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Manifolds

Definition
A topological manifold M of dimension d > 0 is
a second countable hausdorff locally euclidean space of dimension d.
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The structure set

Definition

STOP5(M) = the simple structure set of a manifold M:
o (N,f), f:N =M
o (N,f) ~ (N, ) if exists h: N = N/ st. f'ohf.

Definition
Sgop’s(l\/l x D¥) = the k-th higher simple structure set of a manifold M:

o (N, f), £:(N,aN) E=Z4 (M x Dk, M x aD¥)
o (N,f) ~ (N, ) if exists h: N = N’ s.t. f' o h~ f rel ON.
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Classification problems

Definition (automorphism spaces)

STOPS (M), = {h: N = M x A% | h(N(0)) € M x o, Yo € AK},
TOP(M)y = {h: M x AX = M x A% | his over A¥},
G*(M), = {h: M x AKX = M x AX | his over A¥},
TOP(M) = {h: M x AK = M x A% | (M x 6) C M x 0, Yo € A¥},
G (M) ={h:Mx A% =5 M x AK | (M x o) C M x o, VaEAk}.J
Relations
TOP(M) 22X T6P(M)
l }urgﬂy
homotopy -+ G(M) ————— G (M)
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The surgery exact sequence

Theorem (Browder-Novikov-Sullivan-Wall ~ [1966])

For an n-manifold M with n > 5 we have

o NFOP(Mx ) S 135,,(2G) S STOPs(M) 2 NTOP(M) & 15(26G),
where G = m1(M).

Explanation

o NTOP(M) - normal cobordism - gen. cohomology theory
e L3(ZG) - Witt group of quadratic forms
@ 6 - the surgery obstruction map
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Cobordism

Definition
An (oriented) cobordism (W; My, M;) between My and M is a compact
(d + 1)-dim (oriented) manifold W such that

ow = My [ M.

Cobordism: ‘. M 1
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Surgery

Definition

Let M be a closed d-dim manifold and let h: Sk x D9~k — M.
The manifold M’ is obtained from M by surgery along h:

M’ = (M~ h(S* x DI7F)) Ugp, DFH1 x S9=K1,

The trace of the surgery on M along h is the (d + 1)-dim mfd

W =M x [0,1]Up D¥*1 x DIF with oW =M][ M

Surgery:
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Lens spaces

Definition
Lu(ks .. ka) o= §2971) ~m S(C9)/ ~

(217 . 7Zd) ~ (Zl . e27rik1/N7 T e27rikd/N)'

Theorem [Al] 1.2

Let L%Vd_l be a lens space with 7T1(L%Vd_1) >~ 7./N where N = 2K, d > 3.
Then for ¢ = [(d — 1)/2] we have

c Cc
Sy H=ieT=ePz2e Pz/2mnih?
i=1 i=1

N/2—1 d=2e+1

where ¥ is a free abelian group of rank
N/2 d=2e
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Surgery exact sequence for lens spaces

Known results were

0 — L34(2G) S s5(1271) I N (1291 > 0

4-RE(G)/(reg) n=0 (mod 4) (G-sign, real)
I5(2G) = 0 n=1(mod 4)
" 4-R:(G) n =2 (mod 4) (G-sign, imaginary)
OorZ/2 n = 3 (mod 4) (codimension 1 Arf)

N (L3281 = @Z/N@@Z/z where c = |(d — 1)/2].
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The p-invariant

Definition [Atiyah-Singer-111(1968)]

Let N be a closed topological (2d — 1)-dim manifold with a map
A(N): N — BG where G is a finite group. Define

p(NA(N)) = — - Gsign(Z) € QRY(G) /freg) = QRS

for some r € N and (Z,0Z) such that 9Z = r - N and there is
N(Z):Z — BG restricting to r - A(N) on 0Z.

Useful formulas

1
fim 1oy 07 =23+ 4N ) e QRe.

<
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The p-invariant is well defined

TS A,

Tibor Macko (Bratislava) Classification problems in THDM Bratislava 2020 11 /21



Proof

Key diagram

0—— [54(26) 2— S*(L5~") —— N (L) ———0

ElG—sign l'ﬁ l[ﬁ]

0— 4. Rg”d - QRg”" - QRgl)d/4 : Rg”d 0

Observation
S (L3 =2 im p @ ker([p])

Key formula

e—1
d=2e: [p|(t) =) 8-ta- 7272 (F2—1)
i=1
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N odd and the higher structure sets

Theorem (Wall [1970]), cf Theorem [A3] 6.1

Let L3777 be a lens space with 1 (L37*) = Z/N where N is odd, d > 3.
Then B
Sy hH=%

where ¥ is a free abelian group of rank (N — 1)/2.

Theorem [A4] 1.2

Let L?Vd_l be a lens space with wl(L%Vd_l) ~7/N, N=2K d=2e>3.
Then for ¢ = [(d — 1)/2] we have

c c
S xDMy=2ToZo T=L0Zo @2/2 @ @Z/zmin{K,Zi}
i=1 i=1

where ¥ is a free abelian group of rank N/2.

4
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Algebraic surgery exact sequence (Ranicki)

Symmetric structure on a chain complex C

n — cycle: p € W*(C) := Homgz,1(W, C ®r C).

Key ideas

Cobordism groups of quadratic chain cplxs in cats with chain duality.

GSES ~~ ASES
Loy (Z[r]) —2— STOP(X) ——— NTOP(X) 2L, 1 (Z[x])

lz %lqsign 3% %lqsign 3% lz

Lns1(Z[r]) = Sp1(X) —— Ha(X; Lo(1) Z™ Ly(Z[r])
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The additivity of the p-invariant

Theorem [B1] 1.1

Let M be a closed oriented topological manifold of dim 2d — 1 > 5 with a
map A(M): M — BG where G is a finite group. Then

p:S(M) — QRED" given by h:N = M = p(N) — p(M)

is a homomorphism of abelian groups.

Theorem [B1] 1.3

Let M be a closed oriented topological manifold of dim n with a map
A(M): M — BG for a finite group G, and let n+/=2d —1 > 5. Then

5o:Ss(M x D'y — QRg”d

is a homomorphism of abelian groups.

v
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Proof

Theorem [B1] 1.5

Let M be a closed topological manifold of dimension (2d — 1) > 5 with a
reference map A\: M — BG for a finite group G.
Then the following diagram commutes:

S(M) W2, Sy(M x D8)
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Manifold sets

Definition/Proposition

ME(M) = {N|N ~; M}/= = §5(M)/G*(M)

where

S*(M) x G*(M) — S*(M), ([f: N— M],[g])—[gof: N— M].

Theorem [B4] 1.4
If 71(M) = {e} and n > 5 then

(M(M)| =00 & [S(M)] = oo

In such a case for some 0 < 4k < n the set divi(M(M)) is infinite.
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h-cobordism and s-cobordism

h-Cobordism Theorem [Smale(1961)]

Every h-cobordism over a 1-ctd manifold My with dim(Mg) > 5 is trivial. J

Ki(ZG) := GL(ZG)/[GL(ZG),GL(ZG)].
The Whitehead group of G is defined as

Wh(G) := coker (G x {1} — Ki(ZG)).

s-Cobordism Theorem [Milnor(1966)]

Let My be a manifold of dim n > 5 with 7 = 71 (Mp).
Then the Whitehead torsion defines a bijection

T:{h—cobs(W;Mo,Ml)overMo}/% 2 Wh(n).
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Algebraic K-theory

Definitions (Quillen, Waldhausen [1970-1980])

K(R) := Ko(R) x BGL(R)T ~ R —ring
K(A) := Ko(A) x BGL(A)™ ~» A — ring spectrum
AM) = K(S[QM]) ~  moS[QM] = Z[riM]

M, A A(x) — A(M) — WhTP (M)

Theorem (SPHCT) [Waldhausen-Jahren-Rognes (2013)]
HTOP(M) ~ QWhTOP(Mm).

Theorem [Weiss-Williams (1988)]

TOP(M)/TOP(M) =r/2)=ctd,

Q®[HOP (M) z,2]
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Algebraic K-theory of X x S!

Theorem [Bass-Heller-Swan (1964)]
K(Z[r x Z]) ~ K(Z[r]) x BK(Z[r]) x NK(Z[]) x NK(Z[x]) J

NK(R) is defined using nilpotent matrices over R
Theorem [HKVWW (2001)]
A(X x S1) ~ A(X) x BA(X) x NA(X) x NA(X)

Theorem [Farrell (1977)]

.« NK(R) are either trivial or not finitely generated as abelian groups.

(en)": K(R[t]) — K(R[t"])

tn: R[t"] — R[t] {W (tn)s: K(R[t"]) — K(R][t])
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Nil terms in A-theory
Theorem [C1] 1.2

For p an odd prime there is a (4p — 7)-connected map

\/ E?PTHF, A (S'(£n)y) — NAL(x)).
+neNy

Theorem [C1] 1.3

The Zp[Nx]-module o, 2 NAL (), is (finitely) generated by $+1, and

the Zp[Ny]-module mp_1 NAi(*)g is not finitely generated.

Application
For M neg curved, dim = n > 10, 1 < j < ¢(n), with ¢(n) ~ n/3, we have

m TOP(M) = (P 742 NA(x)
T

W
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