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I’ve put this text online on November 2, 2011. Since then I've occasionally corrected some

typos.
The answer to [SZ, Problem 1] is affirmative, d(A) = d . (A) holds for any A C N.

Proof of d(A4) =d_(A)

Pélya [P]:
d(A) = Tim Timinf A0 = A060)

= f—1— n—oo n —6n

Suppose d(A) = 0. We want to show that do(A) = 0.
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Fix € > 0. Then there exists 6y < 1 such that
lim inf M <e
n—00 n —o6n
whenever 0y < 6 < 1. This implies that
A(n) — A(6n)
2 1
n—0n <2 (1)

for infinitely many n’s.
If n fulfills (1) then

An(n) < An(On) +n%(A(n) — A(On)) < An(On) +n*TH(1 — 0)2¢
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Since the above inequality holds for infinitely many n’s we get
A, 1
da(A) = liminf % <Ot 4 (1—0)2(a+1) (2)
— n— 00 n

for any 6 € (6p, 1) and any a > 0.
Let us assume that, moreover,

1
For a given § < 1 we get a + 1 = m, Hence we can find such a and o« — oo as § — 1~ (for a fixed
e >0).
Similarly, if we fix & > 0 then 8 =1 — m; i.e., there exists a corresponding 6 and we have § — 1~
for a — oo (for a fixed € > 0).
Using (3) we get from (2)
1 a—+1
do(A) < - +24/€ 4
da(4) < (1= o2 Ve (1)

{EQTHETA}

{INEQTHETA}

{EQTHETAALPHA}

{EQALPEPS}



This inequality is valid for any a and 6 € (6, 1) that fulfill (3).

Now, if & — oo (note that this means § — 17, hence we can always find 6 € (6p,1) such
that (3) holds), we get

doo(A) < ™77 +2v/5. (5)
As the RHS tends to 0 for ¢ — 07 and € > 0 can be chosen arbitrarily, we finally get

doo(A) = 0.
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If we combine the above with [SZ, Corollary 6], we have so far proved d(A) = d
the case that some of these values is zero. B

By [SZ, Proposition 2] we know that d(A) = d(B) for some B C A, B € D. For this set
we have d(A \ B) = 0. This implies a

(A) for

o0

d(4) = d(BUA\ B) = d(B) + d(A\ B) = d(B) + d.(A\ B) = d,(A).

(We have used [SZ, Proposition 1] and some properties of a-densities which are recapitulated
in [SZ, Theorem 1, Corollary 1, Corollary 2].)
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