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Boos: Classical and modern methods in summa-
bility

Notes from [B].

Part I: Classical methods in summability and ap-
plications

1 Convergence and divergence

1.1 The early history of summability—the devil’s invention

1.2 Summability methods: definition and examples
Definition (matrix method). (1.2.12) wy := {z € w|Az exists} (=all series’
>k AnkTr converge) = application domain of A
ca = A7Y(c) =domain of A
coA = A~ Y(co) = null domain
mNca = bounded domain
k
!

Example. (1.2.13) (d) By := (e‘"%) Borel matriz, discrete Borel method

almost convergence introduced in 1948 by G. G. Lorentz [L]

1 p+n
i Z rr == a (uniformly for p)
k=p

f =almost convergent sequences

Theorem (almost convergence). (1.2.18)

(a) cC f Cm and F — lim |, = lim

(b) If A is a matriz method, then f # ca (that is, almost convergence is not
representable by a matriz method) and, moreover, f #mNca

Proof: See [L, Theorem 11]

1.3 Questions and basic notions

Inclusion theorems conservative for null sequences if ¢ C Ny,
conservative if ¢ C Ny,
strongly conservative if f C Ny

Lz is a column vector



K=CorK=R

N° = NU {0}

w = K" denotes the set of all sequences

m = £°° = bounded sequences

¢ = convergent sequence

co ={z = (z1) € | klir{)lo x = 0} = the set of all null sequences

bs=sequences with bounded partial sums; ||z|ps = sup,, | r_, x| is called
bs-norm

cs =summable sequences (), xj converges)

£ = 0" = absolutely summable sequences

bv = sequences with bounded variation

@ = finitely non-zero sequences

0 ClCesCegTe=cod(e)
£ C bug C bu=byy @ (e)

cCmCw
-
where e := (1,1,1,...)

X = {07 1}N0

mo = (x) = {z = (z1) € w[{zx|k € N°} is a finite set}

A sequence = = (xj) € x is called thin if there exists an index sequences
(ky) with ky41 — k) — 00

T = thin sequences>

PAXSTCEX G (X)) =m0

Exercise 1.3.11: Borel method is regular. Borel matrix B is also regular.

2 Matrix methods: basic classical theory

2.1 Dealing with infinite series

Theorem (Abel’s partial summation formula). (2.1.1) Let (a,), (b,) € w,
Ty =Y n_ga, (n €N and x_y := 0. Then the equility

n+k n+k
Z aybu - Z xu(bu - bu+1) - xn—lbn + xn+kbn+k+1 (1)
holds for all n,k € N°. If (z,b,41) € c, the series >, avb, converges if and

only if the series Y, x, (b, — by41) does, that is

(avb,) € cs & (xy(by —by41)) € cs

2Book says ¢ C 7 — a mistake.



Corollary. (2.1.8) A series converges absolutely if and only if each rearrange-
ment of it is convergent. >

Bibliography: [K]

2.2 Dealing with infinite matrices

Definition (products). (2.2.2)
yxr = Z YkTk
k

scalar product of sequences

Ax = (Z ankxk>
k

product of a matriz and a sequence

yB = (Z ynbnk>

neNO keNO

AB = (cor) whee e = 3 ansbi
Theorem (associativity of ¢(Bx)). (2.2.4) Let B be an infinite matriz and
r=(z), t = (tx) €w. If
(i) z€wp andt € ¢ or
(ii) t € £ and || Bl :=sup, >_, [bu| < o0
is valid, then (tB)x exists and t(Bx) = (tB)z holds.

Theorem (associativity of A(Bx)). (2.2.5) Let A and B be infinite matrices
and x = (vg) €Ew. If

(i) z € wp and A = (a,) is row-finite (that is, (ank)r € @ for each n € NY)
or

(ii) * € m, ||B]| < 0o and (ank € £) for each n € N°
holds, then A(Bz) and (AB)x ezist and A(Bzx) = (AB)zx.

Theorem (associativity of A(BC)). (2.2.6) Let A, B and C be infinite ma-
trices. If

(i) BC is defined and A is row-finite or
(i) || B]| < o0, (cyk)y € m (k € N°) and (an,), € £ (n € NY)
holds, then A(BC) and (AB)C' ezist and A(BC) = (AB)C

3My question: For real series the absolute convergence is equivalent to convergence of
S enwyn for any choice of e, € {£1}. Is there a similar theorem for complex series?



Definition (inverse). (2.2.7) Let A and B be infinite matrices. If AB exists
and AB = I, then A is called a left inverse of B and B is called a right inverse
of A. If in addition BA exists and AB = BA = I holds, then the matrix B is

called bi-inverse or simply inverse of A. The inverse of A, if it exists, is denoted
by AL

triangle = (lower) triangular matrix

Theorem (triangle). (2.2.9) If A is a triangle, then the following statement
hold:

(a) For each y € w there exists a unique solution of the system of equations
Ax =y.

(b) There exists a unique right inverse B of A. Moreover, B is also a triangle
and a left inverse. So A~ exists.

(¢) The matriz A may have more than one left inverse, but there is exactly
one that is also a triangle, namely A~L.

)
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summation matric
Bibliography: [C, ZB]

2.3 Conservative matrix methods

Definition (convergence factor sequence, 3-dual). (2.3.1) For X C w with
X # 0 we define

XP = {t = (ty) € wVx = (1) € X: to := (tyay) € cs}.

Then X7 is called the B-dual of X or the set of all convergence factor sequences
of X (in cs). For y € w we write y” instead of {y}°.

X7 is a sequence space with ¢ < X# < w
XcYcw=YP<XP
X C XPP .= (XP)8
¢’ =wand Wl =y
X Cwa e VneN Ve = (2) € X: >k AnkTr converges < Vn € NO .
(ank)r € XP

Theorem. (2.5.3)

(a) cf =cP =mP =1t



(b) 7 =m
(c) Tﬁzxﬁ:mgzé

Corollary. (2.3.4) Let A = (anx) be any infinite matriz. Then

Z|ank\ < o0, that is (ank)x € £ for each n € N°
k

if and only if one (thus each) of the inclusions m C wa, ¢ C wa, ¢ C wa,
mo C wa, and T C wa holds.

my = {r € wa|Ax € m}

Theorem (¢ C ma). (2.3.5) For any matric A = (ank) the following state-
ments are equuivalent

(a) m C my, that ism Cwa and A(m) C m,
(b) ¢ Cmay, that is ¢ Cwy and A(c) C m,
(¢) co Cma, that is c Cwa and A(cy) Cm,
(d) 1Al := sup,, 324 lank| < +oo.

Although this result can be shown easily using uniform boundedness princi-
ple, the proof used in this book illustrates “gliding hump” argument. This type
of arguments is often used in functional analysis and also in connection with
matrix methods [S]. (In Theorem 7.4.7 the proof of the same fact is given, using
UBP.)

Theorem (conservative, regular for null sequences). (2.3.6) Let A =
(ank) be an infinite matriz.
1. The following statements are equivalent:

(a) A is conservative for null sequences (that is, co C ca).
(b) co Cwya and A(co) C c.

(¢) A satisfies
(Zn) |A|| < oo (row norm condition) and
(Sp) Vk € N°: a3, = lim,, an ewxists (column condition,).

LIMIT FORMULA: If A is conservative for null sequences then

(ar) € ¢ and li;lnx = zk:akxk (x = (x) € ¢p).

II. The following statements are equivalent:

(a) A is regqular for null sequences (that is, co C ca and limga |, = 0).



(b) co Cwa and A(co) C co.

(c) A satisfies (Zn) with ay = 0 for all k € N°, that is (Spo) Vk € N°: (ani)x €
Co-

Theorem (of Toeplitz, Silverman, Kojima and Schur). (2.3.7) Let A =
(ank) be an infinite matriz.
I. The following statements are equivalent:

(a) A is conservative (that is, ¢ C c4).
(b) ¢ Cwa and A(c) C c.

(c) A satisfies (Zn), (Sp) and
(Zs) Y"1 ang (n € N%) and a :=lim,, Y, ani exist (row sum condition).

LIMIT FORMULA: If A is conservative, then

hj‘nx = x(A)limx + zk:akxk (x = (x) € ©),

where
T _ . k; T _ . _ _
x(A) = hAm e Ek hAm e’ = hnm Ek Ank Ek hnm Ank = @ gk ar

1s called the characteristic of A.
II. The following statements are equivalent:

(a) A is regular (that is, ¢ C ca and limg |, = lim).

(b) A is regular for null sequences and e € c4 with limg e = 1.

(c) A satisfies (Zn), (Spo) and the condition (Zs1), that is (Zs) with a = 1.
Moreover, if A is reqular, then x(A) = 1.

Theorem. (2.3.8) If A is a matriz which sums all thin sequences, then A
s conservative for null sequences, that is T C ca implies cg C ca and, in
particular, ||A]| < co. Moreover, A is conservative, if T U{e} C ca.

Definition. (2.3.9) A conservative matrix A, and the corresponding matrix
method, is called coregular if x(A) # 0 and conull if x(A) = 0.

Bibliography: [H, K, P, W]

2.4 Coercive and strongly conservative matrix methods

Theorem (Schur). (2.4.1) For a matrizx A = (anx) the following statements
are equivalent:

(a) A is coercive, that ism C ca.



(b) A satisfies (Sp), and Y, |ank| converge uniformly for n € N°,
(c) co Cca and* h(A) :=limsup, >, |ank — ax| = 0.

Corollary. (2.4.2) Every coercive matriz is conull. In particular, a matriz
cannot be both reqular and coercive.

Theorem (Hahn). (2.4.5) If a matriz A sums all sequences of zeros and ones,
then it sums all bounded sequences. That is, x C ca implies m C c4.

Definition (strong regularity). (2.4.6) A summability method V = (V, Ny, V—
lim) is called strongly reqular if V is strongly conservative (that is, f C Ny ) and
V —lim|; = F — lim. A matrix is called strongly regular if the corresponding
matrix method is strongly regular.

Theorem (Lorentz). (2.4.9) Let A = (ank) be a conservative matriz and ay, be
the limit of the k*" column of A. Then the following statements are equivalent:

(a) A is strongly conservative.
(b) limsup, > .|@nk — @n k41 — Ak + apr1| = 0.

LIMIT FORMULA: If A is strongly conservative, then

lifI‘nx:)((A)'F—lim:ch;akxk (x = (zx) € f).

for={z € f; F —limz = 0}
Lemma. bs C f

Theorem. (2.4.12) If A is any matriz then the following statements are equiv-
alent:

(a) A is strongly regular.
(b) A is regular and strongly conservative.
(c) A is regular and satisfies imsup,, >, |an .k — G k+1]| = 0.
Example. (2.4.13) The discrete Borel method Bj is strongly regular.’
Bibliography: [L, P, R, W, ZB]

4Note that h(A) is defined for each matrix A being conservative for null sequences.

k
5The proof of [B] claims e™™ 372 It converges to 0. This is not correct. TODO Try to
find a correct proof



2.5 Abundance within domains; factor sequences

Definition (factor sequence). (2.5.1) Let A be a matrix, let © = (z%) € ca
and y = (yx) € w. Then y is called a factor sequences for x and A, if yz =

(yrzr) € CA.

Theorem. (2.5.3) Let A = (ank) be a matriz which satisfies (Sp). Let ay,
denote the limit of the k*" column of A and let x = (x1) € ca be given such that
>k axTi converges. If

hf‘nx = Zakmk (2)
k
and
su Ak Tr| < 00 3
P2 e ©

k=0

the there exists an index sequence (r;) such that each sequence y = (yi) which

satisfies
Tj+1

Sk -1l — 0 (j— ) (9)
k:TjJrl

18 a factor sequence for x and A. Moreover,

E apyrTy converges and liinya: = g AR YkTh-
k k

A sequence which satisfies the condition (9D) for some index sequence r = (r;)
is called slowly oscillating (with respect to r).

Definition. (2.5.4) More generally than in 2.3.71 we define
X(G) = liggnZgnk - Zliglgnk =g-Y g
k k

for any matrix G = (gnx) that satisfies the conditions (ZS) and (Sp) and for
which ), g, converges.



2.6 Comparison and consistency theorems

2.7 'Triangles of type M

3 Special summability methods
4 Tauberian theorems
5 Application of boundary methods

Part II: Functional analytic methods in summa-
bility

6

6 Functional analytic basis

6.1 Topological spaces
6.2 Semi-metric spaces
6.3 Semi-normed spaces, Banach spaces

6.4 Locally convex spaces

Example. (6.4.15) TODO (definition of 7,,)

6.5 Continuous linear maps and the dual space of a locally
convex spaces

6.6 Dual pairs and compatible topologies

6.7 Fréchet spaces

A complete metrizable locally convex spaces is called a Fréchet space, or an
F-space.

6My note: Also the book [M] deals with summability, e.g. in Section 2.4 Application of
Basic Principles.



7 Topological sequences spaces: K- and FK-spaces

7.1 Sequence spaces and their ¢-duals

7.2 K-spaces

K-spaces = locally convex topologies that are stronger than 7,,. In such stronger
topologies, convergence implies coordinatewise convergence.

Definition (K-space). (7.2.2) A locally convex space (X, 7) is called a K-space
if X <w and 7, C 7. In such a case 7 is called a K-topology on X.

7.3 FK-spaces

Definition (FK- and BK-space). A locally convex space (X, 7) is called an
FK-space and 7 is called an FK-topology if (X,7) is both, a K-space and an
F-space. By definition, a BK-space is a normable FK-space and its topology is
called BK-topology.

Example (7.3.2). (a) (w,7,) is an FK-space but no BK-space
(b) m, ¢, co, fo and f endowed with ||-||- are BK-spaces.

Definition (matrix map). (7.3.6) Let X and Y be a sequence spaces over K,
and let T: X — Y be a linear map. Then T is called a matriz map if there
exists a matrix A = (ani) such that X C wy and T'(z) = Az for all z € X.
(Where no confusion can arise, we denote both the matrix map and the matrix

by the same letter.)
Corollary. (7.3.7) Matriz maps between FK-spaces are continuous.”

Theorem (subspace). (7.3.8) Every closed subspace of an FK-space (endowed
with the subspace topology) is an FK-space.

7.4 Functional analytic proofs of some Toeplitz-Silverman-
type theorems

Theorem (¢ C ma). (7.4.2=2.3.5) For any matrix A = (ank) the following
statements are equuivalent

(a) m C may, that ism Cwa and A(m) C m,
(b) ¢ C ma, that is ¢ Cwy and A(c) C m,

(¢) co Cma, that is c Cwa and A(cg) Cm,

"My note: Summation matrix ¥ defines a matrix map £ — m or ¢y, = c¢s — m. If I take
sup-norm on the domain, it is not continuous. However, the subspaces £ and cs are not closed
1
= n<k
in the sup-norm; just note that if z(¥) is defined by x&’“) = ”1’ - & 1
P n > k then x( )—>(5)

in m.

10



(d) | Al == supy, > _glank| < +oo.

The authors provide two proofs. The first one is based on the uniform
boundedness principle and the second one on Theorem 7.3.7. They also show
Al = |A]| x,m for X € {co, c,m}.

8

8 Matrix methods: structure of the domains

Part III: Combining classical and functional ana-
lytic methods

9 Consistency of matrix methods
10 Saks spaces and bounded domains

11 Some aspect of topological sequence spaces

11.1 An inclusion theorem
11.2 Gliding hump and oscillating properties

11.3 Theorems of Toeplitz-Silverman type via sectional
convergence and

11.4 Barelled K-spaces

11.5 The sequences of zeros and ones in a sequences spaces
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