Juraj Činčura, Tibor Šalát, Martin Sleziak and Vladimír Toma, Faculty of Mathematics, Physics and Informatics, Comenius University, Mlynská dolina, 842 48 Bratislava, Slovakia (e-mail: [cincura,sleziak,toma]@fmph.uniba.sk)

Sets of Statistical Cluster Points and I-Cluster Points

Abstract Let I be an admissible (i. e. proper and containing all finite subsets of N^+) ideal of subsets of the set N^+ of positive integers. The concept of I-convergence of sequences in metric spaces generalizes the concept of statistical convergence and also the usual concept of convergence of sequences.

In this paper we investigate some problems concerning the sets of I-cluster points and, in particular, the sets of statistical cluster points of sequences in metric spaces which are known to be closed sets.

In the first part of the paper we give a sufficient condition on a sequence x = (xn)^∞_{n=1} in a boundedly compact metric space which ensures the connectedness of the set of all statistical cluster points of x.

If Γ x(I) denotes the set of all I-cluster points of the sequence x and M is a set of sequences in a metric space X such that, for each x ∈ M, Γ x(I) ≠ ∅, then the assignment x → Γ x(I) gives a map M → F where F is the set of all non-empty closed subsets of the space X or M → C where C is a suitable subset of F.

In the second part of the paper we study the continuity of this map with respect to the sup-metric on M and some standard hypertopologies on C (the Vietoris topology, the Fell topology, the proximal topology and the topology given by the Hausdorff metric). We obtain some positive results in the case of locally compact and, particularly, boundedly compact metric spaces.

Introduction

Let (X, ϱ) be a metric space. The notion of a statistically convergent sequence of points of a metric space can be defined using the asymptotic density of

Key Words: statistical convergence, statistical cluster point, I-convergence, I-cluster point, Vietoris topology, Fell topology Mathematical Reviews subject classification: 40A05, 40C99 1 subsets of the set of positive integers N^+ = {1, 2, . . .} (cf. [7]). For any A ⊆ N^+ and n ∈ N^+ we denote

A(n) := card A ∩ {1, 2, . . . , n}

and we define lower and upper asymptotic density of the set A by the formulas

d(A) := lim inf_{n→∞}

A(n) n , d(A) := lim sup_{n→∞}

A(n) n . If d(A) = d(A) =: d(A), then the common value d(A) is called the asymptotic density of the set A and

d(A) = lim_{n→∞}

A(n) n . Obviously all three densities d(A), d(A) and d(A) (if they exist) lie in the unit interval [0, 1].

The notion of statistical convergence was originally defined for sequences of numbers in the paper [4] and also in [11]. The idea of statistical convergence can be easily generalized to sequences of points of a metric space (see [7]).

We say that a sequence x = (x_n)^∞_1 of points of a metric space (X, ϱ) statistically converges to a point ξ ∈ X if for each ε > 0 we have

d(A(ε)) = 0,

where A(ε) := {n ∈ N^+ : ϱ(x_n, ξ) ≥ ε}

and in such situation we will write ξ = lim stat x or in more detail ξ = lim stat x_n.

The notion of statistical convergence was further generalized in the paper [8] using the notion of an ideal of subsets of the set N^+. We say that a nonempty family of sets I ⊆ P(N^+) is an ideal on N^+ if I is hereditary (i.e. B ⊆ A ∈ I ⇒ B ∈ I) and additive (i.e. A, B ∈ I ⇒ A ∪ B ∈ I). An ideal I on N^+ for which I ≠ P(N^+) is called a proper ideal. A proper ideal I is called admissible if I contains all finite subsets of N^+. If not otherwise stated in the sequel I will denote an admissible ideal.

Recall the generalization of statistical convergence from [8]. Let I be an admissible ideal on N^+ and x = (x_n)^∞_1 be a sequence of points in a metric space (X, ϱ). We say that the sequence x is I-convergent (or Iconverges) to a point ξ ∈ X, and we denote it by I - lim x = ξ, if for each ε > 0 we have A(ε) = {n ∈ N^+ : ϱ(x_n, ξ) ≥ ε} ∈ I.

This generalizes the notion of usual convergence, which can be obtained when we take for I the ideal I_f of all finite subsets of N^+. A sequence is statistically convergent if and only if it is I_d-convergent, where I_d := {A ⊆ N^+ : d(A) = 0} is the admissible ideal of the sets of zero asymptotic density.

Many other types of I-convergence are obtained by specifying the ideal. Here we mention just two other types of I-convergence introduced in the paper

[9]. Let g : N^+ → R^+; and^∞ ∑ n=1 g(n) = +∞. Then it is easy to verify that

I^g := {A ⊆ N^+ : ∑ n∈A g(n) < +∞}

is an ideal on N^+. For a special case when g(n) =^1_n for n = 1, 2, . . . the ideal I^g is denoted I_c in [8].

Let us consider an infinite sequence e: N^+ → R^+ with^∞ ∑ n=1 e(n) = +∞ and

lim_{n→∞} e(n) ∑ k<n e(k)

= 0.

Then we define the Erdös-Ulam ideal by

I_e = {A ⊆ N^+ : lim_{n→∞} ∑ {e(k) : k < n, k ∈ A} ∑ k<n e(k)

= 0}.

Statistical convergence and its generalization I-convergence, enable us to introduce notions of statistical limit point and a statistical cluster point of a sequence, or their generalizations I-limit point and I-cluster point, respectively (cf. [6], [8], [9], [10]).

Since statistical convergence is in fact I_d-convergence we recall those notions for I-convergence only.

Definition. Let (X, ϱ) be a metric space and x be a sequence in X.

(a) A point ξ ∈ X is called I-limit point of a sequence x if there is a set K = {k_1 < k_2 < . . .} ∈ P(N^+) \ I such that lim_{n→∞} x_{kn} = ξ. The set of all I-limit points of a sequence x will be denoted Λ_x(I) or just Λ_x for statistical convergence.

(b) A point ξ ∈ X is called I-cluster point of a sequence x if for any ε > 0, {n ∈ N^+ : ϱ(x_n, ξ) < ε} /∈ I. The set of all I-cluster points of x will be denoted Γ_x(I) or just Γ_x for the statistical convergence.

In the papers [6], [7], [8] some basic properties of the sets Λ_x and Γ_x were studied. It was proved in [8] that the set Γ_x(I) is closed in (X, ϱ) for any admissible ideal I. Note that if I is an admissible ideal, then any convergent sequence in (X, ϱ) is I-convergent. In this paper we will study some topological properties of the sets Γ_x(I), in particular, we will study connectedness of the set Γ_x(I) and also some topological properties of the mapping x → Γ_x(I).

1 Basic topological properties of the sets Γ_x(I)

Let (X, ϱ) be a metric space and x = (x_n)^∞_1 be a sequence in X. We denote by s(X) the set of all sequences in X and bs(X) is the set of all bounded sequences from s(X). For any x ∈ s(X) let L_x denote the set of all limit points ξ (accumulation points) of the sequence x, i.e. ξ ∈ L_x if there exists an infinite set K = {k_1 < k_2 < . . .} ⊆ N^+ such that lim_{n→∞} x_{kn} = ξ or equivalently lim_{n→∞} ϱ(x_{kn} , ξ) = 0. When I is an admissible ideal then obviously we have

Λ_x(I) ⊆ Γ_x(I) ⊆ L_x. (1)

The following examples show that the inclusions in (1) can be strict.

Example 1.1. a) Let X = R (with the usual euclidean metric). We decompose the set N^+ into countably many disjoint sets

N_p := {2^{p−1} (2k − 1) : k ∈ N^+}, (p = 1, 2, . . .).

It is obvious that N^+ =^∞ ⋃ p=1 N_p and it can be easily shown that the asymptotic

density of N_p is

d(N_p) = 1 2^p

(p = 1, 2, . . .).

Let us define the sequence x = (x_n)^∞_1 with general term x_n =^1_p if n ∈ N_p (p = 1, 2, . . .). This is well-defined since the sets N_p are pairwise disjoint. One can show easily that L_x = Γ_x(I_d) = {0, 1,^1_2 , . . .} and Λ_x(I_d) = {1,^1_2 , . . .}. Therefore Λ_x(I) ⊊ Γ_x(I).

b) Let us take X = R and x_n = (−1)^{n−1} (n = 1, 2, . . .). Then one can show easily that L_x = Γ_x(I_d) = Λ_x(I_d) = {−1, 1}.

c) Let X = R and define x_n = 1 if n = k^2 for some k ∈ N^+ and x_n = 0 otherwise. Then Λ_x(I_d) = Γ_x(I_d) = {0} and L_x = {0, 1} and so we have Γ_x(I_d) ⊊ L_x.

d) The sets Λ_x(I), Γ_x(I) can be empty when diam X = sup_{α,β∈X} ϱ(α, β) =

+∞. In such spaces we can inductively define the sequence (x_n)^∞_1 with ϱ(x_i, x_j ) ≥ 1 for i ≠ j. Then L_x = ∅ and consequently due to (1) we get Λ_x(I) = Γ_x(I) = ∅.

e) Let (r_1, r_2, . . .) be an injective sequence of all rationals of [0, 1] and let X = R. Using the partition of N^+ =^∞ ⋃ p=1 N_p from a) we can define a sequence (x_n)^∞_1 taking x_n = r_p if n ∈ N_p (n = 1, 2, . . .). Then L_x = [0, 1] = Γ_x(I_d) and Λ_x(I_d) = {r_1, r_2, . . .}.

Considering the previous examples the following question arises: When one can claim the set Γ_x(I) is a connected set? We know that the set Γ_x(I) is always a closed set, but the foregoing examples show that for some sequences it can be a connected set and for other sequences it is not a connected set. The problem of connectedness of L_x was studied in [1] and the following theorem was proved:

Theorem A. Let (X, ϱ) be a metric space and x = (x_n)^∞_1 ∈ s(X) be a sequence satisfying the condition lim_{n→∞} ϱ(x_n, x_{n+1}) = 0. (2) Then the set L_x is a connected set in X.

It seems that the set Γ_x(I) has a more complicated structure, since the condition (2) above is not sufficient to ensure the connectedness of the set Γ_x(I) as the following example shows.

Example 1.2. Let us take X = R, I = I_d. Fridy showed in [5] the following Cauchy-type characterization of statistically convergent sequences:

A sequence x = (x_n)^∞_1 is statistically convergent if and only if ∀ε > 0 ∃N_ε ∈ N^+ : d({n : |x_n − x_{Nε} | < ε}) = 1 (C) So if (C) is satisfied then x statistically converges to a point ξ and therefore Γ_x(I_d) = {ξ} which is a connected set. We are going to construct a sequence satisfying condition (2) and also a condition weaker than (C) namely ∀ε > 0 ∃N_ε ∈ N^+ : d({n : |x_n − x_{Nε} | < ε}) = 1 (C^∗ ) and nevertheless the set Γ_x(I_d) is disconnected.

Let us define a set A :=^∞ ⋃ k=2 A_k with A_k = {k^{k2} + 1, k^{k2} + 2, . . . , k^{(k+1)2} − (k + 1)} (k = 2, 3, . . .). It can be seen easily that d(A) = 1.

Let us define also the sets B_1 := {1, 2, 3, . . . , 2^{22} }, B_k := {k^{(k+1)2} − k, k^{(k+1)2} − (k − 1), . . . k^{(k+1)2} − 1, k^{(k+1)2} }

(k = 2, 3, . . .). The blocks A_k, B_k taken in the natural order of N^+ form the sequence B_1, A_2, B_2, A_3, B_3, . . .

Since d(A) = 1 we have at once that d(B) = 0 with B :=^∞ ⋃ k=1 B_k . Let us take

A^∗_1 := ∞⋃ k=2 A_{2k−1} , A^∗_2 := ∞⋃ k=1 A_{2k}.

Then it is easy to see that

d(A^∗_1) = d(A^∗_2) = 1

Now we can define a sequence x := (x_n)^∞_1 as follows

x_n = { 0, if n ∈ B_1 ∪ A^∗_2 1, if n ∈ A^∗_1

Between the blocks A_{2k}, A_{2k+1} there is the block B_{2k} with 2k+1 elements. The values of x are elements of the interval [0, 1] and we make the equidistant partition of the interval [0, 1] into the intervals: [0,^1_{2k+2} ], [^1_{2k+2} ,^2_{2k+2} ], . . . , [^{2k+1}_{2k+2} , 1]. If n ∈ B_{2k} then n = (2k)^{(2k+1)2} − r for some 0 ≤ r ≤ 2k and we put x_n :=^{2k−r+1}_{2k+2} . We continue the same way from^{2k+2}_{2k+3} to^1_{2k+3} when defining x_n for n ∈ B_{2k+1}. If k ≥ 2 and k^{(k+1)2} < n < (k + 1)^{(k+1)2} + 1, then x_n = x_l where l = (k + 1)^{(k+1)2} + 1.

The sequence (x_n)^∞_1 defined in that way satisfies the condition (2). We show that it satisfies also the condition (C^∗ ). For an arbitrarily chosen ε > 0 let us choose N_ε such that N_ε ∈ A^∗_1 or N_ε ∈ A^∗_2. In both cases we have

d({n : |x_n − x_{Nε} | < ε}) = 1

since if N_ε ∈ A^∗_1 then |x_n − x_{Nε} | < ε is satisfied for all elements of A^∗_1 and similarly when N_ε ∈ A^∗_2.

Obviously Γ_x(I_d) = {0, 1} and this is a disconnected set.

The previous example shows that the condition (2) must be strengthened to ensure the connectedness of Γ_x(I).

The following theorem was inspired by the papers [1] and [12]. Recall that a metric space (X, ϱ) is called boundedly compact if each closed bounded subset of (X, ϱ) is compact.

Theorem 1.1. Let (X, ϱ) be a boundedly compact metric space. Let x = (x_n)^∞_1 ∈ bs(X) satisfy the condition ∃c > 1 : lim_{n→∞} M^{(c)}_n = 0 (3) where M^{(c)}n := max{ϱ(x_k, x_n) : n ≤ k ≤ [cn]} and [cn] is the integer part of cn. Then Γ_x(I_d) is a connected set.

Proof. The condition (3) obviously implies (2) and the condition (2) ensures by Theorem A the connectedness of L_x. So it suffices to prove that the assumptions of Theorem 1.1 imply L_x = Γ_x(I_d) (4) Taking into consideration (1) it is sufficient to prove L_x ⊆ Λ_x(I_d) (4’) To prove (4’) let us choose α ∈ L_x. Then there exists a set K = {k_1 < k_2 < . . .} ⊆ N^+, such that lim_{n→∞} x_{kn} = α. If we consider the set H(K) = ⋃ k∈K {k, k + 1, . . . , [ck]} ⊆ N^+

a simple estimate gives H(K)([ck]) [ck] ≥ [ck] − k

[ck]

→ 1 − 1 c > 0 (if k → ∞) Therefore d(H(K)) > 0.

To finish the proof of (4’) it suffices to show that lim_{n→∞}

n∈H(K)

x_n = α. (5)

As x_{kn} → α there exists an n_0 ∈ N^+ such that for every n ≥ n_0 we have ϱ(x_{kn} , α) < ε 2 . (6)

We can suppose n_0 to be so large that

∀n ≥ k_{n0} : M^{(c)}_n < ε 2 . (7)

Let us choose l ∈ H(K), l ≥ k_{n0} . Then there is n ≥ n_0 such that

l ∈ {k_n, k_n + 1, . . . , [ck_n]}.

So we have l ≥ k_n ≥ k_{n0} and following (7) we get

ϱ(x_l, x_{kn} ) < ε 2 . (8)

Using the triangle inequality we get from (6) and (8)

ϱ(x_l, α) ≤ ϱ(x_l, x_{kn} ) + ϱ(x_{kn} , α) < ε 2 + ε 2 = ε.

Therefore ϱ(x_l, α) < ε for l ≥ k_{n0} and we have proved (5).

Remark. Assumptions of Theorem 1.1 allowed us to prove the equality L_x = Λ_x(I_d) but this equality is neither necessary nor sufficient to ensure the connectedness of Γ_x(I) as can be seen from the Example 1.1 b), e).

2 Properties of the mapping Γ_I : x → Γ_x(I)

Let (X, ϱ) be a metric space, s(X) be the set of all sequences in X and I be an admissible ideal on the set N^+. If we assign to any sequence x ∈ s(X) the set Γ_x(I) of all its I-cluster points, then we obtain a mapping of s(X) to P(X). In [8] it is proved that for any admissible ideal I on N^+ the set Γ_x(I) is closed in (X, ϱ) for each x ∈ s(X). Denote by cs(X) the set of all x ∈ s(X) with Γ_x(I) ≠ ∅ and by F the set of all non-empty closed subset of (X, ϱ). Then for any non-empty subset M ⊆ cs(X) the assignment x → Γ_x(I) defines a mapping Γ_I : M → F. In this section we want to investigate the continuity of the mapping Γ_I with respect to suitable topologies on M and on F. It seems to be natural to endow the set M with the sup-metric σ defined by

σ(x, y) = min{sup_{n≥1} ϱ(x_n, y_n), 1}

or, equivalently, σ(x, y) = sup_{n≥1} ϱ(x_n, y_n)

provided that all sequences in M are bounded. The set F can be endowed with some standard hyperspace topology, e.g. Vietoris topology, Fell topology or proximal topology. If all Γ_x(I) for x ∈ M are bounded, then it is natural to use the Hausdorff metric.

In what follows by F we always denote the set of all non-empty closed sets of a given metric space (X, ϱ). Recall that I denotes an admissible ideal on N^+.

First we need to know for which sequences x ∈ s(X) the set Γ_x(I) is non-empty.

Lemma 2.1. Let (X, ϱ) be a metric space and K be a compact subset of X. Then for every x ∈ s(X) with {n ∈ N^+ : x_n ∈ K} /∈ I we have K ∩ Γ_x(I) ≠ ∅.

Proof. Suppose that K ∩ Γ_x(I) = ∅. Then any point p ∈ K does not belong to Γ_x(I) and therefore for any p ∈ K there exists ε_p > 0 such that

A_p = {n ∈ N^+ : ϱ(x_n, p) < ε_p} ∈ I.

Since K is compact there exists a finite number of points p_1, . . . , p_m ∈ K such

that K ⊆^m ⋃ i=1 B_{εpi} (p_i) where B_{εpi} (p_i) = {t ∈ X; ϱ(p_i, t) < ε_{pi} }. Obviously, we

have A = {n ∈ N^+ : x_n ∈ K} ⊆^m ⋃ i=1 A_{pi} .

Since^m ⋃ i=1 A_{pi} ∈ I we obtain that A ∈ I.

We start by considering the case of boundedly compact metric spaces (X, ϱ) (the euclidean spaces R^n, n ∈ N^+, are of such type). Denote by bs(X) the set of all bounded sequences in (X, ϱ). Obviously, for every ε > 0 and p ∈ X the closed ball D_ε(p) = {t ∈ X : ϱ(p, t) ≤ ε} is a compact set in (X, ϱ). Consequently, according to Lemma 2.1, for every sequence x ∈ bs(X) we have Γ_x(I) ≠ ∅ (i.e. bs(X) ⊆ cs(X)) and Γ_x(I) is compact (it is closed and bounded). Hence, the assignment x → Γ_x(I) defines a mapping Γ_I of the set bs(X) to the set K(X) of all non-empty compact subsets of (X, ϱ). If we endow the set bs(X) with the sup-metric σ(x, y) = sup_{n≥1} ϱ(x_n, y_n) and the set

K(X) with the Hausdorff metric ϱ_H defined by

ϱ_H (A, B) = max{sup_{a∈A} ϱ(a, B), sup_{b∈B} ϱ(b, A)}

(where, as usual, ϱ(a, B) = inf_{d∈B} ϱ(a, d)), then we obtain:

Theorem 2.1. Let (X, ϱ) be a boundedly compact metric space. Then the mapping Γ_I : (bs(X), σ) → (K(X), ϱ_H ), x → Γ_x(I)

is uniformly continuous (even lipschitzian).

Proof. Let δ > 0, x = (x_n)^∞_1 ∈ bs(X), y = (y_n)^∞_1 ∈ bs(X) and σ(x, y) < δ. We want to prove that this implies ϱ_H (Γ_x(I), Γ_y(I)) ≤ 2δ.

To show this it suffices to verify that for each t ∈ Γ_x(I) we have ϱ(t, Γ_y(I)) ≤ 2δ and for each u ∈ Γ_y(I) we obtain ϱ(u, Γ_x(I)) ≤ 2δ. Let t ∈ Γ_x(I). Then D_{2δ} (t) = {v ∈ X : ϱ(t, v) ≤ 2δ} is a compact subset of X. Since t ∈ Γ_x(I) we have A = {n ∈ N^+ : ϱ(t, x_n) < δ} /∈ I.

By the triangle inequality we get for n ∈ A: ϱ(y_n, t) ≤ ϱ(y_n, x_n) + ϱ(x_n, t) < δ + δ = 2δ.

But then B = {n ∈ N^+ : y_n ∈ D_{2δ} (t)} ⊇ A and therefore B /∈ I.

Using Lemma 2.1 we obtain that there exists a point t^′ ∈ D_{2δ} (t) ∩ Γ_y(I) and this yields ϱ(t, Γ_y(I)) ≤ 2δ.

Similarly we can show that ϱ(u, Γ_x(I)) ≤ 2δ. Hence, ϱ_H (Γ_x(I), Γ_y(I)) ≤ 2δ.

Remark. One can ask a natural question whether the mapping Γ_I from Theorem 2.1 is surjective. We show that this is true for suitable choice of I, e.g. for I = I_d.

Let K ⊆ X be a non-empty compact subset in (X, ϱ). Then (K, ϱ|_{K×K} ) is a separable metric space and hence there exists a countable set M ⊆ K dense in K, i.e. M = K. Let M = {α_1, α_2, . . . , α_p, . . .} and N_p := {2^{p−1} (2k − 1) : k ∈ N^+}. Then N^+ =^∞ ⋃ p=1 N_p (see Example 1.1) and we can define a sequence x = (x_n)_{n≥1} by x_n = α_p if n ∈ N_p (n = 1, 2, . . .)

Then x ∈ bs(X) and Γ_x(I_d) = K.

Similarly, if I = I_f is the ideal of all finite subsets of N^+, K ∈ K(X) and M = {α_1, α_2, . . . , α_p, . . .} is a countable dense subset of K, then for the sequence x ∈ bs(X) such that x = (α_1, α_1, α_2, α_1, α_2, α_3, . . .)

we have Γ_x(I_f ) = K.

We next recall the definition of Vietoris topology on the set F of all nonempty closed subsets of a metric space (X, ϱ).

For any subset U of X put U^− := {A ∈ F : A ∩ U ≠ ∅} and U^+ := {A ∈ F : A ⊆ U}.

Then the family S^−_V := {U^− : U is open in X} is a subbase of the lower Vietoris topology on F denoted by τ^−_V , the family S^+_V := {U^+ : U is open in X} is a subbase of the upper Vietoris topology on F denoted by τ^+_V and S_V = S^−_V ∪ S^+_V is a subbase of the Vietoris topology on F which is denoted by τ_V .

It is well known (see e.g. [3, p. 371]) that the family K(X) of all non-empty compact subsets of (X, ϱ) considered as a subspace of (F, τ_V ) is metrizable by the Hausdorff metric on K(X). Thus applying Theorem 2.1 we obtain Theorem 2.2. If (X, ϱ) is a boundedly compact metric space, then the mapping Γ_I : (bs(X), σ) → (F, τ_V ); x → Γ_x(I) is continuous.

Boundedly compact metric spaces are locally compact and from Lemma 2.1 it easily follows that for locally compact metric spaces the following statement holds:

Proposition 2.1. Let (X, ϱ) be a locally compact metric space and x ∈ s(X). Then Γ_x(I) ≠ ∅ if and only if there exists a compact set K ⊆ X with {n ∈ N^+ : x_n ∈ K} /∈ I.

Consider the set cs(X) of all sequences in (X, ϱ) with Γ_x(I) ≠ ∅ together with the sup-metric σ defined by σ(x, y) = min{1, sup_{n≥1} ϱ(x_n, y_n)}. Then the following theorem completes in a certain sense Theorem 2.2. Theorem 2.3. Let (X, ϱ) be a locally compact metric space. Then Γ_I : (cs(X), σ) → (F, τ^−_V ); x → Γ_x(I) is a continuous mapping.

Proof. It suffices to prove that for every open subset U in (X, ϱ) the set Γ_I^{−1} (U^− ) is open in (cs(X), σ). Let x ∈ Γ_I^{−1} (U^− ). Then Γ_x(I) ∩ U ≠ ∅ and we can choose a point t ∈ Γ_x(I) ∩ U. Since (X, ϱ) is a locally compact space there exists ε > 0 such that

D_ε(t) = {v ∈ X : ϱ(v, t) ≤ ε}

is a compact set with D_ε(t) ⊆ U. Let 0 < δ ≤^ε_2 , δ < 1 and y ∈ cs(X) satisfying σ(x, y) < δ. Since t ∈ Γ_I (x) we have

A = {n ∈ N^+ : ϱ(x_n, t) < δ} /∈ I.

Using the triangle inequality we obtain ϱ(y_n, t) ≤ ϱ(y_n, x_n)+ϱ(x_n, t) < δ+δ ≤ ε for any n ∈ A and it follows that A ⊆ B = {n ∈ N^+ : y_n ∈ D_ε(t)} /∈ I.

Since D_ε(t) is a compact set we get (using Lemma 2.1) Γ_y(I) ∩ D_ε(t) ≠ ∅ and because of D_ε(t) ⊆ U also Γ_y(I) ∩ U ≠ ∅. Hence y ∈ Γ_I^{−1} (U^− ) and, consequently, the open ball B_δ (x) is contained in Γ_I^{−1} (U^− ). Hence Γ_I^{−1} (U^− ) is open in (cs(X), σ).

Remark. Using the language of set-valued mappings Theorem 2.3 can be alternatively formulated as follows: If (X, ϱ) is a locally compact metric space, then the set-valued mapping of s(X) to (X, ϱ) given by x → Γ_x(I) is lower semicontinuous.

Problem. Let (X, ϱ) be a locally compact metric space. Is the map Γ_I : (cs(X), σ) → (F, τ^+_V ); x → Γ_x(I) continuous? (Equivalently, is the map Γ_I : (cs(X), σ) → (F, τ_V ) continuous?)

We next study the continuity of Γ_I with respect to the Fell topology and the proximal topology on the set F. We start with the definitions (see [2]).

Let (X, ϱ) be a metric space. Put

S^+_F := {U^+ : X \ U is a compact set in (X, ϱ)}.

Then the family S^+_F ∪ S^−_V is a subbase of the Fell topology on F denoted by τ_F . Since S^+_F ⊆ S^+_V we have τ_F ⊆ τ_V .

The notion of proximal topology is defined as follows: For any U ⊆ X put

U^{++} := {F ∈ F : there exists ε > 0 with S_ε(F ) ⊆ U},

where S_ε(F ) := {a ∈ X : ϱ(a, F ) < ε} is the open ε-neighbourhood of the set F . Put S^+_P := {U^{++} : U is open in (X, ϱ)}.

Then the family S^+_P ∪ S^−_V is a subbase of the proximal topology on F denoted by τ_P .

Recall that metrics ϱ and ϱ^′ in the set X are called equivalent if they induce the same topology on X. It is well known that equivalent metrics on X can induce non-equivalent sup-metrics σ, σ^′ on s(X) and different proximal topologies on F. On the other hand, the Fell topology depends only on the topology of (X, ϱ).

The following property determines the class of metric spaces which contains the class of all boundedly compact spaces (and is contained in the class of all locally compact metric spaces).

A metric space is (X, ϱ) is said to have nice closed balls provided whenever D is a closed ball in X that is a proper subset of X, then D is compact. Clearly, every boundedly compact metric space has nice closed balls. The converse is not true, e.g. every infinite metric space with zero-one metric has nice closed balls without being boundedly compact. For locally compact spaces the following statement holds (see [2]):

Theorem B. For any metric space (X, ϱ) the following assertions are equivalent:

(a) (X, ϱ) is locally compact space.

(b) There is a metric ϱ^′ on X equivalent to ϱ such that (X, ϱ^′) has nice closed balls.

Proposition 2.2. Let a metric space (X, ϱ) have nice closed balls, σ be the sup-metric on cs(X) defined by σ(x, y) = min{1, sup_{n≥1} ϱ(x_n, y_n)}, U be an open set in (X, ϱ), and x ∈ cs(X). If ϱ(Γ_x(I), X \ U) = r > 0, then there exists δ > 0 such that for any y ∈ cs(X) with σ(x, y) < δ we have

ϱ(Γ_y(I), X \ U) ≥ r 2 . Proof. Let 0 < δ ≤^r_6 , δ < 1, σ(x, y) < δ and t ∈ Γ_y(I). Then

A = {n ∈ N^+ : ϱ(t, y_n) < r 6 } /∈ I.

For every n ∈ A we have

ϱ(t, x_n) ≤ ϱ(t, y_n) + ϱ(y_n, x_n) < r 6 + r 6 = r 3 and therefore A ⊆ B = {n ∈ N^+ : ϱ(t, x_n) ≤^r_2 } /∈ I.

Since D r_3 (t) ≠ X (diam X ≥ r) it is a compact set and this together with B /∈ I yields that D r_3 (t) ∩ Γ_x(I) ≠ ∅. Hence there exists u ∈ Γ_x(I) with ϱ(t, u) ≤^r_3 . For any v ∈ X \ U we get

r ≤ ϱ(u, v) ≤ ϱ(u, t) + ϱ(t, v).

Then ϱ(t, v) ≥ ϱ(u, v) − ϱ(t, u) ≥ r − r 3 = 2 3 r > r 2 . Consequently ϱ(Γ_y(I), X \ U) ≥ r 2 .

Corollary. Let a metric space (X, ϱ) have nice closed balls. Then, using the notation of Proposition 2.2 we obtain:

(a) If Γ_x(I) ∈ U^{++}, then there exists δ > 0 such that for each y ∈ cs(X) with σ(x, y) < δ we have Γ_y(I) ∈ U^{++}.

(b) If X \ U is compact in (X, ϱ) then Γ_x(I) ∈ U^+ implies there exists δ > 0 such that for each y ∈ cs(X) with σ(x, y) < δ we have Γ_y(I) ∈ U^+.

Combining Proposition 2.1, the above Corollary and Theorem 2.3 we obtain

Theorem 2.4. Let (X, ϱ) be metric space which has nice closed balls and σ be the sup-metric on the set cs(X) given by σ(x, y) = min{1, sup_{n≥1} ϱ(x_n, y_n)}. Then the mappings

Γ_I : (cs(X), σ) → (F, τ_F ); x → Γ_x(I) Γ_I : (cs(X), σ) → (F, τ_P ); x → Γ_x(I)

are continuous.

Theorem 2.4 and Theorem B yield:

Corollary. Let (X, ϱ) be a locally compact metric space. Then there exists a metric ϱ^′ on X equivalent to ϱ such that the mappings

Γ_I : (cs(X), σ^′) → (F, τ_F ); x → Γ_x(I) Γ_I : (cs(X), σ^′) → (F, τ_P ); x → Γ_x(I)

where σ^′ is the sup-metric and τ_P the proximal topology corresponding to ϱ^′, are continuous.

Let (X, ϱ) be a metric space, A ⊆ cs(X) and B ⊆ F. We conclude this section with studying the continuity of the mapping Γ_I : A → B where A is endowed by the Fréchet metric instead of the sup-metric and B is endowed by the Hausdorff metric or one of the above considered hypertopologies.

Recall that if (X, ϱ) is a metric space, M ⊆ s(X), then the Fréchet metric φ on M is defined by

φ(x, y) = ∞∑ n=1 2^{−n} min{1, ϱ(x_n, y_n)}.

We start with the case of the Hausdorff metric. Let (X, ϱ) be a metric space cbs(X) be the set of all bounded sequences in (X, ϱ) with Γ_x(I) ≠ ∅, bF the set of all non-empty closed bounded subsets in (X, ϱ) and ϱ_H be the Hausdorff metric on bF. Then we have

Theorem 2.5. If a metric space (X, ϱ) contains at least two different points, M is an arbitrary subset of cbs(X) containing all stationary sequences (i.e. constant up to finite number of terms), then the mapping

Γ_I : (M, φ) → (bF, ϱ_H ); x → Γ_x(I)

is discontinuous at any point x ∈ M.

Proof. Let x ∈ M, t ∈ Γ_x(I) and v ∈ X with v ≠ t. Put ε_0 = ϱ(v, t) > 0 and choose an arbitrary δ > 0. Then there exists k ∈ N^+ such that ∑ n≥k 2^{−n} < δ.

Define a sequence y = (y_n)^∞_1 as follows:

y_j = { x_j if j ≤ k v if j > k

Then we have φ(x, y) ≤ ∑ n>k 2^{−n} < δ

and, consequently, y ∈ B_δ (x). Obviously Γ_y(I) = {v} and

ϱ_H (Γ_x(I), Γ_y(I)) = ϱ_H (Γ_x(I), {v}) ≥ sup_{u∈Γ x(I)} ϱ(u, {v}) ≥ ϱ(t, v) = ε_0.

This yields that Γ_I is discontinuous at x.

The method used in the proof of Theorem 2.5, namely the fact that for any x ∈ M, v ∈ X and δ > 0 there exists y ∈ M such that φ(x, y) < δ and Γ_y(I) = {v}, can be readily used to show that the following assertion holds:

Theorem 2.6. Let (X, ϱ) be a metric space containing at least two different points, M be a subset of cs(X) containing all stationary sequences and τ be any of topologies τ^−_V , τ_V , τ_F , τ_P on F. Then the mapping

Γ_I : (M, φ) → (F, τ); x → Γ_x(I)

is discontinuous at any x ∈ M.

In the case of τ^+_V the mapping Γ_I : (M, φ) → (F, τ^+_V ); x → Γ_x(I) is discontinuous at any x ∈ M such that Γ_x(I) ≠ X.

Remark. Obviously, the discontinuity with respect to τ^−_V implies the discontinuity with respect to τ_V , τ_F , τ_P .

References

[1] M. D. Ašić and D. D. Adamović. Limit points of sequences in metric spaces. Amer. Math. Monthly, 77:613–616, 1970.

[2] G. Beer. Topologies on closed and closed convex sets. Kluwer Academic Publishers, Dordrecht, 1993.

[3] R. Engelking. General Topology. PWN, Warsaw, 1977.

[4] H. Fast. Sur la convergence statistique. Coll. Math., 2:241–244, 1951.

[5] J. A. Fridy. On statistical convergence. Analysis, 5:301–313, 1985.

[6] J. A. Fridy. Statistical limit points. Proc. Amer. Math. Soc., 118:1187– 1192, 1993.

[7] P. Kostyrko, M. Mačaj, T. Šalát, and O. Strauch. On statistical limit points. Proc. Amer. Math. Soc., 129:2647–2654, 2001.

[8] P. Kostyrko, T. Šalát, and W. Wilczyński. I-convergence. Real Anal.

Exchange, 26:669–686, 2000-2001.

[9] K. Mazur. F_σ -ideals and ω_1ω^∗_1 -gaps in the boolean algebras P(ω)/I. Fund.

Math., 138:103–111, 1991.

[10] S. Pehlivan, A. Güncan, and M. A. Mamedov. Statistical cluster points of sequences of finite dimensional space. Czechosl. Math. J., 54:95–102, 2004.

[11] I. J. Schoenberg. The integrability of certain functions and related summability methods. Amer. Math. Monthly, 66:361–375, 1959.

[12] J. Zeager. Statistical limit point theorem. Internat. J. Math. Math. Sci., 23:741–752, 2000.