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Some exercises from [Ke]

Polish spaces

L,(X,Y) with the strong topology is Polish for X, Y separable (14/Ex-
ercise 3.4.5). Let X, Y be separable Banach spaces. We denote by L(X,Y)
the (generally non-separable) Banach space of bounded linear operators T: X —
Y with norm ||T|| = sup{||TX|;z € X,||z|| < 1}. T X =Y we let L(X,Y) =
L(X). Denote by Lq(X,Y) the unit ball

Li(X,)Y)={T e L(X,Y); |IT|| < 1}

of L(X,Y). The strong topology on L(X,Y) is the topology generated by the
family of functions f,(T) =Tz, fr: L(X,Y) =Y, for x € X.

We will use the term [initial topology rather than “topology generated by
a family of functions” (this term is used in both [E| [Ke]). Initial topology on
X w.r.t. family {f;,¢ € I} is characterized by the property that f: Y — X is
continuous if and only if all compositions f; o f are continuous. E.g., product
space has the initial topology w.r.t. the projections and a subspace has the
initial topology w.r.t the embedding.

We want to show that L;(X,Y) with the strong topology is a Polish space.
We choose a countable subset D C X which is dense in X and closed under the
rational linear combinations. The space Y? is Polish since D is countable and
Y is separable. The map T + T|p from L;(X,Y) into Y'? is injective (since D
is dense in X). The range of this map is the following closed subset of Y

F={feYPVz,ye DVp,qecQf(pz+qy) =pf(z)+af)]}
AYz € D(||f(z)]| < lzl])-

(To see this we just need to note that only maps of this form can be obtained
by a restriction of a map from L;(X,Y’) and, on the other hand, every such a
map can by uniquely extended to a map from L;(X,Y). The proof of this claim
is standard — we define f(x) as the limit of f(x,) for any z, — x and we show
that this map is well-defined and belongs to Li(X,Y).)

It remains to show that the map ¢: L1(X,Y) — F given by T +— T|p is a
homeomorphism. We have seen above that it is a bijection.

¢ is continuous Let us denote by e: F < Y? the embedding of E into Y.
The topological space F' has the initial topology w.r.t. the family pgoe, d € D.
(Note that Yp has the initial topology w.r.t. pg’s and F has the initial topology
w.r.t. to e.)

We have the following commutative diagram.

Li(X,Y) 2> F

I

Y <———YP


http://en.wikipedia.org/wiki/Initial_topology

The continuity of ¢ now follows from the continuity of pyoeop = f;.

(Since F is a compact space — we will show this later — the continuity of ¢
follows easily from the continuity of ¢ ~!. Nevertheless, it was good to include
this prove, since now we will use similar method, but the case of ¢ is the easier
one.)

™1 is continuous

The map ¢~ ': F — L;(X,Y) assigns to a function f: D — Y which belongs
to F (i.e., it is Q-linear and has norm at most 1) a linear and continuous
extension f: X — Y (belonging to L;(X,Y)).

Now, L1(X,Y) has the initial topology w.r.t the family f,, z € X. Thus we
need to show that f, o ¢ is continuous for any given z € X.

Let x € X be fixed. Choose any sequence x,, € D such that lim z, = z.

n— oo
1

The map f; o p~' maps f to lim f(z,). Now

(Fno)(Vn > ng)[|x, — x| < § (by the convergence of the sequence x,) Directly
by the definition of I this implies (Vh € F)(Vn > no)||h(z,) — h(z)| < 5.

g €U = ||g(xn,) — f(n,)|| < § for some open neighborhood U of f.

Using these 2 facts we get for every g € U

lg(x) = f(@)| < llg(x) = g(@no) | + 9 (wng) = f(ano) | + 1 (@) = f )| < e

This shows the continuity of ¢ 1.

Metricon L1(X,Y) Since we have a homeomorphism between F and Ly (X,Y")
we can simply transfer the metric from F' to this spaces. On F' we have the
product metric

d(f,9) = Z 27" 7| f(dn) — g(dn)].

deD

Since the set D corresponds to a countable dense subset of X closed under
Q-linear combinations, this yields a metric on L1(X,Y)

d1(57 T) = Z 27”71”S(dn) - T(dn)“
n=1

for any subset D = {d,;n € N} with the above properties. Now we claim that
we obtain an equivalent metric if we take any dense countable set {z,;n € N}
in the unit ball of X

o0

d(S,T) = 27" [[S(xn) — T(wn)l.

n=1

If we are given some such set A = {z,;n € N} we can construct the correspond-
ing set D = {Zle CioTiy; k € Ny¢;, € Q} of all Q-linear combinations.

To see that these two metrics on L1 (X,Y") are equivalent it suffices to observe
that for a linear map T the sequence T'(d) converges to 0 for each d € D if and
only if it converges to 0 for each x,, € A.



L1(X,R) is compact Since in this case F is a closed subset of [ ], , (—|ld[], [|d]]),
we see that I is compact. The same metric as above can be in this case rewritten
as

da*,y*) =Y 27" (@, 2*) = (yay")]
n=0
for some dense sequence (z,) in the unit ball of X.

Note that the fact that L;(X,R) is compact can be shown without using
the separability. This claim is usually called Banach-Alaoglu theorem. It was
proved in 1940 by Leonidas Alaoglu. Stefan Banach has proved this theorem in
his 1932’s book in the separable case. [M]

I think it’s worth noting we have in fact proved Theorem 9.19, which will be
needed in some of the later chapters:

Theorem (Keller’s Theorem). If X is a separable infinite-dimensional Ba-
nach space, B1(X™*) with the weak*-topology is homeomorphic to the Hilbert cube
v,

1 Zero-dimensional spaces

Zero-dimensional spaces and retracts The following theorem is included
in the book without proof

Theorem. Let X be separable metrizable. Then X is zero-dimensional iff every
non-empty closed subset of X is a retract of X. E|

By Proposition 2.8 this is true for the Cantor space C = 2". Since every
separable zero-dimensional space is a subspace of 2V we get this part of theorem.
(If F' is closed in X and X is embedded in C, we have a retraction from C to F.
The restriction is a retraction from X to F.)

It suffices to show that X is a subspace of 2¢ for some cardinal . By
diagonal theorem ([El Theorem 2.3.20]) we only need to find a family of maps
from X to 2 which separates points and closed sets. Now if ¢ F, where v € X
and F is a closed subset of F, then we have a retraction r: X — F U {z} (the
set F'U{z} is closed). Now the map f: F U {x} — 2 given by f(x) = 0 and
fIF] = {1} is continuous (both {z} and F are clopen in the subspace {z} U F).
Thus for is the required map from X to 2 separating the point x and the closed
subset F.
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