicated in Remark 14.189, we finally obtain
the proofs of both Theorem 7.165 and Theorem 8.98.

14.7 Applications of algebraic surgery

We have seen that algebraic surgery rectifies the two deficiencies of the geo-
metric surgery theory mentioned in the introduction to this chapter. More-
over, we have seen one more application, namely the bordism invariance with
varying target, which was a consequence of the fact that the symmetric and
quadratic constructions have relative versions, see Construction 14.158. There
are many more applications, many of which the reader may found in the nu-
merous papers and books by Andrew Ranicki, for example in [199] and [201].
Here we would like to highlight just some of them, namely those that fit well
with the other topics in this book.

14.7.1 Product formulas

We discussed products already in Subsection 14.2.4 on the level of structured
chain complexes. These products descend via standard observations to the L-
groups and further analysis of the geometric constructions also yields product
formulas for surgery obstructions. There are many versions, but for the sake
of clarity we confine ourselves to one case, which we need the most. For the
proofs see [197, Sec. 8] and [198, Sec. 8].
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Theorem 14.278. The products from Definition 14.47 descend to products

−⊗− : Lm(R)⊗ Ln(S)→ Lm+n(R⊗ S).

Theorem 14.279. Given an m-dimensional closed manifold N with π =
π1(N) and an n-dimensional degree one normal map (f, f) : M → X with
π′ = π1(X) there is the product formula

qsignπ×π′((f, f)× idN ) = ssignπ(N)⊗ qsignπ′(f, f) ∈ Lm+n(Z[π × π′]).

Exercise 14.280. Let (f, f) : M → X an n-dimensional degree one normal
map. Show that for every natural number m with 2 ≤ m and m+n ≥ 5, one
can turn the normal map obtained by crossing (f, f) : M → X with Sm by
surgery into a homotopy equivalence.

14.7.2 The algebraic Rothenberg Sequence

In this section we establish the algebraic Rothenberg sequence which is iso-
morphic to the geometric Rothenberg sequence from Section 12.5. A primary
reference is [197, Section 9].

So far we have only considered the L-groups defined via chain complexes
which correspond to the h decoration in the sense of Chapter 9. Now we
introduce further decorations to the L-theory of chain complexes analogously
to the situation in Chapter 9.

Suppose that we have specified a subgroup U ⊂ K1(R) such that U is
closed under the involution (2.24) on K1(R) coming from the involution of R
and contains the image of the change of ring homomorphismK1(Z)→ K1(R).

Definition 14.281 (Decorated quadratic L-groups via chain com-
plexes). Let R be an associative ring with unit and involution and let n
be an integer. Define the n-th U -decorated quadratic L-group

LUn (R)

to be the cobordism group of n-dimensional QAPCs (C,ψ) over R such that

τ((1 + T )ψ0 : Cn−∗ → C) ∈ U ⊂ K1(R).

These groups can be identified with the corresponding groups defined in
Chapter 9 in a process analogous to the identification of the non-decorated
quadratic L-groups described earlier in this chapter, so there is no real clash
of notation. As before we use notation Lsn(R) for U the trivial subgroup and
Lhn(R) for the whole subgroup K1(R). The desired theorem relating them
then looks as follows.
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Theorem 14.282 (Algebraic Rothenberg sequence). Let R be a ring
with involution. There is a long exact sequence of abelian groups

· · · ∂n+2−−−→ Hn+2(Z/2,Wh(R))
in+2−−−→ Lsn+1(R)

jn+1−−−→ Lhn+1(R)

∂n+1−−−→ Hn+1(Z/2,Wh(R))
in−→ Lsn(R)

jn−→ Lhn(R)
∂n−1−−−→ · · ·

which is infinite to both ends.

Proof. The maps in the sequence are defined as follows.

jn : (C,ϕ) 7→ (C,ϕ),

∂n : (C,ϕ) 7→ [C],

in+1 : [P ] 7→ (C(P, n), ψ(P, n)),

where for a chain complex C ∈ bR-CHfgf the symbol [C] means the Euler-
Poincaré characteristic [C] =

∑
i∈Z(−1)iCi ∈ K1(R), and the n-dimensional

quadratic chain complex (C(P, n), ψ(P, n)) associated to P ∈ R-MODfgf is
defined below.

When n = 2k we have

C(P, n)i =

{
P ⊕ P ∗ i = k

0 i 6= k

and

ψ(P, n)0 =

(
0 0
1 0

)
.

When n = 2k + 1 we have

C(P, n)i =


P ∗ i = k

P i = k + 1

0 i 6= k, k + 1

and dC(P,n) = 0 and

ψ(P, n)0 =

{
1: P → P

0: P ∗ → P ∗
.

The proof of the exactness can be found in [197, Section 9]. ut

Since for the chain complex L-groups we also have a symmetric version,
we may wonder about the corresponding version of the Rothenberg sequence.
It does exist and we refer the reader to [197, Section 9].
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14.7.3 The algebraic Shaneson Splitting

In this section we briefly mention the algebraic analogue of the geometric
Shaneson splitting from Section 12.6. The proof is too hard, but at least we
give a statement. The reference is [202, Chapter 16].

Theorem 14.283 (Algebraic Shaneson splitting).
For any n there is an isomorphism

in ⊕ sn−1 : Lsn(R)⊕ Lhn−1(R)
∼=−→ Lsn(R[z, z−1]).

The map in is induced by the inclusion of rings R ↪→ R[z, z−1] and the
map sn−1 is given via the product from Theorem 14.278 with the symmetric
signature ssignZ(S1) ∈ L1(Z) of the circle. That this is well defined in terms
of decorations follows from an algebraic version of Theorem 2.1 (iv).

14.7.4 The algebraic surgery exact sequence

The most important application of algebraic surgery is the construction of
the algebraic surgery exact sequence, which can be identified with the geo-
metric surgery exact sequence of Chapter 10 in the topological category. Via
this identification the topological geometric surgery exact sequence becomes
an exact sequence of abelian groups which is in itself an interesting result.
Moreover, the algebraic surgery exact sequence has at the place correspond-
ing to the surgery obstruction map the so-called assembly map, which has a
certain universal property, and about which a great deal has been shown in
recent decades. We will say more about these developments in Chapter 18.
Here we just want to state it and give a few hints about ideas that go into
the construction and into the identification. The ultimate source is [201], see
also [127].

Firstly, algebraic surgery can be used to define L-spaces and L-spectra
whose homotopy groups are the L-groups. Intuitively, the idea is to incorpo-
rate into the setup the notion of n-ads as in [248, Chapter 0]. This is quite
involved technically, in particular the notion of an additive category with
chain duality is needed, which is presented in Chapter 1 of [201]. The result
is that one can think of a collection of chain complexes indexed by faces
of a simplex and collection of symmetric or quadratic structures on these
complexes, which satisfy a lot of compatibility conditions, as of a (single)
symmetric or quadratic complex in such a category.

Having done this, one can define (co-)homology theories on simplicial com-
plexes with coefficients in these spectra. Moreover, one can vary the additive
category with chain duality suitably (via the notion of an algebraic bordism
category) so that one obtains exact sequences of various types of L-groups.
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One such choice then produces the algebraic surgery exact sequence. As we
said already, it can be identified with the topological geometric surgery exact
sequence. With the above said, notice that via this identification all terms in
the geometric surgery exact sequence become L-groups of some category!

Theorem 14.284. Given an n-dimensional closed topological manifold X
with π = π1(X) and n ≥ 5, there is a bijection between the topological geo-
metric surgery exact sequence and the algebraic surgery exact sequence

· · · // Ln+1(Zπ) //

∼=
��

STOP(X) //

s∼=
��

NTOP(X) //

t∼=
��

Ln(Zπ)

∼=
��

· · · // Ln+1(Zπ) // Sn+1(X) // Hn(X,L•〈1〉)
asmb

// Ln(Zπ) // · · ·

Although the notation does not suggest this, we repeat that in the lower
sequence all groups are L-groups of some categories. The vertical arrows are
constructed by refining the quadratic construction of Section 14.2.7. The map
denoted asmb in the lower row is the above-mentioned assembly map.

14.8 Miscellaneous

There are many more aspects of the algebraic theory of surgery that we have
not covered in this chapter. These include for example all the material in the
books [199], [201], [202].

One aspect that we would like to highlight is the so-called total surgery
obstruction (TSO). Recall that one version of the surgery program is Prob-
lem 3.1 asks when is a topological space X homotopy equivalent to a closed
(topological) manifold, see also Remark 6.2. We have seen that X must sat-
isfy Poincaré duality, so the modified question is really when is a finite n-
dimensional Poincaré complex X homotopy equivalent to a closed (topologi-
cal) manifold. So far the material of this book provides us with an answer,
which is that the SNF of X has to have a topological reduction and if that
is the case, then the surgery obstruction of at least one of the surgery prob-
lems with target X has to vanish. Altogether we have a two-stage obstruction
answer. Ranicki came up with an idea to define a single obstruction s(X),
called the total surgery obstruction, which lives in the group Sn(X), which
is an L-group of a certain category, defined using quadratic chain complexes,
with the property that if n ≥ 5, then s(X) = 0 if and only if there exists an
n-dimensional topological manifold M homotopy equivalent to X. For more
details see [201], [195], and [127]. This theorem is closely related to Theo-
rem 14.284 about the identification of the geometric surgery exact sequence
and the algebraic surgery exact sequence. In fact Theorem 14.284 can be
viewed as the relative version of the main theorem about TSO.
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There are also algebraic versions of the Rothenberg sequence and of the
Shaneson splitting appearing in Chapter 12. The algebraic version of the
Rothenberg sequence can be found in Theorem 17.2 in [202]. The algebraic
version of the Shaneson splitting is to be found in Chapter 16 of the same
book [202].
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Chapter 15

Brief Survey of Computations of
L-Groups

15.1 Introduction

In this chapter we give a brief survey of computations of L-groups.
In Section 15.2 we introduce decorated L-groups Lεn(ZG,w) for the deco-

ration ε given by s, h, p, as before and also for 〈j〉 for j ≤ 2, or, 〈−∞〉. They
are related by Rothenberg sequences. The decoration 〈−∞〉 will be needed
for the Farrell-Jones Conjecture, see Remark 15.28.

In Section15.3 we state the main general properties about L-groups of
integral group rings ZG for finite groups. For instance, they are always finitely
generated and contain no p-torsion for odd primes.

In Section 15.4 we state the for us most relevant version of the Farrell-
Jones Conjecture 15.9, namely the one for torsionfree groups and integral
coefficients, and explain how it can be used for computations. It will be one
of the key ingredients when we will deal with the question when an aspherical
closed manifold is topologically rigid. It says for a torsionfree group G, that
Wh(G) and K̃n(ZG) for n ≤ 0 vanish, and the L-groups Lεn(ZG,w) are
independent of the decoration ε. Moreover, if w is trivial, Lεn(ZG,w) can be
computed by Hn(BG; L(Z)) = πn(BG+ ∧ L(Z)) for the L theory spectrum
L(Z) of Z, which satisfies πn(L(Z)) = Ln(Z) for n ∈ Z.

In Section 15.5 we present the Farrell-Jones Conjecture in its most general
form, namely the Full Farrell-Jones Conjecture 15.31. We explain the rather
large class FJ of Farrell-Jones groups, i.e., groups for which the Full Farrell
Jones Conjecture 15.31 is known to be true, see Theorem 15.33. It contains
for instance all hyperbolic groups, all finite-dimensional CAT(0)-groups, fun-
damental groups of 3-manifolds, and lattices in almost connected Lie groups,
We also explain why it implies the version for torsionfree groups.

Guide 15.1. It is worthwhile to browse through the results of Section 15.2
and Section 15.4, and one may skip the other sections for the first reading
since the torsionfree version of the Farrell-Jones Conjecture 15.9 is indepen-
dent of the decorations, is the key ingredient in further geometric applications
and much easier to understand than the Full Farrell-Jones Conjecture 15.31.

There are two reasons why the Full Farrell-Jones Conjecture 15.31 is im-
portant, namely, it holds for all groups and has much better inheritance
properties than the Farrell-Jones Conjecture 15.9.

619
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15.2 More decorated L-groups

We have introduced the L-groups Lsn(ZG,w) and Lhn(ZG,w) = Ln(ZG,w) in
Notation 9.10. If we replace in the definition of Lhn(ZG,w) everywhere finitely
generated free by finitely generated projective, then we get the projective
quadratic L-group Lpn(ZG,w). If we take in the definition of Lsn(ZG,w) the
subgroup U ⊆ K1(ZG) to be the image of K1(Z)→ K1(ZG), or, equivalently,

U = {±1}, instead of {±g | g ∈ g}, then we obtain L
〈2〉
n (ZG,w). Often we

denote

L〈1〉n (ZG,w) = Lhn(ZG,w);

L〈0〉n (ZG,w) = Lpn(ZG,w).

There are also L-groups L
〈j〉
n (ZG,w) for j ∈ Z, j ≤ −1. They come with

canonical maps L
〈j+1〉
n (R) → L

〈j〉
n (ZG,w) for j ∈ Z, j ≤ 1 which correspond

for j = 1, 2 to the obvious forgetful maps. The group L
〈−∞〉
n (ZG,w) is defined

as the colimit

L〈−∞〉n (ZG,w) = colimj→−∞ L〈j〉n (ZG,w).

Hence we have L-groups Lεn(ZG,w) for the decoration ε given by s, h, p, 〈j〉
for j ≤ 2, or, 〈−∞〉.

There are Rothenberg sequences, infinite to both sides, for j ∈ Z, j ≤ 1 of
the shape

(15.2) · · · → L〈j+1〉
n (ZG,w)→ L〈j〉n (ZG,w)→ Ĥn(Z/2, K̃j(ZG))

→ L
〈j+1〉
n−1 (ZG,w)→ L

〈j〉
n−1(ZG,w)→ · · ·

and

(15.3) · · · → Lsn(ZG,w)→ Lhn(ZG,w)→ Ĥn(Z/2,Wh(G))

→ Lsn−1(ZG,w)→ Lhn−1(ZG,w)→ · · · ,

where the last one has already been explained in Theorem 12.53. The
Shaneson splitting yields isomorphism for j ≤ 1 and w : G → {±1}, if
ŵ : G× Z→ {±} sends (g,m) to w(g).

Lsn(Z[G× Z], ŵ) ∼= Lsn(ZG,w)⊕ Lhn−1(ZG,w);(15.4)

L〈j〉n (Z[G× Z], ŵ) ∼= L〈j〉n (ZG,w)⊕ L〈j−1〉
n−1 (ZG,w);(15.5)

L〈−∞〉n (Z[G× Z], ŵ) ∼= L〈−∞〉n (ZG,w)⊕ L〈−∞〉n−1 (ZG,w),(15.6)

where the first one has already been explained in Theorem 12.56.
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For more details about the decorated L-groups Lεn(ZG,w) the reader
should consult [194, 202].

Exercise 15.7. Show that for any decoration ε the canonical map from
Lεn(ZG,w) to Ln(ZG,w) or the canonical map from Ln(ZG,w) to Lεn(ZG,w)
has the property that the kernel and the cokernel consists of elements of order
two and in particular becomes an isomorphism after inverting 2.

15.3 Finite groups

We state the computation of the algebraic L-groups Lεn(ZG,w) for G = {1}
and Z/2 and state some general properties about Lεn(ZG) for a finite group
G.

Theorem 15.8 (Algebraic L-theory of ZG for finite groups). Let G
be a finite group. Then

(i) The groups Lεn(Z) are independent of the decoration ε and given by Z,
{0}, Z/2, {0} for n ≡ 0, 1, 2, 3 mod (4);

(ii) The groups Lεn(Z[Z/2], w) are independent of the decoration ε. For trivial
w they are given by Z ⊕ Z, 0, Z/2, Z/2 for n ≡ 0, 1, 2, 3 mod (4). For
non-trivial w they are given by Z/2, 0, Z/2, 0 for n ≡ 0, 1, 2, 3 mod (4);

(iii) For each decoration ε and integer n, the algebraic L-groups Lεn(ZG) are
finitely generated as abelian groups and contain no p-torsion for odd
primes p. Moreover, they are finite for odd n;

(iv) Let r(G) be the number of isomorphisms classes of irreducible real G-
representations. Let rC(G) be the number of isomorphisms classes of ir-
reducible real π-representations that are of complex type. For every deco-
ration ε we have

Lεn(ZG)[1/2] ∼= Lεn(QG)[1/2] ∼= Lεn(RG)[1/2]

∼=

Z[1/2]r(G) n ≡ 0 (4);
Z[1/2]rC(G) n ≡ 2 (4);
0 n ≡ 1, 3 (4);

(v) If G has odd order and n is odd, then Lεn(ZG) = 0 for any decoration
ε ∈ {s, h, p}.

(vi) If G is a cyclic group of odd order, then the kernel of the split epimorphism
Lsn(ZG) → Lsn(Z) is torsionfree. In particular tors(Lsn(ZG)) is Z/2 if
n ≡ 2 mod 4 and trivial otherwise.

Proof. (i) See Theorem 7.96, Theorem 7.108 and Theorem 8.15.

(ii) See for instance [248, Theorem 13A.1.].
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(iii) See [248, Theorem 13.A.4 (i) on page 177], [100] for the decoration s. Now
the claim follows for all decorations from the Rothenberg sequences since the
relevant K-groups of ZG are all finitely generated abelian groups.

(iv) See [201, Proposition 22.34 on page 253].

(v) See [9], [100, Theorem 10.1].

(vi) See [248, Theorem 13.A.4 (ii) on page 177], [100, Section 10]. ut

For some concrete computations and for the general techniques to carry
them out, we refer for instance to the survey article [100].

Part of the proof of the above theorem is obtained using representation
theory. Since this will be needed in Chapter 17 we briefly recall the idea.
For a finite group G complex conjugation induces an involution on the com-
plex representation ring RC(G). One can define (±1)-eigenspaces. In terms
of characters the (+1)-eigenspace corresponds to real characters, the (−1)-
eigenspace corresponds to purely imaginary characters. We will denote

R±C (G) = {4 · (χ± χ−1) | χ ∈ RC(G)}.

Notice that by R−C (G) is the (−1)-eigenspace, whereas R+
C (G) is a subspace

of the (+1)-eigenspace which contains ±(1 + 1), but does not contain ±1.
A non-degenerate (−1)k-quadratic form over ZG can be complexified. One

can take its associated non-degenerate (−1)k-symmetric bilinear form and
consider the positive and negative definite C-vector subspaces. These become
G-representations and hence can be subtracted in RC(G). This process defines
the G-signature homomorphism (see[248, chapter 13] or [201, chapter 22])

G-sign: Ls2k(G)→ R
(−1)k

C (G).

Its image is 4 ·R(−1)k

C (G). These homomorphisms are used to get the isomor-
phisms in parts (ii) and (iv) of Theorem 15.8.

15.4 Torsionfree Groups

For a torsionfree group we have the following conjecture which will be a
special case of the more general Full Farrell-Jones Conjecture which we will
discuss in Section 15.5. In particular the next conjecture is know to be true for
the family FJ of Farrell-Jones groups introduced in Defintion 15.32 which
for instance contains all hyperbolic groups, all finite-dimensional CAT(0)-
groups, fundamental groups of 3-manifolds and lattices in almost connected
Lie groups, see Theorem 15.33.
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Conjecture 15.9 (Farrell-Jones Conjecture for torsionfree groups
and integer coefficients). Let G be a torsionfree group and w : G→ {±1}
be a group homomorphism. Then

(i) The groups Wh(G) and K̃n(ZG) for n ≤ 0 vanish;
(ii) For j ≤ 0 the natural maps

Lsn(ZG,w)
∼=−→ Lhn(ZG,w)

∼=−→ Lpn(ZG,w)
∼=−→ L〈j〉n (ZG,w)

∼=−→ L〈−∞〉n (ZG,w)

are isomorphisms;
(iii) There is an isomorphism, the so called assembly map

asmb∞n : HG
n (EG; L(Z)w) = πn(EG+ ∧G L(Z)w)

∼=−→ L〈−∞〉n (ZG,w),

where EG is the total space of the universal G-covering EG→ BG and
L(Z)w is a spectrum with G-action such that g ∈ G acts on πn(L(Z)) by
multiplication with w(g) and πn(L(Z)) ∼= Ln(Z) holds for all n ∈ Z.

Remark 15.10 (On the source of the assembly map). There is a
twisted Atiyah-Hirzebruch spectral sequence converging to HG

n (EG; L(Z)w).
Its E2-term E2

p,q is the twisted homology of EG with coefficients in Lq(Z)w,

i.e., HG
p (EG;Lq(Z)w) := Hp(C∗(EG)⊗ZG Lq(Z)w), where Lq(Z)w is the ZG

module whose underlying abelian group is Lq(Z) and on which g ∈ G acts
by multiplication with w(g).

If w is trivial, then HG
n (EG; L(Z)w) = πn(EG+ ∧G L(Z)w) boils down to

value of the homology theory associated to the spectrum L(Z) on BG, i.e.,
Hn(BG; L(Z)) = πn(BG+∧L(Z)) and the E2-term in the Atiyah-Hirzebruch
spectral sequence converging to Hn(BG; L(Z)) is given by

E2
p,q =


Hp(BG;Z) for q ≡ 0 mod (4);

Hp(BG;Z/2) for q ≡ 2 mod (4);

0 q odd.

The latter claim follows from Theorem 15.8 (i)

Exercise 15.11. Let Fg be the closed orientable surface of genus g. Compute
Lεn(Z[π1(Fg)]) for all decorations ε and n ∈ Z.

Example 15.12. Consider an odd natural number m ≥ 3. Choose a self-
diffeomorphism f : T 2 → T 2 which induces on H1(T 2) ∼= Z2 the automor-

phism given by the invertible (2, 2)-matrix A =

(
m 2m− 1
1 2

)
. Notice that

A has determinant 1. Let M be the mapping torus of f . It is an aspherical
closed orientable 3-manifold since it is a locally trivial T 2-bundle over S1. In
particular M = Bπ1(M). By the Wang sequence one computes
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Hp(M ;Z) =


Z for p = 0, 2, 3;

Z⊕ Z/m for p = 1;

0 otherwise;

Hp(M ;Z/2) =

{
Z/2 for p = 0, 1, 2, 3;

0 otherwise.

Consider the Atiyah-Hirzebruch spectral sequence converging toHn(M ; L(Z)).
Using the edge homomorphism and the fact that the composite Hn({•}) →
Hn(M ; L(Z))→ Hn({•}; L(Z)) of the maps induced by the inclusion {•} →
M and the projection M → {•} is the identity, one computes

Hn(BG; L(Z)) ∼=

{
Z⊕ Z/2 for n ≡ 0, 2, 3 mod 4;

A for n ≡ 1 mod 4,

where the abelian group A can be written as the extension 0→ Z⊕ Z/m→
A → Z/2 → 0. Since Conjecture 15.9 holds for fundamental groups of 3-
manifolds, we have Lεn(Z[π1(M)]) ∼= Hn(BG; L(Z)). Hence Lε1(Z[π1(M)])
contains Z/m as subgroup. This is in sharp contrast to Theorem 15.8 (iii).

Exercise 15.13. Let p be any odd prime, n be any integer and d any natural
number with d ≥ 6. Construct an aspherical orientable closed manifold N of
dimension d such that Lεn(Z[π1(N)]) contains non-trivial p-torsion.

Exercise 15.14. Let G be a torsionfree group which is a Farrell-Jones group.
Then we get for any decoration ε and any integer n

Lεn(ZG)⊗Z Q ∼=
⊕
k∈Z

H4k+n(BG;Q).

15.5 The Farrell-Jones Conjecture

In this section we briefly introduce the Full Farrell-Jones Conjecture 15.31
which identifies for any group the algebraic K- and L-groups of a group ring
RG with a certain G-homology theory evaluated on the classifying spaces
for the family of virtually cyclic subgroups of G and actually makes sense
for additive G-categories (with involution) as coefficients. We explain why it
implies Conjecture 15.9 and give a status report for which groups it is known,
see Theorem 15.33.
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15.5.1 The K-theoretic Farrell-Jones Conjecture with
Coefficients in Additive G-Categories

Fix a group G. Let A be an additive G-category in the sense of [17, Defini-
tion 2.1], i.e., an additive category with right G-action by functors of additive
categories. For a group G we denote by I(G) the groupoid with one object
and G as its automorphism group. Let GROUPOIDS ↓ G be the category of
connected groupoids over I(G).

We obtain from [17, Section 5] a contravariant functor to the category
ADD-CAT of small additive categories

(15.15) GROUPOIDS ↓ G→ ADD-CAT , pr: G → I(G) 7→
∫
G
A ◦ pr .

We have the functor sending an additive category to its non-connective K-
theory spectrum

(15.16) K : ADD-CAT → SPECTRA,

see for instance [45, 150, 186]. For a G-set S we denote by GG(S) its as-
sociated transport groupoid. Its objects are the elements of S. The set of
morphisms from s0 to s1 consists of those elements g ∈ G which satisfy
gs0 = s1. Composition in GG(S) comes from the multiplication in G. Let
Or(G) be the orbit category whose objects are homogeneous G-spaces G/H
and whose morphisms are G-maps between them. Thus we obtain for a group
G a covariant functor

GG : Or(G)→ GROUPOIDS ↓ G, G/H 7→ GG(G/H),(15.17)

where we view GG(G/H) as category over I(G) = GG(G/G) by the functor
induced by the projection G/H → G/G.

Composing the three functors (15.17), (15.15), and (15.16) yields a covari-
ant functor

(15.18) KA : Or(G)→ SPECTRA.

It determines by [146, Proposition 156 on page 795] a G-homology theory
HG
∗ (−,KA) in the sense of [146, page 739-740 in Subsection 2.3.1]. Recall

that we get for every G-CW -complex X and integer n ∈ Z an abelian group
HG
n (X; KA), functorial in X, such that HG

n (G/H; KA) ∼= πn(KA(G/H))
holds for all n ∈ Z and G-homotopy invariance, excision and the disjoint
union axiom hold.

Let F be a family of subgroups of G, i.e., a collection of subgroups closed
under conjugation and passing to subgroups. Example are the trivial family
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T R consisting of one element, namely, the trivial subgroup, the family FIN
of finite subgroups and the family VCY of virtually subgroups. Recall that
virtually cyclic means that the group is finite or contains Z as subgroup of
finite index.

We denote by EF (G) a model for the classifying space for the family F ,
i.e., a G-CW -complex such that for a subgroup H ⊆ G its H-fixed point set
is contractible if H is in F , and empty otherwise. If X is a G-CW -complex
whose isotropy groups belong to F , then there is up to G-homotopy precisely
one G-map from X to EF (G). This implies that two models for EF (G) are
G-homotopy equivalent. Notice that ET R(G) is the same as EG, the total
space of the universal principle G-bundle G→ EG→ BG.

Exercise 15.19. Let D be the infinite dihedral group D = ZoZ/2 ∼= Z/2 ∗
Z/2. Show that any model for EG is infinite-dimensional, whereas EFIN (D)
has a 1-dimensional model.

For more information about classifying space for families of subgroups we
refer for instance to the survey article [139].

Conjecture 15.20 (K-theoretic Farrell-Jones Conjecture with coef-
ficients in additive G-categories). We say that G satisfies the K-theoretic
Farrell-Jones Conjecture with coefficients in additive G-categories if for any
additive G-category A and any n ∈ Z the assembly map induced by the
projection pr : EVCY(G)→ G/G

Hn(pr) : HG
n (EVCY(G); KA)→ HG

n (G/G; KA) = πn
(
KA(I(G))

)
is bijective.

Remark 15.21 (The setting of additive G-categories encompasses
the setting with rings as coefficients). Let R be a ring with unit. Define
a category A(R) as follows. For each integer m ∈ Z with m ≥ 0 we have
one object [m]. For m,n ≥ 1 the set of morphisms from [m] to [n] is the set
M(m,n;R) of (m,n)-matrices with entries in R. The set of morphisms from
[0] to [m] and from [m] to [0] consist of precisely one element. Composition
is given by matrix multiplication. Obviously A(R) can be equipped with the
structure of a small additive category and is equivalent as an additive category
to the category of finitely generated free R-modules. Hence K(A(R)) is the
non-connective K-theory spectrum K(R) of the ring R.

Equip A(R) with the trivial G-action. Then KA(R)(G/H) is weakly ho-
motopy equivalent to the non-connective K-theory spectrum K∞(RH) of
the group ring RH. Hence the assembly map appearing in Conjecture 15.20
reduces to

Hn(pr) : HG
n (EVCY(G); KA(R))→ HG

n (G/G; KA(R)) = Kn(RG).



15.5 The Farrell-Jones Conjecture 627

One can also consider twisted group rings RρG, if ρ : G→ aut(R) is a group
homomorphism with the group of unital ring automorphisms of R as target.
All this is explained in [17].

Remark 15.22 (Involutions and K-theory). If A is an additive G-
category with involution in the sense of [17, Definition 4.22], then the involu-
tion induces involutions on the source and target of the K-theoretic assembly
map

Hn(pr) : HG
n (EVCY(G); KA)→ HG

n (G/G; KA) = πn
(
KA(I(G))

)
of Conjecture 15.20 and the assembly map is compatible with them.

15.5.2 The L-theoretic Farrell-Jones Conjecture with
Coefficients in Additive G-Categories with
Involution

Let A be an additive G-category with involution in the sense of [17, Defi-
nition 4.22]. We obtain from [17, Section 7] a contravariant functor to the
category ADD-CAT inv of small additive categories with involution

GROUPOIDS ↓ G→ ADD-CAT inv, pr: G → I(G) 7→
∫
G
A ◦ pr .

We have the functor sending an additive category with involution to its L-
theory spectrum L〈−∞〉(A) with decoration 〈−∞〉

(15.23) L
〈−∞〉

A : ADD-CAT inv → SPECTRA,

see Ranicki [201, Chapter 13]. Now we obtain analogously to the construc-

tion in Subsection 15.5.1 a G-homology theory HG
∗ (−,L〈−∞〉A ) such that

HG
n (G/H; L

〈−∞〉

A ) ∼= πn(L
〈−∞〉

A (G/H)) holds for all n ∈ Z.

Conjecture 15.24 (L-theoretic Farrell-Jones Conjecture with coef-
ficients in additive G-categories with involution). We say that G
satisfies the L-theoretic Farrell-Jones Conjecture with coefficients in additive
G-categories with involution if for any additive G-category with involution A
the assembly map induced by the projection pr : EVCY(G)→ G/G

Hn(pr) : HG
n (EVCY(G); L

〈−∞〉
A )→ HG

n (G/G; L
〈−∞〉
A ) = πn

(
L
〈−∞〉
A (I(G))

)
is bijective.

Remark 15.25 (The setting of additive G-categories with involution
encompasses the setting with rings with involution as coefficients).
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Let R be a ring with involution. Fix a group homomorphism w : G→ {±1}.
Then one can construct a specific functor

L
〈−∞〉
R,w GROUPOIDS ↓ G→ ADD-CAT inv

such that HG
n (G/H; L

〈−∞〉
R,w ) is isomorphic to L

〈−∞〉
n (RH,w|H) for every sub-

group H ⊆ G. The assembly map appearing in Conjecture 15.24 reduces to
the assembly map

HG
n (pr) : HG

n (EVCY(G); L
〈−∞〉
R,w )→ HG

n (G/G; L
〈−∞〉
R,w ) = L〈−∞〉n (RG,w).

One can also consider twisted group rings RρG, if ρ : G→ aut(R) is a group
homomorphism with the group of unital ring automorphisms of R as target.
All this is explained in [17].

Remark 15.26 (Assembly as homotopy colimit). The quickest and
probably for a homotopy theorist most convenient approach to assembly maps
is via homotopy colimits. Let F be a family of subgroups of G, i.e., a collection
of subgroups closed under conjugation and passing to subgroups. Let OrF (G)
be the full subcategory of the orbit category Or(G) consisting of objects G/H
satisfying H ∈ F . Consider a covariant functor E : Or(G) → SPECTRA to
the category of spectra. We get from the inclusion OrF (G)→ Or(G) and the
fact that G/G is a terminal object in Or(G) a map

(15.27) hocolimOrF (G) E|OrF (G) → hocolimOr(G) E = E(G/G).

Taking homotopy groups yields the assembly map appearing in Conjec-

ture 15.20 or Conjecture 15.24 respectively, if we take E = KA or E = L
〈−∞〉
A

respectively.

Remark 15.28 (Decoration 〈−∞〉 is necessary). We had to introduce
the decoration 〈−∞〉 since the Farrell-Jones Conjecture is not true in general
if one replaces 〈−∞〉 by s, h or p. Counterexamples are constructed in [84]
for G = Z2 × F for appropriate finite groups F and its integral group ring
ZG.

15.5.3 Reducing the family

Recall that in the general version of the Farrell Conjectures 15.20 and 15.24
the family VCY occurs. In some favourite situations one can choose smaller
families thanks to the so called Transitivity Principle. We mention the fol-
lowing examples. A virtually cyclic subgroup is called of type I if it is fi-
nite or admits a surjection with finite kernel onto Z and of type II if it
finite or admits a surjection with finite kernel on the infinite dihedral group
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Z o Z/2 ∼= Z/2 ∗ Z/2. Every virtually cyclic subgroup is of type I or type
II and there is no infinite virtually cyclic group which is both of type I and
type II. We denote by VCYI or VCYII respectively the family virtually cyclic
subgroups of type I or type II respectively.

If F ⊆ G is an inclusion of families of subgroups of the group G, then there
is up to G-homotopy precisely one G-map iF⊆G : EF (G)→ EG(G).

Theorem 15.29. Let G be a group and n ∈ Z any integer. Then the following
maps are isomorphisms

(i) The map

Hn(iVCYI ,VCY ; KA) : Hn(EVCYI (G); KA)→ Hn(EVCY(G); KA)

is bijective, where A is an additive G-category;
(ii) The map

Hn(iFIN ,VCYI ; L
〈−∞〉
A ) : Hn(EFIN (G); L〈−∞〉)→ Hn(EVCYI (G); L〈−∞〉)

is bijective, where A is an additive G-category with involution;
(iii) If G is torsionfree and R is a regular, e.g. R = Z, then then map

Hn(iT RI ,VCY ; KA(R)) : Hn(ET R(G); KA(R))→ Hn(EVCY(G); KA(R))

is bijective;
(iv) If G is torsionfree, then then map

Hn(iT RI ,VCY ; L
〈−∞〉
A ) : Hn(ET R(G); L

〈−∞〉
A )→ Hn(EVCY(G); L

〈−∞〉
A )

is bijective, where A is an additive G-category with involution;

Proof. (i) See [64, Remark 1.6].

(ii) The argument given in [138, Lemma 4.2] goes through since it is based on
the Wang sequence for a semi-direct product GoZ which can be generalised
for additive G-categories with involutions as coefficients.

(iii) and (iv) Every torsionfree virtually cyclic group is isomorphic to Z.
By the Transitivity Principle, see for instance [16, Theorem 1.7], applied to
T R ⊆ VCY, it suffices to show that the assembly maps

HZ
n(EZ; KA(R))→ HZ

n(Z/Z; KA(R));

HZ
n(EZ; L

〈−∞〉
A )→ HZ

n(Z/Z; L
〈−∞〉
A ),

are bijective for n ∈ Z. This follows for K-theory from the Bass-Heller-
Swan decomposition for regular rings R, see for instance [228, Theorem 9.8
on page 207],[208, Theorem 5.3.30 on page 295], or [149], and for L-theory
from the Shaneson splitting for additive category with involution, see [202,
17.2]. ut
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Corollary 15.30. If the torsionfree group G satisfies both Farrell-Jones Con-
jectures 15.20 and 15.24, then it satisfies Conjecture 15.9.

Proof. We have to check the various assertions appearing in Conjecture 15.9.

(i) This follows from the canonical identification

Hn(ET R(G); KA(Z)) = Hn(BG; KZ),

and the Atyiah-Hirzebruch spectral sequence applied to Hn(BG; KZ) using

the fact that K̃n(Z) = 0 for n ≤ 1.

(ii) follows now from the Rothenberg sequences (15.2) and (15.3).

(iv) We define the desired map asmb〈−∞〉n to be the map induced by the

projection EG → {•} on HG
n (−; L

〈−∞〉
A(Z) ) using EG = ET R(G) and the fact

that Lεn(Z) does not depend on ε. Now apply Theorem 15.29 (iv).
This finishes the proof of Corollary 15.30 which can also be found in [146,

Proposition 66 on page 743]. ut

15.5.4 The Full Farrell-Jones Conjecture

The versions of the Farrell-Jones 15.20 and 15.24 discussed above do not
carry over to overgroups of finite index. To handle this difficulty, we consider
finite wreath products.

Let G and F be groups. Their wreath product G oF is defined as the semi-
direct product (

∏
F G)oF , where F acts on

∏
F G by permuting the factors.

The main feature for us is the following. Let G be an overgroup of H of finite
index. Then there is subgroup N ⊆ H of H, which satisfies [G : H] <∞ and
is normal in G, and a finite group F such that G embeds into N o F .

Conjecture 15.31 (Full Farrell-Jones Conjecture). We say that a
group G satisfies the Full Farrell-Jones Conjecture if for any finite group F
the group G oF satisfies both the K-theoretic Farrell-Jones Conjecture 15.20
and L-theoretic Farrell-Jones Conjecture 15.24 with coefficients in additive
G-categories (with involution).

Definition 15.32 (Farrell-Jones group). We call a group G a Farrell-
Jones group if it satisfies the Full Farrell-Jones Conjecture 15.31. We denote
by FJ the class of Farell-Jones groups.

Theorem 15.33 (The class FJ ). The class FJ of Farrell-Jones groups
has the following properties:

(i) The following classes of groups belong to FJ :

(a) Hyperbolic groups;
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(b) Finite dimensional CAT(0)-groups;
(c) Virtually solvable groups;
(d) (Not necessarily cocompact) lattices in second countable locally com-

pact Hausdorff groups with finitely many path components;
(e) Fundamental groups of (not necessarily compact) connected manifolds

(possibly with boundary) of dimension ≤ 3;
(f) The groups GLn(Q) and GLn(F (t)) for F (t) the function field over

a finite field F ;
(g) S-arithmetic groups;
(h) mapping class groups;

(ii) The class FJ has the following inheritance properties:

(a) Passing to subgroups
Let H ⊆ G be an inclusion of groups. If G belongs to FJ , then H

belongs to FJ ;
(b) Passing to finite direct products

If the groups G0 and G1 belong to FJ , then also G0×G1 belongs to
FJ ;

(c) Group extensions
Let 1 → K → G → Q → 1 be an extension of groups. Suppose that

for any infinite cyclic subgroup C ⊆ Q the group p−1(C) belongs to
FJ and that the groups K and Q belong to FJ .
Then G belongs to FJ ;

(d) Directed colimits
Let {Gi | i ∈ I} be a direct system of groups indexed by the directed

set I (with arbitrary structure maps). Suppose that for each i ∈ I the
group Gi belongs to FJ .
Then the colimit colimi∈I Gi belongs to FJ ;

(e) Passing to finite free products
If the groups G0 and G1 belong to FJ , then G0 ∗G1 belongs to FJ ;

(f) Passing to overgroups of finite index
Let G be an overgroup of H with finite index [G : H]. If H belongs

to FJ , then G belongs to FJ ;

Proof. See [13, 14, 15, 18, 19, 21, 81, 114, 116, 216, 252, 253]. ut

It is not known whether all amenable groups belong to FJ .

Exercise 15.34. Let w : Z→ {±1} be the non-trivial group homomorphism.
Compute Lεn(Z[Z], w) for all possible decorations ε and n ∈ Z.

Exercise 15.35. Let 1 → π1(S) → G
p−→ π1(M) → 1 be an extension of

groups, where S is a connected closed surface and M a connected manifold
of dimension ≤ 3. Show that G is a Farrell-Jones group.
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Nearly all computations of L-groups for integral group rings of infinite
groups are carried out using the Farrell Conjecture by computing the left
hand side of the assembly map. In particular if G contains non-trivial torsion,
this is not at all easy and not even finished for some groups which on the
first glance seems to be accessible, e.g., crystallographic groups. Some special
cases and tools are described for instance in [63, 138, 147, 148].

The situation is better when one rationalises. The change of rings map
Lεn(ZG) → Lεn(QG) is an isomorphism after inverting 2 for every group G,
see [199, page 376]. One can compute Q⊗Z L

ε
n(QG) and hence Q⊗Z L

ε
n(ZG)

explicitly in terms of the group homology Hn(CGC;Q) of the centralisers
of the finite cyclic subgroups C ⊆ G using equivariant Chern characters,
provided that G is a Farrell-Jones group, see [136, Theorem 0.4].

15.6 Miscellaneous

A systematic presentation of the statements and proofs about the Farrell-
Jones Conjecture of this chapter, which are stated or cited in this chapter
and scattered over the literature, will be given in the book [143]. For survey
articles about the Farrell-Jones Conjecture we refer for instance to [83, 140,
142, 146].
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Chapter 16

The homotopy type of G/PL and
G/TOP

16.1 Introduction

In this chapter we review how to determine the homotopy types of the spaces
G/PL and G/TOP. We have already seen the statements in Section 10.8, here
we discuss the proofs. Both the statements and the proofs are due to Sullivan
in the PL-case. In the TOP-case they are also due to Sullivan, but of course,
they are also based on the foundational work of Kirby and Siebenmann [122].
The PL-case is an input in the work of Kirby and Siebenmann hence the TOP-
case is a corollary of the PL-case in this sense. However, we will concentrate
on the TOP-case since there the statement is simpler and we will assume the
the work of Kirby and Siebenmann. The work of Sullivan was made in his
1966 PhD thesis [235], which was never published. Notes based on the thesis
circulated, but only appeared printed as [236] in 1996. In the meantime the
main reference became the book of Madsen and Milgram [155] and a very
readable account was also given by Kelner in his Bachelor thesis [118].

The starting point is that due to the work of Kirby and Siebemann we
have the geometric surgery exact sequence in the topological category (see
Section 10.6) for any compact topological manifold X with dim(X) = n ≥ 5,
in particular for X = Dn, which obviously has π = π1(Dn) = {1}. Moreover,
Poincaré conjecture tells us that the topological structure set of the disc is
trivial STOP(Dn, Sn−1) = {1}. The surgery sequence is of the form

STOP(DnSn−1)→
[
Dn, Sn−1; G/TOP, ∗

]
→ Ln(Z)→ STOP(Dn−1Sn−2),

which gives for n ≥ 6 the calculation

πn(G/TOP) ∼= Ln(Z),

as already indicated in Exercise 10.45. Special arguments can be employed
to obtain the isomorphism for all n ≥ 1 and for n = 0 we have that G/TOP
is connected.

Now, the space G/TOP is an infinite loop space and so the normal invari-
ants in the topological category form a generalized cohomology theory. By the
above result we know the homotopy groups of the coefficient spectrum. This
may be enough to calculate the normal invariants for some manifolds X via
the Atiyah-Hirzebruch spectral sequence, since for example the sequence may
collapse on the second page for dimensional reasons, see Section 17.3 for the
case X = CPn. However, in general it is not enough to know the homotopy

633
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groups of G/TOP to calculate [X,G/TOP], we need the whole homotopy
type. The calculation of the homotopy type of G/TOP is an illuminating
example about the difference between knowing the homotopy groups and the
whole homotopy type. In addition, the technique of localisation of spaces is
used, and hence it provides us also with a good opportunity to illustrate the
use of this technique in topology.

16.2 Localisation

Recall the localisation in the theory of rings, as explained for example in
Chapter 3 of the standard book [7]. Here we will only need the case of the
ground ring Z. Given any prime p we can invert this prime and obtain the
ring Z[1/p] of all fractions with the denominator a power of p. Given an
abelian group M we obtain the Z[1/p]-module M [1/p] = M ⊗Z Z[1/p]. We
can also invert a set of primes. When we choose the set of all primes except
a given p we obtain the ring Z(p) of all fractions with denominator coprime
to p and given an abelian group M we obtain M(p) = M ⊗Z Z(p), we say
that we localise M at p. The terminology comes from the fact that Z(p) is a
local ring as in the theory of rings. In this spirit we also say that when we
form M [1/p] we localise M away from p. We can also invert all primes, in
which case we obviously obtain the field of rational numbers Q and we can
also emphrationalise an abelian group M to obtain M⊗ZQ. In general, given
a multiplicatively closed subset S of Z containing 1 we obtain the ring of all
fractions ZS with denominators in S and for an abelian group M we get the
ZS-module MS = M ⊗Z ZS .

The technique of localisation can be used to extract from an f.g. abelian
group M the free part and the p-primary torsion. On the other hand it is
possible to reconstruct the abelian group if we know the appropriate local-
ization, in our case if we know for a given prime the localisation at p, away
from p and the rationalisation. Namely for any f.g. abelian group M and any
prime p we have the following diagram of abelian groups

M //

��

M [1/p]

��
M(p)

// MQ

(16.1)

which is both a pullback and a pushout diagram.
Sullivan introduced the technique of localisation at the level of topological

H-spaces. For simplicity we concentrate on the simply connected case.

Theorem 16.2 (Sullivan [234]). Let X be a simply connected H-space and
suppose that S is a multiplicatively closed subset of Z containing 1. Then
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there exists a space XS such that for the homotopy and homology groups we
have

πn(XS) ∼= (πn(X))S and Hn(XS) ∼= (Hn(X))S .

The construction of XS is relatively simple, it uses the mapping telescope,
which is an iteration of the familiar mapping cylinder notion. It is also suffi-
ciently functorial, so that for any prime p we obtain the square

X //

��

X[1/p]

��
X(p)

// XQ

(16.3)

which is both a homotopy fiber square and a homotopy cofiber square, again
by [234]. Hence here as well we are able to reconstruct the homotopy type of
X from the homotopy types of the localisation and the rationalisation of X.
The point is that in some cases, such as X = G/TOP, it is easier to determine
the homotopy types of the localisation and the rationalisation separately.

16.3 The homotopy type

The main aim is to prove in the subsequent sections the following theorem.

Theorem 16.4 (Sullivan [236]). We have

G/TOP(2) '
∏
j≥1

K(Z(2), 4j)×
∏
j≥1

K(Z/2, 4j − 2);

G/TOP[1/2] ' BO[1/2];

G/TOPQ ' BOQ '
∏
j≥1

K(Q, 4j).

The main ingredients that come into the proof are the already presented
knowledge of the homotopy groups of G/TOP, bordism invariance of surgery
obstructions with varying target, proved in Chapter 14, a calculation of the
cobordism groups localised at 2 and away from 2 by Thom and Conner-Floyd
and a certain product formula for surgery obstruction also from Chapter 14.

This theorem also has a geometric version which comes under the name
of the characteristic variety theorem. We say more about it in Section 16.7.
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16.4 The 2-local homotopy type

The desired homotopy equivalence from the left hand side to the right hand
side will be realised by the maps to the respective factors, which we will
denote

κ4i : G/TOP(2) → K(Z(2), 4i) and κ4i−2 : G/TOP(2) → K(Z/2, 4i− 2).

We need to construct these maps, the requirement being that they induce
isomorphisms on π4i and π4i−2. Since homotopy classes of maps to Eilenberg-
Mac Lane spaces are the same as cohomology classes, it is enough to construct
elements κ4i ∈ H4i(G/TOP(2);Z(2)) and κ4i−2 ∈ H4i−2(G/TOP(2);Z/2)

such that κ̄4i(h(γ4i)) = 1 and κ̄4i−2(h(γ4i−2)) = 1, where γ2j ∈ π2j(G/TOP)
is a generator, the map h : π2j(G/TOP) → H2j(G/TOP) is the Hurewicz
homomorphism, and

κ̄4i : H4i(G/TOP(2))→ Z(2),

κ̄4i−2 : H4i−2(G/TOP(2))→ Z/2

are the homomorphisms induced by the evaluation maps

H4i(G/TOP(2);Z(2))→ Hom(H4i(G/TOP(2)),Z(2)),

H4i−2(G/TOP(2);Z/2)→ Hom(H4i−2(G/TOP(2)),Z/2).

In fact, it is actually enough to construct the homomorphisms κ̄2j since by
the exact sequences of the universal coefficient theorems the above evaluation
maps are surjective, and so the classes κ̄2j can be lifted to the classes κ2j .

The key observation in the proof will be that bordism invariance of surgery
obstructions with varying target will allows us to bring into the game the
following calculation of the (oriented) bordism spectra.

Theorem 16.5 (Thom, see [232]). There exists natural numbers ai, bi, ci
such that

αMO : MO '
∞∏
i=0

K(Z/2, ai)

αMSO : MSO(2) '
∞∏
i=0

K(Z(2), bi)×
∞∏
i=0

K(Z/2, ci),

Proof of Theorem 16.4, 2-local part. The desired classes κ̄4i will come up as
the compositions from the lower left entry to the upper right entry once we
construct the maps in the following diagram:
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π4i(G/TOP(2))

h

uu

hMSO

))

σ4i // Z(2)

H4i(G/TOP(2);Z(2))
β4i

//MSO(2)4i(G/TOP(2)).

σ̄4i

77

Similarly the desired classes κ̄4i−2 will come up as the compositions form the
lower left entry to the upper right entry once we construct the maps in the
following diagram:

π4i−2(G/TOP(2))

h

uu

hMO

))

σ4i−2 // Z/2

H4i−2(G/TOP(2);Z/2)
β4i−2

//MO4i−2(G/TOP(2)).

σ̄4i−2

77

Next we explain how to construct these maps. The maps σ2j are the surgery
obstruction maps constructed in Chapters 7 and 8. The maps hMSO and
hMO are the Hurewicz maps for the (oriented) cobordism, which take a
representative λ : S2j → G/TOP(2) of an element in π2j(G/TOP(2)) and

think of it as a representative of a bordism class in MSO(2)4i(G/TOP(2)) or

MO4i−2(G/TOP(2)). The bordism invariance of surgery obstructions with

varying target proved in Chapter 14 (Construction 14.158, Definition 14.188),
guarantees that the maps σ2j factor through the term MSO(2)4i(G/TOP(2))

or MO4i−2(G/TOP(2)); call the factoring maps σ̄2j .
The maps β2j are sections of the maps αMSO and αMO from Theorem 16.5.

Since the Hurewicz map for ordinary homology factors through the Hurewicz
map for MSO or MO, the required diagram is commutative. ut

16.5 The odd-local homotopy type

We know that πn(G/TOP[1/2]) are concentrated in dimensions n = 4i where
we have π4i(G/TOP[1/2]) ∼= Z[1/2]. By the calculation of the homotopy
groups of BO by Bott we know that πn(BO[1/2]) are also concentrated in
dimensions n = 4i where we also have π4i(BO[1/2]) ∼= Z[1/2]. It remains
to find a map ν : G/TOP[1/2] → BO[1/2] which induces isomorphisms in
homotopy groups. Bordism invariance of surgery obstructions will be used
here as well. However, the calculation of the oriented bordism ring at odd
primes differs from the calculation in the previous section.

Theorem 16.6 (Conner-Floyd). We have the isomorphisms

KO[1/2]k(X) ∼= MSO[1/2]4∗+k(X)⊗MSO[1/2]4∗+k(∗) Z[1/2].
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Proof of Theorem 16.4, odd-local part. Since the homotopy classes of maps
G/TOP[1/2] → BO[1/2] are the elements in the localised real KO-theory
of G/TOP[1/2], so it is enough to construct such a cohomology element
ν ∈ KO[1/2]0(G/TOP[1/2]). Again we have the evaluation map

KO[1/2]0(G/TOP[1/2])→ Hom(KO[1/2]0(G/TOP[1/2]);Z[1/2]

which is surjective by the universal coefficient theorem of KO-theory from [265].
Therefore it is enough to construct ν̄ : KO[1/2]0(G/TOP[1/2])→ Z[1/2].

We use the case of Theorem 16.6 when k = 0. Since the calcula-
tion is as it is, after we factor the surgery obstruction map σ4i through
MSO4i(G/TOP[1/2]) to obtain σ̄4i, we proceed by factoring σ̄4i rather than
the Hurewicz map.

Product formulas for surgery obstructions can be used to show that we
have the commutative diagram

π4i(G/TOP[1/2])

hMSO ))

σ4i // Z[1/2]

MSO4i(G/TOP[1/2])

σ̄4i

66

// KO[1/2]0(G/TOP[1/2])

ν̄

hh

and the map ν̄ has the required properties. ut

16.6 Putting together

Rationalisation and the integral type.
For the rationalisation it turns out that it is enough to know the homotopy

groups and we instantly obtain that

G/TOPQ ' BOQ '
∏
j≥1

K(Q, 4j).

The integral homotopy type is then obtained from the homotopy pullback
square (16.3). As a consequence we obtain for a finite CW -complex X the
long exact Mayer-Vietoris type sequence

(16.7) · · · → ⊕∞i=1H
4i−1(X;Q)→ N (X)→

→ ⊕∞i=1H
4i(X;Z(2))⊕∞i=1 H

4i−2(X;Z/2)⊕KO(X,Z[1/2])→
→ ⊕∞i=1H

4i(X;Q)→ · · · .
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16.7 Splitting invariants

We start with a general discussion about splitting invariants. These provide
us in some cases with a tool to determine whether a given degree one normal
map (f, f) : M → X represents a non-trivial element in the set of normal
invariants N (X). Using the map S(X) → N (X) this method can also be
used to detect non-trivial elements in the structure set of X.

Here is the basic setup. Let (f, f) : M → X be a degree one normal map of
n-dimensional manifolds for some n ≥ 5. Suppose that Y is an m-dimensional
submanifold of X for some n ≥ m ≥ 5. Using general position arguments
make f transverse to Y and consider the pre-image N = f−1(Y ) and the
restriction g = f |N : N → Y . We claim that it is covered by bundle data
g : TN → TY which make it into a degree one normal map with a target Y .
As such it has a surgery obstruction σm(g, g) ∈ Lm(Z[π1(Y )]).

If the original degree one normal map (f, f) : M → X represents the zero
element in N (X) then we also must have 0 = σm(g, g) ∈ Lm(Z[π1(Y )]).
This is so since the assumption means that (f, f) is normally cobordant to
a homeomorphism. By transversality we obtain a cobordism of (g, g) to a
homeomorphism and by a relative version of the above paragraph this can
be refined to a normal cobordism.

This is quite straightforward and not surprising at all. The point is that for
a particular choice of (f, f) and Y it may be easier to see that σm(g, g) is non-
zero than to see directly what is the class of (f, f) in N (X). Therefore this
provides us with a useful method for detecting non-trivial elements. Moreover,
one can use this method also to construct degree one normal maps which
represent non-trivial elements in N (X).

These ideas can be generalised to include the notion of Z/r-manifolds.
A Z/r-manifold is a space that is obtained from a compact manifold with
boundary which consists of r copies of the same closed manifold by gluing
these copies together. This is a singular space, but it turns out that the notion
of the signature modulo Z/r is still well defined.

Sullivan gives a geometric flavor to Theorem 16.4 by asserting that for
any manifold X one can find a collection of Z/r-manifolds (for different r’s)
embedded in X, called the characteristic variety of X, such that the splitting
invariants along these Z/r-manifolds detect the nor al invariants N (X). We
refer the reader to [236] for more details.

Although such a statements certainly holds in some cases, for example for
X = CPn such a characteristic variety is provided by the collection of CPm’s
with m ≤ n, we warn the reader that the details in the general case are some-
what uncertain. The participants of the Oberwolfach Mini-Workshop: The
Hauptvermutung for High-Dimensional Manifolds in 2006 who were studying
the notes of Sullivan state in [123] that “The rigorous proof . . . would require
the characteristic classes formulae for surgery obstructions [239], as well as
the addressing of certain issues arising from the different shape of the uni-
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versal coefficient theorem for real K-theory. The latter seems to be the most
controversial part of the argument.”

16.8 Milnor manifolds and Kervaire manifolds

Let us look at the geometric meaning of the fact that we have the isomor-
phisms σn : πn(G/TOP) → Ln(Z) for all n ≥ 1. In particular we have that
the map is surjective and this means that we can realise any element in Ln(Z)
as a surgery obstruction of closed manifolds with the target the sphere. This
does not hold for an arbitrary manifold X instead of Sn, in that case we need
to allow manifolds with boundary, as we have seen in previous chapters. So
let us have a closer look at these surgery problems of closed manifolds which
realise elements in Ln(Z).

In fact we use the realisation theorems from Chapter 7 here as well. Note
firstly that L2k+1(Z) = 0 so it is enough to consider the case n = 2k. By The-
orem 7.192 we can realise any element x ∈ L2k(Z) as the surgery obstruction
of a problem of the form

(f, f) : (W ;M0,M1)→ (Sn−1 × [0, 1];Sn−1 × {0}, Sn−1 × {1}),

where the restriction (f0, f0) : M0 → Sn−1×{0} is a homeomorphism and the
restriction (f1, f1) : M1 → Sn−1 × {1} is a homotopy equivalence. However,
by the generalised Poincaré conjecture we know that f1 can be homotoped to
a homeomorphism and so we may assume that f1 is also a homeomorphism.
Therefore we can “close” the surgery problem by adding discs to both parts
of the boundary both in the source and in the target, and extend the map
f via a homeomorphism to these discs. This does not change the surgery
obstruction, hence we realise x by a surgery problem of closed manifolds.
The source manifolds are called the Milnor manifolds in the case n = 4l and
the Kervaire manifolds in the case n = 4l + 2.

This construction can be generalised to all simply connected closed mani-
folds X. That means, for any such a manifold X and any x ∈ L2k(Z) we can
find a surgery problems of closed n-dimensional manifolds (f, f) : M → X
with σn(f, f) = x. This is done by starting with the identity map id: X → X
and taking the connected sum of this map with the map from the previous
paragraph realising x.

An even further generalisation can be achieved. Note that we have that
Ln(Z) is a direct summand of Ln(Zπ) for any π. What we obtain is that
for any closed n-dimensional manifold X with π = π1(X) any element x ∈
Ln(Zπ) in the summand Ln(Z) can be realised as the surgery obstruction of
a surgery problem of closed manifolds with the target X. The proof is by the
same argument via the connected sum as in the previous paragraph.
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It should be stressed that, of course, the above constructions only work in
the topological category, since we have the generalised Poincaré conjecture
only in the topological category. In the smooth category one can see that
these constructions cannot work for example by the results in Chapter 11
about the homotopy spheres.

16.9 Miscellaneous

The calculation of the homotopy type of G/TOP can be used to construct
characteristic classes in the cohomology of G/TOP which in turn can be used
to obtain formulas for the surgery obstructions of surgery problems in terms
of these characteristic classes. We refer the reader to [248, Chapter 13B], [239]
and [155].
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Chapter 17

Applications and Examples

17.1 Introduction

We have the geometric surgery exact sequence in the topological and smooth
category. The L-groups are understood in Chapter 15 and the normal invari-
ants in the topological category are understood in Chapter 16. Hence we may
put together these ingredients and finalise the calculation of structure sets of
some manifolds. We start with a simply connected cases in the topological
category, which are easier and then move on the non-simply connected cases
which are quite different depending on whether the fundamental group is
finite or not.

In more detail, given an n-dimensional topological manifold X with π =
π1(X) and n ≥ 5, we start investigating the geometric surgery exact sequence
of Chapter 10 in the topological category:
(17.1)

N∂(X × I)
σ // Lsn+1(Zπ)

∂ // Ss(X)
η // N (X)

σ // Lsn(Zπ).

Let us summarise what we know about the terms and the maps:

• The sequence (17.1) is an exact sequence of abelian groups.
• N (X) ∼= [X; G/TOP] where the homotopy type of G/TOP is determined

in Chapter 16.
• N∂(X × I) ∼= [X × I/X × {0, 1}; G/TOP].
• Ln(Z) ∼= Z, 0,Z/2, 0 for n ≡ 0, 1, 2, 3.
• The maps σ : N (X)→ Ln(Z) and σ : N∂(X×I)→ Ln+1(Z) are surjective

for all n.

Recall further the simplest case when X = Sn. The we have seen that the
sequence becomes

πn+1(G/TOP)⊕ π1(G/TOP)→ Ln+1(Z)→ {1} → πn(G/TOP)→ Ln(Z).

Here in fact the flow of information is reversed, we know by the generalised
Poincaré conjecture that S(Sn) ∼= {1} and this knowledge is used to show
πn(G/TOP) ∼= Ln(Z). In this chapter we will face the situations where we
have some information about normal invariants and about the L-groups and
we will be after Ss(X).

643
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17.2 Fake products of spheres

We start with the simplest non-trivial case when X = Sp × Sq. We have:

• π1(Sp × Sq) = {1}.
• [Sp × Sq; G/TOP] ∼= [Sp; G/TOP]⊕ [Sq; G/TOP]⊕ [Sp+q; G/TOP].
• [Sp×Sq×I/∂; G/TOP] ∼= [Sp+1; G/TOP]⊕[Sq+1; G/TOP]⊕[Sp+q+1; G/TOP].

The last summand maps isomorphically onto Ln(Z) and onto Ln+1(Z). More-
over, the first two summands are detected by the splitting invariants along
Sp and Sq. Hence the desired calculation is the following.

Proposition 17.2 (Structure sets of products of spheres in the to-
pological category). Let p, q ≥ 1 be such that p+ q ≥ 5. Then we have the
bijection

(sp, sq) : S(Sp × Sq)→ Lp(Z)⊕ Lq(Z),

where sp and sq denote the splitting invariants along Sp and Sq respectively.

In particular, if both p and q are odd, the structure set is zero, but if at
least one of them is even, then we have a non-trivial structure set. Explicitly:

S(Sp × Sq) ∼=



0 if p, q odd,

Z⊕ Z if p, q ≡ 0 mod 4,

Z if p ≡ 0 mod 4, and q odd,

Z/2⊕ Z/2 if p, q ≡ 2 mod 4,

Z/2 if p ≡ 0 mod2, and q odd,

Z⊕ Z/2 if p ≡ 0 mod 4 and q ≡ 2 mod 4.

17.3 Fake Complex Projective Spaces

The complex projective space CP d−1 can be defined as the quotient of the
diagonal S1-action on S2d−1 = S1 ∗ · · · ∗ S1 (d-factors). As a real manifold it
has dimension (2d− 2) and π1(CPn) = 1. Hence the surgery exact sequence
for CP d−1 becomes the short exact sequence

(17.3) 0→ S(CP d−1)→ N (CP d−1)
θ−→ L2d−2(Z)→ 0.

For the normal invariants we have

(17.4) N (CP d−1) ∼=
b(d−1)/2c⊕

i=1

H4i(CP d−1;Z)⊕
bd/2c⊕
i=1

H4i−2(CP d−1;Z/2).

and we can identify the factors
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s4i : N (CP d−1)→ H4i(CP d−1;Z) ∼= Z ∼= L4i(Z)(17.5)

s4i−2 : N (CP d−1)→ H4i−2(CP d−1;Z/2) ∼= Z/2 ∼= L4i−2(Z)(17.6)

as the splitting invariants along CP i.
The surgery obstruction map θ takes the top summand of N (CP d−1)

isomorphically onto L2d−2(Z). Hence the short exact sequence (17.3) splits
and we obtain the calculation S(CP d−1) in terms of the splitting invariants
s2i for 0 < i < d− 1:

(17.7)
⊕

0<i<d−1

s2i : S(CP d−1)
∼=−→

⊕
0<i<d−1

L2i(Z) ∼=
c4(d)⊕
i=1

Z⊕
c2(d)⊕
i=1

Z/2,

where c4(d) = e and c2(d) = e− 1 if d = 2e, and c4(d) = e− 1 and c2(d) = e
if d = 2e+ 1.

17.4 Fake Quaternionic Projective Spaces

The quaternionic projective space HP d−1 can be defined as the quotient of
the diagonal S3-action on S4d−1 = S3 ∗· · ·∗S3 (d-factors). As a real manifold
it has dimension 4d − 4 and π1(HPn) = 1. Hence we have that the surgery
exact sequence for HP d−1 becomes the short exact sequence

(17.8) 0→ Ss(HP d−1)→ N (HP d−1)
θ−→ L4d−4(Z)→ 0.

For the normal invariants we have

(17.9) N (HP d−1) ∼=
b(d−1)/2c⊕

i=1

H4i(HP d−1;Z).

and we can identify the factors

s4i : N (HP d−1)→ H4i(HP d−1;Z) ∼= Z ∼= L4i(Z)(17.10)

as the splitting invariants along HP i.
The surgery obstruction map θ takes the top summand of N (HP d−1)

isomorphically onto L4d−4(Z). Hence the short exact sequence (17.3) splits
and we obtain the bijection of Ss(HP d−1) given by the splitting invariants
s4i for 0 < i < d− 1:

(17.11)
⊕

0<i<d−1

s2i : Ss(HP d−1)
∼=−→

⊕
0<i<d−1

L4i(Z) ∼=
⊕

0<i<d−1

Z.
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17.5 The join and the transfer

Before proceeding to the next example we recall two structural properties
of the surgery setup, which are useful when studying the structure sets of
manifolds whose universal covers are spheres. The first one is the join con-
struction which provides us with maps between structure sets of manifolds
of different dimensions. The second one are the transfer maps, which in fact
can be defined for a more general class of manifolds, and which provide us
with maps between the sets of normal maps of different manifolds of the same
dimension, but with a different fundamental group.

We recall that a fake lens space is the quotient of a free action of a finite
cyclic group on Sm.

The join construction from [248, chapter 14A] can be explained as follows.
Let G be a group (in our case G ≤ S1) acting freely on the spheres Sm and
Sn. Then the two actions extend to the join Sm+n+1 ∼= Sm ∗ Sn and the
resulting action remains free. When we are given two lens spaces (complex
projective spaces) L and L′, we can pass to universal covers (S1-bundles),
form the join and then pass to the quotient again. The resulting space is
again a fake lens space (a fake complex projective space). This operation will
be denoted L ∗ L′ and it will be called the join. When L′ = L1

N (1) (in the
notation of Chapter 2) is the standard 1-dimensional lens space we call this
operation a suspension. It defines a map Σ : Ss(L2d−1)←− Ss(L2d+1).

Moreover, the inclusion L2d−1 ⊂ L2d+1 induces a restriction map on the
normal invariants res : N (L2d+1)←− N (L2d−1) and we have a commutative
diagram [248, Lemma 14A.3]:

Ss(L2d−1)
η //

Σ

��

N (L2d−1)

Ss(L2d+1)
η // N (L2d+1)

res

OO

(17.12)

The map Σ is a homomorphism when the structure sets are equipped with
the abelian groups structure from [201, chapter 18]. To see this notice that

L2d+1 = E(ν) ∪S(ν) C

where E(ν) is the total space of the normal disk-bundle of L2d−1 in L2d+1,
S(ν) is the associated sphere-bundle and C is the complement (it is the total
space of a disk-bundle over L1). There is a commutative diagram

Ss(L2d−1)

Σ

��

ν!

''
Ss(L2d+1) ∼=

// Ss(E(ν), S(ν))
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The map in the bottom row is obtained using [248, Theorem 12.1]. It follows
from the calculation Ss∂(C) = 0 that it is an isomorphism. The map ν! is the
transfer map obtained via pullback. This coincides with the algebraic surgery
transfer map from [201, chapter 21].

We will also make systematic use of the functoriality of the normal invari-
ants and of the structure set. Let H < G ≤ S1 be an inclusion of subgroups
and let α be a free action of G on S2d−1. The inclusion H < G induces a
free action of H which we also denote α. Let now LG(α) denote the result-
ing (2d − 1)-dimensional fake lens spaces in case G < S1 or the resulting
(2d− 2)-dimensional fake complex projective space in case G = S1. We have
fiber bundles

pGH : LH(α)←− LG(α).

The maps pGH induce the vertical maps in the following diagram

Ss(LG(α))
η //

(pGH)!

��

N (LG(α))

(pGH)!

��
Ss(LH(α))

η // N (LH(α))

(17.13)

The right hand map preserves the localization at 2 and away from 2 and we
have that (pGH)! : N (LG(α))(2) ←− N (LH(α))(2) is given by reduction modulo
|H|. Suppose now that G = ZN , N = 2K ·M , M odd, and H = ZN ′ , N ′ =
2K
′ ·M ′, M ′ odd. If M = M ′ then (pGH)! : N (LG(α))(odd) ←− N (LH(α))(odd)

is an isomorphism. If K = K ′ then (pGH)! : N (LG(α))(2) ←− N (LH(α))(2) is
an isomorphism. In fact we have for N = 2K ·M with M odd that

(17.14) pN2K⊕p
N
M : N (LN ) ∼= N (LN )(2)⊕N (LN )(odd) ←− N (L2K )⊕N (LM )

is an isomorphism. (We have left out (α) everywhere due to the lack of space.)
In the sequel we will sometimes use the notation LG(α) when we feel the need
for specifying G. In the other cases the group involved should be clear.

17.6 The ρ-invariant

We review the definition of the ρ-invariant for odd-dimensional manifolds and
some of its properties from [8] and [248]. Later when we will be studying the
surgery exact sequence for real projective spaces and lens spaces we will be
able to calculate the normal invariants and L-groups, but we will be left with
an extension problem. The ρ-invariant will provide us with a map from the
structure set a certain abelian group coming from representation theory of
G. Studying this map will enable us to solve the extension problem we will
encounter with in the next section.
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Let G be a compact Lie group acting smoothly on a smooth manifold Y 2d.
The middle intersection form becomes a non-degenerate (−1)d-symmetric
bilinear form on which G acts. As explained earlier, such a form yields an
element in the representation ring R(G) which we denote by G-sign(Y ). The

discussion in Chapter 15 also tells us that we have G-sign(Y ) ∈ R(−1)d(G)
which in terms of characters means that we obtain a real (purely imaginary)
character, which will be denoted as G-sign(−, Y ) : g ∈ G 7→ G-sign(g, Y ) ∈
C. The (cohomological version of the) Atiyah-Singer G-index theorem [8,
Theorem (6.12)] tells us that if Y is closed then for all g ∈ G

(17.15) G-sign(g, Y ) = L(g, Y ) ∈ C,

where L(g, Y ) is an expression obtained by evaluating certain cohomological
classes on the fundamental classes of the g-fixed point submanifolds Y g of
Y . In particular if the action is free then G-sign(g, Y ) = 0 if g 6= 1. This
means that G-sign(Y ) is a multiple of the regular representation. This the-
orem was generalized by Wall to topological semifree actions on topological
manifolds, which is the case we will need in this paper [248, chapter 14B]. The
assumption that Y is closed is essential here, and motivates the definition of
the ρ-invariant. In fact, Atiyah and Singer provide two definitions. For the
first one one also needs the result of Conner and Floyd [55] that for an odd-
dimensional manifold X with a finite fundamental group there always exists
a k ∈ N and a manifold with boundary (Y, ∂Y ) such that π1(Y ) ∼= π1(X)
and ∂Y = k ·X.

Definition 17.16. [8, Remark after Corollary 7.5] Let X2d−1 be a closed
manifold with π1(X) ∼= G a finite group. Define

(17.17) ρ(X) =
1

k
·G-sign(Ỹ ) ∈ QR(−1)d(G)/〈reg〉

for some k ∈ N and (Y, ∂Y ) such that π1(Y ) ∼= π1(X) and ∂Y = k ·X. The
symbol 〈reg〉 denotes the ideal generated by the regular representation.

By the Atiyah-Singer G-index theorem [8, Theorem (6.12)] is ρ well defined.

Definition 17.18. Let G be a compact Lie group acting freely on a manifold
X̃2d−1. Suppose in addition that there is a manifold with boundary (Y, ∂Y )

on which G acts (not necessarily freely) and such that ∂Y = X̃. Define

ρG(X̃) : g ∈ G 7→ G-sign(g, Y )− L(g, Y ) ∈ C.

In this definition we think about the ρ-invariant as about a function Gr
{1} → C. When both definitions apply (that means when G is a finite group),

then they coincide, that means ρ(X) = ρG(X̃).
For finite G < S1 we will use special notation following [248, Proof of

Proposition 14E.6 on page 222]. By Ĝ is denoted the Pontrjagin dual of G, the
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group HomZ(G,S1). Recall that for a finite cyclic G the representation ring

R(G) can be canonically identified with the group ring ZĜ. Then we also have

QR(G) = Q ⊗ R(G) = QĜ. Dividing out the regular representation corre-
sponds to dividing out the norm element, denoted by Z, hence R(G)/〈reg〉 =

RĜ = ZĜ/〈Z〉 and QR(G)/〈reg〉 = QRĜ = QĜ/〈Z〉. Choosing a generator

Ĝ = 〈χ〉 gives the identifications QRĜ = Q[χ]/〈1 +χ+ · · ·+χN−1〉 where N
is the order of G. In order to save space we also use the following notation
I〈K〉 = 〈1 + χ+ · · ·+ χN−1〉.

Recall that R(G) contains two eigenspaces R(G)± with respect to the
conjugation action. In terms of the above identification of R(G) and RĜ with
the polynomial rings we have identifications:

R−
Ĝ

=
〈
χk − χN−k

∣∣ k = 1, . . . , (N/2)− 1
〉

=
{
p ∈ Z[χ]/I〈K〉

∣∣ p(χN−1) = −p(χ)
}
,

R+

Ĝ
=
〈
χk + χN−k

∣∣ k = 0, . . . , (N/2)− 1
〉

=
{
p ∈ Z[χ]/I〈K〉

∣∣ p(χN−1) = p(χ) and p(−1) ≡ 0 mod 2
}
.

The ρ-invariant is an h-cobordism invariant [8, Corollary 7.5]. For X2d−1

with π1(X) ∼= G it defines a function of Ss(X) by sending a = [h : M ←− X]
to ρ̃(a) = ρ(M)− ρ(X). Although it is not clear on the first glance, it is true
that if we put on Ss(X) the abelian group structure from [201, chapter 18]
the map ρ̃ is a homomorphism by [58]. We also have the following proposition.

Proposition 17.19. For X2d−1 with π1(X) ∼= G there is a commutative
diagram

Ls2d(ZG)
∂ //

G-sign
��

Ss(X)

ρ̃
��

4 ·R(−1)d

C (G) // QR(−1)d

C (G)/〈reg〉.

Moreover, for z ∈ Ls2d(ZG) and x ∈ Ss(X) we have

ρ̃(x+ ∂z) = ρ̃(x) + ρ̃(∂z).

Proof. See [190, Theorem 2.3]. It essentially follows from definitions. We also
use the identification of the geometrically given action of Ls2d(G) on Ss(X)
with the action coming from the abelian group structure on Ss(X) of [201,
chapter 18]. ut

Corollary 17.20. The map

L̃s2d(ZG)
∂−→ Ss(X)

is injective.
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Proof. We know from Chapter 16 that the summand Ls2d(Z) of Ls2d(ZG) is
hit by the surgery obstruction from the left. On the other hand we know

that if we quotient out the regular representation from 4 · R(−1)d

C (G) we get

an isomorphism G-sign: L̃s2d(ZG)→ 4 ·R(−1)d

C (G)/〈reg〉. With these changes
the commutative diagram in the previous proposition remains commutative,
but the left vertical map is an isomorphism and the lower horizontal map is
injective. Hence the top horizontal map must be injective. ut

Remark 17.21. The map ρ̃ also obviously factors through the map Ss(X)→
Sh(X).

Remark 17.22. It follows from the definitions that the ρ-invariant is natural
with respect to inclusions H < G.

Recall the join L∗L′ of the lens spaces L and L′ from the previous section.
We have [248, chapter 14A]

(17.23) ρ(L ∗ L′) = ρ(L) · ρ(L′).

For L1
N (1) we have [248, Proof of Theorem 14C.4]

(17.24) ρ(L1
N (1)) = f ∈ QR−

Ĝ

where

f :=
1 + χ

1− χ
.

Lemma 17.25. Let G = ZN . We have

f ∈ QR−
Ĝ
.

Proof. Notice that 1− χ is invertible in QRĜ because

(1− χ)−1 = − 1

N
(1 + 2 · χ+ 3 · χ2 + · · ·+N · χ(N−1)) ∈ QRĜ.

Therefore f ∈ QRĜ and the identity

1 + χ−1

1− χ−1
= −1 + χ

1− χ
= −f

implies f ∈ QR−
Ĝ

. ut

Also a formula of Wall which calculates the ρ-invariant for fake complex
projective spaces will be useful. Let a = [h : Q←− CP d−1] be an element of

Ss(CP d−1) and let h̃ : Q̃ ←− S2d−1 be the associated map of S1-manifolds.

Denote ρ̃S1(a) := ρ̃S1(Q̃)− ρ̃S1(S2d−1) defining a function of Ss(CP d−1).
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Theorem 17.26. [248, Theorem 14C.4] Let a = [h : Q → CP d−1] be an
element in Ss(CP d−1). Then for 1 6= t ∈ S1

ρ̃S1(t, a) =
∑

1≤i≤bd/2c−1

8 · s4i(η(a)) · (fd−2i − fd−2i−2) ∈ C,

where f = (1 + t)/(1− t).

17.7 Fake Real Projective Spaces

The real projective space RP d−1 can be viewed as the quotient of the diagonal
S0-action on Sd−1 = S0 ∗ · · · ∗ S0 (d-factors). It has dimension d − 1 and
π1(RP d−1) = Z/2 for d ≥ 3. Recall that Wh(Z/2) = {1} and observe that
from Theorem 15.8 we have that the L-groups are

Ln(Z[Z/2],+) = Z⊕ Z, 0,Z/2,Z/2 for n ≡ 0, 1, 2, 3 (mod 4).

Ln(Z[Z/2],−) = Z/2, 0,Z/2, 0 for n ≡ 0, 1, 2, 3 (mod 4).

See also [248, Chapter 13A].
It follows that the surgery exact sequence for RP d−1 does not obviously

split into short exact sequences as was the case in the previous sections.
Hence we proceed with the analysis of normal invariants and then we see
what information can we extract about the whole sequence in respective
cases. For the normal invariants we have

(17.27) N (RP d−1) ∼=
∞⊕
i=1

H4i(RP d−1;Z)⊕
∞⊕
i=1

H4i−2(RP d−1;Z/2).

and we can identify the factors

r4i : N (RP d−1)→ H4i(RP d−1;Z) ∼= Z/2(17.28)

r4i−2 : N (RP d−1)→ H4i−2(RP d−1;Z/2) ∼= Z/2 ∼= L4i−2(Z)(17.29)

as splitting invariants along RP 4i or RP 4i−2, keeping in mind that in the
case r4i we look at the difference of the signatures modulo 2. Altogether we
have

(17.30) N (RP d−1) ∼=
bd−1/2c⊕
i=1

Z/2.

If the dimension (d−1) is even, then the surgery obstruction map σ takes the
top summand of N (RP d−1) isomorphically onto L2d−2(Z). To ease the nota-
tion set T (d−1) = N (RP d−1). All the above information tells us that we can
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summarize the situation in the respective cases in the following commutative
diagram where the rows are exact sequences:

0 // S(RP 4k+1)

Σ

��

// T (4k + 1) // 0

0 // S(RP 4k+2)

Σ

��

// T (4k + 1)⊕ Z/2

res

OO

// Z/2

Z // S(RP 4k+3)

Σ

��

// T (4k + 1)⊕ Z/2

res

OO

// Z/2

0 // S(RP 4k+4)

Σ

��

// T (4k + 1)⊕ (Z/2)2

res

OO

// Z/2

0 // S(RP 4k+5) // T (4k + 1)⊕ (Z/2)2

res

OO

// 0

We see that all that is left is to determine the three surgery obstruction maps
with the target Z/2 and to solve the extension problem in the middle row.
The first problem is solved as follows.

Proposition 17.31 (Theorem 1 in Section IV.3.3 of [133]). The map

σ : N (RP d−1)→ Z/2

is surjective in the above three cases.

The case d − 1 = 4k + 3 is analysed as follows. The above proposition
together with Corollary 17.20 identify for us a short exact sequence with the
middle term the desired structure set. Moreover, we have the ρ-invariant map
from the structure set and the commutative diagram from Proposition 17.19.
Hence we obtain a map of short exact sequences as follows:

0 // Z ∂ //

∼= G-sign

��

S(RP 4k+3)
η //

ρ̃

��

T (4k + 1) //

[ρ̃]

��

0

0 // 8Z // Q // Q/8Z // 0

(17.32)

where [ρ̃] is the homomorphism induced by ρ̃.
Next we notice that the transfer map N (CP 2k+1) → N (RP 4k+3) is sur-

jective and that we have that the ρ-invariant is natural for inclusions H < G.
Hence upon substituting t = −1 into the formula from Theorem 17.26 we ob-
tain that the map [ρ̃] is zero in this case. This shows that the ρ̃-invariant map
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in fact splits the map ∂ and the extension problem is solved. Summarising
we obtain the end result.

Theorem 17.33. We have isomorphisms

S(RP d−1) ∼=


(2k) · Z/2 for d− 1 = 4k + 1,

(2k) · Z/2 for d− 1 = 4k + 2,

Z⊕ (2k) · Z/2 for d− 1 = 4k + 3,

(2k + 1) · Z/2 for d− 1 = 4k + 4.

More details can be found in [248, Chapter 14D] and in [133]. It is inter-
esting to compare the calculations from these two sources. We have followed
quite closely the calculation by Wall, but the calculation of López de Medrano
is different. It uses the so-called Browder-Livesay invariants. These are later
shown to be equivalent to the ρ-invariant in this setting, but their definition
is quite different. They are designed to be obstructions to desuspension. That
means given an element in S(RP d) they measure whether such an element
is in the image of the map Σ from S(RP d−1). As such they are closely re-
lated to the splitting invariants along RP d−1. The theory can be developed
more generally into what is called surgery on submanifolds, but it transcends
the goals of this book. We refer the reader to [133, Chapters I and II], [248,
Chapter 12C] and [199, Chapter 7].

17.8 Fake Lens Spaces

A fake lens spaces is the orbit space of a free action of a finite cyclic group
on a sphere. Hence, fake real projective spaces are a special case. Since Z/2
is the only finite group which can act freely on an even-dimensional sphere,
it makes sense to treat that case separately. Therefore in this section we will
work with odd-dimensional spheres and G < S1 will be finite of order N . In
certain theorems we will have to put additional assumptions on G or make
distinction between cases when the order of G is odd or even. Let α be a
free action of G by homeomorphisms on the sphere S2d−1. By L2d−1(α) is
denoted the orbit space of α. Sometimes, when the dimension and the action
are clear, we leave them from notation and simply write L. In this section
we follow the survey [152], and the original sources [248, Chapter 14E], [153]
and [154].

The group G will have a preferred generator T which allows us to identify

ZG = Z[T ]/〈TN − 1〉.

The norm element is Z = 1 + T + · · · + TN−1. Further we denote RG =
ZG/〈Z〉 = Z[T ]/〈1 + T + · · · + TN−1〉. The projection map ZG → RG fits
into the arithmetic square:
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ZG
η //

ε

��

RG

ε′

��
Z

η′
// ZN

where ε, ε′ are the augmentation maps. The augmentation ideal is the kernel
IG = ker ε.

We will also need the ring QRG = Q⊗RG which we identify as

QRG = Q[T ]/〈1 + T + · · ·+ TN−1〉

The Pontrjagin dual of G, is the group Ĝ = HomZ(G,S1). Recall that since
G is a finite cyclic group the representation ring R(G) can be canonically iden-

tified with the group ring ZĜ. Then we also have QR(G) = Q⊗R(G) = QĜ.
Dividing out the regular representation corresponds to dividing out the norm
element, hence R(G)/〈reg〉 = RĜ = ZĜ/〈Z〉 and QR(G)/〈reg〉 = QRĜ =

QĜ/〈Z〉. We will also choose a preferred generator χ of Ĝ which gives the
identifications

QRĜ = Q[χ]/〈1 + χ+ · · ·+ χN−1〉.

For L = L2d−1(α) we have the following invariants

• π1(L) = Z/N , πi(L) = πi(S
2d−1) for i ≥ 2

• H0(L) = Z, H2d−1(L) = Z, H2i−1(L) = Z/N for 1 ≤ i ≤ d− 1, Hi(L) = 0
for all other values of i.

• the k-invariant (in the sense of homotopy theory) k2d−1(L) ∈ H2d(BG;Z).
• the Reidemeister torsion ∆(L) ∈ QRG = Q[T ]/〈1 + T + · · ·TN−1〉 and

• the ρ-invariant ρ(L) ∈ QR(−1)d

Ĝ
⊂ Q[χ]/〈1 + χ+ · · ·χN−1〉.

Here we use a version of the Reidemeister torsion that is a slight modi-
fication of the definition we used in Chapter 2. The version used here is as
in [168, Section 12]. Briefly speaking, the relation is that as the module U
from our Section 2.5 is taken the above module QRG. Then one can define
torsion with the values also in QRG as explained in [168, Section 12]. The
ρ-invariant was be defined in Section 17.6.

The homotopy classification is stated in the a priori broader context of
finite CW-complexes L with π1(L) ∼= Z/N and with the universal cover
homotopy equivalent to S2d−1 of which fake lens spaces are obviously a special
case. It is convenient to make the following definition.

Definition 17.34. Let L be a CW-complex with π1(L) ∼= Z/N and with
universal cover homotopy equivalent to S2d−1. A polarization of L is a pair
(T, e) where T is a choice of a generator of π1(L) and e is a choice of a

homotopy equivalence e : L̃→ S2d−1.
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We start by quoting three theorems of Wall from [248] which extend
the classification theorems we have presented in Chapter 2. We follow quite
closely [248, Chapter 14E], but we also add some newer results in this area
as described also in [152].

Theorem 17.35. [248, Theorem 14E.3, first part] Let L be a finite CW-
complex with π1(L) ∼= Z/N and universal cover S2d−1 polarized by (T, e).
Then there exists a map φ : S2d−2 → L2d−2(N, 1, . . . , 1) and a simple homo-
topy equivalence

h : L→ L2d−2(N ; 1, . . . , 1) ∪φ e2d−1

preserving the polarization, such that the ZG-chain complex differential on
the right hand side is given by ∂2d−1e

2d−1 = e2d−2(T −1)U for some U ∈ ZG
which maps to a unit u ∈ RG. Furthermore, L is a simple Poincare complex
and its Reidemeister torsion is ∆(L) = (T − 1)d · u. The element u is unique
up to powers of T .

Theorem 17.36. [248, Theorem 14E.3, second part]

• The polarized homotopy types of such L are in one-to-one correspondence
with the units in Z/N . The correspondence is given by L 7→ ε′(u) ∈ ZN .
The invariant ε′(u) can be identified with the first non-trivial k-invariant
of L (in the sense of homotopy theory) k2d−1(L) ∈ H2d(BG;Z).

Theorem 17.37. [248, Theorem 14E.3, third part]

• The polarized simple homotopy types of such L are in one-to-one corre-
spondence with the equivalence classes of units in RG, where the equiv-
alence relation is by the powers of T . The correspondence is given by
L 7→ u ∈ RG.

The existence of a fake lens space in the homotopy type of such L is
addressed in [248, Theorem 14E.4]. Unless both N and d are even there
always exists a manifold homotopy equivalent to the complex L.

Since the units ε′(u) ∈ Z/N are exhausted by the standard lens spaces
L2d−1(N, k, 1, . . . , 1) from Chapter 2 we obtain the following corollary.

Corollary 17.38. For any fake lens space L2d−1(α) there exists k ∈ N and
a homotopy equivalence

h : L2d−1(α)→ L2d−1(N ; k, 1, . . . , 1).

Next we turn to studying the surgery exact sequence for X = L2d−1(α).
To simplify the notation we will often write just L, or L2d−1, only when it is
necessary to distinguish several different fake lens spaces will we add appro-
priate symbols. The L-groups were described in Chapter 15, so we proceed
with the normal invariants. We have the following simplification of the long
exact sequence (16.7).



656 17 Applications and Examples

Proposition 17.39. If X is rationally trivial we have an isomorphism of
abelian groups

N (X) ∼= N (X)(2) ⊕N (X)(odd)

∼=
(⊕
i≥1

(
H4i(X;Z(2))⊕H4i−2(X;Z/2)

))
⊕KO(X)⊗ Z[

1

2
]

When X is a fake lens space L2d−1 with π1(L2d−1) ∼= G = Z/N we obtain

N (L2d−1) ∼=
b(d−1)/2c⊕

i=1

H4i(L2d−1;Z(2))⊕
bd/2c⊕
i=1

H4i−2(L2d−1;Z/2)

⊕KO(L2d−1)⊗ Z[1/2]

Setting N = 2K ·M for (M, 2) = 1, the first two summands can be easily
calculated explicitly and we denote the factors

t4i : N (L2d−1)→ H4i(L2d−1;Z(2)) ∼= Z/2K(17.40)

t4i−2 : N (L2d−1)→ H4i−2(L2d−1;Z/2) ∼= Z/2.(17.41)

The last summand is more difficult to calculate explicitly, but we will not need
the exact calculation. Note that when Wall analysed the case N = M in [248,
Chapter 14E] he only needed that the order of the group KO(L2d−1)⊗Z[1/2]
is M c with c = b(d − 1)/2c, which follows easily from the corresponding
Atiyah-Hirzebruch spectral sequence. This will also be sufficient for us. We
will still need some more notation, so the projection onto this last summand
will be denoted

(17.42) t(odd) : N (L2d−1)→ KO(L2d−1)⊗ Z[1/2].

We will also sometimes put together the 2-local invariants and denote t(2) =
(t2i)i and finally t = (t(2), t(odd)). These projections will also be sometimes

used to identify the elements of N (L2d−1) as t = ((t2i)i, t(odd)).
Next we have some information about the surgery obstruction maps.

Theorem 17.43 ([248]).

(i) If d = 2e then the surgery obstruction map

σ : N (L2d−1)→ Ls2d−1(ZG) = Ls4e−1(ZG) = Z/2

is given by σ(x) = t4e−2(x) ∈ Z/2.
(ii) The map

σ : N∂(L2d−1 × I)→ Ls2d(ZG)

maps onto the summand Ls2d(Z).
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The second part was proved in Section 16.8. The first part requires different
arguments. .

Putting all the knowledge toegther we obtain the short exact sequence

(17.44) 0→ L̃s2d(ZG)
∂−→ Ss(L2d−1)

η−→ Ñ (L2d−1)→ 0

where

Ñ (L4e−1) = ker
(
t4e−2 : N (L4e−1)→ H4e−2(L4e−1;Z/2) ∼= Z/2

)
,

Ñ (L4e+1) = N (L4e+1).

in other words

(17.45) Ñ (L2d−1) ∼=
c⊕
i=1

Z/2K ⊕
c⊕
i=1

Z/2⊕KO(L2d−1)⊗ Z[1/2]

where c = b(d− 1)/2c and where the order of the last summand is M c. The
first term in the sequence (17.44) is understood by Chapter 15, the third term
is understood by (17.45). Hence we are left with an extension problem.

When X = L2d−1, it follows from the above diagram, the exactness of the
surgery exact sequence, the Atiyah-Singer G-index theorem and the calcula-
tion of the groups Ls2d(ZG) that the action of L̃s2k(ZG) on Ss(L2k−1) is free.
See also Corollary 17.20.

Proposition 17.46. There is the following commutative diagram of abelian
groups and homomorphisms with exact rows

0 // L̃s2d(ZG)
∂ //

∼= G-sign
��

Ss(L2d−1)
η //

ρ̃
��

Ñ (L2d−1) //

[ρ̃]
��

0

0 // 4 ·R(−1)d

Ĝ
// QR(−1)d

Ĝ
// QR(−1)d

Ĝ
/4 ·R(−1)d

Ĝ
// 0

where [ρ̃] is the homomorphism induced by ρ̃.

The extension problem we are facing will be solved using this diagram. To
see how it goes recall that for the real projective spaces RP 4k+3 we had a
similar Diagram 17.32. In that case we had shown that the map [ρ̃] is the zero
map and as a consequence we obtained that the short exact sequence on the
top splits. We will see that in the case of fake lens spaces the map [ρ̃] is not
always zero. In fact for N = M odd we will have that it is injective. In that
case the snake lemma from homological algebra tells us that the map ρ̃ is also
injective and hence the ρ̃-invariant detects the whole simple structure set. On
the other hand for N = 2K and for general N we will see that “something
in between” happens, that means the map [ρ̃] will have the kernel T that
will neither be zero nor the whole source. In that case the top sequence will
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“partially split” , that means the simple structure set will be isomorphic to
the direct sum of the image of ρ̃ and the kernel T of [ρ̃].

To obtain those results we need a formula to calculate the map [ρ̃]. Here
we recall that we have a formula for the ρ-invariant of the fake complex
projective spaces. We can pass to fake lens spaces by recalling that there is
an S1-bundle (better L1-bundle) p : L2d−1 → CP d−1. Via pullback it induces
a commutative diagram

0 // Ss(CP d−1)

p!

��

η // N (CP d−1)

p!

��

// L2(d−1)(Z)

L̃s2d(ZG) // Ss(L2d−1)
η // N (L2d−1) // Ls2d−1(ZG).

(17.47)

With the abelian group structure of [201, chapter 18] the maps p! are homo-
morphisms by the identification of geometric and algebraic transfers. Another
way of thinking about p! is that it is given by passing to the subgroup G < S1.
Since the ρ-invariant is natural for passing to subgroups we obtain

Corollary 17.48. [248, Theorem 14E.8]
Let a ∈ Ss(L2d−1) be such that a = p!(b) for some b ∈ Ss(CP d−1). Then

ρ̃(a) =
∑

1≤i≤bd/2c−1

8 · s4i(η(b)) · (fd−2i − fd−2i−2) ∈ QR(−1)d

Ĝ
,

where f = (1 + χ)/(1− χ).

The map p! : N (CP d−1)→ N (L2d−1) is surjective, since we have

(17.49) p!(s4i−2) = t4i−2 p!(s4i) = t4i.

By (17.47), the composition Ss(CP d−1) → N (CP d−1) → N (L2d−1) maps

into Ñ (L2d−1). If the map Ss(CP d−1)→ Ñ (L2d−1) were surjective we could
use Corollary 17.48 to give a formula for the function [ρ̃]. This is the case
when d = 2e. In the case d = 2e+ 1 all the summands but the ZN (t4e) from

Ñ (L2d−1) are hit from S(CP d−1). We need the following

Lemma 17.50. Let d = 2e + 1, a ∈ S(L2d−1) and let t̃4i ∈ Z be such that
[t̃4i] = t4i(η(a)) in Z/N . Then

ρ̃(a) = 8 · t̃4e · f +
∑

1≤i≤bd/2c−1

8 · t̃4i · (fd−2i − fd−2i−2) + z ∈ QR−
Ĝ

for some z ∈ 4 ·R−
Ĝ

.

Proof. Proof uses the fact that although it is not true that any fake lens space
L of dimension (4e+ 1) is cobordant to one which fibers over a fake complex
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projective space, it is true that the suspension ΣL fibers over a fake complex
projective space. Then algebra can be emplyed to obtain the formula. ut

Proposition 17.51. For the map [ρ̃] : Ñ (L2d−1) → QR(−1)d

Ĝ
/4 · R(−1)d

Ĝ
and

an element t = (t2i)i ∈ Ñ (L2d−1) we have that

d = 2e : [ρ̃](t) =

e−1∑
i=1

8 · t4i · fd−2i−2 · (f2 − 1)

d = 2e+ 1 : [ρ̃](t) =

e−1∑
i=1

8 · t4i · fd−2i−2 · (f2 − 1) + 8 · t4e · f.

Proof. It is enough to find for each t ∈ Ñ (L2d−1) some a ∈ Ss(L2d−1) with

t(η(a)) = t and for which we can calculate ρ̃(a) ∈ QR(−1)d

Ĝ
. If d = 2e then

by discussion after Corollary 17.48 there is for each normal cobordism class
a fake lens space which fibers over a fake complex projective space and hence
the formula from Corollary 17.48 gives the desired formula. If d = 2e+1 then
the same reasoning applied to Lemma 17.50 gives the desired formula. ut

Now we are ready for the calculations of the simple structure sets of the
lens spaces.

Theorem 17.52. [248, Theorem 14E.7] Let L2d−1 be a lens space with
π1(L2d−1) ∼= Z/N where N is odd. Then the map

ρ̃ : Ss(L2d−1)→ QR(−1)d

Ĝ

is injective. The image Σ̄N (d) is a free abelian group of rank (N − 1)/2.

Some ideas for the proof. One key observation is that when N is odd, then
(1 + χ) is invertible in RĜ since its inverse is

(1 + χ)−1 = 1 + χ2 + χ4 + · · ·+ χN−1.

The scheme of the proof is to proceed by induction and show that the sus-
pension maps are isomorphisms. ut

Theorem 17.53. [154, Theorem 1.2] Let L2d−1 be a lens space with π1(L2d−1) ∼=
Z/N where N = 2K ·M with K ≥ 1, M odd and d ≥ 3. Then we have

Ss(L2d−1(α)) ∼= Σ̄N (d)⊕
c⊕
i=1

Z/2min{K,2i} ⊕
c⊕
i=1

Z/2

where Σ̄N (d) is a free abelian group. Its rank is N/2 − 1 if d = 2e + 1 and
N/2 if d = 2e. In the torsion summand we have c = b(d− 1)/2c.
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Some ideas for the proof. When N = 2K the result is obtained by a lengthy
calculation using the formulas for the ρ-invariant from earlier in this section.
It is clear from few ad-hoc cases that the kernel of [ρ̃] is a non-trivial proper

subgroup of Ñ . To determine it exactly a complicated induction procedure
is developed in [153] and we refer the reader there for the details.

The general case N = 2K ·M is obtained by combining the cases N = 2K

and M odd in [154]. ut

In the case when N is odd, Wall managed to obtain an even better result,
namely the complete classification of fake lens spaces of a given dimension
(2d− 1) ≥ 5 with the fundamental group G ∼= Z/N which goes as follows.

Theorem 17.54. [248, Theorem 14E.7] Let L2d−1 and L′
2d−1

be oriented
fake lens spaces with fundamental group G cyclic of odd order N . Then there
is an orientation preserving homeomorphism L → L′ inducing the identity
on G if and only if ∆(L) = ∆(L′) and ρ(L) = ρ(L′).

Given ∆ ∈ RG and ρ ∈ QRĜ, there exists a corresponding fake lens space
L2d−1 if and only if the following four statements hold:

• ∆ and ρ are both real (d even) or imaginary (d odd).

• ∆ generates InG, ρ ∈ I−n
Ĝ

.

• The classes of ρ mod I−n+1

Ĝ
and (−2)n∆ mod In+1

G correspond under

I−n
Ĝ
/I−n+1

Ĝ
∼= Ĥ2n(Ĝ;Z) ∼= Ĥ−2n(G;Z) ∼= InG/I

n+1
G .

• ρ ≡ −
∑

φ∈Ĝ,φ 6=1

sign(inφ(∆))φ mod 4.

17.9 Fake Sphere Bundles

We could discuss something about the case of the product of X with a sphere.
This is based on the Browder splitting theorem which brings us to surgery
on submanifolds which is a topic we should also at least mention somewhere.

17.10 Fake Tori

The tori are topologically rigid.

Theorem 17.55. We have

S(Tn) = {1}.
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This result has many proofs. One of them is certainly via the splitting
techniques which are also related to the themes of Chapter 12. More on this
in the next chapter.

17.11 The Smooth Structure Set of Products of Spheres

DC

17.12 The mapping class groups of a product of spheres
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Chapter 18

Topological rigidity

18.1 Introduction

Recall the Definition 10.30 that a closed topological manifoldM is called topo-
logically rigid if any homotopy equivalence N →M with a closed topological
manifold N as source and M as target is homotopic to a homeomorphism.

In this chapter we want to study the question which closed topological
manifolds are topologically rigid.

In Section 18.2 we give necessary and sufficient condition for topological
rigidity in terms of the surgery exact sequence.

After we have have given some information about aspherical closed mani-
folds in Section 18.3, we discuss in Section 18.4 the Borel Conjecture which
predicts that any aspherical closed manifold is topologically rigid.

Examples of non-aspherical closed manifolds which are topologically rigid,
are discussed in Section 18.5.

In Section 18.6 we briefly discuss that smooth rigidity is a very rare phe-
nomenon in high dimensions.

Guide 18.1. One may browse this chapter even before one has absorbed the
basics about surgery theory since the results can be understand without much
previous knowledge and illustrate the potential of surgery theory.

18.2 Topological Rigidity and the Surgery Exact
Sequence

Recall that Lemma 10.31 says that a closed topological manifold M is topo-
logically rigid if and only if its simple structure set STOP,s(M) in the sense of
Definition 10.2 consists precisely of one element. Hence this question is related
to the simple structure set and the geometric surgery exact sequence in the
topological category, see Theorem 10.24. We conclude from Theorem 10.24.

Lemma 18.2. Let M be a closed manifold of dimension n ≥ 5. Then M is
topological rigid if and only if the map

σTOP,s
n+1 : N TOP(M ×D1, ∂(M ×D1))

σTOP,s
n+1−−−−→ Lsn+1(ZΠ(M),OM )

is surjective and the map

663
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σTOP,s
n : N TOP(M)→ Lsn(ZΠ(M),OM )

is injective.

Let E be a spectrum. One can assign to E its 1-connective cover E〈1〉. It
comes with a map of spectra i(E) : E〈1〉 → E. The main properties are that
πm(i(E)) : πm(E〈1〉) → πm(E) is bijective for m ≥ 1 and πm(E〈1〉) = 0 for
m ≤ 0. This construction can be arranged to be functorial in E.

Let M be a connected closed manifold of dimension n ≥ 5 with funda-
mental group π = π1(M) and first Stiefel-Whitney class w : π → {±1}. Let

M̃ →M be its universal covering. Let ε be a decoration.
We get a homomorphism

(18.3) Hπ
n (M̃ ; i(L(Z))w) : Hπ

n (M̃ ; L(Z)〈1〉w)→ Hπ
n (M̃ ; L(Z)w).

Let f
M̃

: M̃ → Eπ be the up to π-homotopy unique π-map. It induces for
m ∈ Z a map

(18.4) Hπ
m(f

M̃
; L(Z)w) : Hπ

m(M̃ ; L(Z)w)→ Hπ
m(Eπ; L(Z)w).

The functor appearing in (15.23) which was defined for ε = 〈−∞〉 makes
also sense for other decorations. Since the decoration does not matter for
Lεn(Z), the map appearing in Conjecture 15.9 (iii) has for m ∈ Z also a
version of the shape if we take G = π

(18.5) asmbεm : Hπ
m(Eπ; L(Z)w)→ Lεm(Zπ).

Proposition 18.6. Let M be a connected closed manifold of dimension n ≥ 5
with fundamental group π = π1(M) and first Stiefel-Whitney class w : π →
{±1}.

Then there are bijections

µn+1 : N TOP(M ×D1, ∂(M ×D1))
∼=−→ Hπ

n+1(M̃ ; L(Z)〈1〉w);

µn : N TOP(M)
∼=−→ Hπ

n (M̃ ; L(Z)〈1〉w),

such that the composite

N TOP(M ×D1, ∂(M ×D1))
µn+1−−−→ Hπ

n+1(M̃ ; L(Z)〈1〉w)

Hπn+1(M̃ ;i(L(Z))w)
−−−−−−−−−−−−→ Hπ

n+1(M̃ ; L(Z)w)

Hπn+1(f
M̃

;L(Z)w)
−−−−−−−−−−−→ Hπ

n+1(Eπ; L(Z)w)
asmbsn+1−−−−−→ Lsn+1(Zπ)

is σTOP,s
n+1 and the composite
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N TOP(M)
µn−−→ Hπ

n (M̃ ; L(Z)〈1〉w)
Hπn (M̃ ;L(Z)〈1〉w)−−−−−−−−−−−→ Hπ

n (M̃ ; L(Z)w)

Hπn (f
M̃

;L(Z)w)
−−−−−−−−−−→ Hπ

n (Eπ; L(Z)w)
asmbsn−−−−→ Lsn(Zπ)

is σTOP,s
n

Proof. See [201, Theorem 18.5 on page 198], [196], [127]. ut

Remark 18.7 (The surgery exact sequence and L-classes). For every
homology theory satisfying the disjoint union axiom and hence in particular
for H∗(−; L〈1〉) there is a natural Chern character, see Dold [73]. Thus we
get for every CW -complex natural isomorphisms

chn(X) :
⊕

i∈Z,i≥1

Hn−4i(X;Q)
∼=−→ Hn(X; L〈1〉)⊗Z Q.(18.8)

Consider an n-dimensional connected closed manifold M with trivial first
Stiefel-Whitney class w1(M) and fundamental group π = π1(M). Fix a fun-
damental class [M ] ∈ Hn(M ;Z). Recall the isomorphism

µn : N TOP(M)
∼=−→ Hπ

n (M̃ ; L(Z)〈1〉)

from Proposition 18.6. We get a rational isomorphism
(18.9)

ωn : N TOP(M)⊗ZQ
µn⊗ZidQ−−−−−→ Hn(M ; L〈1〉)⊗ZQ

chn(M)−1

−−−−−−→
⊕

i∈Z,i≥1

Hn−4i(M ;Q).

Then the composite of

ηsn : STOP,s(M)→ N TOP(M)→ N TOP(M)⊗Z Q

with ωn sends the class of a homotopy equivalence f : N →M to the element
{f∗(L(N) ∩ [N ]) − L(M) ∩ [M ] | i ∈ Z, i ≥ 1}, where [N ] ∈ Hn(N ;Z) is
determined by the property that it is send under Hn(f ;Z) to [M ], see [201,
Example 18.4 on page 198].

Lemma 18.10. Let M be a connected closed manifold of dimension n ≥ 5
with fundamental group π = π1(M) and first Stiefel-Whitney class w : π →
{±1}.

(i) Suppose that π is a Farrell-Jones group in the sense of Definition 15.32.
Then M is topologically rigid if the map

Hπ
n+1(f

M̃
; L(Z)w) : Hπ

n+1(M̃ ; L(Z)w)→ Hπ
n+1(Eπ; L(Z)w)

of (18.4) is surjective and the map

Hπ
n (f

M̃
; L(Z)w) : Hπ

n (M̃ ; L(Z)w)→ Hπ
n (Eπ; L(Z)w)
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of (18.4) is injective;
(ii) Suppose that M is topologically rigid. Then the map

Hπ
n (f

M̃
; L(Z)〈1〉w) : Hπ

n (M̃ ; L(Z)〈1〉w)→ Hπ
n (Eπ; L(Z)〈1〉w)

is injective. If we additionally assume that π is a Farrell-Jones group in
the sense of Definition 15.32, then the map

Hπ
n+1(f

M̃
; L(Z)w) : Hπ

n+1(M̃ ; L(Z)w)→ Hπ
n+1(Eπ; L(Z)w)

of (18.4) is surjective.

Proof. An easy argument using the Atiyah-Hirzebruch spectral sequence
shows that the map

Hπ
m(M̃ ; i(L(Z))w) : Hπ

m(M̃ ; L(Z)〈1〉w)→ Hπ
m(M̃ ; L(Z)w)

of (18.3) is bijective for m = n+ 1 and injective for m = n.
If π is a Farrell-Jones group, we conclude from Corollary 15.30 that

the map asmb〈−∞〉m : Hπ
m(Eπ; L(Z)w) → L

〈−∞〉
m (Zπ,w) of (18.5) and the

canonical map canonical map Lsm(Zπ,w) → L
〈−∞〉
m (Zπ,w) are bijective for

m ∈ Z. The composite of the map asmbsm : Hπ
m(Eπ; L(Z)w) → Lsm(Zπ,w)

of (18.5) with the isomorphism Lsm(Zπ)→ L
〈−∞〉
m (Zπ,w) is the isomorphism

asmb〈−∞〉m : Hπ
m(Eπ; L(Z)w)→ L

〈−∞〉
m (Zπ,w). Hence the map

asmbsm : Hπ
m(Eπ; L(Z)w)→ Lsm(Zπ,w).

is bijective for all m ∈ Z, if π is a Farrell-Jones group.
Notice that the following diagram commutes

Hπ
m(M̃ ; L(Z)〈1〉w)

Hπm(M̃ ;i(L(Z))w) //

Hπn (f
M̃

;L(Z)〈1〉w)

��

Hπ
m(M̃ ; L(Z)w)

Hπn (f
M̃

;L(Z)w)

��
Hπ
m(Eπ; L(Z)〈1〉w)

Hπm(Eπ;i(L(Z))w)
// Hπ

m(Eπ; L(Z)w)

Now the claim follows from Lemma 18.2 and Proposition 18.6. ut

Example 18.11 (A necessary condition for topological rigidity). Con-
sider an n-dimensional connected closed manifold M with trivial first Stiefel-
Whitney class w1(M) and fundamental group π = π1(M). Suppose that π
is a Farrell-Jones group. Let fM : M → Bπ be the classifying map. Now we
have the commutative square



18.2 Topological Rigidity and the Surgery Exact Sequence 667

⊕
i∈Z,i≥1Hn−4i(M ;Q)

⊕
i∈Z,i≥1Hn−4i(fM ;Q)

//

chn(M) ∼=
��

⊕
i∈Z,i≥1Hn−4i(Bπ;Q)

chn(Bπ)∼=
��

Hn(M ; L〈1〉)⊗Z Q
Hn(M ;L〈1〉)

// Hn(Bπ; L〈1〉)⊗Z Q

where the vertical isomorphism have been introduced in (18.8). If M is topo-
logically rigid, the lower horizontal map is injective by Lemma 18.10 (ii).

Hence for all i ∈ Z with i ≥ 1 the map

Hn−4i(fM ;Q) : Hn−4i(M ;Q)→ Hn−4i(Bπ;Q)

is injective if M is topologically rigid.
Analogously one shows for all i ∈ Z that the map

Hn+1−4i(fM ;Q) : Hn+1−4i(M ;Q)→ Hn+1−4i(Bπ;Q)

is surjective if M is topologically rigid and π is a Farrell-Jones group.

Exercise 18.12. LetM be a simply connected n-dimensional manifold which
is topologically rigid. Then Hn−4i(M ;Q) is zero for i ∈ Z with i ≥ 1 and
4i 6= n.

Theorem 18.13 (The structure set for simply connected manifold
times aspherical manifold). Let M be a simply connected closed manifold
of dimension m ≥ 1 and N be an aspherical closed manifold of dimension
n ≥ 0 with fundamental group π and first Stiefel Whitney class w : π → {±1}.
Assume that π is a Farrell-Jones group in the sense of Definition 15.32.
Suppose that m + n ≥ 5 or that m + n ≥ 4 and π is good in the sense of
Freedman, see [87, 88]. Fix an element x ∈M .

Then we obtain an isomorphism of abelian groups.

STOP,s(M ×N)
∼=−→ Hπ

m((M, {x})× Eπ; L(Z)〈1〉)w).

Proof. We begin with the case m + n ≥ 5. Notice that Ñ is a model for Eπ
and M × Ñ → M × N is the universal covering of M × N . The canonical
map

Hπ
m+n+l(Ñ ; L(Z)〈1〉w)→ Hπ

m+n+l(Ñ ; L(Z)w)

is bijective for l = 0, 1 by an easy spectral sequence argument since m ≥ 1.
Hence the geometric surgery exact sequence in the topological category, see
Theorem 10.24 reduces to by Proposition 18.6 and Corollary 15.30 to the
exact sequence of abelian groups
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Hπ
m+n+1(M × Ñ ; L(Z)〈1〉w)

Hπm+n+1(pr;L(Z)〈1〉w)
−−−−−−−−−−−−−−→ Hπ

m+n+1(Ñ ; L(Z)〈1〉w)

→ STOP,s(M ×N)→ Hπ
m+n(M × Ñ ; L(Z)〈1〉w)

Hπm+n(pr;L(Z)〈1〉w)
−−−−−−−−−−−−−→ Hπ

m+n(Ñ ; L(Z)〈1〉w),

where pr : M × Ñ → Ñ is the projection. Now use the fact that the inclusion
{x}×Ñ →M×Ñ composed with pr is a homeomorphism and the long exact

homology sequence associated to the pair (M,x)× Ñ .
In the case m + n = 4 the claim follows by the same argument using

Freedman’s result that for a good fundamental group all surgery arguments
in the topological category carry over to dimension 4, see [87, 88]. ut

If we take in Theorem 18.13 the manifold N to be {•}, we get

Theorem 18.14 (The structure set for simply connected closed man-
ifolds). Let M be a simply connected closed manifold of dimension n ≥ 4.
Fix an element x ∈M .

Then we obtain an isomorphism of abelian groups.

Exercise 18.15. Let M be a simply connected closed manifold of dimension
5. Show that STOP,s(M) is isomorphic to H3(M ;Z/2).

Exercise 18.16. A lens space in the sense of Definition 2.40 is topologically
rigid if and only if its dimension is one

18.3 Aspherical Closed Manifolds

Definition 18.17 (Aspherical). A space X is called aspherical if it is path
connected and all its higher homotopy groups vanish, i.e., πn(X) is trivial for
n ≥ 2.

Exercise 18.18. Let F → E → B be a fibration of path connected spaces.
Show that E is aspherical if and F and B are aspherical, and that F is
aspherical if E and B are aspherical. Give an example such that B is not
aspherical but F and E are aspherical.
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18.3.1 Homotopy classification of aspherical
CW -complexes

A CW -complex is aspherical if and only if it is connected and its universal
covering is contractible. Given two aspherical CW -complexes X and Y , the
map from the set of homotopy classes of maps X → Y to the set of group ho-
momorphisms π1(X) → π1(Y ) modulo inner automorphisms of π1(Y ) given
by the map induced on the fundamental groups is a bijection. In particular,
two aspherical CW -complexes are homotopy equivalent if and only if they
have isomorphic fundamental groups and every isomorphism between their
fundamental groups comes from a homotopy equivalence.

18.3.2 Low dimensions

A connected closed 1-dimensional manifold is homeomorphic to S1 and hence
aspherical.

Let M be a connected closed 2-dimensional manifold. Then M is either as-
pherical or homeomorphic to S2 or RP2. The following statements are equiv-
alent:

(i) M is aspherical;
(ii) M admits a Riemannian metric which is flat, i.e., with sectional curvature

constant 0, or which is hyperbolic, i.e., with sectional curvature constant
−1;

(iii) The universal covering of M is homeomorphic to R2.

A connected closed 3-manifold M is called prime if for any decomposition
as a connected sum M ∼= M0]M1 one of the summands M0 or M1 is home-
omorphic to S3. It is called irreducible if any embedded sphere S2 bounds
a disk D3. Every irreducible closed 3-manifold is prime. A prime closed 3-
manifold is either irreducible or an S2-bundle over S1 (see [104, Lemma 3.13
on page 28]). An orientable closed 3-manifold is aspherical if and only if it is
irreducible and has infinite fundamental group. A closed 3-manifold is aspher-
ical if and only if it is irreducible and its fundamental group is infinite and
contains no element of order 2. This follows from the Sphere Theorem [104,
Theorem 4.3 on page 40].

Thurston’s Geometrization Conjecture implies that a closed 3-manifold
is aspherical if and only if its universal covering is homeomorphic to R3.
This follows from [104, Theorem 13.4 on page 142] and the fact that the 3-
dimensional geometries which have compact quotients and whose underlying
topological spaces are contractible have as underlying smooth manifold R3,
see [219].

A proof of Thurston’s Geometrization Conjecture is given in [177] following
ideas of Perelman.
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There are examples of orientable closed 3-manifolds that are aspherical but
do not support a Riemannian metric with non-positive sectional curvature,
see [130].

For more information about 3-manifolds we refer for instance to [104, 219].

18.3.3 Non-positive curvature

Let M be a closed smooth manifold. Suppose that it possesses a Riemannian
metric whose sectional curvature is non-positive, i.e., is ≤ 0 everywhere.
Then the universal covering M̃ inherits a complete Riemannian metric whose
sectional curvature is non-positive. Since M̃ is simply-connected and has non-
positive sectional curvature, the Hadamard-Cartan Theorem, see [92, 3.87 on

page 134] implies that M̃ is diffeomorphic to Rn and hence contractible. We

conclude that M̃ and hence M is aspherical.

18.3.4 Torsionfree discrete subgroups of almost
connected Lie groups

Let L be a Lie group with finitely many path components. Let K ⊆ L be a
maximal compact subgroup. Let G ⊆ L be a discrete torsionfree subgroup.
Then M = G\L/K is an aspherical closed manifold with fundamental group
G since its universal covering L/K is diffeomorphic to Rn for appropriate n
see [103, Theorem 1. in Chapter VI].

18.3.5 Hyperbolisation

A very important construction of aspherical manifolds comes from the hy-
perbolisation technique due to Gromov [96]. It turns a cell complex into a
non-positively curved (and hence aspherical) polyhedron. The rough idea is
to define this procedure for simplices such that it is natural under inclusions
of simplices and then define the hyperbolisation of a simplicial complex by
gluing the results for the simplices together as described by the combina-
torics of the simplicial complex. The goal is to achieve that the result shares
some of the properties of the simplicial complexes one has started with, but
additionally to produce a non-positively curved and hence aspherical poly-
hedron. Since this construction preserves local structures, it turns manifolds
into manifolds.

We briefly explain what the orientable hyperbolisation procedure gives.
Further expositions of this construction can be found in [51, 65, 67, 68].
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We start with a finite-dimensional simplicial complex Σ and assign to it a
cubical cell complex h(Σ) and a natural map c : h(Σ)→ Σ with the following
properties:

(i) h(Σ) is non-positively curved and in particular aspherical;
(ii) The natural map c : h(Σ) → Σ induces a surjection on the integral ho-

mology;
(iii) π1(f) : π1(h(Σ))→ π1(Σ) is surjective;
(iv) If Σ is an orientable manifold, then

(a) h(Σ) is a manifold;
(b) The natural map c : h(Σ)→ Σ has degree one;
(c) There is a stable isomorphism between the tangent bundle Th(Σ)

and the pullback c∗TΣ;

Remark 18.19 (Characteristic numbers and aspherical manifolds).
Suppose that M is a closed manifold. Then the pullback of the characteristic
classes of M under the natural map c : h(M) → M yield the characteristic
classes of h(M), and M and h(M) have the same characteristic numbers.
This shows that the condition aspherical does not impose any restrictions on
the characteristic numbers of a manifold.

Remark 18.20 (Bordism and aspherical manifolds). The conditions
above say that c is a normal map in the sense of surgery. One can show that
c is normally bordant to the identity map on M . In particular M and h(M)
are oriented bordant.

Consider a bordism theory Ω∗ for PL-manifolds or smooth manifolds which
is given by imposing conditions on the stable tangent bundle. Examples are
unoriented bordism, oriented bordism, framed bordism. Then any bordism
class can be represented by an aspherical closed manifold. If two aspherical
closed manifolds represent the same bordism class, then one can find an as-
pherical bordism between them. See [65, Remarks 15.1] and [68, Theorem B].

For vanishing results about tautological classes for aspherical closed ma-
nifold we refer to [102].

18.3.6 Exotic aspherical manifolds

The following result is taken from Davis-Januszkiewicz [68, Theorem 5a.1].

Theorem 18.21 (Exotic aspherical closed manifolds in dimension 4).
There is an aspherical closed 4-manifold N with the following properties:

(i) N is not homotopy equivalent to a PL-manifold;
(ii) N is not triangulable, i.e., not homeomorphic to a simplicial complex;

(iii) The universal covering Ñ is not homeomorphic to R4;
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(iv) N is homotopy equivalent to a piecewise flat, non-positively curved poly-
hedron.

The next result is due to Davis-Januszkiewicz [68, Theorem 5a.4].

Theorem 18.22 (Aspherical closed non-PL-manifolds). For every
n ≥ 4 there exists an aspherical closed n-manifold which is not homotopy
equivalent to a PL-manifold

The proof of the following theorem can be found in [66], [68, Theorem 5b.1].

Theorem 18.23 (Exotic universal covering). For each n ≥ 4 there exists
an aspherical closed n-dimensional manifold such that its universal covering
is not homeomorphic to Rn.

By the Hadamard-Cartan Theorem (see [92, 3.87 on page 134]) the mani-
fold appearing in Theorem 18.23 above cannot be homeomorphic to a smooth
manifold with Riemannian metric with non-positive sectional curvature.

The following theorem is proved in [68, Theorem 5c.1 and Remark on page
386] by considering the ideal boundary, which is a quasiisometry invariant in
the negatively curved case.

Theorem 18.24 (Exotic aspherical closed manifolds with hyperbolic
fundamental group). For every n ≥ 5 there exists an aspherical closed
smooth n-dimensional manifold N which is homeomorphic to a strictly nega-
tively curved polyhedron and has in particular a hyperbolic fundamental group
such that the universal covering is homeomorphic to Rn but N is not homeo-
morphic to a smooth manifold with Riemannian metric with negative sectional
curvature.

The next results are due to Belegradek [25, Corollary 5.1], Mess [160] and
Weinberger (see [65, Section 13]).

Theorem 18.25 (Aspherical closed manifolds with exotic fundamen-
tal groups).

(i) For every n ≥ 4 there is an aspherical closed manifold of dimension n
whose fundamental group contains an infinite divisible abelian group;

(ii) For every n ≥ 4 there is an aspherical closed manifold of dimension
n whose fundamental group has an unsolvable word problem and whose
simplicial volume in the sense of Gromov [95] is non-zero.

Notice that a finitely presented group with unsolvable word problem is
not a CAT(0)-group, not hyperbolic, not automatic, not asynchronously auto-
matic, not residually finite and not linear over any commutative ring (see [25,
Remark 5.2]).

The proof of Theorem 18.25 is based on the reflection group trick as it
appears for instance in [65, Sections 8,10 and 13]. It can be summarised as
follows.
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Theorem 18.26 (Reflection group trick). Let G be a group which pos-
sesses a finite model for BG. Then there is an aspherical closed manifold M
and a map i : BG→M and r : M → BG such that r ◦ i = idBG.

Remark 18.27 (Reflection group trick and various conjectures). An-
other interesting immediate consequence of the reflection group trick is (see
also [65, Sections 11]) that many well-known conjectures about groups hold
for every group which possesses a finite model for BG if and only if it holds
for the fundamental group of every aspherical closed manifold. This applies
for instance to the Kaplansky Conjecture, Unit Conjecture, Zero-divisor-
conjecture, Baum-Connes Conjecture, Farrell-Jones Conjecture for algebraic
K-theory for regular R, Farrell-Jones Conjecture for algebraic L-theory, the
vanishing of K̃0(ZG) and of Wh(G) = 0, For information about these conjec-
tures and their links we refer for instance to [20],[137] and [146]. Further simi-
lar consequences of the reflection group trick can be found in Belegradek [25].

For more information about fundamental groups of closed aspherical man-
ifolds with unusual properties we refer for instance to [217]. Another survey
article on aspherical manifolds is [141].

18.3.7 Non-aspherical closed manifolds

A closed manifold of dimension ≥ 1 with finite fundamental group is never
aspherical. So prominent non-aspherical manifolds are spheres, lens spaces,
real projective spaces and complex projective spaces.

Lemma 18.28. The fundamental group of an aspherical finite-dimensional
CW -complex X is torsionfree.

Proof. Let C ⊆ π1(X) be a finite cyclic subgroup of π1(X). We have to show

that C is trivial. Since X is aspherical, C\X̃ is a finite-dimensional model
for BC. Hence Hk(BC) = 0 for large k. This implies that C is trivial. ut

Exercise 18.29. If M is a connected sum M1]M2 of two closed manifolds
M1 and M2 of dimension n ≥ 3 which are not homotopy equivalent to a
sphere, then M is not aspherical.

18.4 The Borel Conjecture

Conjecture 18.30 (Borel Conjecture). Every aspherical closed topolo-
gical manifold is topologically rigid.
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Theorem 18.31 (Status of the Borel Conjecture). Let M be an as-
pherical closed topological manifold with fundamental group π and dimension
n ≥ 5. Suppose that π is a Farrell-Jones group.

Then M satisfies the Borel Conjecture 18.30.

Proof. This follows from Lemma 18.10 (i) since the map f
M̃

: M̃ → Eπ is a
homotopy equivalence as M is by assumption aspherical. ut

Remark 18.32 (Dimension 4). The conclusion of Theorem 18.31 holds
also in dimension 4, provided that the fundamental group π is good in the
sense of Freedman, see [87, 88]. Groups of subexponential growth are good,
see [89, Theorem 0.1]. Some information in dimension 4 can be found in
Davis [61].

Remark 18.33 (The Borel Conjecture in low dimensions). The Borel
Conjecture is true in dimension ≤ 2 by the classification of closed manifolds
of dimension 2. It is true in dimension 3 if Thurston’s Geometrisation Con-
jecture is true. This follows from results of Waldhausen, see Hempel [104,
Lemma 10.1 and Corollary 13.7] and Turaev [241] as explained for instance
in [126, Section 5]. A proof of Thurston’s Geometrisation Conjecture is given
in [124, 178] following ideas of Perelman.

Remark 18.34 (The Borel Conjecture does not hold in the smooth
category). The Borel Conjecture 18.30 is false in the smooth category, i.e.,
if one replaces topological manifold by smooth manifold and homeomorphism
by diffeomorphism. The torus Tn for n ≥ 5 is an example, see [248, 15A].
Other counterexample involving negatively curved manifolds are constructed
by Farrell-Jones [82, Theorem 0.1].

Remark 18.35 (The Borel Conjecture versus Mostow rigidity). The
examples of Farrell-Jones [82, Theorem 0.1] give actually more. Namely, it
yields for given ε > 0 a closed Riemannian manifold M0 whose sectional
curvature lies in the interval [1− ε,−1 + ε] and a hyperbolic closed manifold
M1 such that M0 and M1 are homeomorphic but no diffeomorphic. The idea
of the construction is essentially to take the connected sum of M1 with exotic
spheres. Notice that by definition M0 were hyperbolic if we would take ε = 0.
Hence this example is remarkable in view of Mostow rigidity, which predicts
for two hyperbolic closed manifolds N0 and N1 that they are isometrically
diffeomorphic if and only if π1(N0) ∼= π1(N1) and any homotopy equivalence
N0 → N1 is homotopic to an isometric diffeomorphism.

One may view the Borel Conjecture as the topological version of Mostow
rigidity. The conclusion in the Borel Conjecture is weaker, one gets only home-
omorphisms and not isometric diffeomorphisms, but the assumption is also
weaker, since there are many more aspherical closed topological manifolds
than hyperbolic closed manifolds.
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Exercise 18.36. Let F → E → B be a fibration of closed manifolds such
that F and N are aspherical and dim(F ) ≤ 2 and dim(N) ≤ 3. Show that
then E is topologically rigid.

18.5 Non-Aspherical Topologically Rigid closed
Manifolds

The Borel Conjecture 18.30 predicts that an aspherical closed manifold is
topologically rigid. There are also non-aspherical closed manifolds which are
topologically rigid, as we will illustrate next.

18.5.1 Spheres

Since any selfhomotopy equivalence of a sphere is homotopic to a homeomor-
phism, the Poincaré Conjecture, which is known to be true in all dimensions,
see Theorem 1.5 and Section 1.6, is equivalent to the statement that every
sphere is topologically rigid.

18.5.2 3-Manifolds

Theorem 18.37 (Topologically rigid 3-manifolds). A closed 3-manifold
with torsionfree fundamental group is topological rigid.

Proof. Turaev [241] showed that a simple homotopy equivalence between
closed 3-manifolds with torsionfree fundamental group is homotopic to a
homeomorphism, provided that Thurston’s Geometrization Conjecture for ir-
reducible 3-manifolds with infinite fundamental group and the 3-dimensional
Poincaré Conjecture are true. Nowadays we know that the latter assump-
tions are satisfied. Since the Full Farrell-Jones Conjecture 15.31 holds for the
fundamental group of any 3-manifold, see Theorem 15.33 (ie), we conclude
from Corollary 15.30 that every homotopy equivalence of closed 3-manifolds
is simple. ut
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18.5.3 Products of Two Spheres

Theorem 18.38 (Topological rigidity and products of two spheres).

(i) Consider k, l ∈ Z with k, l ≥ 2. Then Sk × Sl is topologically rigid if and
only if both k and l are odd;

(ii) Consider k ∈ Z with k ≥ 1. Then Sk × S1 is topologically rigid.

Proof. (i) This follows for k + l ≥ 4 and k, l ≥ 2 from Theorem 18.14 since
an easy computation shows for a base point z ∈ Sk × Sl

Hk+l(S
k × Sl, {z}; L(Z)〈1〉) ∼= Lk(Z)⊕ Ll(Z),

and Lk(Z) vanishes if and only if k is odd, see Theorem 15.8 (i).

(ii) Suppose that k ≥ 3. An easy calculation shows for a base point x ∈ Sk

HZ
k+1(Sk, {x} × EZ; L(Z)〈1〉) ∼= L1(Z) = {0}.

Now apply Theorem 18.13 using the fact that Z is good.
The case k = 2 follows from Theorem 18.37.
The case S1×S1 follows from the classification of connected closed surfaces

and of the selfhomotopy equivalences of S1 × S1. ut

18.5.4 Homology Spheres

The next result is taken from [126, Theorem 0.23].

Theorem 18.39 (Topological rigidity and homology spheres). Let
M be a n-dimensional manifold of dimension n ≥ 5 with fundamental group
π = π1(M). Suppose that M is an integral homology sphere.

Then M is topologically rigid if and only if the inclusion j : Z → Zπ in-
duces an isomorphism

Lsn+1(j) : Lsn+1(Z)
∼=−→ Lsn+1(Zπ)

on the simple L-groups.

18.5.5 Connected Sums

The next result is taken from [126, Theorem 0.9].
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Theorem 18.40 (Topological rigidity and connected sums). Let M
and N be manifolds of the same dimension n ≥ 5 such that neither π1(M)
nor π1(N) contains elements of order 2 or that n = 0, 3 mod 4. If both M
and N are topologically rigid, then the same is true for their connected sum
M#N .

18.5.6 Homology Isomorphisms and Topological
Rigidity

The following result is taken from [126, Theorem 0.24].

Theorem 18.41 (Homology isomorphisms and topologically rigid-
ity).

(i) Let f : M → N be a map of manifolds of dimensions ≥ 5 which induces
an isomorphism on π1 and on the homology with integral coefficients.
Then M is topologically rigid if and only if N is topologically rigid.

(ii) Let M be a manifold of dimension ≥ 5 which is homological aspherical,
i.e., its classifying map M → Bπ1(M) induces an isomorphism on ho-
mology with integral coefficients. Suppose that π1(M) is a Farrell-Jones
group in the sense of Definition 15.32.
Then M is topologically rigid.

Example 18.42. This leads to the following construction of topologically
rigid manifolds. Start with a topologically rigid closed manifold M of di-
mension n ≥ 5. Choose an embedding S1 × Dn−1 ↪→ M which induces an
injection on π1. Choose a high dimensional knot K ⊆ Sn with complement
X such that the inclusion ∂X ∼= S1×Sn−2 → X induces an isomorphism on
the fundamental groups. Put M ′ = M − (S1 ×Dn−1)∪S1×Sn−2 X. Then M ′

is topologically rigid by Lemma 18.41 (i). If M is aspherical, then M ′ is in
general not aspherical.

18.6 Smooth Rigidity

One may also study rigidity in the smooth category. Recall that a closed
smooth manifold M is smoothly rigid, if any homotopy equivalence N → M
with a closed smooth manifold N as source and M as target is homotopic to
a diffeomorphism.

In dimensions ≤ 3 there is no difference between topologically rigidity and
smoothly rigidity because there is no difference between the topological and
smooth category in these dimensions.
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The four-sphere S4 is known to be topologically rigid. It is smoothly rigid
if and only if the smooth version of the four-dimensional Poincaré Conjecture
is true which is an open problem.

A sphere Sn is smoothly rigid for n ≥ 5 if and only if the abelian group
of homotopy spheres Θn is non-trivial.

18.7 Miscellaneous

We do not know a closed manifold which is topologically rigid and whose fun-
damental group contains torsion. The following result by Chang-Weinberger [48]
shows that in dimension 4k + 3 torsion in the fundamental group indeed ex-
cludes topological rigidity.

Theorem 18.43 (Topological rigidity and torsion in the fundamen-
tal group). Let M4k+3 be an oriented closed manifold for k ≥ 1 whose
fundamental group has torsion. Then there are infinitely many pairwise not
homeomorphic smooth manifolds which are homotopy equivalent to M (and
even simply and tangentially homotopy equivalent to M) but not homeomor-
phic to M.

One can also study a weaker form of topological rigidity, where one wants
to find for a simple homotopy equivalence f : M → N a homeomorphism
f ′ : M → N such that f and f ′ induce the same map on the fundamental
groups up to conjugation and does not require that f and f ′ are homotopic.
Of couse this is the same as topological rigid if N is aspherical but not in
general. This notion is studied in [126].
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Chapter 19

Solutions of the Exercises

Chapter 1

1.2. Let (W ;M0, f0,M1, f1) be an h-cobordism such that dim(W ) = 2 and
W is connected. Since M0, M1 and W are homotopy equivalent, M0 and M1

are connected closed 1-dimensional manifolds and hence both diffeomorphic
to S1, and W is homotopy equivalent to S1 × [0, 1]. The classification of
compact 2-manifolds implies that W is trivial, i.e., diffeomorphic to S1×[0, 1].

1.3. This follows directly from the s-Cobordism Theorem 1.1 since for any
finitely presented group G and m ≥ 5 there exists a closed connected m-
dimensional manifold with G as fundamental group.

1.6. By passing to the induced Z-equivariant diffeomorphisms f → R → R
on the universal covering of S1 obtained by lifting f , one can find a diffeotopy
of f to one of the diffeomorphisms id: S1 → S1 or S1 → S1, z 7→ z−1. Both
obviously extend to D2.

1.31. By Poincaré duality the Euler characteristic of M is zero. The Euler
characteristic can be computed from the cellular chain complex by the alter-
nating sum of the dimensions of the chain modules. This is the alternating
sum of the number of cells of a given dimension and hence the alternating
sum of handles of a given index.

1.32. Since M is homotopy equivalent to a CW -complex with no 1-cells, it
is simply connected.

1.33. The boundary is empty. So we have to start with attaching a zero-
handle to the empty set. This gives D2n. Since Sn × Sn has Z2 as homology
group in dimension n, there must be at least be two n-handles. Attach a n-
handle to D2n by a standard embedding Sn−1 ×Dn ↪→ S2n−1 = ∂D2n. The
result is Dn × Sn. Attach another n-handle with an appropriate embedding
Sn−1 ×Dn ↪→ Sn−1 × Sn = ∂(Dn × Sn) so that the resulting manifold with
boundary has S2n−1 as boundary. Finally attach a 2n-handle by id: S2n−1 →
S2n−1. To attach finally at least one 2n-handle is necessary since otherwise
W would have non-empty boundary.

679
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1.40. The ring Z has an Euclidean algorithm. Now apply standard results
from linear algebra, see for instance [209, Proof of Theorem 2.3.2 on page 74].

1.41. Since (1 − t − t−1) · (1 − t2 − t3) = 1, the element 1 − t − t−1 is a
unit in Z[Z/5]. Since Z[Z/5] is commutative, it has a determinant detZ[Z/5]. If
B ∈ GL(n,Z[Z/5]) is a matrix representing zero in Wh(Z/5), then standard
properties of determinants over commutative rings imply that detZ[Z/5](B)
is of the shape ±ti for some i ∈ {0, 1, 2, 3, 4}. Hence the (1, 1)-matrix A =
(1− t− t−1) does not represent zero in Wh(Z/5).

Chapter 2

2.2. If dim(W ) = 1, already W is trivial. Hence we can assume dim(W ) ≥ 2.
Then dim(W ×Sn) is greater or equal to six. By Theorem 1.1 (i) it suffices to
show that the Whitehead torsion of f0× idSn is trivial. This follows from the
product formula appearing in Theorem 2.1 (iv) since the Euler characteristic
of Sn vanishes for odd n.

2.9. The map φ is induced by the composite

K1(Z[Z/5])
f∗−→ K1(C)

det−−→ C× | |−→ R>0.

Since (1− t− t−1) · (1− t2− t3) = 1, the element 1− t− t−1 is a unit in Z[Z/5]
and defines an element in Wh(Z/5). Its image under φ is (1− 2 · cos(2π/5))
and hence different from 1.

2.14. Let γ∗ : cone∗(f∗)→ cone∗(f∗) be a chain contraction given by(
hn−1 gn
ln−1 kn

)
: Cn−1 ⊕Dn → Cn ⊕Dn+1.

Then we obtain a chain map g∗ : D∗ → C∗ and h∗ : g∗ ◦ f∗ ' id and k∗ : id '
f∗ ◦ g∗ are chain homotopies.

Conversely, given, g∗, h∗ and k∗, define γ∗ as above with l∗ = 0. Then γ is
a chain homotopy between a chain isomorphism u∗ : cone∗(f∗) → cone∗(f∗)
and the zero map and hence u−1

∗ ◦ γ∗ is a chain contraction of cone∗(f∗).

2.22. Since all CW -complexes are finite, the image of the injective map
π1(pY ) : π1(Y ) → π1(Y ) has finite index in π1(Y ). Hence restriction with
π1(pY ) defines a homomorphisms Wh(Π(Y )) → Wh(Π(Y )). One easily
checks that it sends τ(f) to τ(f). Hence τ(f) = 0 if τ(f) = 0.

The converse is not true in general. Suppose that π1(Y ) is finite and
Wh(Π(Y )) 6= {1}. Then we can arrange that τ(f) 6= 0. Let pX and pY
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be the universal coverings. Then Wh(Π(Y )) ∼= Wh({1}) = {0} and hence
τ(f) = 0.

2.28. Let the homotopy equivalence jk : Mk → W be the composite of the
diffeomorphism fi : Mi → ∂iW and the inclusion ∂Wi →W for k = 0, 1. Let
j−1
i be a homotopy inverse. We conclude from Lemma 2.1 (ii) and (iii) and

Lemma 2.27 (ii) that τ(j−1
1 ◦ j0) = 0. Since τ 6= 0, the h-cobordism W is

non-trivial.

2.31. This is done by the following sequence of expansions. We describe the
simplicial complexes obtained after each step:

(i) The standard 2-simplex spanned by v0, v1, v2;
(ii) Three vertices v0, v1, v2 and two edges {v0, v1} and {v0, v2};

(iii) The standard 1-simplex spanned by v0, v1;
(iv) The standard 0-simplex given by v0.

2.41. By definition RP3 is the lens space L(V ) for the cyclic group Z/2, where
V has as underlying unitary vector space C2 and the generator s of Z/2 acts
on V by − id. The cellular Z[Z/2]-chain complex C∗(SV ) is concentrated in
dimensions 0, 1, 2, 3 and is given by

. . .→ 0→ Z[Z/2]
s−1−−→ Z[Z/2]

s+1−−→ Z[Z/2]
s−1−−→ Z[Z/2]→ 0→ . . . .

Hence R− ⊗Z[Z/2] C∗(SV ) is the R-chain complex

. . .→ 0→ R 2·id−−→ R 0−→ R 2·id−−→ R→ 0→ . . .

It is contractible, a chain contraction γ∗ is given by γ0 = γ2 = 1/2·id and γn =
0 for n 6= 0, 2. Hence (c+ γ)odd : R−⊗Z[Z/2]Codd(SV )→ R−⊗Z[Z/2]Cev(SV )
is given by (

2 1/2
0 2

)
: R2 → R2

This implies ρ(RP3;V ) = 42 = 16.

2.59. (i) We conclude from Theorem 2.48 (ii) that there is a map L(7; k1, k2)→
L(7; k1, k2) of degree d if and only if d · l(L(7; k1, k2)) = u2 · l(L(7; k1, k2))
holds for some u ∈ Z/7 in Hn(BZ/7). Since l(L(7; k1, k2)) is a generator of
Hn(BZ/7), this implies d = u2 in Z/7 for some u ∈ Z/7. Hence d ∈ {0, 1, 2, 4}.
Therefore d = −1 is not possible.

(ii) We have already explained that the homotopy groups and homology
groups of a lens space depend only on its dimension. This applies in par-
ticular to L(5; 1, 1) and L(5; 2, 1). In order to check that they are not ho-
motopy equivalent, it suffices by Theorem 2.48 (iv) to show that there is no
element e ∈ Z/5∗ satisfying 1 = ±e2 · 2 in Z/5. This follows from the fact



682 19 Solutions of the Exercises

that ±e2 ∈ {1, 4} holds for e ∈ Z/5∗.
(iii) To show that L(7; 1, 1) and L(7; 2, 1) are oriented homotopy equivalent,
it suffices by Theorem 2.48 (iv) to find e ∈ Z/7∗ with 1 = e2 · 2. Take e = 2.
Since we cannot find e ∈ Z/7∗ such that 1 = ±e · 1 and 1 = ±e · 2 hold in
Z/7, we conclude from Corollary 2.57 that L(7; 1, 1) and L(7; 2, 1) are not
diffeomorphic.

Chapter 3

3.5. If I is finite, the map f can be made 2-connected by Lemma 3.4 (ii).
Suppose that f can be made 2-connected by attaching finitely many cells.
The fundamental group π1(

∨
i∈I S

1) is a free group generated by the set I.
Attaching finitely many 0- and 1-cells has the effect that the resulting space
X1 has as fundamental group the free group generated by the set I q I0 for
some finite set I0. We can kill the fundamental group of X1 by attaching
finitely many 2-cells. Hence π1(X1) can be made trivial by adding finitely
many relations r1, r2, . . . , rs. Choose a finite set I ′ ⊆ I such that each relation
ri is a word in letters belonging to I ′. Then I = I ′ and hence I is finite.

3.9. If suffices to show that f ′ : S2 → S2 has degree ±1. Notice f : T 2 → S2

is transverse to x0 ∈ S2, that f−1(x0) = 0 ∈ int(D2) ⊂ T 2. The surgery step
does not alter f near 0, nor does it alter f−1(x0). It follows that f ′ : S2 → S2

is transverse to x0 ∈ S2 and that |f−1(x0)| = 1 and so f ′ has degree ±1 as
required.

3.10. Suppose that f ′ : M ′ → X is obtained from f by one surgery step. A
direct computation shows if M0 = M − int(Sk ×Dn−k)

χ(M)− χ(M ′)

= χ
(
M0 ∪Sk×Sn−k−1 Sk ×Dn−k)− χ(M0 ∪Sk×Sn−k−1 Dk+1 × Sn−k−1

)
= χ(M0)− χ(Sk × Sn−k−1) + χ(Sk ×Dn−k)−(

χ(M0)− χ(Sk × Sn−k−1) + χ(Dk+1 × Sn−k−1)
)

= χ(Sk ×Dn−k)− χ(Dk+1 × Sn−k−1)

= χ(Sk)− χ(Sn−k−1).

Since χ(Sk) ≡ 0 mod (2) holds, the claim follows.

3.16. Remark 3.13 implies that M and M ′ are bordant. Hence M and
M ′ have the same Stiefel-Whitney numbers. Since a homotopy equivalence
of closed manifolds preserves the Stiefel-Whitney classes (see [174, § 11,
Lemma 11.13 & Theorem 11.14]) M ′ and N have the same Stiefel-Whitney
numbers and so M and N have the same Stiefel-Whitney numbers.
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3.24. We have π2(CP2) ∼= Z and π3(S4) = π2(S4) = 0. Hence the boundary
map π3(f) = π3(S4,CP2) → π2(CP2) is an isomorphism. A generator of
π2(CP2) is represented by the standard embedding S2 = CP1 ↪→ CP2 and
hence we can find (Q, q) : (D3, S2) → (S4,CP2) representing a generator
ω ∈ π3(f) with q an embedding.

Now let q′ : S2 ↪→ CP2 be any embedding representing a generator of
π2(CP2), ν(q′) be the normal bundle of q′(S2) ⊂ CP2 and TCP2 and TS2 the
tangent bundles of CP2 and S2 respectively. There is a bundle isomorphism

(q′)∗TCP2 ∼= (q′)∗ν(q′)⊕ TS2.

Since all these bundles are orientable, their first Stiefel-Whitney classes van-
ish. The Cartan formula [174, § 4, Axiom 3] gives

(q′)∗(w2(CP2)) = (q′)∗(w2(ν(q′))) + w2(S2),

where (q′)∗ : H2(CP2;Z/2) → H2(S2;Z/2) is an isomorphism. But we have
w2(S2) = 0 since S2 is stably parallelisable, whereas (q′)∗(w2(CP2)) 6= 0 [174,
Theorem 14.10 & Problem 14B]. Hence w2(ν(q′)) 6= 0 and so ν(q′) is non-
trivial.

3.27. Let h : M × [0, 1] → N be a regular homotopy from f0 to f1. Let
exp: DεN → N be an exponential map for appropriate ε > 0. It has the
property that exp ◦s = idN and T (exp ◦s) = idTN holds for the zero section
s : N → TN . Fix t0 ∈ [0, 1]. Then we can find δ(t0) > 0 such that the
image of expht0 (x) : DεTht0 (x)N → N contains ht(x) for all t ∈ [0, 1] with

|t− t0| ≤ δ(t0) and x ∈M . Define for t ∈ [0, 1] with t− t0 ≤ δ(t0) a smooth
map

H[t] : M × [0, 1]→ N, (x, r) 7→ expht0 (x)

(
r · exp−1

ht0 (x)(ht(x))
)
.

By construction H[t]0 = ht0 and H[t]1 = ht. If A ∈ M(m,n;R) is a matrix
such that the induced map rA : Rm → Rn is injective, then there exists an
open neighbourhood U of A in M(m,n;R) such that for any B ∈ U and
r ∈ [0, 1] the map rrA+(1−r)B : Rm → Rn is injective. This implies that we
can by possibly shrinking δ(t0) achieve that H[t]r : M → N is an immersion
for every r ∈ [0, 1] since Tht(x) depends continuously on (t, x) by the definition
of a regular homotopy. Since [0, 1] is compact, we can find a sequence t0 =
0 < t1 < t2 < · · · < tl−1 < tl = 1 of elements in [0, 1] such that ti − ti−1 ≤
δ(ti) holds for i = 1, 2, . . . l. Hence we get for i = 1, 2, . . . l smooth regular
homotopies h[i] : M × [0, 1]→ N with h[i]0 = hti−1 and h[i]1 = hti . Choose a
smooth monotone map α : [0, 1] → [0, 1] such that α(r) = 0 for 0 ≤ r ≤ 1/3
and α(r) = 1 for 2/3 ≤ r ≤ 1. Define a smooth map H : M × [0, 1] → N
by putting Hr = h[i]α((r−ti−1)/(ti−ti−1)) for r ∈ [ti−1, ti]. This is a smooth
regular homotopy with Hi = fi.
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3.28. One easily checks that h is continuous since ||ht(x)|| ≤ t holds for
|x| ≤ t. By the chain rule we get for (x, t) with |x| ≤ t that the differential of ht
satisfies Txht = Tt−1xf if |x| ≤ t and t > 0 hold, and Txht = (1, 0) otherwise.
Hence each ht is an immersion. Suppose that h is a regular homotopy. Recall
that the function sending t ∈ [0, 1] to Tht ∈ map(R,M(1, 2;R)) is continuous
by the definition of a regular homotopy. This is equivalent to the statement
that the function R× [0, 1]→ M(1, 2;R) sending (x, t) to Txht is continuous.
Fix y ∈ [−1,−1]. Then limt→0 Ttyht = T0h0. Since Ttyht = Tyf and T0h0 =
(1, 0) holds, we get Tyf = (1, 0) for all y ∈ [0, 1]. This implies that f(x) =
(x, 0).

3.37. This follows directly from Example 3.36.

3.44. Apply Theorem 3.43 in the special case that X is a point.

Chapter 4

4.17. Without loss of generality we can assume that X is connected, other-
wise treat any component separately. Because of (4.12) this follows from

Hn(X;A) ∼= Hn(C∗(X̃)⊗Zπ A) ∼= Hn(C∗(X)⊗Z A) = Hn(X;A).

where we equip A with the trivial π-action.

4.18. Because of (4.12) this follows from

Hn(X; Õ) ∼= Hn(C∗(X̃)⊗Zπ Zπ) ∼= Hn(C∗(X̃)) = Hn(X̃;Z).

4.24. Without loss of generality we can assume that X is connected. Then
w1(ξ) ∈ H1(X;Z/2) is the same as group homomorphism w1(ξ) : π1(X) →
Z/2. Obviously w1(ξ) sends the class [u] ∈ π1(X) of a map u : S1 → X to
w1(u∗ξ). Hence it suffices to consider the easy case X = S1.

4.26. It is follows immediately from the definition of the orientation covering
that for any loop w in M at base point x the automorphism Op̂M ([w]) of the
infinite cyclic group Op̂M (x) is w1(M)(x) if w1(M) : π1(X,x) → {±} is the
first Stiefel-Whitney class. Hence w1(Op̂M ) = w1(OM ).

4.33. (i) For every point x ∈ ∂M , there exists an open neighbourhood U

of x in M together with a diffeomorphism φ : Rd−1 × R≥0

∼=−→ U such that
φ(Rd−1×{0}) = U∩∂M . Now we obtain an outward normal vector field vU on
U by sending x ∈ ∂U = U ∩ ∂M to

(
Tφ−1(x)φ

)(
(0,−1)

)
for 0 ∈ Tφ−1(x)Rd−1
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and −1 ∈ R = Tφ−1(x)R. Now use partitions of unity to construct an outward
normal vector field v on M .

(ii) This is obvious by counting dimensions.

(iii) Take the isotopy given by (t · nv + (1− t) · nv′).
(iv) Use the isotopy appearing in the proof of assertion (iii).

(v) This is obvious.

4.35. If we vary the outward vector field, we vary the isomorphism T∂M ⊕
R
∼=−→ i∗TM by an isotopy through bundle isomorphisms over ∂M . Hence

the induced map O∂M → i∗OM is independent of the choice of the outward
vector field.

4.48. Since Hn(X;Zw) is non-trivial, the dimension of X as CW -complex
has to be at least n. The mapping cone is simple homotopy equivalent to a
point and hence a finite simple Poincaré complex of formal dimension 0.

4.50. Recall that π1(RPn) = Z/2. Hence a homomorphism w : π1(RPn) →
Z/2 is is either trivial or the identity. Let w : π1(RPn)→ Z/2 be any homo-
morphism. Compute by inspecting the cellular chain complex of the universal
covering of RPn that Hn(RPn;Zw) ∼= Z holds, if w is trivial and n is odd or
if w is the identity and n is even, and Hn(RPn,Zw) ∼= 0 holds if w is trivial
and n is even or if w is the identity and n is odd. Hence w1(RPn) is trivial if
n is odd and is the identity if n is even.

4.65. If the dimension of X is not 4k there is nothing to prove. If the dimen-
sion of X is 4k, then the intersection pairing of −X is −I2k. By definition,
sign(−X) = sign(−I2k) = n−n+ = − sign(I2k) = − sign(X).

4.66. If we take F2 with trivial π1(X)-action as coefficients, we conclude
from Poincaré duality that Hd−i(X;F2) ∼= Hi(X;F2) holds for all i ≥ 0 and
d = dim(X). Since F2 is a field, we get bi(X;F2) := dimF2

(Hi(X;F2)) for
i ≥ 0. We conclude bi(X;F2) = bd−i(X;F2) for i ≥ 0. We can write d = 2k+1.
Now we compute

χ(X) =

2k+1∑
i=0

(−1)i · bi(X;F2)

=

k∑
i=0

(−1)i · bi(X;F2) + (−1)2k+1−i · b2k+1−i(X;F2)

=

k∑
i=0

(−1)i ·
(
bi(X;F2)− bi(X;F2)

)
= 0.
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4.68. Let A → A and C → C be the restrictions of the universal covering
X̃ → X to A and C for C ∈ π0(A). If C̃ → C is the universal covering, then

we get a π-homeomorphism π ×π1(C) C̃
∼=−→ C. We get an identification

Hn−1(C;Zw1(C)) := Hn1
(C∗(C̃)⊗Zπ1(C) Zw1(C)) = Hn−1(C∗(C)⊗Zπ Zw).

Applying Zπ⊗Zπ1(C)− to the Zπ1(C)-chain map ?∩[C] : Cn−1−∗(C̃)→ C∗(C̃)

yields a Zπ chain map ? ∩ [C] : Cn−1−∗(C) → C∗(C). The first one is a
Zπ1(C)-chain homotopy equivalence if and only if the second one is a Zπ-
chain homotopy equivalence, since π1(C)→ π is by assumption injective.

The following diagram of Zπ-chain complexes commutes

Cn−∗(X̃, A)
Cn−∗(i) //

?∩[X,A]

��

Cn−∗(X̃)

?∩[X,A]

��
C∗(X̃)

C∗(i)
// C∗(X̃, A)

where i : X̃ → (X̃, A) is the inclusion and the vertical maps are Zπ-chain
homotopy equivalences. It induces a Zπ-chain homotopy equivalence

α : cone(Cn−∗(i))→ cone(C∗(i)).

Since we have the short exact sequences of Zπ-chain complexes

0→ Cn−∗(X̃, A)→ Cn−∗(X̃)→ Cn−∗(A)→ 0

and
0→ C∗(A)→ C∗(X̃)→ C∗(X̃, A)→ 0,

we can construct a commutative diagram of Zπ-chain complexes with Zπ-
chain homotopy equivalences.

⊕
C∈π0(A) C

n−1−∗(C)

⊕
C∈π0(A) ?∩[C]

��

∼= // Cn−1−∗(A) Σ−1 cone(Cn−1−∗(i))

Σ−1α

��

'oo

⊕
C∈π0(A) C∗(C) ∼=

// C∗(A) Σ−1 cone(C∗(i))'
oo

This implies for every C ∈ π0(A) that the Zπ-chain map ?∩[C] : Cn−1−∗(C)→
C∗(C) is a Zπ-chain homotopy equivalence. Hence for every C ∈ π0(A) the
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Zπ1(C)-chain map ? ∩ [C] : Cn−1−∗(C̃) → C∗(C̃) is a Zπ-chain homotopy
equivalence.

The proof in the simple setting is analogous, one just has to ensure that all
Zπ-chain homotopy equivalences involved in the argument above are simple.

4.70. Suppose that (cone(M),M) is a finite Poincaré pair of formal dimen-
sion n for some infinite cyclic local coefficient system Ocone(X). Then M is
a finite Poincaré complex of formal dimension (n− 1) for Ocone(M)|M . Since
cone(M) is simply connected, w1(Ocone(M)) and hence also w1(Ocone(M)|M ) =
w1(M) are trivial. Hence M is an orientable smooth manifold of dimension
(n − 1). Poincaré duality implies Hk(cone(M),M ;Z) ∼= Hn−k(cone(M);Z).
Since Hk(cone(M)) and Hk(cone(M);Z) vanish for k ≥ 1, we conclude
from the long exact sequence of the pair (cone(M),M) that Hk(M ;Z) ∼=
Hk(Sn−1;Z) holds for k ∈ Z.

Suppose that M is (n − 1)-dimensional connected and orientable and
satisfies Hk(M ;Z) ∼= Hk(Sn−1;Z) for k ∈ Z. Then one easily checks that
with respect to the constant local coefficient system Ocone(M) with value
Z the pair (cone(M),M) is a finite Poincaré complex of formal dimension
(n− 1) for any choice [[cone(M),M ]] of generator of the infinite cyclic group
Hn(cone(M),M ;Z).

4.71. Because of Exercise 4.70 and the proof of the Poincaré Conjecture,
these are all closed orientable smooth manifolds which are homeomorphic to
Sn−1. cone(M)

4.76. Let bi(M) := dimR(Hi(M ;R)) be i-th-Betti number. Poincaré duality
implies bi(M) = b4k−i(M) for all i ≥ 0. We conclude directly from the
definition of the signature that sign(M) ≡ b2k(M) mod 2. We get modulo 2

χ(M) ≡
4k∑
i=0

(−1)i · bi(M)

≡
2k−1∑
i=0

(−1)i · bi(M) + b2k(M) +

4k∑
i=2k+1

(−1)i · bi(M)

≡
2k−1∑
i=0

(−1)i · bi(M) + b2k(M) +

4k∑
i=2k+1

(−1)i · b4k−i(M)

≡
2k−1∑
i=0

(−1)i · bi(M) + b2k(M) +

2k−1∑
i=0

(−1)i · bi(M)

≡ b2k(M)

≡ sign(M).
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4.80. Fix an orientation of M . Let M− be obtained by reversing the ori-
entation. Then id: ∂M → ∂M− is an orientation reversing diffeomorphism.
Now apply Lemma 4.78 (i).

4.81.

(i) If n is odd, then dim(CPn) is not divisible by four and hence sign(CPn) =
0. If n is even, then the intersection pairing of CPn looks like Z × Z →
Z (a, b) 7→ ab and hence sign(CPn) = 1.

(ii) Since STM is the boundary of the total space DTM of the disk tangent
bundle, Theorem 4.72 together with Definition 4.67 implies sign(STM) =
0.

(iii) If f is an orientation preserving diffeomorphisms, then H∗(f) is compati-
ble with the cup product and Hn(f) sends [M ] to −[M ]. Hence the inter-
section pairing I is isomorphic to −I. This implies sign(M) = − sign(M)
and hence sign(M) = 0.

4.82. If n 6= 4k there is nothing to prove. Assume that n = 4k and put M◦ =
M \int(Dn). Then there is a homeomorphism M]N →M◦∪N◦ and it follows
that H2k(M]N ;R) ∼= H2k(M ;R) ⊕ H2k(N ;R) and since connected sum is
compatible with orientations we even have that I(M]N) = I(M) ⊕ I(N).
Hence

sign(M]N) = sign(I(M)⊕ I(N)) = sign(I(M)) + sign(I(N))

= sign(M) + sign(N).

By Exercise 4.81 sign(CP2) = 1 and so we have sign(CP2 ]CP2) = 2,
whereas sign((−CP2)]CP2) = 0 6= ±2. Since signature is a homotopy invari-
ant up to sign, it follows that CP2 ]CP2 and (−CP2)]CP2 are not homotopy
invariant.

Chapter 5

5.4. Check that the subspace of the total space E0 ∗e E1 of the exterior
fiberwise join given by {(e0, e1, t) | t ∈ [0, 1/2]} is homeomorphic to DE0×E1,
the subspace given by {(e0, e1, t) | t ∈ [1/2, 1]} is homeomorphic to E0×DE1

and the subspace given by {(e0, e1, t) | t = 1/2} is homeomorphic to E0×E1.

5.22. For a natural number k define Xk to be the quotient of S1 by the
subspace {exp(2πit) | t ∈ [0, 1 − (k + 1)−1]} ⊂ S1. Let fk : Xk → Xk+1 be
the projection. Since each fn is a homotopy equivalence, hocolimk→∞Xk is



Solutions of the Exercises 689

homotopy equivalent to X0 = S1. One easily checks that colimk→∞Xk is
{•}.

5.29. We conclude π1(BG) ∼= colimk→∞ π0(G(k)) from Lemma 5.11 and
from (5.21). The degree defines an isomorphism π0(G(k)) ∼= Z/2 for all k
which is compatible with the map G(k) → G(k + 1). Hence π1(BG) ∼= Z/2.
The degree also induces isomorphisms πk(Sk) ∼= Z which are compatible with
the suspension homomorphisms πk(Sk)→ πk+1(Sk+1). This implies πs0

∼= Z.

5.40. This follows directly from Lemma 5.36 (i) sinceH0(f ;Z) : H0(X ′;Z)→
H0(X,Z) sends 1X′ to 1X .

5.52. If the degree of f is 1, then w is trivial, f is homotopic to the iden-
tity and Tf is homotopy equivalent to S1 × Sk and one can just apply the
Künneth formula. Suppose that the degree of f is −1. Then w is the non-
trivial homomorphism. The pullback of the universal covering of S1 to Tf by
the projection p : Tf → S1 has a total space which is homotopy equivalent
to Sk and which is a model for the homotopy fiber. Hence the fiber of q is
Sk. Obviously w is the first Stiefel-Whitney class of q. Since k ≥ 2 we can
identify π = π1(S1) = π1(TF ) = π1(E) = Z.

We get from the Thom isomorphism of Theorem (5.47) isomorphisms

Hp(DE,E;Z) ∼= Hπ
p−k−1(S1;Zw);

Hπ
p (DE,E;Zw) ∼= Hp−k−1(S1;Z);

Hp
π(DE,SE;Zw); ∼= Hp−k−1(X;Z);

Hp(DE,SE;Z); ∼= Hp−k−1
π (X;Zw).

A direct computation shows

Hπ
q (S1;Zw) =

{
Z/2 if q = 0;

0 otherwise;

Hq(S
1;Z) =

{
Z if q = 0, 1;

0 otherwise;

Hq
π(S1;Zw) =

{
Z/2 if q = 1;

0 otherwise;

Hq(S1;Z) =

{
Z if q = 0, 1;

0 otherwise.

Since DE is homotopic to S1, we get from the long exact sequences of the
pair (DE,E) isomorphisms
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Hp(E;Z) ∼= Hp+1(DE,E;Z)⊕Hp(S
1;Z)

Hπ
p (E;Zw) ∼= Hπ

p+1(DE,E;Zw)⊕Hπ
p (S1;Zw);

Hp(E;Z) ∼= Hp+1(DE,E;Z)⊕Hp(S1;Z)

Hp
π(E;Zw) ∼= Hp+1

π (DE,E;Zw)⊕Hp
π(S1;Zw);

Recall that Tf and E are homotopy equivalent. Now one just has to put these
computations together.

5.69. The standard identification Sn ∧ Sm−n
∼=−→ Sm is an m-duality map.

Hence the m-dual of the sphere Sn is Sm−n.

Chapter 6

6.14. Take g to be a strong fiber homotopy inverse of f . We have constructed
in (5.81) an explicit strong fiber homotopy equivalence R which is strongly
fiber homotopic to the identity. Now we get

f ∗ g 'sfh (idSk−1 ∗g) ◦ (f ∗ idSk−1)

'sfh (idSk−1 ∗g) ◦R ◦ (f ∗ idSk−1)

'sfh R ◦ (idSk−1 ∗g) ◦ (idSk−1 ∗f)

'sfh idSk−1∗Sk−1 ◦(idSk−1 ∗(g ◦ f))

'sfh idSk−1∗Sk−1 .

6.16. Because of Lemma 6.5 there is precisely one automorphism o′ ∈
aut(OX) for which Hn(idX , o

′)([[X]]) = [[X]]′ holds. Now define the desired
bijection on representatives by sending [ξ, c, o] to [ξ, c, o′ ◦ o].

6.25. The bundle map f induces a map of Thom spaces Th(f) : Th(ν(M))→
Th(ξ). We obtain using Exercise 5.40 a commutative diagram

πn+k(Th(ν(M)))
πn+k(Th(f)) //

hM

��

πn+k(Th(ξ))

hξ

��
Hn+k(Th(ν(M)))

Hn+k(Th(f))

//

∼= −∩USν(M)

��

Hn+k(Th(ξ))

∼=−∩USξ
��

Hn(M ;OM )
Hn(f,α) // Hn(X;OX)
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where hM and hξ are the Hurewicz homomorphisms, USν(M) and USξ are
the intrinsic fundamental classes in the sense of Definition 5.39, and the

isomorphism α : OM
∼=−→ OX has been defined in Definition 6.20 (ii).

The collapse map c : Sn+k → Th(ν(M)) defines an element in πn+k(Th(ν(M)))
whose image under the left vertical arrow is the intrinsic fundamental class
[[M ]] see Lemma 5.60 (ii). The degree one condition says that the image of
[[M ]] under Hn(f, α) is [[X]]. Let d be the composite of c with Th(f). Then
[d] ∈ πn+k(Th(ξ)) has the property that hξ([d])∩USξ is [[X]] and hence is a
componentwise generator. Hence hξ([d]) is a componentwise generator. The
existence of O implies w1(ξ) = w1(X).

6.27. Consider two normal k-maps of degree one (Mm, im, fm, ξm, fm, om)
for m = 0, 1. Since in the bordism relation, see Definition 6.23, we require a
vector bundle Ξ over X× [0, 1] whose restriction to X×{m} is isomorphic to
ξm and the projection X × [0, 1] → X is a homotopy equivalence, ξ0 and ξ1
are isomorphic. Since Nn(X) is defined to be colimk→∞Nn(X, k), the map
β is well-defined.

A necessary condition for a class [ξ] ∈ VB(X) to be in the image of β
comes from Exercise 6.25, namely, for one and hence all representatives ξ of
[ξ] there exists a stable fiber homotopy equivalence Sξ → νX where νX is
the Spivak normal k-fibration Sξ → νX for some natural number. It is also
sufficient because of Theorem 6.26.

6.37. We indicate how the desired normal bordism with respect to the tan-
gent bundle of degree one is constructed.

(i) We take W = M × [0, 1], ∂iW = M × {i}, ui : M → ∂iW sends x to
(x, i), F = f × id[0,1], Ξ = pr∗ ξ ⊕ R for the projection pr : X × [0, 1] → X,

(F , F ) : TW = TM × [0, 1]
v−→ pr∗ TM ⊕ R

pr∗ f⊕idR−−−−−−→ pr∗ ξ ⊕ R = Ξ for the
canonical bundle isomorphism v, l0 : ξ → l∗0Ξ = ξ is idξ, l1 : ξ → l∗1Ξ = ξ

is u, and define O : OΞ = Opr∗ ξ⊕R
∼=−→ Opr∗ ξ = pr∗OX

pr∗Oo−−−−→ pr∗OX =
OX×[0,1], using Lemma 4.23 (iv).

(ii) Define W = M × [0, 1] and use (h, h) to define the desired pair (F , F ).
The other data are obvious.

(iii) Take W = M × [0, 1] and now use g as diffeomorphism u0 in Defini-
tion 6.31. The other data are obvious.

(iv) Take W = M × [0, 1], F = f × [0, 1], Ξ = pr∗ ξ ⊕ R for the projection
pr : X × [0, 1]→ X, and

F : TW ⊕ Ra = T (M × [0, 1])⊕ Ra
∼=−→ pr∗ TM ⊕ R⊕ Ra

idpr∗ TM ⊕ flip
−−−−−−−−−→ pr∗ TM ⊕ Ra ⊕ R = pr∗(TM ⊕ Ra)⊕ R

pr∗ f⊕idR−−−−−−→ pr∗ ξ ⊕ R = Ξ.
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The other data are now obvious.

6.42. It suffices to show because of Theorem 6.41 that [S,G/O] consists of
two elements. The canonical map G/O→ K(Z/2, 2) is 3-connected and S is
two-dimensional. Hence we obtain bijections

[S,G/O] ∼= [S,K(Z/2, 2)] ∼= H2(S;Z/2) ∼= H0(S;Z/2) ∼= Z/2.

Chapter 7

7.2. We have to show that HΓ
n (X;Zw) is infinite cyclic. This follows from

the isomorphism (4.13) and the fact that Hn(X;OX) is isomorphic to H0(X)
by Poincaré duality.

7.16. This follows from unravelling the definitions of the isomorphism

βm,om : Hn(M ;Zw)
∼=−→ Hn(M ;OM ) of (4.13) and of the intrinsic fundamen-

tal class [[M ]] ∈ Hn(M ;OM ), see Definition 4.29.

7.36. Since Ki(M̂) = 0 for i ≤ j, we have Hi

(
cone(C∗(f̂))

)
= 0 for i ≤ j.

This implies that cone(C∗(f̂)) is ZΓ -chain homotopy equivalent to a finite

projective ZΓ -chain complex P∗ with Pj = 0 for i ≤ j. Since cone(C∗(f̂)) is

cone(C∗(f̂))∗ and hence ZΓ -chain homotopy equivalent to P ∗, and P i = 0

for i ≤ j, we get Ki(M̂) := Hi
(
cone(C∗(f̂))

)
= 0 for i ≤ j.

7.73. This follows directly from (7.72).

7.74. There is a commutative diagram of Λ[Z/2]-modules with Λ[Z/2]-
isomorphisms as vertical arrows

⊕
g∈S Λ⊕

⊕
g∈T Λ[Z/2]

∼= //

⊕
g∈S(1−w1(g)·ε) idΛ⊕

⊕
g∈T L(1−w1(g)·εt)

��

ΛG

1−εT
��⊕

g∈S Λ⊕
⊕

g∈T Λ[Z/2]
∼= // ΛG

where Z/2 acts trivially on Λ and L(1−w1(g)·εt) is multiplication with the
element (1−w1(g) · εt). Both the kernel and the cokernel of L(1−w1(g)·εt) are
Λ-isomorphic to Λ.

7.84. This follows from the explicit description of Q+1(ΛG) and Q+1(ΛG)
from Exercise 7.74 since (1 + T ) : Q+1(ZG)→ Q+1(ZG) is on the summand
belonging to g ∈ T given by 2 · idZ : Z→ Z.
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7.91. This follows directly from the definitions.

7.94. Define L′ = {x ∈ P | n · x ∈ L for some n ∈ Z, n 6= 0}. Then P/L′ is a
torsion free finitely generated Z-module. Hence L′ ⊆ P is a direct summand.
Obviously we have λ(x, y) = 0 for x, y ∈ L. Now one easily checks that L′ is
a lagrangian.

7.148. Suppose that F̂ exists. Let I be the groupoid with two objects 0 and
1 and precisely one morphisms between any two objects. Consider g ∈ G.
Then cg : G → G and id: G → G considered as functors of groupoids are
naturally equivalent. Hence there an equivalence of groupoids T : G × I → G
such that the composite of T with the two inclusions G → G×I is cg and idG.

Since F̂ (T ) is an isomorphism, we have F (cg) = F̂ (cg) = F̂ (idG) = F (idG).

Suppose that F is conjugation invariant. Define F̂ (G) for a groupoid G by
the colimit of the functor G → Z-MOD which sends an object x to F (aut(x))
and a morphism u : x→ y in G to F (cu) : F (aut(x))→ F (aut(y)), where the
group isomorphism cu : aut(x)→ aut(y) is given by conjugation with u.

7.158. This is obvious.

7.163. This follows from the fact that for a ring with involution R and a
non-singular (−1)k-quadratic form (K,λ, µ) over R with finitely generated
free K we get in L2k(R) the equality

[(K,−λ,−µ)] = −[(K,λ, µ)].

and changing in the choice (GBP), see (7.8), the orientation of TmM changes
the resulting geometric intersection pairing and self intersection pairing by
putting minus in front.

7.167. For m = 0, 1 the maps L2k(lm ◦ vm,Olm◦vm) appearing in Theo-
rem 7.165 are bijective by Lemma 7.154 (iv).

7.171. We have for a closed oriented manifold M of dimension 4k that
sign(M×CP2) = sign(M) and sign(M×CP1) = 0. Now apply Theorem 7.170.

7.174. We have the isomorphism

a :
⊕

C∈π0(W )

L2k(ZΠ(C),OC)
∼=−→ L2k(ZΠ(W ),OW )

of Lemma 7.154 (iii). Since w1(W ) = 0 and hence w1(C) = 0 for each compo-

nent C, we can choose an isomorphism bC : L2k(ZΠ0(C),OC)
∼=−→ L2k(Z) for

each component C of W by Lemma 7.146 (i). Let Cm be the component of
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W which meets the image of Xm under the map Xm → ∂mW ⊆W . Consider
the composite

L2k(ZΠ(Xm),OXm)
L2k(lm◦vm,Olm◦vm )
−−−−−−−−−−−−−→ L2k(ZΠ(W ),OW )

a−1

−−→
⊕

C∈π0(W )

L2k(ZΠ(C),OC)
pr−→ L2k(ZΠ(Cm),OCm)

bCm−−−→ L2k(Z).

Consider the case C0 = C1. Then we conclude from Theorem 7.165 that

s0

(
σ(M0, f0, a0, ξ0, f0, o0)

)
= s1

(
σ(M1, f1, a1, ξ1, f1, o1)

)
.

Suppose that C0 6= C1, Then we conclude from Theorem 7.165 for m = 0, 1

sm
(
σ(Mm, fm, am, ξm, fm, o0)

)
= 0.

7.175. This follows from Theorem 7.165 since the homomorphism Ln(π1(N))→
Ln(π1(N × Sn)) induced by the inclusion is injective and Sn bounds Dn+1.

7.183. Since TM is trivial and TS2k is stably trivial, there are normal maps
f : TM ⊕Ra → R2k+a which cover f , but the choice of such normal maps is
not unique, even up to homotopy. Specifically, given two normal maps f0, f1

covering f there is a bundle automorphism θ : TM ⊕ Ra ∼= TM ⊕ Ra such
that f1 = f0◦θ. Now the bundle automorphism θ defines a homotopy class of
maps, also denoted θ, θ ∈ [Sk×Sk,SO], where as usual SO denotes the stable
special orthogonal group. Since SO is an infinite loop space and Sk × Sk is
stably a wedge of spheres, we have the isomorphism

[Sk × Sk,SO] ∼= πk(SO)⊕ πk(SO)⊕ π2k(SO).

Since k = 3, 7, Bott-periodicity gives πk(SO) ∼= Z and πk(SO) = 0 and taking
the primary obstruction to null-homotopy of map Sk × Sk → SO we obtain
the first of the following isomorphisms

[Sk × Sk,SO] ∼= Hk(Sk × Sk;πk(SO)) ∼= Hk(Sk × Sk;Z).

It follows that we can realise every linear perturbation of a quadratic form
µ : Hk(Sk × Sk;Z) → Z/2 by a change of framing. Consulting the list of
Z/2-valued quadratic forms on (Z/2)2 in (7.102) we see that we can realise
every quadratic form on Hk(Sk × Sk;Z) by altering the framings covering
the collapse map f : Sk × Sk → S2k, and again by invoking (7.102) we see
that we can realise f i with σ(f0, f0) = 0 and σ(f1, f1) = 1.

7.188. We can assume without loss of generality that f is highly connected
since doing surgery on the interior does change neither sign(M,∂M) nor
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sign(X, ∂X). Since X is simply connected, we do not have to pass to cover-

ings. Recall from Theorem 7.96 that we get an isomorphism L0(Z)
∼=−→ Z by

taking 1/8 times the signature of the underlying non-degenerate symmetric
Z-form the class of a non-degenerate quadratic Z-form. By Theorem 7.186
it suffices to show for the surgery kernel Kk(M) with its symmetric non-
degenerate intersection pairing s : Kk(M) × Kk(M) → Z that its signature
is the difference sign(M,∂M)− sign(X, ∂X).

Recall from Lemma 7.113 (i) that we obtain an isomorphism

Kk(M)⊕Hk(X)
∼=−→ Hk(M)

coming from the inclusion Kk(M)→ Hk(M) and the composite

Hk(X)
(−∩[X,∂X])−1

−−−−−−−−−→ Hk(X, ∂X)
Hk(f,∂f)−−−−−−→ Hk(M,∂M)

(−∩[M,∂M ])−−−−−−−−→ Hk(M).

Finally one checks that this isomorphism is compatible with the various non-
degenerate symmetric pairings. This implies

sign(Kk(M), s) + sign(X, ∂X) = sign(M,∂M).

7.201. We first attach a copy of ∂0X × I to X along ∂0X ⊂ ∂X and obtain
the Poincaré pair

(X ′, ∂X ′) :=
(
X ∪∂0X (∂0X × I), ∂1X ∪ (∂01X × I) ∪ (∂0X × {1})

)
.

There is a obvious homotopy equivalence of pairs (X ′, ∂X ′) ' (X, ∂X). Let
ω′ ∈ L2k(Zπ1(∂0X), w1(∂0X)) map to ω ∈ L2k(Zπ,w). We apply Theo-
rem 7.192 to construct a degree one normal map of pairs relative bound-
ary (f0, f0) : (M0, ∂M0) → (∂0X × I, ∂(∂0X × I)) with surgery obstruction
ω′. In the construction of (f0, f0), there is an underlying manifold triad
(M0, ∂0M0, ∂1M0) so that ∂0M0 = ∂0X and ∂0f0 is the identity diffeomor-
phism and so that the corresponding bundle map is the derivative of ∂0f0

stabilised by the identity. Hence we can set M := X ∪M0 and can we glue
(f0, f0) to the identity degree one normal map Id: X → X and define the
rel. boundary degree one normal map of pairs

(f, f) := (f0, f0) ∪ (Id, Id) : (X ∪M0, ∂(X ∪M0))→ (X ′, ∂X ′) ' (X, ∂X).

It follows easily from the definitions that σ(f, f) = ω.

Chapter 8
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8.9. This is shown by a direct calculation as follows. To check that Γµ is a
symmetric lagrangian we need to show that the sequence

0 // Γµ

 1
µ− εµ∗


// Q⊕Q∗

(
(εµ∗ − µ) 1

)
// Γ ∗µ // 0

is exact. That the required composition is zero is a simple calculation. To
complete the proof of exactness in the middle, boils down to solving the
equation

(εµ∗ − µ) · x+ y = 0

To check that Γµ is a quadratic lagrangian we observe that the restriction of
the standard representative of the standard hyperbolic form on Q⊕Q∗ to Γµ
precisely equals

µ− εµ∗

which is zero in Qε(Γµ), which is what is required.

8.13. The inverse map is given by stabilisation with a hyperbolic form which
allow to pass from stably finitely generated free modules to finitely generated
free modules.

8.38. We first show that bC and qC are well-defined. Notice that since
δ : G → F ∗ is injective, z ∈ G is determined uniquely by x ∈ F ∗ and s ∈ Z.
Let x′ = x+δ(u) and y′ = y+δ(v) for u, v ∈ G so that [x] = [x′] and [y] = [y′].
Then z′ := z + su satisfies sx′ = δ(z′). If λ denotes the ε-symmetric form on
Hε(F ), then we also have δ(v)(γ(z)) = λ(v, z) = 0, since v, z ∈ G and G is a
lagrangian for λ. Hence

y′(γ(z′)) = (y + δ(v))(γ(z + su))

= y(γ(z)) + δ(v)(γ(z)) + s(y + v)(γ(u))

≡ y(γ(z)) mod s · Z

and this proves that bC is well-defined. Moving to qC , recall that θ ∈ Q−ε(Q)
is a (−ε)-quadratic refinement of the (−ε)-symmetric form γ∗δ : G → G∗.
With z′ as above, we have

θ(z′)(z′) = θ(z + su)(z + su) = θ(z)(z) + s
(
θ(z)(u) + θ(u)(z)

)
+ s2θ(u)(u).

Now θ(z)(u) = (γδ)(z)(u) = δ∗(z)(γ(u)) = sx(γ(u)) is divisible by s and so
is θ(u)(z) = εθ(z)(u). It follows that θ(z′)(z′) ≡ θ(z, z) mod s2 · Z and so qC
is well-defined.

It is clear from the definition that bC : TC×TC → Q/Z is both bilinear and
(−ε)-symmetric and that qC is a (−ε)-quadratic refinement of bC . To see that
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bC is non-singular, it suffices to show that b̂C : TC → T̂C is surjective, since
then it is bijective as TC is finite. Let {z1, . . . , zk} be a basis for G, where
γ(zi) = riwi, δ(zi) = sixi, {w1, . . . , wk} is a basis for F and {x1, . . . , xk} is
a basis for F ∗. We note that the set {[x1], . . . , [xk]} generates TC , that [xi]
has order si and that since (γ ⊕ δ)(G) ⊂ F ⊕ F ∗ is a summand, the natural
numbers ri and si are coprime for each i = 1, . . . , k. Let {w∗1 , . . . , w∗k} be the
basis of F ∗ dual to the basis {w1, . . . , wk} of F . It follows that w∗j (γ(zi)) =
riδij , where δij is the Kronecker delta function and so bC([xi], [w

∗
j ]) = ri

si
δij .

Since ri and si are coprime, it follows that the set {b̂C([w∗1 ]), . . . , b̂C([w∗k])}
generates T̂C and so b̂C is onto, as required.

8.69. The result of the surgery is a degree one map Sk × Sk+1 → S2k+1.

8.70. The result of the surgery is the identity map S2k+1 → S2k+1.

8.100. Via a diagram chase around Diagram (8.74) with j = k one can
show that the suggested surgery produces M ′ with trivial surgery kernels
in all dimensions. In more detail, the relevant part of the resulting diagram
becomes:

0
!!

""

0
""

""

Za

1

""

1

""

Za
!!

""

0

0

<<

""

Za

0

<<

1

""

Za

1

<<

""

0

<<

""
0

<<

==Za

1

<<

1

==Za

0

<<

== 0 ==

<<

0

with Kk+1(M ′) the second group in the first row and Kk(M ′) the second last
group in the bottom row.

8.101. This is harder than the previous exercise. It corresponds to discussion
around Lemma IV.3.8 in[35] or Lemma 5.8 in [121]. The proofs there use a
different diagram from our (8.74).

Chapter 9
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9.2. This follows from the fact that the vector bundle TS2 is not trivial,
whereas the vector bundle TS2 ⊕ R is trivial.

9.4. Choose natural numbers a and b, an R-basis B for V ⊕Ra, which repre-
sents the given U -equivalence class of stable bases on V , and an isomorphism

v : V ⊕ Ra
∼=−→ Rb sending the R-basis B to the standard R-basis of Sb of

Rb. For a natural number n let u(n) : Rn
∼=−→ (Rn)∗ be the R-isomorphism

sending the standard basis Sn to its dual basis. We obtain an R-isomorphism

Rb
u(b)−−→ (Rb)∗

v∗−→ (V ⊕ Ra)∗
w−→ V ∗ ⊕ (Ra)∗

idv∗ ⊕u(a)−1

−−−−−−−−→ V ∗ ⊕ Ra,

where w is the canonical isomorphism. Equip V ∗ with the U -equivalence
class of bases represented by the image of the standard basis on Rb under the
isomorphism above.

We leave it to the reader to check that this definition is independent of the
choice of the representative of B for the given U -equivalence class of bases
on V and that ∗(τU (f)) = τU (f∗) holds.

9.12. This follows from the vanishing of Wh({1}).

9.20. The map det : K1(Q) → Q× is an isomorphism since every invertible
square matrix over a field can be reduced by elementary row and column
operation to a diagonal matrix. Since the determinant of an invertible matrix
over Z is ±1, we see that the Q-basis on Q⊗ Ci and Hi(Q⊗ C∗) are unique
up to {±1}-equivalence and that

K1(Q)/U
∼=−→ Q>0, [A] 7→ |det(A)|

is an isomorphism. Fix i ≥ 0. Choose natural numbers ri, ti,1, ti,2 and ti,ji
such that the abelian group Hi(C∗) is isomorphic to Zri⊕Z/ti,1⊕· · ·⊕Z/ti,j .
Let E(i)∗ be the Z-chain complex concentrated in dimension 0 with E(i)∗ =
Zri . Let T (i, k)∗ be the Z-chain complex concentrated in dimensions 0 and
1 with first differential ti,k · id : Z → Z for k ∈ {1, 2, . . . , ji}. Now one easily
constructs a Z-chain map

f∗ :
⊕
i≥0

(
ΣiE(i)∗ ⊕

ji⊕
k=1

ΣiT (i, k)∗

)
→ C∗

which induces an isomorphism on homology. It is a Z-chain equivalence.
Hence its Whitehead torsion lies in K1(Z). We conclude from Lemma 9.18
and Lemma 9.19
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ρU (Q⊗Z C∗) = ρU

⊕
i≥0

(
ΣiQ⊗Z E(i)∗ ⊕

ji⊕
k=1

ΣiQ⊗Z T (i, k)∗

)
=
∑
i≥0

(−1)i

(
ρU (Q⊗Z E(i)∗) +

ji∑
k=1

ρU (Q⊗Z T (i, k)∗)

)
.

Obviously

∏
i≥0

| tors(Hi(C∗))|(−1)i =
∏
i≥0

(
ji∏
k=1

| tors(Hi(T (i, k)∗))|

)(−1)i

.

Hence it suffices to prove the claim

D
(
ρU (Q⊗Z C∗)

)
=
∏
i≥0

| tors(Hi(C∗))|(−1)i .

in the special case that C∗ = E(i)∗ and C∗ = T (i, k)∗. These cases follow by
a direct calculation.

Chapter 10

10.4. The natural map S(X)→M(X) is obviously surjective. To see that
this map is injective, it is enough to show that any two structures [f0 : M →
X] and [f1 : M → X] lie in the same orbit of the action of hAuts(X). Let
f−1

1 : X → M be a homotopy inverse for f1 and define the self-homotopy
equivalence g := f0 ◦ f−1

1 : X → X. Then f0 ' (f0 ◦ f−1
1 ) ◦ f1 = g ◦ f and so

[f0] = [g][f1], as required.
An action is transitive if and only if the set of orbits has one element.

10.12. The space (Dp × Sq)/(Sp−1 × Sq) is the Thom space of the trivial
rank p vector bundled over Sq and so is homotopy equivalent to the wedge
Sp ∨ Sp+q. Now [Sp ∨ Sp+q,G/O] ∼= πp(G/O)⊕ πp+q(G/O) and the exercise
follows from (10.11).

Again we use (10.11) and so it is enough to compute [Sp×Sq,G/O]. There
is a space B(G/O) with a homotopy equivalence G/O → Ω B(G/O), since
G/O is a loop space. Since the suspension of Sp × Sq splits as a wedge of
spheres up to homotopy, Σ(Sp × Sq) ' Sp+1 ∨ Sq+1 ∨ Sp+q+1 we have

[Sp × Sq,G/O] ∼= [Sp × Sq, Ω B(G/O)] ∼= [Σ(Sp × Sq),B(G/O)]
∼= πp+1(B(G/O))⊕ πq+1(B(G/O))⊕ πp+q+1(B(G/O))

∼= πp(G/O)⊕ πq(G/O)⊕ πp+q(G/O).
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10.29. Let pr1 : S4 × S4 → S4 be the projection to the first factor and
pr2 : S4 × S4 → S4 the projection to the second factor. Then the subgroup
π4(G/O) ⊕ {0} ⊕ {0} agrees with pr∗1(π4(G/O)) for pr∗1 : [S4 × S4,G/O] →
[S4,G/O] and the subgroup {0}⊕π4(G/O)⊕{0} agrees with pr∗2(π4(G/O)).
We identify π4(G/O) = Z and for any a, b ∈ Z we have that σ8(pr∗1(a)) =
0 = σ8(pr∗2(b)), since L2(ξa) = L2(ξb) vanishes for the vector bundles ξa and
ξb associated to a and b and we have Theorem 7.170 (i) and Theorem 7.168.
On the other hand if a 6= 0 and b 6= 0, then L2(ξa ⊕ ξb) does not vanish
and hence σ8(pr∗1(a) + pr∗2(b)) 6= 0 by the same theorems. Hence σ8 is not a
homomorphism.

The same argument works in the PL and TOP categories.

10.32. This follow from the fact that any selfhomotopy equivalence of Sn is
homotopic to a homeomorphism.

10.39. The surgery exact sequence in the topological category looks like
L6(Z) → STOP,h(M) → N (M) → L5(Z). Since L6(Z) ∼= Z/2 by Theo-
rem 7.108 and L5(Z) = 0 by , it suffices to show that N (M) is finite. Since
M is simply connected, we get H4(M ;Z) ∼= H1(M ;Z) ∼= {0}. This implies
that H4j(M ;Z(2)) vanishes for j ≥ 1. Since M is homotopy equivalent to

a finite CW -complex, K̃O
0
(X) is a finitely generated abelian group and

H4j−2(M ;Z/2) is finite for j ≥ 1. We conclude from Theorem 10.23 and
Section 10.8 that [X,G/TOP] and hence N (M) are finite.

10.40. The surgery exact sequence in the topological category looks like
Ls7(Z) → STOP,s(M) → N (M) → Ls6(Z). Since Wh({1}) vanishes, we get
Ls6(Z) ∼= L6(Z) ∼= Z/2 by Theorem 7.108 and Ls7(Z) = L7(Z) ∼= 0 by . Hence
suffices to show that N (M) is finite if and only if π2(M) is finite. Since M is

simply connected, we get from the Hurewicz isomorphism and Poincard́uality
H4(M ;Z) ∼= H2(M ;Z) ∼= π2(M). This implies that H4j(M ;Z(2)) is finite for
all j ≥ 1 if and only if π2(M) is finite. Since M is homotopy equivalent

to a finite CW -complex, K̃O
0
(X) is a finitely generated abelian group and

H4j−2(M ;Z/2) is finite for j ≥ 1. We conclude from Theorem 10.23 and
Section 10.8 that [X,G/TOP] and hence N (M) are finite.

10.45. The topological version of the s-Cobordism Theorem 1.1, the van-
ishing of Wh({1}), and the Alexander trick imply that STOP,s(D5+i, ∂D5+i)
consists of one element for i ≥ 0. Now the topological surgery exact sequence
applied to (X, ∂X) = (D5, ∂D5), see Theorem 10.24, and Remark 10.42 imply
that we get for i ≥ 1 isomorphisms of abelian groups

πn+i(G/TOP) ∼= [D5+i/∂D5+i,G/TOP] ∼= NTOP(D5+i, ∂D5+i) ∼= Ln+i(Z),

since G/TOP is simply connected and D5+i/∂D5+i ∼= S5+i.
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Chapter 11

11.4. Let Σ be a homotopy n-sphere for n ≥ 6. Let Dn
0 → Σ and Dn

1 → Σ be
two disjoint embedded discs, where Dn

0 is compatible oriented with Σ. Then
W = Σ − (int(Dn

0 )
∐

int(Dn
1 )) is a simply-connected h-cobordism. By the

h-Cobordism Theorem 1.4 there is an orientation preserving diffeomorphism
(F, id, f) : (∂Dn

0 × [0, 1], ∂Dn
0 × {0}, ∂Dn

0 × {1})→ (W,∂Dn
0 , ∂D

n
1 ). Hence Σ

is oriented diffeomorphic to Dn ∪f : Sn−1→Sn−1 (Dn)− and f is orientation
preserving.

Consider the cone of f , which is a homeomorphism C(f) : Dn → Dn ex-
tending f . The map id∪C(f) : Dn ∪f : Sn−1→Sn−1 Dn → Dn ∪id : Sn−1→Sn−1

Dn is an orientation preserving homeomorphism. Since Σ is oriented dif-
feomorphic to Dn ∪f : Sn−1→Sn−1 (Dn)−, it is oriented homeomorphic to
Dn ∪id : Sn−1→Sn−1 (Dn)−.

11.33. The claim is true for n ∈ {1, 3, 5, 7, 9, 11, 13, 15} by (11.2). Hence we
can assume n ≥ 17 in the sequel.

Theorem 11.1 (iv) implies that Θn vanishes if and only if bPn+1 and
coker(Jn) vanish.

Next we deal with the case n = 4k−1 for k ≥ 5. Then bP4k is non-trivial
by Theorem 11.1 (i) and the claim follows.

Suppose that n = 4k+1 for k ≥ 4. If bP4k+2 vanishes, we conclude
from Theorem 11.1 (ii) that 4k+2 ∈ {30, 62, 126}. If 4k+2 ∈ {30, 62}, then
bP4k+2 = 0 by Theorem 11.1 (ii). Since π8l+5(SO) ∼= {0} for l ≥ 1, the group
coker(J8l+5) vanishes, if and only if πs8l+5 = 0. Now the claim follows.

11.34. The claim is true for n ∈ {2, 4, 6, 8, 10, 12, 14} by (11.2). Hence we
can assume n ≥ 16 in the sequel.

Next we consider the case n = 8k for k ≥ 2. Then Θk vanishes if and
only if πs4k

∼= Z/2 since π8l(SO) ∼= Z/2 and we have Theorem 11.1 (iii) and
Theorem 11.32 (i).

Suppose n = 8k+4 for k ≥ 2. Then Θk vanishes if and only if πs4k = 0
since π8l(SO) ∼= 0 and we have Theorem 11.1 (iii) and Theorem 11.32 (i).

Next we consider the case n = 4k+2 for k ≥ 4. We conclude from Theo-
rem 11.1 (iii) that Θ4k+2 vanishes if and only if either (coker(J4k+2) ∼= Z/2
and bP4k+2 = 0) or (coker(J4k+2) = 0 and bP4k+2 6= 0). If 4k+2 /∈
{30, 62, 126}, then bP4k+2 is non-trivial by Theorem 11.1 (ii). If 4k+2 ∈
{30, 62}, then bP4k+2 is trivial by Theorem 11.1 (ii). Since π4k+2(SO) ∼= {0}
for k ≥ 1, the group coker(J4k+2) is isomorphic to πs4k+2 = 0. Now the claim
follows.

11.18. The existence of a bundle isomorphism f : TSn → TΣ is equivalent to
the existence of a bundle isomorphism f∗TΣ ∼= TSn. Oriented rank n vector
bundles over Sn, like f∗TΣ and TSn, are classified by the homotopy class of
their clutching functions, which lie in the group πn−1(SO(n)). Let cΣ , cSn ∈
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πn−1(SO(n)) denote the homotopy classes of the clutching functions of f∗TΣ
and TSn respectively. We consider the homotopy long exact sequence of the
fibre bundle

SO(n)→ SO(n+1)→ Sn,

which contains the exact sequence

πn(Sn)
∂−→ πn−1(SO(n))

i∗−→ πn−1(SO(n+1)),

where i : SO(n)→ SO(n+1) is the standard inclusion. Since f∗TΣ and TSn

are stably isomorphic, it follows that i∗(cΣ) = i∗(cSn). The exact sequence
above shows that cΣ = cSn +∂(a), for some a ∈ πn(Sn) = Z. Since SO(n)→
SO(n+1)→ Sn is the oriented orthogonal frame bundle of Sn and a principal
SO(n)-bundle, ∂(1) = cSn by [231, 18.5 Classification Theorem].

When n = 2k, the Euler class of a bundle defines a homomorphism

e: πn−1(SO(n))→ Z,

such that e ◦ δ(a) = 2a. Since Sn and Σ both have Euler characteristic 2,
the Euler classes of their tangent bundles agree and so cΣ = cSn and so
f∗TΣ ∼= TSn.

We give an argume when n = 2k+1: the argument is more complicated. In
the first place the image of ∂ : πn(Sn)→ πn−1(SO(n)) is either trivial or Z/2.
It is trivial when n = 1, 3, 7 when πn−1(SO(n)) = {0} and there is nothing
to prove. So we assume that n 6= 1, 3, 7 and then we must show that TΣ is
not trivial.

For any manifold M , the normal bundle of the diagonal embedding

∆M : M →M ×M, x→ (x, x)

is isomorphic to TM . For the case M = Sn, let

∆−Sn : Sn → Sn × Sn, x→ (x,−x)

be the anti-diagonal. Then the quotient (Sn × Sn)/∆−Sn(Sn) is identified
with the Thom space of the normal bundle of the diagonal and hence with
Th(TM). The homeomorphism f×f : Sn×Sn → Σ×Σ carries the diagonal
∆Sn(Sn) to the diagonal ∆Σ(Σ) and induces a homeomorphism

(Sn × Sn)/∆−Sn(Sn) ∼= (Σ ×Σ)/(f × f)(∆−Sn(Sn)).

Since ∆Σ(Σ) and (f × f)(∆−Sn(Sn)) are disjoint, one can show that (Σ ×
Σ)/(f × f)(∆−Sn(Sn)) is homeomorphic to the Thom space of the tubu-
lar neighbourhood of the diagonal ∆Σ(Σ). We conclude that Th(TSn) and
Th(TΣ) are homeomorphic.

Now we digress somewhat to state a lemma of Milnor [162, Lemma 1]: on
Thom spaces: suppose that E → Sn is an oriented rank k vector bundle with
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clutching function cE : Sn−1 → SO(k). Then Th(E) is homotopy equivalent
to a CW -complex Sk∪φDn+k, where φ : Sn+k−1 → Sk is lies in the homotopy
class of Jn−1,k(cE), where Jn−1,k : πn−1(SO(k)) → πn+k−1(Sk) is the J-
homomorphism of Definition 11.28.

The above shows that Jn−1,n(cSn) = Jn−1,n(cΣ). But it is known that
Jn−1,n(cSn) = [in, in] is the Whitehead square of the identity, which is non-
trivial since n 6= 1, 3, 7. Hence Th(TΣ) is not homeomorphic to Th(Rn) and
so TΣ is non-trivial, as required.

11.61. Consider the relevant piece of the Kervaire-Milnor Braid:

π8(G)

  

##

  

π8(G/PL)
##

  

π7(PL/O)

  
π8(G/O)

>>

  

π7(PL)

>>

  

π7(G/O)

π7(O)

>>

;;
π7(G)

>>

Based on the information π7(O) → π7(G) being onto and other information
in Chapter 11, the braid above is isomorphic to the following braid:

(Z/2)2

  

""

  

Z
##

  

Z/28

  
Z/2⊕ Z

>>

  

π7(PL)

>>

  

0

Z

>>

;;
Z/240

>>

Elementary algebra now shows that π7(PL) ∼= Z⊕ Z/4.

Chapter 12

12.3. We have the following commutative diagram
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Hn(M,∂M ;OM )
∼= //

))

Hn(M ′,W ;OM ′)

��

Hn(M ′, ∂M ′;OM ′)

uu

oo

Hn(X, ∂X;OX)

where the two horizontal arrows come from the inclusions, the left one is an
isomorphism by excision, the image of [[M,∂M ]] under the left horizontal
arrow agrees with the image of [[M ′, ∂M ′]] under the right horizontal ar-
row, and the other arrows are induced by (f, ∂f), (f ′, F ) and (f ′, ∂f ′). Since
(f, ∂f) has degree one, (f ′, ∂f ′) has degree one.

Since V = M ′ × [0, 1] and E = f ′ × id[0,1], one easily checks that (E, ∂E)
has degree one, since (f ′, ∂f ′) has degree one.

12.5. Choose a normal map of degree one h : L→ S4k such that sign(L) 6= 0.
This can be done by Lemma 11.12 and Lemma 11.45. Now define M
to be the connected sum N#L, taken on the interior of M , and define
f := idM #h : M#L → N#S4k u−→ N and ∂f := id∂N for some orienta-

tion preserving diffeomorphism u : N#S4k
∼=−→ N that induces the identity

on the boundary.
Obviously assertion (i), i.e., ∂f is a diffeomorphism, holds.
Suppose that assertion (ii) is not true, i.e., that the normal map (f, ∂f) is

normally bordant relative boundary to a normal map (f ′, ∂f) : (M ′, ∂M)→
(N, ∂N) with f ′ a homotopy equivalence. Then M and M ′ are bordant rela-
tive boundary. This implies by Theorem 4.72 and Lemma 4.78

sign(L) = sign(M ∪∂f N−)− sign(N ∪∂N N−)

= sign(M ′ ∪∂f N−)− sign(N ∪∂N N−)

= sign(M ′, ∂M ′)− sign(N, ∂N)

= 0.

This contradicts sign(L) 6= 0 and hence assertion (ii) is true,
Assertion (iii) follows directly from the π-π-Theorem 12.4.

12.8. Let s : Q → Q2 be the map sending x to (x, 0). The composite of s
with ε : Q2 → Q is the identity. We identify Q3 and H1(C∗) = {(x, x, y, z) ∈
Q4 | x, y, z ∈ Q} by sending (x, y, z) to (x, x, y, z) and identify H0(C∗) with
Q using ε. Unravelling the definitions, the problem boils down to specify Q-
basis B for Q3 = H1(C∗) such that the Reidemeister U -torsion in the sense
of (9.5) of the contractible U -based finite free Q-chain complex concentrated
in dimensions 2,1 and 0 is trivial in K1(Q)/{±1}
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. . . 0→ 0→ Q3 = H1(C∗)



0 0 0
1 0 0
1 0 0
0 1 0
0 0 1


−−−−−−→ Q⊕Q4

1 − 1
3

1
3 0 0

0 −1 1 0 0


−−−−−−−−−−−→ Q2

where we equip Q4 and Q3 with the standard basis and Q with the basis
given by the element 7 ∈ Q. Since the map

1 − 1
3

0 −1
0 0
0 0
0 0

 : Q2 → Q⊕Q4

is a section of the first differential of the Q-chain complex above, we have to
specify a basis B for Q3 such that the isomorphism

0 0 0 1 − 1
3

1 0 0 0 −1
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0

 : Q3 ⊕Q2 = Q5 ∼=−→ Q⊕Q4 = Q5

has determinant ±1 if we use on the target the basis given by B and the
standard basis on Q2 and on the source the basis given by 7 ∈ Q and the
standard basis on Q4. With respect to the standard basis on Q5 and Q5 we
get

det


0 0 0 1 − 1

3
1 0 0 0 −1
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0

 = 1.

Hence we can choose any Q-basis B = {b1, b2, b3} for Q3 such that the de-
terminant of the matrix B′ whose columns are the elements b1, b2 and b3 is
±7. Examples for B′ are7 0 0

0 1 0
0 0 1

 2 −1 0
1 −4 0
9 −2 7

  1
2 3 0
0 7 6

5
0 0 2



12.37. This follows from the fact that for a compact subset C ⊆ K there
exists a compact CW -complex L ⊆ K with C ⊆ L and the image of a map
from a finite CW -complex to K is compact.
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12.44. The group homomorphism given by the determinant det : GL(n,R)→
GL(1,R) is 1-connected. Hence the map Bdet : BGL(n,R)→ BGL(1,R) is 2-
connected. It corresponds to sending a bundle ξ to the associated determinant
det(ξ), which is a 1-dimensional vector bundle and satisfies Oξ = Odet(ξ). A
1-dimensional vector bundle µ carries the same information as the associated
infinite cyclic coefficient system Oµ.

12.50. Consider the element [u] in Ĥn(Z/2;A) represented by u ∈ A satis-
fying u − (−1)n · ∗(u) = 0. Then u + (−1)n · ∗(u) = u + u = 2u and hence

2 · [u] = [2 · u] = 0 in Ĥn(Z/2;A).

12.54. We treat only the decoration h, the modifications for the decoration
s are obvious. We will give the explanation only in terms of the underlying
maps and ignore all bunde data and the taking the degree one conditions
for granted. By passing to the mapping cylinder we can arrange that K is a
subspace of L and v : K → L is the inclusion.

An element in Lεn+1(v, v) is represented by a map of triads
(f ; ∂0f, ∂1f) : (M ; ∂0M,∂1M) → (X;X0, X1) with a reference map u : X →
L such that ∂0f and ∂∂0f = ∂∂1f are homotopy equivalences and u(∂1X) ⊆
K holds. We leave it to the reader to figure out the bordism relation.

The map jn+1 sends the class of (f, ∂f) : (M,∂M) → (X, ∂X) with ∂f a
homotopy equivalence to the class of the map of triads, where we put ∂1M =
∂1X = ∅ and ∂0M = ∂M and ∂0X = ∂X. The map ∂n+1 is given by sending
the class of (f, ∂0f, ∂1f) : (M ; ∂0M,∂1M) → (X;X0, X1) with a reference
map u : X → L to the class of (∂1f, ∂∂1f) : (∂1M,∂∂1M) → (∂1X, ∂∂1X)
with the reference map u|∂1X : ∂1X → K.

We leave it to the reader to check that the sequence is exact and natural.

12.58. We conclude from Theorem 12.47 and Theorem 12.53 that the canon-
ical map

Lsn(Z[Zm])
∼=−→ Lhn(Z[Zm])

is bijective for all n,m. We obtain by induction over n from Theorem 12.47
and Theorem 12.56 an isomorphism

Lhn(Z[Zm]) ∼=
n⊕
i=0

(
n

i

)
· Lhn−i(Z).

Now use the computations of Ln−i(Z) appearing in Theorem 7.96, Theo-
rem 7.108 and

Chapter 13
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13.9. We know already that the slant map s is bijective. It remains to prove
the compatibility with the involutions. Consider m ∈M and n ∈ N . We have
to show that the elements s(m⊗ n)∗ and ev ◦s(n⊗m) in homR(M∗, (M∗)∗)
agree. Fix f ∈M∗. Then s(m⊗ n)∗(f) : M∗ → R sends φ to f(s(m⊗ n)(φ))
and ev ◦s(n⊗m)(f) sends φ to φ(s(n,m)(f)). We compute in R

f(s(m⊗ n)(φ)) = f(φ(m) · n) = φ(m) · f(n)

= f(n)φ(m) = φ(f(n) ·m) = φ(s(n,m)(f)).

13.31. Take C = 0[R] ⊕ 0[R], D = E = I and f = g to be the obvi-
ous inclusion. Then E is the cellular R-chain complex of S1 with respect
to the corresponding CW -complex structure and is explicitly given by the

1-dimensional R-chain complex R⊕R

−1 −1
+1 +1


−−−−−−−−→ R⊕R. In particular E is

not R-chain homotopy equivalent to 0[R]. Now take C ′ = C = 0[R] ⊕ 0[R],
D = E = 0(R) and f = g = (id, id). Then E′ = 0[R]. Take u = idC , and v
and w to be the obvious projections. Then u, v and w are R-chain homotopy
equivalences. But the induced map z : F → F ′ cannot be a R-chain homotopy
equivalence.

13.43. Let k : z(v, h′) ' z(v, h′′) be a R-chain homotopy. We can write in
degree n to be kn = (an−1, bn) : Cn−1 ⊕Dn → En+1. Since we have

en+1 ◦ (an−1, bn) + (an−2, bn−1) ◦
(
−cn−1 0
fn−1 dn

)
= (h′′n−1, vn)− (h′n−1, vn)

we conclude

en+1 ◦ an−1 − an−2 ◦ cn−1 + bn−1 ◦ fn−1 = h′′n−1 − h′n−1;

en+1 ◦ bn + bn−1 ◦ dn = 0.

The second equation is equivalent to the assertion that b is a R-chain homo-
topy b : 0 ' 0 of R-chain maps D → E and the first equation is equivalent to
the assertion that a is a R-chain homotopy a : h′ + b ◦ f ' h′′ of R-chain ho-
motopies of R-chain maps C → E. This proves one of the implications. The
other implication is obtained by making the calculation above backwards.

13.45. The 2-dimensional Z-chain complex C given by Z 2 idZ−−−→ Z pr−→ Z/2
for pr the projection is acyclic but not projective. It cannot be contractible
since C ⊗Z Z/2 has non-trivial homology. The standard resolution Ŵ of Def-
inition 14.6 is an acyclic projective Z[Z/2]-chain complex. It cannot be con-

tractible since Ŵ ⊗Z[Z/2] Z has non-trivial homology.
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13.50. We get from (13.36) the following commutative diagram of R-chain
complexes

0 // C
k //

id

��

cyl(f)
q //

p

��

cone(f) //

z

��

0

0 // C
f // D

g // E // 0

whose rows are degreewise split exact and where z is the map given by the
universal property of the mapping cone. Since the first two vertical arrows
are R-chain homotopy equivalences, z is an R-chain homotopy equivalence
by Proposition 13.46.

13.51. Fix a R-chain complex C which is not contractible. Consider the
sequence C → 0 → ΣC and a R-chain map h : ΣC → ΣC. We can think
of h as a R-chain homotopy 0 ' 0 of R-chain maps C → ΣC. The R-chain
map z : cone(0)→ ΣC coming from the universal property of cone(0) can be
identified with h : ΣC → Σ. Hence sequence is not a homotopy cofibration
sequence for h = 0, whereas it is homotopy cofibration sequence for h = id.

13.53. Let C
f−→ D

g−→ E be a homotopy cofibration with respect to the
R-chain homotopy h : 0 ' g ◦ f . We get from (13.36) the following diagram
of R-chain complexes

0 // C
k //

id

��

cyl(f)
q //

p

��

cone(f) //

z

��

0

0 // C
f // D

g // E // 0

where z is the map given by the universal property of the mapping cone. The
first square commutes strictly. The second commutes up to R-chain homo-
topy, an R-chain homotopy k : z ◦q ' g◦p is given by kn = (0, hn, 0) : Cn−1⊕
Cn⊕Dn → En+1. All vertical arrows are R-chain homotopy equivalences and
the upper row is a cofibration sequence. This finishes the proof of the impli-
cation (i) =⇒ (ii).

The implication (ii) =⇒ (i) follows from Lemma 13.52 (i).

13.57. Fix a R-chain complex C which is not contractible. Consider the
square

C //

��

0

��
0 // ΣC

an R-chain map h : ΣC → ΣC. We can think of h as a R-chain homotopy
0 ◦ id ' id ◦0 of R-chain maps C → ΣC. The R-chain map z : cone(0) →
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cone(0) can be identified with h : ΣC → Σ. Hence square is not homotopy
cocartesian for h = 0, whereas it is homotopy cocartesian for h = id.

Chapter 14

14.5. Recall the adjunction isomorphism (13.25):

Ct ⊗R C
∼=−→ HomR(C−∗t, C)

x⊗ y 7→ (f 7→ (−1)pq+pf(x) · y)

Upon the identification (13.20) the corresponding involution on the target is
described by

T = Tε : HomR((Cp)t, (C∗tq )∗t)→ HomR((Cq)t, (C∗tp )∗t)

ϕ 7→
(
(−1)pqε(ϕ∗ ◦ ev) : f 7→ (g 7→ (−1)pqεϕ(g)(f))

)
14.62. For the particular choice of ω′ where ω′s = T (ωs) for s = 0, 1 with ω
as in Remark 14.55 we obtain the formulas:

h%(ϕ)s = (f0 ⊗ h)(ϕs) + (h⊗ f1)(ϕs) + (−1)s(h⊗ h)(µ1T (ϕs−1)),(19.1)

h%(ψ)s = (f0 ⊗ h)(ψs) + (h⊗ f1)(ψs) + (−1)s(h⊗ h)(µ1T (ψs+1)),(19.2)

ĥ%(θ)s = (f0 ⊗ h)(θs) + (h⊗ f1)(θs) + (−1)s(h⊗ h)(µ1T (θs−1)),(19.3)

where µ1 : C ⊗R C → C ⊗R C is a degreewise homomorphism (not a chain
map) x⊗ y 7→ (−1)|x| · x⊗ y from (14.56).

14.68. It is quite tedious and elaborate to do this directly, mainly due to
the fact that the homomorphism µ1 interferes since we think of S(ϕ) as of a
chain map

W → ΣC ⊗R ΣC.

The verification becomes easier when thinking about S(ϕ) as of a chain

W → Σ2(C ⊗R C)

in which case µ1 is removed from the formula above.

14.73. For a homotopy fibration sequence C → D → E we get a commuta-
tive diagram

C //

'id

��

cyl(f) //

'p

��

cone(f)

'z

��
C // D // E
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whose upper row is a cofibration sequence and whose vertical arrows are
chain homotopy equivalences. Now apply homotopy invariance, see Subsec-
tion 14.2.5, Lemma 13.52 (i), and Remark 14.71.

14.132. To show that C(f%) = HomZ[Z/2](W, C(f⊗f)) note that an (n+1)-

chain of the left hand side consists of a pair (ϕ, δϕ) where ϕ ∈ W%(C)n
and δϕ ∈ W%(D)n+1. The components of these are ϕs ∈ C ⊗ Cn+s

and δϕs ∈ D ⊗Dn+1+s. An (n + 1)-chain of the right hand side con-
sist of an element ϕ̄ ∈ HomZ[Z/2](W, C(f ⊗ f))n whose components are
ϕ̄s ∈ C ⊗ Cn+s ⊕ D ⊗Dn+1+s. The required identification is given by the
formula ϕ̄s = (ϕs, δϕs). The boundary operators agree under this.

14.150. Notice that the proposed chain homotopy

evm = (−1)n+1+rjϕ0j
∗ : C(f)−r → C(f)n+r+2.

is given by the matrix (
ϕ0 0
0 0

)
The differentials have matrices

dC(f) =

(
−dC 0
f dD

)
and dC−∗(f) =

(
−d∗C f∗

0 d∗D

)
.

Then notice that(
−dC 0
f dD

)(
ϕ0 0
0 0

)
−
(
ϕ0 0
0 0

)(
−d∗C f∗

0 d∗D

)
=

(
0 −ϕ0f

∗

fϕ0 0

)
.

14.160. The maps evr and evl are more-or-less algebraic duals.

14.195. This would be

(δϕ/ϕ)0 =

(
0 0
fϕ0 δϕ0

)
: Cn−∗ ⊕Dn−∗+1 → C∗−1 ⊕D∗

and

(δϕ/ϕ)s =

(
(−1)sµ1T (ϕs−1) 0

fϕs δϕs

)
: Cn−∗ ⊕Dn+1−∗ → C∗+s−1 ⊕D∗+s.

14.207. This would be

(δψ/ψ)0 =

(
µ1T (ψ1) 0
fψ0 δψ0

)
: Cn−∗ ⊕Dn−∗+1 → C∗−1 ⊕D∗
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and

(δψ/ψ)s =

(
(−1)sµ1T (ψs+1) 0

fψs δψs

)
: Cn−∗ ⊕Dn−∗+1 → C∗−1−s ⊕D∗−s.

14.280. Since Sm is for m ≥ 2 the boundary of Dm+1 and both Sm and
Dm+1 are simply connected, ssignπ(N) ∈ Lm(Z) is zero. We conclude from
Theorem 14.279 that qsignπ×π′((f, f)×idSm) ∈ Lm(Z[π1(X×Sm)]) vanishes.
Now apply Theorem 7.109, Theorem 8.53, and Theorem ??.

Chapter 15

15.7. The canonical maps are given by the homomorphisms Lsn(ZG,w) →
Lhn(ZG,w), L

〈j+1〉
n (ZG,w)→ L

〈j〉
n (ZG,w) and L

〈j〉
n (ZG,w)→ L

〈−∞〉
n (ZG,w)

for j ≤ 1 and the fact that by definition Ln(ZG,w) = Lhn(ZG,w) =

L
〈1〉
n (ZG,w) holds. Now apply the Rothenberg sequences and the fact that

elements in the Tate cohomology of Z/2 for any Z[Z/2]-module are of order
two.

15.11. We conclude from Conjecture 15.9 that the decoration does nor

matter. If g = 0, π1(Fg) is trivial and hence L
〈−∞〉
n (Z[π1(Fg)]) = L

〈−∞〉
n (Z).

Suppose g ≥ 1. Then Fg itself is a model for Bπ1(Fg). Conjecture 15.9 implies

Hn(Fg; L(Z)) ∼= L〈−∞〉n (Z[π1(Fg)]).

W use the Atiyah-Hirzebruch spectral sequence to compute Hn(Fg; L(Z)).
This is rather easy since Fg is 2-dimensional, the edge homomorphism which

describes Hn({•}; L〈−∞〉) → Hn(Fg; L
〈−∞〉) is split injective and L

〈−∞〉
n (Z)

is Z if n ≡ 0 mod 4, Z/2 if n ≡ 0 mod 4 and {0} otherwise. The result is

L〈−∞〉n (Z[π1(Fg)]) ∼=


Z⊕ Z/2 n ≡ 0 mod 4;

Z2g n ≡ 1 mod 4;

Z⊕ Z/2 n ≡ 2 mod 4;

(Z/2)2g n ≡ 3 mod 4.

15.13. Choose m = p in Example 15.12 and let M be the aspherical closed
orientable 3-manifold constructed there for which Lε1(Z[π1(M)]) contains Z/p
as a subgroup. Now take M = N × T k × T d−k for k ∈ {0, 1, 2, 3} such that
k + 1 ≡ n mod 4. Then M is an aspherical closed orientable manifold of
dimension d. Moreover, the Shaneson splitting and the Rothenberg sequences,
see Section 15.2, imply that Lεn(Z[π1(N)]) contains Z/p as a subgroup.
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15.14. Since G is a Farrell-Jones group, G satisfies Conjecture 15.9. Now
use Remark 15.10 and the facts that Q is flat over Z and for any homology
theory with values in rational vector spaces all the differentials in the Atiyah-
Hirzebruch spectral sequence are trivial.

15.19. Each model for EG and hence each model for BG must be infinite-
dimensional, since there is no natural number N such that Hn(BD) vanishes
for n ≥ N . A 1-dimensional model for EFIN (D) is given by R with the
standard D-action.

15.34. By Theorem 15.33 the group Z is a Farrell-Jones group. Hence Z
satisfies Conjecture 15.9 by Corollary 15.30. Notice that a model for EZ is R
with the standard Z-action. Hence we get for any decoration ε and integer n

HZ
n(R;L(Z)w) ∼= Lεn(Z[Z], w).

From Remark 15.10 we obtain a long exact sequence

· · · → Ln(Z)
2·id−−→ Ln(Z)→ HZ

n(R;L(Z)w)→ Ln−1(Z)
2·id−−→ Ln−1(Z)→ · · ·

This implies using Theorem 15.8 (i)

Lεn(Z[Z], w) ∼=

{
0 n ≡ 1 mod 4;

Z/2 otherwise.

15.35. We conclude from Theorem 15.33 (ie) that π1(S) and π1(M) are
Farrell-Jones groups. Consider any infinite cyclic subgroup C ⊆ π1(M). Then
we get an extension 1→ π1(S)→ p−1 → C → 1. Since any automorphism of
π1(S) is induced by a surface homeomorphism h : S → S, the group p−1(C)
is isomorphic to the fundamental group of the mapping torus of h which is a
3-manifold. Again by Theorem 15.33 (ie) the group p−1(C) is a Farrell-Jones
group. Now G is a Farrell-Jones group by Theorem 15.33 (iic).

Chapter 16

Chapter 17

Chapter 18



Solutions of the Exercises 713

18.12. This follows directly from Example 18.11.

18.15. In view of Theorem 18.14 we have to show that

H5(M, {x}; L(Z)〈1〉) ∼= H3(M ;Z/2).

we want to apply the Atiyah-Hirzebruch spectral sequence which converges
to H∗(M, {x}; L(Z)〈1〉). By Theorem 15.8 (i) its E2-term is

E2
p,q = Hp(M, {x}, πq(L(Z)〈1〉)) ∼=


Hp(M ;Z/2) p ≥ 2, q ≥ 1, q ≡ 2 mod 4;

Hp(M ;Z) p ≥ 2, q ≥ 1, q ≡ 0 mod 4, ;

{0} otherwise.

Hence on the line p + q = 5 the is only one no-trivial entry, namely at
(p, q) = (3, 2) and all differential starting or ending at this point are trivial.

18.16. This follows from Theorem 2.48 and Corollary 2.57.

18.18. The positive statements follows from the long exact homotopy se-
quence of a fibration. The desired example is for instance given by the univer-
sal principal S1-bundle S1 → ES1 → BS1 since S1 and ES1 are aspherical
and π2(BS1) ∼= π1(S1) ∼= Z holds.

18.29. We proceed by contradiction. Suppose that M is aspherical. The
obvious map f : M1]M2 → M1 ∨M2 given by collapsing Sn−1 to a point is

(n−1)-connected, where n is the dimension of M1 and M2. Let p : M̃1 ∨M2 →
M1 ∨M2 be the universal covering. By the Seifert-van Kampen Theorem the
fundamental group of π1(M1 ∨M2) is π1(M1) ∗ π1(M2) and the inclusion of
Mk → M1 ∨M2 induces injections on the fundamental groups for k = 1, 2.
We conclude that p−1(Mk) = π1(M1 ∨M2) ×π1(Mk) M̃k for k = 1, 2. Since
n ≥ 3, the map f induces an isomorphism on the fundamental groups and

an (n − 1)-connected map f̃ : M̃1]M2 → M̃1 ∨M2. Since M̃1]M2 is con-

tractible, Hm(M̃1 ∨M2) = 0 for 1 ≤ m ≤ n− 1. Since p−1(M1)∪ p−1(M2) =

M̃1 ∨M2 and p−1(M1) ∩ p−1(M2) = p−1({•}) = π1(M1 ∨M2), we conclude
Hm(p−1(Mk)) = 0 for 1 ≤ m ≤ n−1 from the Mayer-Vietoris sequence. This

implies Hm(M̃k) = 0 for 1 ≤ m ≤ n− 1 since p−1(Mk) is a disjoint union of

copies of M̃k.
Suppose that π1(Mk) is finite. Since π1(M1]M2) is torsionfree because of

Lemma 18.28, π1(Mk) must be trivial and Mk = M̃k. Since Mk is simply
connected and Hm(Mk) = 0 for 1 ≤ m ≤ n− 1, Mk is homotopy equivalent
to Sn. Since we assume that Mk is not homotopy equivalent to a sphere,
π1(Mk) is infinite. This implies that the manifold M̃k is non-compact and

hence Hn(M̃k) = 0. Since M̃k is n-dimensional, we conclude Hm(M̃k) = 0

for m ≥ 1. Since M̃k is simply connected, all homotopy groups of M̃k vanish
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by the Hurewicz Theorem [259, Corollary IV.7.8 on page 180]. Hence M1

and M2 are aspherical. Using the Mayer-Vietoris argument above one shows
analogously that M1∨M2 is aspherical. Since M is by assumption aspherical,
M1]M2 and M1 ∨ M2 are homotopy equivalent. Since they have different
Euler characteristics, namely χ(M1]M2) = χ(M1)+χ(M2)− (1+(−1)n) and
χ(M1 ∨M2) = χ(M1) + χ(M2)− 1, we get a contradiction.

18.36. The long exact homotopy sequence of a fibration shows that E is
aspherical. By Theorem 18.31 it suffices to show that π1(E) is a Farrell-Jones
group. This follows from Theorem 15.33 (ie) and (iic) since any automorphism

φ : π1(F )
∼=−→ π1(F ) can be realised by φ = π1(f) for an selfhomeomorphism

f : F → F and the mapping torus of f is a closed manifold of dimension ≤ 3.
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127. P. Kühl, T. Macko, and A. Mole. The total surgery obstruction revisited. Münster J.
Math., 6:181–269, 2013.

128. T. Lance. Differentiable structures on manifolds. In Surveys on surgery theory, Vol.

1, pages 73–104. Princeton Univ. Press, Princeton, NJ, 2000.
129. T. Lawson. In which i try to get the signs right for once, or: a public exercise in

futility. unpublished, 2013.

130. B. Leeb. 3-manifolds with(out) metrics of nonpositive curvature. Invent. Math.,
122(2):277–289, 1995.

131. S. Lefschetz. Introduction to Topology. Princeton University Press, Princeton, N. J.,

1949.
132. J. P. Levine. Lectures on groups of homotopy spheres. In Algebraic and geometric

topology (New Brunswick, N.J., 1983), pages 62–95. Springer, Berlin, 1985.
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724 References

229. J. Stallings. Whitehead torsion of free products. Ann. of Math. (2), 82:354–363, 1965.

230. J. Stasheff. A classification theorem for fibre spaces. Topology, 2:239–246, 1963.
231. N. Steenrod. The Topology of Fibre Bundles. Princeton University Press, Princeton,

N. J., 1951.

232. R. E. Stong. Notes on cobordism theory. Princeton University Press, Princeton, N.J.,
1968.

233. D. Sullivan. Geometric topology. Part I. Massachusetts Institute of Technology,

Cambridge, Mass., 1971. Localization, periodicity, and Galois symmetry, Revised
version.

234. D. Sullivan. Genetics of homotopy theory and the Adams conjecture. Ann. of Math.
(2), 100:1–79, 1974.

235. D. P. Sullivan. Triangulating homotopy equivalences. ProQuest LLC, Ann Arbor, MI,

1966. Thesis (Ph.D.)–Princeton University.
236. D. P. Sullivan. Triangulating and smoothing homotopy equivalences and homeomor-

phisms. Geometric Topology Seminar Notes. In The Hauptvermutung book, volume 1

of K-Monogr. Math., pages 69–103. Kluwer Acad. Publ., Dordrecht, 1996.
237. R. M. Switzer. Algebraic topology—homotopy and homology. Springer-Verlag, New

York, 1975. Die Grundlehren der mathematischen Wissenschaften, Band 212.

238. R. M. Switzer. Algebraic topology—homotopy and homology. Classics in Mathemat-
ics. Springer-Verlag, Berlin, 2002. Reprint of the 1975 original [Springer, New York;

MR0385836 (52 #6695)].

239. L. Taylor and B. Williams. Surgery spaces: formulae and structure. In Algebraic topol-
ogy, Waterloo, 1978 (Proc. Conf., Univ. Waterloo, Waterloo, Ont., 1978), volume

741 of Lecture Notes in Math., pages 170–195. Springer, Berlin, 1979.
240. H. Toda. Composition methods in homotopy groups of spheres. Annals of Mathematics

Studies, No. 49. Princeton University Press, Princeton, N.J., 1962.

241. V. Turaev. Homeomorphisms of geometric three-dimensional manifolds. Mat. Za-
metki, 43(4):533–542, 575, 1988. translation in Math. Notes 43 (1988), no. 3-4, 307–

312.

242. C. T. C. Wall. Killing the middle homotopy groups of odd dimensional manifolds.
Trans. Amer. Math. Soc., 103:421–433, 1962.

243. C. T. C. Wall. Quadratic forms on finite groups, and related topics. Topology, 2:281–

298, 1964.
244. C. T. C. Wall. Surgery of non-simply-connected manifolds. Ann. of Math. (2), 84:217–

276, 1966.

245. C. T. C. Wall. Classification problems in differential topology. VI. Classification of
(s− 1)-connected (2s+ 1)-manifolds. Topology, 6:273–296, 1967.
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Poincaré triad, 290

Poincaré complex
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strictly n-dimensional quadratic complex,

537

strictly n-dimensional symmetric complex,

537

string

fibre homotopy equivalence, 124

strong

fiber homotopy, 124

fibre homotopy equivalence, 124

structure homomorphisms of a formation,
314

structure set, 386

simple, 385

sublagrangian

of a quadratic form, 237

of a symmetric form, 237

surgery

along an embedding, 64

trivial surgery, 71

trivial surgery with trivial framing, 71

surgery exact sequence

for the PL-category and topological
category, 394

geometric, 391

simple geometric, 391

Surgery kernel, 216

surgery obstruction

for manifolds with boundary and simple

homotopy equivalences, 380

geometric, 461

geometric simple, 461

intrinsic surgery obstruction in even

dimension, 272

intrinsic surgery obstruction in odd

dimension, 363

Total, 401

surgery on the boundary, 431

surgery problem, 192

surgery program, 7

surgery step, 82

on the boundary, 431

suspension

of a chain complex, 35, 486

of a pointed space, 84

of a spherical fibration, 130

switch chain map, 477

symmetric algebraic Poincaré pair, 560

symmetric signature, 571

symmetric algebraic cobordism, 561

symmetric bilinear form

definite, 240

indefinite, 240

symmetric complex, 512

symmetric evaluation map, 556

symmetric pair, 555

symmetric Poincaré complex, 533

symmetric structure, 512

symplectic basis, 242

tangential

ξ-bordism, 82

tangential ξ-map, 82

Tate cohomology, 465

tensor product

over a category, 91

tensoring chain map, 478
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The Browder-Novikov Theorem, 395

The simply connected PL- and TOP-

structure sets, 395

The Sullivan splitting ofG/O(p), 398

The surjectivity of the surgery obstruction
for PL and TOP, 394

The topological Browder-Novikov

Theorem, 395

Theorem

L4k+2(Z), 247

L4k(Z), 240

TOP/PL is an Eilenberg MacLane, 397

[Killing the absolute kernels of a normal
map of pairs, 252

Algebraic L-theory of ZG for finite
groups, 621

Algebraic Rothenberg sequence, 614

Algebraic Shaneson splitting, 615

Aspherical closed manifolds with exotic

fundamental groups, 672

Aspherical closed non-PL-manifolds, 672

Basic properties of Whitehead torsion,

29

Bordism invariance of the degree, 189

Bordism invariance of the intrin-
sic surgery obstruction in even

dimensions, 277

Bordism invariance of the intrin-

sic surgery obstruction in odd

dimensions, 364

Bordism invariance of the signature, 116

Browder’s Theorem about the Arf

invariant, 420

Characterisation of Poincaré duality in

terms of the normal fibration, 151

Classification of Homotopy Spheres, 403

classification of spherical fibrations, 127

Classification of stable spherical
fibrations over finite CW complexes,

134

Classification of stable vector bundles

over finite CW -complexes, 130

Classification of vector bundles, 126

Closed manifolds are Poincaré
complexes, 110

Compact manifolds are Poincaré pairs,

116

Comparing geometric and algebraic

Whitehead torsion, 46

Computation of Θn/bPn+1, 421

Computation of bP4k+2 in terms of the
Arf-invariant-one-problem, 420

Computation of bP4k, 419

Computations of the J-homomorphism,

415

Diffeomorphism Classification of Lens
Spaces, 55

Differentiable Sphere Theorem, 427

Existence and Uniqueness of Spivak
Normal Fibrations, 151

Exotic aspherical closed manifolds in

dimension 4, 671

Exotic aspherical closed manifolds with

hyperbolic fundamental group, 672

Extended realisation surgery obstruc-
tions, 302

Franz’ Independence Lemma, 56

Generalised Atyiah duality, 156

Geometric Rothenberg sequence, 469

Geometric Rothenberg sequence for

structure sets, 469

Geometric Shaneson splitting, 470

Geometric Shaneson splitting for
structure sets, 471

Geometric Surgery Obstruction
Theorem, 461

h-Cobordism Theorem, 6

Hirzebruch Signature Theorem, 280

Homology isomorphisms and topologi-

cally rigidity, 677

Homotopy cartesian and homotopy

cocartesian agree for chain complexes,
505

Homotopy Classification of Lens Spaces,
50

Homotopy cofibrations and homotopy

fibrations agree for chain complexes,

501

Homotopy Theoretic Interpretation of
the Kervaire-Milnor Braid, 423

Identification of the form/formation

and the chain complex version of

quadratic L-groups, 603

Identifying the geometric surgery

obstruction groups with the algebraic
L-groups, 462

Immersions and Bundle Monomor-

phisms, 74

Intrinsic Surgery Obstruction Theorem

in Even Dimension, 276

Intrinsic Surgery Obstruction Theo-
rem in Even Dimension Relative

Boundary, 290

Intrinsic Surgery Obstruction Theorem
in Odd Dimension, 364
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Intrinsic Surgery Obstruction Theorem

in Odd Dimension Relative Boundary,
366

Inverse of the Thom Isomorphism

Theorem, 143

Kervaire-Milnor Braid, 422

Killing the surgery kernels of a normal

map, 219

Making a normal ξ-bordism highly

connected, 87

Making a normal map highly connected],
192

Making a tangential ξ-map highly

connected, 83

Normal invariants and G/O, 177

Normal invariant and surgery problems,

182

Normal Maps and G/O, 188

Normal maps, G/PL and G/TOP, 393

π-π-Theorem, 432

π-π-Theorem for triads, 433

Poincaré Conjecture, 6

Poincaré duality and S-duality, 156

Pontrjagin Thom Construction and

Oriented Bordism, 87

Pontrjagin-Thom Construction, 85

Puppe sequences for chain complexes,

502

Realisation of even dimensional surgery

obstructions, 296

Realisation of odd dimensional surgery
obstructions, 367

Realisation of simple surgery obstruc-

tions, 383

Recognising the S-dual of a map, 156

Reducing the family, 629

Reflection trick, 673

s-Cobordism Theorem, 5

Simple Surgery Obstruction Theorem for

Manifolds with Boundary, 382

Solution to the simply connected surgery
problem in odd dimensions, 365

Solution to the surgery problem in even

dimensions, 280

Sphere Theorem, 427

Stable Parallelisability of homotopy

spheres, 412

Status of the Borel Conjecture, 674

Surgery and hyperbolic kernels, 233

Surgery Exact Sequence for PL and TOP,

394

Surgery Obstruction Theorem in Even

Dimensions in the universal covering

case, 247

Surgery Obstruction Theorem in Odd

Dimensions, 339

The geometric Surgery Exact Sequence,

391

The long exact sequence for homotopy

spheres, 412

The structure set for simply connected
closed manifolds, 668

The structure set for simply connected
manifold times aspherical manifold,

667

The surgery exact sequence for homotopy

spheres, 411

The Surgery Step, 79

Thom chain homotopy equivalence, 141

Thom Isomorphism Theorem, 143

Topological rigidity and connected sums,

677

Topological rigidity and homology
spheres, 676

Topological rigidity and torsion in the
fundmental group, 678

Topological rigidity and products of two
spheres, 676

Topologically rigid 3-manifolds, 675

Turning an immersion into an
embedding, 212

Vanishing of bP2k+1, 421

Vanishing of L2k+1(Z), 313

Whitney’s Approximation Theorem, 74

Zero criterion for formations, 315

thickening

of an immersion, 76

Thom class

intrinsic, 140

Thom collapse map, 84, 147

Thom isomorphism, 143

Thom space

of a spherical fibration, 124

of a vector bundle, 83

topological rigid, 396

torsion dual of a finite abelian group, 324

total surgery obstruction, 401

trace

of a surgery, 65

trace of surgery, 82

transport groupoid, 625

triad

of manifolds, 290

Poincaré, 290

trivial surgery, 71

with trivial framing, 71

U -based module, 371
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U -equivalence class
Reidemeister stable U -equivalence class

of stable Zπ-basis, 436

stable U -equivalence class
of stable bases, 372

U -equivalent
basis, 371

U -torsion

of a stable isomorphism of stably
U -based modules, 372

Umkehr map, 218

for pairs, 251
unit disk, 48

unit sphere, 48

universal covering functor, 91
universal principal G-bundle, 49

vector field

outward normal vector field, 102

Whitehead group, 31

of a space, 39

Whitehead torsion, 39
of a chain homotopy equivalence, 36

Whitehead U -torsion of a chain homo-

topy equivalence of stably U -based
finite R-chain complexes, 373

Witt group, 239
wreath product, 630

Wu formula, 150

ξ-bordism

normal, 85

tangential, 82
ξ-map

normal, 85

tangential, 82





Chapter 20

Comments (temporary chapter)

20.1 Some general issues

30.03.17 Our default for a manifold is that it is smooth. There is a section about
the other categories, see Section 10.6.

29.03.17 On the long term run all the source codes of those pictures should appear
in the text for which we have agreed on using them. We may need some
help to implement this. Tibor will do this.

29.03.17 All chapters should get in the introduction guide using the new guide
environment.

20.2 Mathematical Items or Explanations that have to
be Added

29.03.17 Shall we mention the geometric version of the long exact sequence

· · · → Ln(ZG1)→ Ln(ZG1)→ Ln(ZG0 → ZG1)

→ Ln−1(ZG1)→ Ln−1(ZG1)→ · · · .

30.11.11 Shall we say more about the Arf invariant and Steenrod squares following
Browder?

27.11.11 At some place we should explain where the name assembly map comes
from.

20.3 Comments about Latex

27.08.11 Use \[ \] and not $$ $$ for display math.
27.08.11 Do not use CD but always xymatrix for diagrams.
27.11.11 Before \ref or \cite always insert a twidle.
27.11.11 Do not use blanks in labels. Replace them by . Similar do not use *,

replace it by ast. Do not use .̂ Do not use +, replace it by plus . Labels
for Theorems Lemmas, Propositions, Definitions should begin with the:,
lem: pro: def: and so on.

Example: \label{the:s-cobordism theorem}

741
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If we have a subitem in a theorem, use the global label plus an addition,
i.e.,
\label{the:s-cobordism theorem:triviality}

27.11.11 When referring to a Chaper or Section with a reference in the text, write
Chapter and Section with capital letters, e.g., Section 1.4.

01.12.11 Every Conjecture, Definition, Theorem, Example and Remark gets a title.
Theorems get an entry in the index using the name, i.e., we have in the
Latex file:

\begin{theorem}[Classification of Homotopy Spheres]
\label{the:classification of homotopy spheres}
\index{Theorem!Classification of Homotopy Spheres}
Definitions, Lemmas, Examples, Remarks do not get an entry in the
index. However, when a new notion is introduced in the text or in a
definition, it is written with \emph and gets an entry in the index, i.e.,

\emph{intersection pairing}
\index{intersection pairing!for kernels}

20.11.14 Use the floor sign to denote the largest integer less or equal to a num-
ber r: \ lfloor n/2 \ rfloor produces bn/2c. Do replace [n/2] by bn/2c
everywhere.

16.06.17 We must arrange consistently whether the labelling of a diagram is on
top or in the middle. (equation and split gives the middle).

20.4 Comments about the Layout

20.11.14 Denote the Poincaré complex or manifold obtained from X by reversing
the orientation by X−, not by −X.

31.03.17 We will require that the formal dimension of a Pooincaré complex is its
dimension as a CW -complex.

27.11.11 Except in the main Introduction or in environments like Definition we
emphasize a notion if and only if it appears in the index. For instance

. . . \emph{Whitehead group}%
\index{Whitehead group}
$Wh(G)$%
\indexnotation{Wh(G)} . . ..

27.11.11 In itemize or enumerate descriptions we use semicolons at the end of an
item except for the last which ends with a point. We have done this also
in enumerate environments appearing in Theorems or Lemmas.

27.11.11 After commutative squares or other diagrams do not insert a point or
comma in contrast to equations or other displayments.

27.11.11 Theorems, Conjectures, Questions and Problems are cited in the index.
For instance
\index{Theorem!Dirac-Dual Dirac Method}
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This is not done for Definitions as new notions regardless whether they
appear in the text or in an definitions have their own entry in the index.
This is also not done for Lemmas, Corollaries and Remarks.

27.11.11 Use always the proof environment.

27.11.11 We use . . . except for the beginning or ends or long exact sequence, where
we use · · · . For instance

· · · ∂n+1−−−→ KG0
n (EG0)→ KG1

n (EG1)⊕KG2
n (EG2)→ KG

n (EG)
∂n−→

KG0
n−1(EG0)→ KG1

n−1(EG1)⊕KG2
n−1(EG2)→ KG0

n−1(EG)→ · · ·

and i = 1, 2, . . . , n.

27.11.11 We use everywhere the macro \pt for the one point space {•}. Then it
can changed later if this is wanted.

27.11.05 We have use smooth instead of differentiable everywhere in the text ex-
cept for standard notations such as PDIFF.

27.11.11 We use the macro for exercise \exer and for hints \hintex. The exercises
appear now in the text.

27.11.11 The titles in chapters, sections and subsections are always capital. Title
of Theorems and Definitons begin with a capital letter but then continue
with small letters.

23.02.07 Theorems and Definitions do get a name, stated in brackets after the
begin-command.

20.5 Comments about Notation and Terminology

05.03.14 Non-singular for forms λ : P ∼= P ∗ and non-degenerate λ : P → P ∗ injec-
tive.

05.03.14 Z/p cyclic group, Ẑp p-adic group, Z(p) p-local group.

08.07.14 We want to use the letter q for immersions Sk → M and not the letter
f . This has to be implemented.

08.07.14 At some point we shall change from (f, f) to (f, f).

24.07.14 We confirmed Wolfgang’s convention that Hi(C∗) is the homology of a
chain complex and Hi(C∗) is the (co)homology of a cohain complex.
Hence, for example, we have Hi(homR(D∗, V )).

16.10.14 Tibor figured out that there is quite a few discrepancies between the
notation of Wolfgang and what is used in algebraic surgery. Will try to
summarize the issues here:

16.10.14 cyl(f), cone(f), id versus 1.

19.10.14 We use “w-oriented” to refer to a Poincaré complex X or manifold along
with a choice of fundamental class for each component of the space. With
this convention we have for the trivial orientation character w = 0, that
“0-oriented” is equivalent to “oriented” in the usual sense.
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Note that if X has more than one component then w should be viewed
as the disjoint union of the orientation characters of each component
of X. Presumably, this is the same thing as a homomorphism from the
fundamental groupoid of X to Z/2.

27.01.15 DC added the macro \imm for an immersion, e.g. Sk #M .
27.01.15 DC added the macro \emb for an embedding, e.g. Sk ↪→M .
27.01.15 Note that we are globally moving to (f, f) for degree one normal maps.
27.01.15 DC projective spaces are so far denoted RPn and CPn.
29.03.17 Here is our new notation for matrix groups, grups and classifying spaces.

They are implemented my mackros which we shall use from now. Some
have parameters, indicated by the suffix par in the macroname. Wolfgang
will implement them in the current text. The name and macro for Top
is different for the group and the category, namely TOP versus TOP.
Everything is rather selfexplanatory except thet th latex command for O
is \Ooperator since \ O is already used in Latex, it creates Ø.
Here are the new macros how they appear in the text.

(a) G, O, PL, SG, SO, SPL, STOP, TOP, G/O, G/PL, PL/O, G/TOP.
(b) BO, BSO, BPL, BSPL, BTOP, BSTOP, BGL, BSL.
(c) BG, EG, DIFF, BDIFF(M), BSDIFF(M), DIFF(M), SDIFF, SDIFF(M),

BO(k), BSO(k), BG(k), BSG(k), BGL(k), BGL(n,R), BSL(k), BPL(k),
BSPL(k), BTOP(k), BSTOP(k), EG, E(R), EG(k), O(k), SO(k),
G(k), SG(k), GL(k), GL(n,R), SL(n,R), SU(n,R), PL(k), RU(n,R),
SPL(k), TOP(k), STOP(k), GL(n,R), SL(n,R), SU(n,R), TU(n,R),
UU(n,R), M(m,n;R).

(d) TOP, PL, DIFF.
(e) B(G/O).

18.07.17 Use “Thom collapse map” for the collapse map map c : Sn+k → ν(M) in
the Pontrjagin-Thom construction.

18.07.17 Use “Hopf collapse map” for the map M → Sn collapsing the exterior of
a small embedded disc in M .

21.07.17 W. has deleted varying target from the notion of a normal bordism and
introduced cylindrical target instead of restricted target in Chapter 6.
This has to be implemented everywhere.

21.07.17 W. has introduced NI, NM and NT and N in Chapter 6. One has to
adjust this in all the other chapters.

29.03.2018 Here is how we will use the environment proposition:
Theorems and Proposition are intended as stand alone mathematical
statements: they should be statements of indenpendent interest which
a reader could read out of context from the rest of the text and which
might be of general use. A lemma is a more specialised statement, used
to prove other results in the text and whose primary significance resides
given its role in the logical structure of the text.
The difference between a Theorem and a Proposition is merely one of
significance. As authors, we indicate the deepest and most important
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general statements by calling them theorems. Interesting, but less signif-
icant general statements are called propositions.

01.02.2019 We will always make references to the new edition of Wall’s book [248].
We will include no references to the original edition from 1970.

20.6 Comments about Grammar, English and Spelling

27.11.11 We use analogue (British) instead of analog (American).
27.11.11 torsionfree (One word).
27.11.11 semisimple (One word).
27.11.11 pseudoisotopy (One word).
27.11.11 prove, proved proven.
27.11.11 choose, chose, chosen.
27.11.11 We should agree on a unified use of the words any, each and every. I am

not certain about the rules.
27.11.11 Write semigroup, semisimple, semidirect and so on.
27.11.11 Before R and S it must be “an”, before h it depends on the pronouncation

e.g., “an h-cobordism”, but “a homomorphism”.
27.11.11 Write “generalisation” and “generalise”.
27.11.11 Write “well known” and “well defined”.
27.11.11 Write “simply connected” and “path connected”.
27.11.11 Insert always a comma after “namely”.
27.11.11 Write selfmap, selfdiffeomorphism, and so on.
27.11.11 Write finite dimensional and not finite-dimensional.
27.11.11 Write “aspherical closed manifolds”, i.e., “aspherical” before “closed”
27.11.11 Write “one-relator group”.
27.11.11 Write “hyperbolic group” and not “word-hyperbolic group”.
27.11.11 Write “handlebody” and not “handle body”.
30.03.17 Write “neighbourhood” and not “neighborhood”.
27.11.11 Always a comma after i.e. and e.g., so in the text it should be e.g., and

i.e.,.
05.03.14 No punctuation with diagrams — either before or afterwards.
05.03.14 Section, Theorems etc are proper names and so have capitals.
05.03.14 In general use x̃ instead of x̃ and x̂ in stead of x̂.
06.03.14 DC: Use “lagrangian” not “Lagrangian” to be consistent with Wall and

Ranicki?
06.07.14 We have to unify the spelling concerning the choice of s or z, e.g., realize

versus realise, parallizable versus parallisable, generalize versus gener-
alise, and so on.

06.07.14 Phrases like “see Theorem 1.23” should start with a comma and should
end with a comma unless the sentence ends with a period.

23.03.15 Write “non-singular” not “nonsingular” and “non-degenerate” not “non-
degenerated”.
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23.03.15 Write “an n-manifold” and “an m-manifold”, not “a n-manifold” or “a
m-manifold”.

23.03.15 Use “transverse” as an adjective and “transversal” as a noun.

23.03.15 Use “isotope” for the present tense of the verb “to isotope”, i.e. perform
an isotopy.

02.03.17 Use five lemma

02.03.17 Sometimes we write lift or lifting. Hatcher is indeed using both words.

25.05.17 Write “base point” and not “basepoint”.

18.07.17 Write “regularly homotopic” not “regular homotopic”.

18.07.17 Sentences ending or pausing in diagrams show have fullstops or com-
mas on the bottom right hand symbol of the diagram. When this is not
practical, another option is to end the sentence with a colon before the
diagram and leave the diagram without punctuation; e.g. “We consider
the following commutative diagram:”.

19.08.17 It is “local coefficient system” or “infinite cyclic local coefficient system”,
but “homology with coefficients in R”. “

20.7 Additional References

These references may have not yet appeared in the text but we should later
decide whether they should be incoporated:

[135]

20.8 Things to check

Here I (Tibor) moved many comments from previous chapters that were
meant as reminders and warnings especially about notation. After we have
finished the book, we should check again that we have in fact implemented
them.

From Chapter 3:

From Chapter 6

Between Remark 6.9 and Lemma 6.10:

From Chapter 7
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After display 7.34:
After display 7.44:
In Lemma 7.45, part i:
At the end:

From Chapter 8:

Exercise before Lemma 7.92:

From Chapter 9:

From Chapter 12:

From Chapter 14:

After Remark 14.2:

Just before display (14.3):

Just before Definition 14.6:

After Definition 14.9:

After Definition 14.11

End of Remark 14.14:

20.9 Table of Contents

09.12.11 The following is the selection of topics we discussed during the brain-
storming on 6.12.11. that could be included in the book. It is something
like a maximal possible selection, so many things might end up not being
covered, but we feel like we want to have this list somewhere if only for
inspiration.
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Theory:

(1) Homotopy type of G/TOP and G/O. (Sullivan)
(2) The characteristic variety theorem of Sullivan (alias a manifold formula-

tion of the above — it is not clear whether this is really proven some-
where). This is not really needed anywhere, but still sounds like an in-
teresting result which is also quite intuitive.

(3) Surgery on submanifolds. Includes LS-groups, LN -groups in the sense of
Wall and Unil-groups in the sense of Cappell.

(4) Properties of the geometric surgery exact sequence under various opera-
tions on manifolds (products, bundles, etc.).

(5) Study of the action of self-equivalences ofX on the structure set S(X) and
on the L-groups. Inertia subgroup versus the closed manifold subgroup
of Ln(Zπ) (Hambleton).

(6) Characteristic classes formulae for the surgery obstructions, product for-
mulae.

(7) Browder’s reformulation of the Kervaire-Arf invariant in terms of the
functional Steenrod squares (and possibly in terms of the Adams spectral
sequence).

(8) Methods for computations and computations of the L-groups. Includes
localisation.

(9) Spacification a la Quinn.
(10) Algebraic surgery over rings and over additive categories with chain du-

ality leading to the total surgery obstruction.
(11) Modified surgery a la Kreck.
(12) PD-groups.
(13) H-spaces.
(14) Topological rigidity, includes the Borel Conjecture and the Farrell-Jones

Conjecture.
(15) The Novikov Conjecture on higher signatures.
(16) Analytic surgery a la Higson-Roe.
(17) Controlled topology.
(18) Topological and PL-category. (Perhaps indicate how is the PL-surgery

used to prove fundamental theorems about the topological manifolds in
Kirby-Siebenmann).

(19) Stratified surgery.
(20) Homology manifolds.
(21) Tangential surgery.
(22) Group actions and equivariant surgery.
(23) High-dimensional knot theory.
(24) Automorphisms of manifolds.
(25) Metrics of positive scalar curvature and surgery theory.

Examples:

(1) SPL(Tn), STOP (Tn).
(2) SCAT (Sp × Sq)
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(3) STOP (CP d)
(4) STOP (RP d)
(5) STOP (L2d−1)
(6) Something about smooth cases of the above.
(7) The space form problem.
(8) Highly connected manifolds.
(9) 4-manifolds

(10) Complete intersections.
(11) Non-linear similarity.
(12) Connected sums.
(13) Non-smoothable Poincaré complexes.

Problems and outlook:

(1) Boundaries of world-hyperbolic groups.
(2) The Quinn obstruction for aspherical manifolds.
(3) The Kervaire invariant in dimension 126.
(4) The Borel Conjecture and related conjectures.
(5) Topological rigidity for non-aspherical manifolds.
(6) Are all groups good in the sense of Freedman?
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